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A GENERALIZED MATRIX KRYLOV SUBSPACE METHOD FOR TV
REGULARIZATION

A. H. BENTBIB*, M. EL GUIDE!, AND K. JBILOU?

Abstract. This paper presents an efficient algorithm to solve total variation (TV) regularizations of images
contaminated by a both blur and noise. The unconstrained structure of the problem suggests that one can
solve a constrained optimization problem by transforming the original unconstrained minimization problem to
an equivalent constrained minimization one. An augmented Lagrangian method is developed to handle the
constraints when the model is given with matrix variables, and an alternating direction method (ADM) is
used to iteratively find solutions. The solutions of some sub-problems are belonging to subspaces generated by
application of successive orthogonal projections onto a class of generalized matrix Krylov subspaces of increasing
dimension.

1. Introduction. In this paper we consider the solution of the following matrix equation
B =H,XH], (1.1)

where B is generally contaminated by noise. H; and Hs are matrices of ill-determined rank,
which makes the solution X very sensitive to perturbations in B. Discrete ill-posed problems of
the form (L)) arise, for instance, from the discretization of Fredholm integral equations of the
first kind in two space-dimensions,

//QK(x,y, s, t) f (s, t)dsdt = g(z,y), (z,y) € (1.2)

where Q and € are rectangles in R? and the kernel is separable
K(x7y757t) :kl(l',S)kz(y,t), (:Euy) € QI? (Sut) € Qa

The aim of this work is to solve this problem with application to one single channel and multi-
channel images.

1.1. Single channel images . For single channel images we seek to recover an unknown
vector from limited information. This problem is mathematically formulated as the following
model

b= Huz, (1.3)

where z € R™” is a vector denoting the unknown solution, b € R™" is a vector denoting the
observed data contaminated by noise and H € R™"*™" ig a linear map. The problem arises,
for instance in image restoration [Il [2 [6l 15 [I6]. In this paper we focus on the application
to image restoration in which x represents the unknown sharp image that is to be estimated
from its blurry and noisy observation b. The matrix H is the blurring operator characterized
by a PSF describing this blur. Due to the ill-conditioning of the matrix H and the presence of
the noise, the problem ([[3]) cannot be easily solved which means that the minimization of only
the fidelity term typically yields a meaningless computed solution. Therefore, to stabilise the
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recovered image, regularization is needed. There are several techniques to regularize the linear
inverse problem given by equation (3] ; see for example, [9, 27, 23] 26]. All of these techniques
stabilize the restoration process by adding a regularization term, depending on some a priori
knowledge of the unknown image, resulting in the model

min{|[Hz — b7 + pl| ()|}, (1.4)

where ®(x) is the regularizer that enforces the a priori knowledge and the parameter p is used
to balance the two terms. This problem is referred to as £, — £, minimization problem. Different
choices of ®(x), p and ¢ lead to a wide variety of regularizers. Among them we find the well
known Tikhonov regularization, where @ is the identity matrix, p = 2 and ¢ = 2, see for example
[27]. If the goal is to enforce sparsity on the solution, one can also consider ® = I, p = 2 and
g = 1. Another well-known class of regularizers are based on total variation (TV), which is a
better choice if the goal is to preserve sharp edges. In this case one let ® to be the discrete
gradient operator, see [23]. The problem ([4]) has been studied in many papers to propose
nonlinear optimization algorithms that can deal with the nonlinear properties of this problem:;
see for example [25] 28]. These techniques are computationally demanding if the main cost
of computation is the matrix-vector multiplication (MVM). It is our main goal to recover a
good approximation of the unknown sharp image at low computational cost. Because of some
unique features in images, we seek an image restoration algorithm that utilizes blur information,
exploits the spatially invariant properties. For this reason we suppose that the PSF is identical
in all parts of the image and separates into horizontal and vertical components. Then the matrix
H is the Kronecker product of two matrices Hy and Hs,

W Hy wiOH, - B H,
hNHy hS9H, - hS)H

H=H,® Hy = 211. 2 272_ ? Zn (1'5)
W Hy h(LHy - hihHo

In what follows we will need the vec and mat notations, which are a useful tools in transforming
the expression of matrix-vector product into a matrix-matrix product. Let the operator vec
transform a matrix A = [a, ;] € R™*™ to a vector a € R™" by stacking the columns of A from
left to right, i.e,

a = [@1,1, A2 153 0m, 1,012,022,y Am 2, .+, amﬁn]T, (16)

and let mat be the inverse operator, which transforms a vector (L) to an associated matrix
A = [a; ;] € R™*™. Thus,

vec(A) = a, mat(a) = A.

The Kronecker product satisfies the following relations for matrices A, B,C, D, X of suitable
sizes:

(A® B)vec(X) = vec(BXAT),

(A B)T = AT @ BT, (1.7)
(AB) ® (CD) (A® C)(B® D).

For A, B € R™*™ we define the inner product

(A,B)p :=tr(AT B), (1.8)
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where tr(-) denotes the trace. Notice that
(A, B)p = (vec(A))Tvec(B). (1.9)
The Frobenius norm is associated with this inner product,
lAllF = (4, 4),
and it satisfies
[Allr = lvec(A)]2. (1.10)
By using the properties (7)), the equation (L3 can be rewritten as
B=HyXHT, (1.11)

where X = mat(z) and B = mat(b), which yields the model ([ITJ).

1.2. Multichannel Images. Recovering multichannel images from their blurry and noisy
observations can be seen as a linear system of equations with multiple right-hand sides. The
most commonly multichannel images is the RGB representation, which uses three channels; see
[I1} [15]. It should be pointed out that the algorithms proposed in this paper can be applied to
the solution of Fredholm integral equations of the first kind in two or more space dimensions and
to the restoration of hyper-spectral images. The latter kind of images generalize color images
in that they allow more than three “colors”; see, e.g., [20]. If the channels are represented by
m X n pixels, the full blurring model is described by the following form

b= Hz, (1.12)

where b and z in R*™", represent the blurred and noisy multichannel image and the original
image respectively. For an image with £ channels, they are given by

)

b=[bM;p@; 6P, = [2M; 2@ 2™,

where b(") and z(* in R™" are obtained by stacking the columns of each channel on top of each
other. The kmn x kmn multichannel blurring matrix H is given by

H = H, ® Hs, (1.13)

The matrix Hy € R™™*™" represents the same within-channel blurring in all the & channels.
The matrix H; of dimension k X k models the cross-channel blurring, which is the same for all
pixels in the case of a spatially invariant blur. If H; = I, the blurring is said to be within-
channel. If no colour blurring arises (i.e., H; = I), then k independent deblurring problems are
solved; hence the spatially invariant blurring model is given by

bi :H2$i, 1= 1,...,]€. (114)

In this case, the goal is to model the blurring of k& channels image as a linear system of equa-
tions with k right-hand sides. For this reason we let B and X in R™"** to be denoted by
(B, 63 b®] and [zW), 2@, 2®)], respectively. The optical blurring is then modeled by

B =H,X, (1.15)
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which yields the model ([CI) with H; = I. When the spatially invariant cross-channel is present
(i.e., Hy # I) and by using the Kronecker product properties, the following blurring model is to
be solved

B = H,XH, (1.16)
which also yields the model (II]). Introduce the linear operator
H : RPXT — RPX4
H(X) = HXHT.
Its transpose is given by H”(X) = HY X H,. The problem (LI can be then expressed as
B =H(X).

The total variation regularization is known to be the most popular and effective techniques for
the images restoration. Given an image defined as a function u : 2 — R, where 2 is a bounded
open subset of R?, the total variation (TV) of u can be defined as

TVi(u / [Vu(z)|rdz, (1.17)

where V denotes the gradient of u and ||| is a norm in R?. When wu is represented by m x n
image X, a discrete form of (LT7) is always used, given by

TVl(X)=ZZ( (D1nX)y, |+ (DrmX),; |) (1.18)
i=1 j=1
in the anisotropic total variation case, or

TVa(X Z Z \/ (D1, X)2 + (D, mX)fj) (1.19)

=1 j=1

in the isotropic total variation case. D, and D1, denote the finite difference approximations
of the horizontal and vertical first derivative operators, respectively, and they are defined as

follows
D1y ([ CX
(2o) - (E3). a0

where

C = .. .. c Rd_l xXd
-1 1
where d is the number of pixels in each row and column of the image considered. For the ill-
posed image restoration problem (LII), the resulting matrices H; and Hs are ill-conditioned.

By regularization of the problem (II]), we solve as a special case one of the following matrix
problems:

min (|H(X) = B[ + pTVe(X)), k=1,2 (1.21)
or
min ([H(X) = Bll11 +pTVe(X)) k=12 (1.22)

where ||.||1,1 is the £; norm and u is a regularization parameter. Problems (L21) and (L22) are
refereed to as TV/L2 and TV/L1 minimization, respectively.
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2. TV /L2 minimization problem. In this section we consider the solution of the fol-
lowing TV/L2 minimization problem

min (IH(X) = B} + uTVa(X)). (2.1)

The model 1)) is very difficult to solve directly due to the non-differentiability and non-
linearity of the TV term. It is our goal to develop an efficient TV minimization scheme to
handle this problem. The core idea is based on augmented Lagrangian method (ALM) [13] 22]
and alternating direction method (ADM) [§]. The idea of ALM is to transform the unconstrained
minimization task (ZI)) into an equivalent constrained optimization problem, and then add a
quadratic penalty term instead of the constraint violation with the multipliers. The idea of
ADM is to decompose the transformed minimization problem into three easier and smaller sub-
problems such that some involved variables can be minimized separately and alternatively. Let
us begin by considering the equivalent equality-constrained problem of ([2)). We first notice
that the minimization problem (Z1]) can be rewritten as

min H(X) - B||% + M; , 2.2
X, M) Mf(m) [H(X) |7 M;;H Jll2 (2.2)

subject to Dy, X =M™ Dy, X =M™,

where M; ; = [(DlynX)ij (D1 X),, | 1 we set M) = (Dy,X),, and M = (D1, X)

This constrained problem can be also formulated as

i |° 1]

min  F(X)+ G(Y), (2.3)
subject to DX =Y,

where,
m n Dy M)
FOO = [HOO - Bl 600 =) S Il D= (i) v = (o)
=1 j—1 m

The augmented Lagrangian function of (23] is defined as
£5(X.Y,2) = F(X) + G(Y) + (DX ~ Y, Z) + 2| DX ~ Y}, (2.4)

where Z € R?™X" is the Lagrange multiplier of the linear constraint and 8 > 0 is the penalty
parameter for the violation of this linear constraint.

To solve the nonlinear problem (2I), we find the saddle point of the Lagrangian (24)) by using
the ADM method. The idea of this method is to apply an alternating minimization iterative
procedure, namely, for £k = 0,1, ..., we solve

(Xkt1, Yip1) = arg)r{nin Ls(X,Y, Zy). (2.5)

The Lagrange multiplier is updated by

Zk-i—l =7+ B (DXk-',-l — Yk-i—l) . (2.6)
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2.1. Solving the Y-problem. Given X, Y41 can be obtained by solving
m;nﬂ221||Mi,j||2+§HDX—YH%+ (DX =Y, Zk) s (2.7)
=1 j=
which is equivalent to solve
2

RN B (M DX\ L[z
min MZ Z 1Ml + 5 1 ppem ) =\, x ) — 5\ z® (2.8)
i=1 j=1 ’ k F
which is also equivalent to solve the so-called M-subproblem
L e B4 ) 2B, m 2
min SO ullMilla + 5 }Mij - K|+ 3 }Mij —Li|, (2.9)

i=1 j=1

where Kij = (D1, X),; + % (Z](Cl)) and Ly = (D1mX),; + % (Z](f)) . To solve [29) we use
ij ij

following well-known two dimensional shrinkage formula [18§]

. g 1 y+/8
Shrink(y,~, _maX{Hy—I——H ——,O} —_ 2.10
7.0 5250 Ty /ol 210
where the convention 0(0/0) = 0 is followed. The solution of (Z9)) is then given by
1z T; ;
Mi,'—max{|Ti,'||2——,O} = (2.11)
! BT T
A 1 (71 1 (72
where Tj ; = (Dl,nXk)i)j +3(Z" ) _7(D1,ka)i7j +3(Z7) |-
i,] %,
For the anisotropic case we solve the following problem
e B4 rn) 2 B, ) 2
in ;;ullMi,jHl t5 }Mij — K|+ 3 }Mij —Li|, (2.12)
which can be also solved by the one dimensional shrinkage formula. This gives
M = max{ K;; — 2,0 sign (k) (2.13)
[ 2 67 -S1g 17) .
M = maX{L-- -k 0} sign (Ly;) (2.14)
ij CANCEN gnLij), :
2.2. Solving the X-problem. Given Y, X1 can be obtained by solving
min JIDX ~ ¥[3+ (DX ~ Y. Z) + [H(X) ~ B3 (215)
This problem can be also solved by considering the following normal equation
HIH,XH] H, + D" DX = H BHy + D" (BY — Zy,). (2.16)

The linear matrix equation can be rewritten in the following form
A1 XAs+ As XAy =FEy, k=1,.., (2.17)

where A1 = H,erl, AQ = HQTHQ, Ag = ﬂDTl)7 A4 = I and Ek = H,erHQ + DT (ﬂY — Zk)
The equation (217 is refereed to as the generalized Sylvester matrix equation. We will see in
section Ml how to compute approximate solutions to those matrix equations
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2.3. Convergence analysis of TV /L2 problem. For the vector case, many convergence
results have been proposed in the literature ; see for instance [10, [14]. For completeness, we give
a proof here for the matrix case. A function V¥ is said to be proper if the domain of ¥ denoted
by domV := {U € RP*9, ¥(U) < oo} is not empty. For the problem (23], F and G are closed
proper convex functions. According to [7], 24], the problem (23)) is solvable, i.e., there exist X,
and Y,, not necessarily unique that minimize ([23]). Let W = Q x Y x RP*? where Q and )
are given closed and convex nonempty sets. The saddle-point problem is equivalent to finding
(X, Yy, Z,) € W such that

L4(X., Ve, Z) < Lp(X., Y, Z2) < Lp(X,Y, Z,),  Y(X,Y,Z)eW. (2.18)

The properties of the relation between the saddle-points of £z and Ly and the solution of ([23)
are stated by the following theorem from [10]

THEOREM 2.1. (X, Y., Z.) is a saddle-point of Lo if and only if (X, Ys, Zs) is a saddle-
point of Lg VB > 0. Moreover (X.,Y) is a solution of (Z3).

We will see in what follows how this theorem can be used to give the convergence of
(Xk+1,Yes1). It should be pointed out that the idea of our proof follows the convergence
results in [5].

THEOREM 2.2. Assume that (X.,Yy,Z.) is a saddle-point of Lg V5 > 0. The sequence
(Xk+1, Yit1, Zi11) generated by Algorithm 1 satisfies

1. kgl-{loo F(XkJrl) + G(YkJrl) == F(X*) + G(Y*>,

2. lim HDXkJrl - Yk+1||F = O,

k—+oo
Proof In order to show the convergence of this theorem, it suffice to show that the

non-negative function
1
FF = B|\Zk—z*||%+ﬂl\xk—x*|\% (2.19)

decreases at each iteration. Let us define Sg, My and M, as
Sy, =DXp —Yy, Mp=FXy)+GYr), M.=FX,) +GY.).
In the following we show
FE < PR = B Skralf = BlIYike1 — Yal (2.20)

Since (X, Y, Z,) is a saddle-point of Lg V3 > 0, it follows from Theorem 2.1 that (X, Y., Z.)
is also a saddle-point of L£y. This is characterized by

Lo(X., Y, Z) < Lo(X., Y, Zs) < Lo(X,Y, Z,), V(X,Y,Z) e W. (2.21)
From the second inequality of (2.21I]), we have
M, — Myyy < (Sky1, Z) o (2.22)

In the oder hand, X} is a minimizer of £z V3 > 0, this implies that the optimality conditions
reads

IHT (H(Xyq1) — B) + DT(Z), + B(DXjy1 — Vi) = 0. (2.23)
By plugging 7y, = Zi+1 — B(D X411 — Yi41) and rearranging we obtain

2HT (H(Xpy1) — B) + DT (Zpy1 — B(Yer1 — Ya)) =0, (2.24)
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which means that X, minimizes
F(X)+ (Zkt1 + B(Yi1 — Yi), DX) o . (2.25)
It follows that
F(Xpt1) = F(Xs) < (Ziyr + B(Yer1 — Vi), DXs) p = (Ziy1 + B(Yir1 — Yi), DXpy1) - (2.26)
A similar argument shows that
G(Yiy1) = G(Ys) < (Zks1, Yi1) = (Zps1, Vi) p - (2.27)
Adding (220) and (227) and using DX, =Y, implies
M1 — My < = (Sk1, Y1) p — BVt — Yi), Sip1 + Y — Yi)) o - (2.28)
Adding (222) and (228) and multiplying through by 2 gives
2(Sk415 Zkv1 — Za)p + 2(B(Yet1 — Yi), Skv1) p + 2 (B(Ye1 — Vi), (Vi1 — Ya))p <0 (2.29)

The inequality (Z20) will hold by rewriting each term of the inequality (Z29). Let us begin
with its first term. Substituting Zx11 = Zy + 8Sk+1 gives
2(Skt1,Zik+1 — Zi)p = 2(Skt1: 2k — Zs) p + BllSk+111% + Bl Skt % (2.30)

Since Sgi1 = % (Zk41 — Zy), it follows that the first two terms of the right hand side of (2230
can be written as

2 1

3 (Z1 — Ziy Zr — Zi) o + 5 | Zis1 — Zi||%. (2.31)
Substituting Ziy11 — Zx = (Zk41 — Z«) — (Zi, — Z4), shows that (Z3I]) can be written as
5 (121 = 2.1 = 12~ Z.13). (232)
We turn now to the remaining terms, i.e.,
BlISkerllE + 2 (B(Yirr = Ya), Skat) p + 2 (B(Virs — Vi), (Vi1 — Ya)) (2.33)

Substituting Y41 — Yi = (Yet1 — Yi) + (Y41 — Yi) shows that (233]) can be expressed as
Bl1Skr1 + (Yerr = Yi)lF + Bl Vi1 = Yl + 28 (Yipr = Yie, Ve = Ya) o (2.34)

Substituting Y41 — Vi = (Yir1 — Ya) — (Y — Yi) in the last two terms shows that (2:34)) can
be expressed as

BlSk+1 + Yirr = Yi)lFe + B (I ¥es1 = Yl = 1¥e = Yll) (2.35)
Using (Z32)) and (238 shows that (Z29) can be expressed as
Fk — phtl > BllSk+1 + (Yit1 — Yk)”% (2.36)

To show ([Z20), it is now suffice to show that 28 (Sk41, Yis1 — Yi) p > 0. Since (Xy, Y, Zx) and
(Xk+1, Yiq1, Zi41) are also minimizers of Lg, we have as in ([2.27)

G(Yet1) = G(Vi) < (Zig1s Yirr) p — (Zis1, Yi) (2.37)
8



and
G(Yi) = G(Yi1) < (Zk, Vi) p — (Zis Yir1 ) - (2.38)
It follows by addition of (Z31) and (238) that,
(Y1 — Yi, Zusr — Z1) > 0. (2.39)
Substituting Zx4+1 — Zx = BSk+1 shows that 25 (Sk41, Yit1 — Yx) > 0. From (220) it follows
that

BY - (I1Sk+1lF = BIYir = Yil7) < F, (2.40)
k=0

which implies that Sgy1 — 0 and Y41 — Yy — 0 as k — oo. It follows then from ([2.22)) and
(22]) that kET F(Xit1) + G(Xpt1) = F(X,) + G(X,),

3. TV/L1 minimization problem. In this section we consider the following regularized
minimization problem

min|[H(X) = By + #TV>(X) (3.1)
We first notice that the minimization problem (B can be rewritten as
min | [H(X) = Bll11 +ud > Mgl |, (3.2)
i=1 j=1
then, the constraint violation of the problem (Bl can be written as follows

IR—=Bllia+uY Y 1Ml |, (3.3)

min
X,R,M(n) M(m) — £
=1 j=1

subject to Dy, X =M™, Dy, X =M™  R=H(X).

This constrained problem can be also reformulated as

min  F(R) + G(Y), (3.4)
subject to DX =Y, H(X)=R
where,
F(R)=|R=Bl11, GO)=pd_ Y M2, D= (Dll’m>, Y= (M(m))’

i=1 j=1

The problem now fits the framework of the augmented Lagrangian method [13, 22] which puts
a quadratic penalty term instead of the constraint in the objective function and introducing
explicit Lagrangian multipliers at each iteration into the objective function. The augmented
Lagrangian function of (B4 is defined as follows

L(X,R)Y,Z,W)= (3.5)

F(R)+G(Y) + §|\DX ~ Y5+ (DX Y, Z)p + gl\H(X) — R+ (H(X) = R, W)
9



Z € R?™*™ and W € R™*™ are the Lagrange multipliers of the linear constraint DX =Y
and R = H(X) , respectively. The parameters 5 > 0 and p > 0 are the penalty parameters for
the violation of the linear constraint.

Again, we use the ADM method to solve the nonlinear problem (I, by finding the saddle
point of the Lagrangian ([B5]). Therefore, for k = 0,1, ... we solve

(Xk,Rk,Yk) = ar)%;n)i/n ,Cﬁyp(X,R,Y, Zk,Wk). (36)

The Lagrange multipliers are updated by
Zyy1 =2y + 0 (DX, — Vi)
Wiq1 = Wi + p(H(Xk) — Ri) - (3.7)
Next, we will see how to solve the problems (B8], to determine the iterates Xy, Yi and Ry
3.1. Solving the X-problem. Given Y and R, X} can be obtained by solving the mini-
mization problem

min SIDX ~ Y[} + (DX ¥, i)+ EIHOX) — RIG + (HX) ~ R Wiy (38)

The problem (B8] is now continuously differentiable at X. Therefore, it can be solved by
considering the following normal equation

pHIH\ XHT Hy + DT DX = HE (pR — W}) Hy + DT (BY — Zy). (3.9)
The linear matrix equation (B.9) can be rewritten in the following form
A1 XAy + A3 XAy = By, (3.10)
where Ay = pH{ Hy, Ay = HI Hy, A3 = BDTD, Ay = I and E, = H{ (pR — W) Ha

+DT (BY — Zy).
The equation ([BI0) is refereed to as the generalized Sylvester matrix equation.

3.2. Solving the R-problem. Given X, the iterate Rj; can be obtained by solving the
minimization problem

min [|R = Blli1 + 2 [H(X) = RlI} + (H(X) = R, Wi) . (3.11)
Therefore, by using the following well-known one-dimensional Shrinkage formula [I8]
. - vl 1 : 7
Shrink(y,~,d) = max < |y + 51 5,0 sign (y + 5) (3.12)

the minimizer of ([BIT]) is then given by
1 1 1
max{’H(X)—B—i——W‘ ——,O}.sign (H(X)—B+—W) (3.13)
p p p

3.3. Solving the Y-problem. Given X and R, we compute the iterates Yj by solving
the problem

min p1y Y [|Mijlz + SIDX = Y[§+ (DX Y, Zi) 5 (3.14)

i=1 j=1

This solution can be obtained by equation (ZIT]), since the minimization problem (B4 is the
same as that of TV/L2.
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3.4. Convergence analysis of TV /L1 problem. In this subsection we study the con-
vergence of Algorithm 2 used to solve the TV/L1 problem. Note that the convergence study
for TV/L2 does not hold for TV/L1 problem since in general § # p in [B.A). For the prob-
lem B4), F and G are closed proper convex functions. According to [T, [24], the problem
B3) is solvable, i.e., there exist R* and Y™*, not necessarily unique that minimize ([34]). Let
W=0QxYxX xR x R™*"_ where ), X and ) are given closed and convex nonempty
sets. The saddle-point problem is equivalent to finding (X, R, Y, Z., W) € W such that

L3, X, R, Y, ZW) < L p( X, R, Ya, Z,, W) < L p(X,R,Y, Z,, W..),
V(X,R,Y,Z,W)eW. (3.15)
The properties of the relation between the saddle-points of Lg , and the solution of [B4) are
stated by the following theorem from [29]
THEOREM 3.1. X, is a solution of (F1l) if and only if there exist (R,,Yy) € ¥ x X and
(Ys, Z,) € RZmXn 5 RM™*™ sych that (X, Ry, Ys, Zi, Wa) is a saddle-point of (313)
The convergence of ADM for TV/L1 has been well studied in the literature in the context of
vectors; see, e.g., [29]. Our TV/L1 problem is a model with matrix variables, it is our aim to
give a similar convergence results for the matrix case
THEOREM 3.2. Assume that (X., R.,Ys, Z., W,) is a saddle-point of L3 ,. The sequence
(Xk, Ry, Yi, Z, W) generated by Algorithm 2 satisfies
1. kgrfoo F(Rr)+G(Yr) = F(R,) + G(Ys),

2. lim ||DXk —Yk”F:O,
k— 400
3. lim ||H(Xk) — Rillrp =0.
k— 400
Proof From the first inequality of I5) it follows that V(Z, W) € R?mx" x Rmxn
(DX, =Yy, Z) p + (H(X.) = Re, W) pp < (DX, — Y, Z) o + (H(X,) — R, W), (3.16)
which obviously implies that

DX, = YV*,
H(X,) = R.. (3.17)

Let us define the following quantities
Zy =Tk —Zywy, Wip=W,—-W,, Xp=Xy—X., Rp=Rp—R., Yp=Y;—Y.
With the relationship (3I7) together with (1), we can define
Zios =70+ 8 (DX~ V) (3.18)
Wiss = We 4+ p (H(X)) - By) (3.19)

In order to show the convergence, it suffice to show that (BH?;CH% + p|[Wi ||2F) decreases at each
iteration. In the following we show that

(BIZkllF + AW ellE) = (BIZkrallF + plW |l (3.20)
> B2p|| DXy = Vil + 807 H(X k) — Ryl (3.21)

For (X,R,Y) = (Xk, Rk, Yy) in (BI3) , the second equality implies
(D" Z, Xp — Xu) , + B(DT(Ye = DX..), Xi — X) .

+ (W, ~H(Xp — X)) p + p(Ze — H(X.), —H(Xi — X)) >0,
11
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F(Ry) — F(R.) + (Wa, Ry — R.) o + p (R — H(X..), Ry — R.)) o > 0, (3.23)

G(Yi) — G(Va) + (Ze, Yy = Vi) p + B (Ve = DX, Yy — Y3)) p > 0. (3.24)

Since (X, Rk, Yk) is also a saddle-point of Lg ,, for (X, R,Y) = (X,, R.,Y.) the second equality
of (BIH) implies
(D" Z, X\ — Xp) o + (DT (Vi — DXy), X — Xi) (3.25)
+ (W, =H(Xs = Xi)) p + p(Zk — H(Xi), —H(Xs — Xi))p 2 0,

F(R*) — F(Rk) + <Wk, R, — Rk>F +p <Rk —H(Xy), R — Rk)> >0, (3.26)

GYy)— GYg) + (Zg, Y. — Yk>F + 6 (Y — DX}, Y. —Y3)) > 0. (3.27)
By addition , regrouping terms, and multiplying through by Bp gives

—Bp{(Zk, DXy = Y) = Bp (Wi, H(Xk) — Z1) > B°p| DX — Y il + B0 H(X k) — Re|| -
(3.28)
In the other hand, we see that ([BI8]) is equivalent to

\/ﬁ?kJrl = \/57]@ + ﬂ\/ﬁ (Dyk — ?k) R (329)
VAW s =/ BWi + p/B (H(Xy) — Re) -
Using these two equalities gives
BIZ0 + pITTIZ) — (B Zker 2+ o Wi 2) (3.30)
= —=28p(Zy,DX1, = Yi) = 28p (Wi, H(Xy) — Z1) — B*p| DXy — Vil 7 — Bo* | H(X k) — Rl %-
Using (328) shows
BIZkl% + plWilE) = (BIZkalF + pWiia 1) (3.31)
> —Bp(Zk, DXy = Yi) — Bp (Wi, H(Xk) — Zi)
It follows from ([B28) that

Y (B0l DXk = Yilg + 80 H(Xk) = Rill3) < (BIZoll% + ol Wol7) (3.32)
k=0

which implies that DX — Y} — 0 and H(X) — Rx — 0 as k — oc.
To show i hrf F(Rr)+G(Yy) = F(R.)+ G(Y.), we first see that the second inequality of (B.13])
—+00

implies
F(R.) +G(Y.) — F(Rg) — G(Yy) < (W, H(Xy) — Rk>F +{(Z., DX — Yk>F (3.33)
+ Bl DXy — Yell% + [1H(Xe) — Rl (3.34)
in the other hand, by addition of (325]), (3:26) and ([B27) we obtain
F(Rr)+GYr) — F(R.) — GYs) < — (Wi, H(Xy) — Rk>F —(Zy, DX}y, — Yk>F (3.35)
— BIIDXk — Yiell % — | H(Xx) — Rel % (3.36)
thus we have lim F(Rg) + G(Yyx) = F(R.) + G(Y.), i.e., objective convergence.

k— o0
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4. Generalized matrix Krylov subspace for TV/L1 and TV /L2 regularizations.
In this section we will see how to generalize the generalized Krylov subspace (GKS) method
proposed in [21] to solve the generalized Sylvester matrix equation [ZI7). In [2I] GKS was
introduced to solve Tikhonov regularization problems with a generalized regularization matrix.
The method was next generalized in [T9] to iteratively solve a sequence of weighted {5 —norms. Tt
is our aim to use the fashion of the GKS method to iteratively solve the sequence of generalized
Sylvester matrix equation (2I7). Let us first introduce the following linear matrix operator

A . Rmxn — Ran
AX) = A1 X Ay + A3 X Ay.

the problem (ZI7) can be then expressed as follows
AX)=F,, k=0,1,.. (4.1)
We start with the solution X; of the following linear matrix equation
A(X) =Ey (4.2)
We search for an approximation of the solution by solving the following minimization problem,

min [A(X) = Byl (4.3)

Let Xy be an initial guess of X; and Py = A(X) — Ej the corresponding residual. We use the
modified global Arnoldi algorithm [I7] to construct an F-orthonormal basis V,,, = [V1, Va, ..., Vi, ]
of the following matrix Krylov subspace

K (A, Py) = span {Py, A(Ry) , ..., A" (Po)} . (4.4)
This gives the following relation
A(Vm) = Vg1 (Hp ® 1) (4.5)

where H,, € RO?1Dx™ i5 an upper Hessenberg matrix. We search for an approximated solution
X" of X7 belonging to Xo + K, (A, Py). This shows that X]" can be obtained as follows

X" = Xo + Vi (ym ® L), (4.6)
where v, is the solution of the following reduced minimization problem

in |Hpny — || 2 , 4.
Jnin, [ Hmy — [ Pollreal (4.7)

where e; denotes the first unit vector of R™+1.
Now we turn to the solutions of

AX)=F,, k=1,2,.. (4.8)
For example, in the beginning of solving A (X) = Ej, we reuse the F-orthonormal vectors V,,
and we expand it to Vi1 = [Vin, View|, where Vo is obtained normalizing the residual as
follows
P,
VneW: —17 Pl :A(Xl)_El (49)
1P1]

13



We can then continue with A (X) = Ej, k = 2,3, ... in a similar manner. Thus, at each iteration
we generate the following new vector that has to be added to the generalized matrix Krylov
subspace already generated to solve all the previous matrix equation,

Py

View = ——
P

Py = A(Xy) — Ey (4.10)

The idea of reusing these vectors to solve the next matrix equation, generates matrix subspaces
refereed to as generalized matrix Krylov subspaces of increasing dimension [3]. Note that at each
iteration, the residual Py is orthogonal to V, since it is parallel to the gradient of the function
EI0) evaluated at Xj. Let Vi be the F-orthonormal basis of the generalized matrix Krylov
subspaces at iteration k. When solving A (X) = FEj, given X and the corresponding residual
Py, in order to minimize the residual in the generalized matrix Krylov subspaces spanned by
Vi, we need to solve the following minimization problem

i Py — A(X)||», 4.11
szréli&m” 2 (Xl g (4.11)

The approximate solution of ([II)) is then given by Xj11 = Vi (y ® ;). By means of the
Kronecker product, we can recast [@IT]) to a vector least-squares problem. Hence, replacing the
expression of X1 into (£I1)) yields the following minimization problem

min [P = [A(V1), .., A(Vie), A(Vaew)] (4 @ In)l| (4.12)
The problem ([@I2]) can be solved by the updated version of the global QR decomposition [4]. To
use the global QR decomposition, we first need to define the ¢ product. Let A = [A1, Ao, ..., Ap]
and B = By, Bo, ..., B¢] be matrices of dimension n x ps and n x £s, respectively, where 4; and
Bj (i=1,..,p;j=1,..,0) are n x s matrices. Then the p x ¢ matrix AT o B is defined by

(A1,B1)p (A1,Ba)p -+ (A1, Bo)p
As. By) . (Ay B - (A).B

AT op— | , e . 2)r v . 2 (4.13)
<ApaBl>F <Apo2>F <AP=B€>F

Let Qa (R4 ® I,,) be the global QR of [A(V1), A(V2), ..., A(Vi)], where Q4 = [Q1, ..., Qk] is an
m X kn F-orthonormal matrix satisfying Qa o Qo = Iy and R4 is an upper triangular k x k
matrix. The global QR decomposition of [A(V7), ..., A(Vk), A(Vaew)] is defined as follows

R
AR, s AV, AVaow)] = [Qts Qo] ([ o } ®In> , (4.14)
where Qpew, 74 and r, are updated as follows
rTA = Qa <o A(Vnew)u Q = A(Vnew) - Q_A (T_A ® In) (415)
Ta = HQHFa QneW:Q/ra'

5. Numerical results. This section provides some numerical results to show the perfor-
mance of Algorithms TV /L1 and TV/L2 when applied to the restoration of blurred and noisy
images. The first example applies TV/L1 to the restoration of blurred image contaminated
Gaussian blur salt-and-pepper noise while the second example apply the TV /L1 model when

14



Algorithm 1 TV/L2 for (2]
Inputs : Hy, Hy, C, B, ¢
Initialization : Xo =B, Yy = DXy, Zo =0
Parameters : u,
1. Generate matrix Krylov subspace V,, using modified global Arnoldis process. Set X; =
X7, where X" is obtained by (4.0])
For k£ =1, ... until convergence, do
Update Y, by 2I0) and Z; by 20)
Calculate P, = A (X) — Ex, where E, = HT(B) + DT (BY}, — Zy)
Calculate View = H;Tk\\p and save Vi+1 = [Vi, Vaiew)

Update X1 by solving min | P — A(X)|p with the updated global QR de-
XEspan(Vk+1)

Nl

composition
7. End the iteration if | Xp41 — Xi| g/ | Xkl p <€

Algorithm 2 TV/L1 for (L22)

Inputs : Hy, Hy, C, B, ¢

Initialization : Ry = A(Xy) — B, Yy = DXo, Zp =0, Wy =0
Parameters : u, 3, p

1. Generate matrix Krylov subspace V,, using modified global Arnoldis process. Set X7 =
X7, where X" is obtained by (40])

For k =, 1, ... until convergence, do

Update Ry, by (313) and Update Y; by 11

Update Zj and Wy, by (3.1)

Calculate P, = A (X}y) — Eg, where Ey, = HT (pRy — Wy) + DT (BYy — Zy)

Calculate View = H;Tk\\p and save Vi1 = [V, Vaew]

Update X1 by solving min | P, — A (X)|  with the updated global QR de-
Xespan(Vi41)

NGt N

composition
8. End the iteration if | Xp41 — Xi| g/ | Xkl p <€

also a color image is contaminated by Gaussian blur salt-and-pepper noise. The third example
discusses TV /L2 when applied to the restoration of an image that have been contaminated by
Gaussian blur and by additive zero-mean white Gaussian noise. All computations were carried
out using the MATLAB environment on an Pentium(R) Dual-Core CPU T4200 computer with
3 GB of RAM. The computations were done with approximately 15 decimal digits of relative ac-
curacy. To determine the effectiveness of our solution methods, we evaluate the Signal-to-Noise
Ratio (SNR) defined by

X — B(X)|
SNR(X}) = 101og10%
||Xk - X”F

where F ()/f ) denotes the mean gray-level of the uncontaminated image X. The parameters are
chosen empirically to yield the best reconstruction. In all the examples we generate the matrix
Krylov subspace V; using only one step of the modified global Arnoldi’s process.

Example 1. In this example the original image is the gray-scale mrin6.png image of di-
mension 256 x 256 from Matlab and it is shown in Figure[5.l The blurring matrix H is given by
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H = H,® Hy € R256°%256* where Hy = Hy = [hi;] and [hs;] is the Toeplitz matrix of dimension
256 x 256 given by

1 (i—9)* C
hij _ Umexp (_ 202 ) ’ |Z - .]| S T,
0 otherwise

The blurring matrix H models a blur arising in connection with the degradation of digital
images by atmospheric turbulence blur. We let ¢ = 1 and r = 4. The blurred and noisy image
of Figure has been built by the product H,XH I and by adding salt-and-pepper noise of
different intensity. The recovery of the image via TV; /L1 and T'V2/L1 models is terminated as
soon as || X1 — Xillp / | Xk]| z < 1073. Table Gl report results of the performances of the TV
models for different percentages of pixels corrupted by salt-and-pepper noise. In Figures [5.3/5.4]
we show the resorted images obtained applying TV /L1 algorithm for 30% noise level.

Parameters TV, TV,
Noise % i ‘ g ‘ p || Tter ‘ SNR ‘ time ‘ Tter ‘ SNR ‘ time

10 0.05 | 50 | 5 || 56 | 23.55 | 10.23 || 141 | 22.64 | 42.55
20 0.1 | 50 | 5| 51 | 21.38 | 8.69 || 106 | 20.16 | 27.16
30 02 |50 |5 48 | 19.21 | 7.68 87 | 17.66 | 19.73

Table 5.1: Comparison of TV; /L1 and TV,/L1

models for the restoration of mrin6é.png test image corrupted by Gaussian blur and different
salt-and-pepper noise.

5.1. Example 2. This example illustrates the performance of TV/L1 algorithm when
applied to the restoration of 3-channel RGB color images that have been contaminated by blur
and salt and peppers noise. The corrupted image is stored in a block vector B with three
columns. The desired (and assumed unavailable) image is stored in the block vector X with
three columns. The blur-contaminated, and noisy image associated with X , is stored in the
block vector B.

We consider the within-channel blurring only. Hence the blurring matrix H; in (L)) is the
3 x 3 identity matrix. The blurring matrix Hs in (ILT]), which describes the blurring within each
channel, models Gaussian blur and is determined with the MATLAB function blur from [I2].
This function has two parameters, the half-bandwidth of the Toeplitz blocks r and the variance
o of the Gaussian PSF. For this example we let ¢ = 1 and r = 4. The original (unknown)
RGB image X € 256 x 256 x 3 is the papav256 image from MATLAB. It is shown in Figure
5.5l The associated blurred and noisy image B with 30% noise level is shown in Figure
Given the contaminated image B, we would like to recover an approximation of the original
image X. The recovery of the image via TV;/L1 and TV2/L1 models is terminated as soon
as || Xe41 — Xillp /[ Xkl < 1072 Table compares the results obtained by TV;/L1 and
TV, /L1 models.

The restorations obtained with TV4 /L1 and TV /L1 for noise level 30% are shown in Figure
B and the Figure 5.8l respectively.

5.2. Example 3. In this example we present the experimental results recovered by Algo-
rithm 1 for the reconstruction of a cross-channel blurred image. We consider the same original
RGB image and the same within-channel blurring matrix H;, as in Example 2, with the same
parameters. The cross-channel blurring is determined by a matrix Hs. In our example we let
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Fig. 5.1: Original image

Fig. 5.3: TV; (SNR=19.21)

Fig. 5.2: Corrupted

Fig. 5.4: TV, (SNR=17.66)

Parameters TV, TV,

Noise % i ‘ [E] ‘ p || Tter ‘ SNR ‘ time ‘ Iter ‘ SNR ‘ time
10 0.1 80 | 5 13 | 24.66 | 9.01 14 | 24.32 | 9.73
20 0.125 | 80 | 5 17 | 23.00 | 12.64 17 | 22.71 | 12.36
30 0.125 | 80 | 5 19 | 20.90 | 13.35 19 | 21.13 | 13.89

models for the restoration of papav256.png test colour image corrupted by Gaussian blur and
different salt-and-pepper noise.

H2 to be

Table 5.2: Comparison of TV; /L1 and TV,/L1

Hy =

0.7 0.2
0.25 0.5 0.25
0.15 0.1
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Fig. 5.5: Original image

Fig. 5.6: Corrupted

Fig. 5.7: TV; (SNR=20.90) Fig. 5.8: TV, (SNR=21.13)

This matrix is obtained from [I5]. The cross-channel blurred image without noise is represented
by Hl)A( HI and it is shown in Figure (53) . The associated blurred and noisy image B with
30% noise level is shown in Figure (BI0). The cross-channel blurred and noisy image has been
reconstructed using Algorithm 1 as soon as || Xj4+1 — Xi|| /| Xkl < 1072 The restored images
obtained with TV /L1 models are shown in Figures (5.12)-(&IT).

5.3. Example 4 . In this example we consider the restoration of the gray-scale mriné.png
image degraded by the same blurring matrices H; and Hs defined in Example 1 with ¢ = 2 and
r = 4, and by additive zero-mean white Gaussian noise with different different noise levels. This

noise level is defined as follows v = %, where E denotes the block vector that represents the
F

noise in B, i.e., B := B+ E, and B is the noise-free image associated with original image X.
For this kind of noise, we consider the TV; /L2 and T'V2/L2 models. The recovery of the image
via TV; /L1 and TV,/L1 models is terminated as soon as || X1 — Xi||p / | Xkl < 1073 In
Table B3] we compare the results obtained by TV;/L2 and TV3/L2 for different noise levels.
Figure 514l shows the image degraded by 0.01 noise level. Figure and Figure (.16 show the
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Fig. 5.9: Blurred image Fig. 5.10: Blurred and noisy image

Fig. 5.11: TV; (SNR=19.50) Fig. 5.12: TV, (SNR=19.90)

restored images obtained by T'V; /L2 and T'V,/L2, respectively.

Parameters TV, TV,
Noise % u \ B | Tter ‘ SNR ‘ time ‘ Tter ‘ SNR ‘ time

0.001 0.0001 | 0.1 || 53 | 18.32 | 9.30 52 | 18.32 | 10.10
0.01 0.001 | 30 20 | 15.70 | 2.65 21 | 15.60 | 2.60

Table 5.3: Comparison of TV, /L2 and TV, /L2

models for the restoration of imrin6.png test image corrupted by Gaussian blur and different
white Gaussian noise level.

5.4. Example 5. In this example, we consider the Fredholm integral equation
[ | K@psofeodsit =gy, @) e (5.1)
Q

where ) = [—6, 6] x [—6, 6]. Its kernel, solution, and right-hand side are given by

K(%y, Sut) = kl(xvs)kl(yut)v (‘Tay) €, (Svt) €,
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Fig. 5.13: Original image Fig. 5.14: Corrupted

Fig. 5.15: TV; (SNR=15.70) Fig. 5.16: TV, (SNR=15.60)

[l y) = [i(@) f(y),

9(x,y) = g1(x)g1(y),
where

1+ cos(%s), Is| < %,
0, otherwise.

fi(s) 32{

k1(s,x) := f1(s — x)

g1(s) :== (6 —[s]) (1 + %cos (gs)) + % sin (g|s|) )

We use the code phillips from Regularization Tools [12] to discretize (B by a Galerkin
method with orthonormal box functions as test and trial functions to obtain H; and Hs of
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size 500. From the output of the code phillips we determine a scaled approximation X e
R500X500 of the exact solution f(z,y). Figure 5.1 displays this exact solution. To determine
the effectiveness of our approach, we evaluate the relative error

_ X = Xille
1X1]e

of the computed approximate solution Xy, obtained with Algorithm 1. Table [£.4] shows the
relative error in approximate solutions determined by Algorithm 1 for different noise levels, as
well as the number of iterations required to satisfy || Xy41 — Xil|p / [|[ Xkl < 1073. Figure 518
displays the computed approximate solution obtained when the noise level is 0.1.

Parameters TV, TV
Noise % W ‘ B | Tter ‘ Re ‘ time ‘ Tter ‘ Re ‘ time
0.001 0.0001 | 0.1 12 [ 4.01x1072 | 9.05 9 471 x 1072 | 6.52

0.01 0.001 | 30 13 | 3.99%x 1072 | 9.63 13 | 3.98x 1072 | 9.66
0.1 0.1 40 15 | 4.07x 1072 | 10.94 || 15 | 4.07x 1072 | 11.38

Table 5.4: Comparison of TV, /L2 and TV,/L2

models for the solution of (5.1]) with different white Gaussian noise level.

Fig. 5.17: True object Fig. 5.18: Approximate solution

REFERENCES

[1] H. ANDREWS AND B. HUNT, Digital Image Restoration, Prentice-Hall, Engelwood Cliffs, 1977.

[2] M. BERTERO AND P. Boccaccl, Introduction to Inverse Problems in Imaging, IOP Publishing, London,
1998.

[3] A. Bounamipi AND K. JBILOU, A note on the numerical approximate solution for generalized Sylvester
Matriz equations, Appl. Math. Comput., 206(2)(2008) 687-694.

[4] R. Bouvoull, K. JBiLou, R. SADAKA AND H. SADOK, Convergence properties of some block Krylov subspace
methods for multiple linear systems. J. Comput. Appl. Math., 196 (2006) 498-511.

21



S. BoyD, N. PArIkH, E. CHU, B. PELEATO, AND J. ECKSTEIN. Distributed optimization and statistical learn-
ing via the alternating direction method of multipliers. Foundations and Trends in Machine Learning,
3(1):1122, 2011.

B. CHALMOND, Modeling and Inverse Problems in Image Analysis, Springer, New York, 2003.

F. FACCHINEI AND J.S. PANG, Finite-dimensional variational inequalities and complementarity problems,
Springer Series in Operations Research, Springer-Verlag, Berlin, 2003.

D. GABAY AND B. MERCIER,A dual algorithm for the solution of nonlinear variational problems via finite-
element approzimations, Comput. Math. Appl., 2 (1976) 17-40.

T. GOLDSTEIN AND S. OSHER, The split Bregman L1 regularized problems,” SIAM J. Imaging Sci., 2, pp.
328-343, 2009.

R. GLOWINSKI, Numerical Methods for Nonlinear Variational Problems. Springer Verlag, 2008

N. P. GArLaTsaNoOS, A. K. KATSAGGELOS, R. T. CHIN, AND A. D. HILLARY, Least squares restoration of
multichannel images, IEEE Trans. Signal Proc., 39 (1991) 22222236.

P. C. HANSEN, Regularization tools version 4.0 for MATLAB 7.3, Numer. Algorithms, 46 (2007), pp.
189-194.

M. R. HESTENES, Multiplier and gradient methods, Journal of Optimization Theory and Applications, 4
303-320, and in Computing Methods in Optimization Problems, 2 (Eps L.A. ZADEH, L.W. NEUSTADT,
AND A.V. BALAKRISHNAN), Academic Press, New York, 1969.

B. HE, L. Liao, D. HAN AND H. YANG, A new inezxact alternating directions method for monotone varia-
tional inequalities, Math. Program., 92(1) (2002), pp. 103118.

P. C. HANSEN, J. G. NaGcy, AND D. P. O’LEARY, Deblurring Images: Matrices, Spectra, and Filtering,
STIAM, Philadelphi, 2006.

A. K. JAIN, Fundamentals of Digital Image Processing, Prentice-Hall, Engelwood Cliffs, 1989.

K. JBiLou, A. MESSAOUDI AND H. SADOK, Global FOM and GMRES algorithms for matriz equations,
Appl. Numer. Math, 31(1999) 49-63.

C. L1, An Efficient Algorithm For Total Variation Regularization with Applications to the Sin-
gle Pizel Camera and Compressive Sensing, Ph.D. thesis, Rice University, 2009, available at
http://www.caam.rice.edu/| optimization/L1/TVAL3/tval3 thesis.pdf

A. LaNzA, S. MoriGl, L. REICHEL, AND F. SGALLARI, A generalized Krylov subspace method for £y, — £q
minimization. SIAM J. Sci. Comput. 37(5), S30S50 (2015)

F. L1, M. K. NG, AND R. J. PLEMMONS, Coupled segmentation and denoising/deblurring for hyperspectral
material identification, Numer. Linear Algebra Appl., 19 (2012) 1517

J. LAMPE, L. REICHEL, AND H. VoSs , Large-scale Tikhonov regularization via reduction by orthogonal
projection, Linear Algebra Appl., 436 (2012) 28452865.

M. J. D. POWELL, A method for nonlinear constraints in minimization problems, Optimization (Ed. R.
Fletcher), Academic Press, London, New York, (1969) 283 298.

L. RUDIN, S. OSHER, AND E. FATEMI, Nonlinear total variation based noise removal algorithms, Physica
D. 60 1992 259-2680

R.T. ROCKAFELLAR, Convex Analysis, Princeton University Press, Princeton, NJ, 1970

C. R. VOGEL, Computational Methods for Inverse Problems, STAM, Philadelphia, PA, 2002.

C. R. VOGEL AND M. E. OMAN, Fast, robust total variation-based reconstruction of noisy blurred images,
IEEE Trans. Image Proc., 7, pp. 813-824, 1998.

A. TIKHONOV, AND V. ARSENIN, Solution of ill-posed problems, Winston, Washington, DC, 1977.

S. J. WRIGHT, M. A. T. FIGUEIREDO, AND R. D. NOWAK, Sparse Reconstruction by Separable Approxima-
tion, IEEE Trans. Signal Processing, 57(7):24792493, 2009.

C. L. Wu, J. Y. ZHANG, AND X. C. Tal, Augmented Lagrangian method for total variation restoration
with non-quadratic fidelity, Inverse Problems and Imaging, 5, pp. 237-261, 2010.

22


http://www.caam.rice.edu/

