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This is a n  Op e n  Acces s  doc u m e n t  dow nloa d e d  fro m  ORCA, Ca r diff U nive r si ty 's

ins ti t u tion al r e posi to ry:h t t p s://o rc a.c a r diff.ac.uk/id/ep rin t/13 1 8 3 4/

This  is t h e  a u t ho r’s ve r sion  of a  wo rk  t h a t  w as  s u b mi t t e d  to  / a c c e p t e d  for

p u blica tion.

Cit a tion  for  final p u blish e d  ve r sion:

H ain a u t ,  Don a ti en  a n d  Leon e nko, Mykola  2 0 2 1.  Op tion  p ricing  in illiquid  m a rk e t s:  a

fr ac tion al jum p-diffusion  a p p ro ac h.  Jour n al  of Co m p u t a tion al a n d  Applied

M a t h e m a tics  3 8 1  , 1 1 2 9 9 5.  1 0.10 1 6/j.c a m.20 2 0.1 1 2 9 9 5  

P u blish e r s  p a g e:  h t t p://dx.doi.o rg/10.10 1 6/j.c a m.2 0 2 0.11 2 9 9 5  

Ple a s e  no t e:  

Ch a n g e s  m a d e  a s  a  r e s ul t  of p u blishing  p roc e s s e s  s uc h  a s  copy-e di ting,  for m a t ting

a n d  p a g e  n u m b e r s  m ay  no t  b e  r eflec t e d  in t his  ve r sion.  For  t h e  d efini tive  ve r sion  of

t his  p u blica tion,  ple a s e  r efe r  to  t h e  p u blish e d  sou rc e .  You a r e  a dvis e d  to  cons ul t  t h e

p u blish e r’s ve r sion  if you  wis h  to  ci t e  t his  p a p er.

This  ve r sion  is b eing  m a d e  av ailabl e  in a cco r d a nc e  wi th  p u blish e r  policies.  S e e  

h t t p://o rc a .cf.ac.uk/policies.h t ml for  u s a g e  policies.  Copyrigh t  a n d  m o r al  r i gh t s  for

p u blica tions  m a d e  av ailabl e  in  ORCA a r e  r e t ain e d  by t h e  copyrigh t  hold e r s .
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❆❜str❛❝t

❲❡ st✉❞② t❤❡ ♣r✐❝✐♥❣ ♦❢ ❊✉r♦♣❡❛♥ ♦♣t✐♦♥s ✇❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ st♦❝❦ ♣r✐❝❡ ✐s ✐❧❧✐q✉✐❞✳ ❉✉❡ t♦
t❤❡ ❧❛❝❦ ♦❢ tr❛❞❡s✱ t❤❡ s❛♠♣❧❡ ♣❛t❤ ❢♦❧❧♦✇❡❞ ❜② ♣r✐❝❡s ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ ❛❝t✐✈❡ ❛♥❞ ♠♦t✐♦♥❧❡ss
♣❡r✐♦❞s t❤❛t ❛r❡ r❡♣❧✐❝❛❜❧❡ ❜② ❛ ❢r❛❝t✐♦♥❛❧ ❥✉♠♣✲❞✐✛✉s✐♦♥✳ ❚❤✐s ♣r♦❝❡ss ✐s ♦❜t❛✐♥❡❞ ❜② ❝❤❛♥❣✐♥❣
t❤❡ t✐♠❡✲s❝❛❧❡ ♦❢ ❛ ❥✉♠♣✲❞✐✛✉s✐♦♥ ✇✐t❤ t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ▲é✈② s✉❜♦r❞✐♥❛t♦r✳ ❲❡ ♣r♦✈❡ t❤❛t ♦♣t✐♦♥
♣r✐❝❡s ❛r❡ s♦❧✉t✐♦♥s ♦❢ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t
t♦ t✐♠❡ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❉③❡r❜❛②s❤❛♥✲❈❛♣✉t♦ ✭❉✲❈✮ ❞❡r✐✈❛t✐✈❡✳ ❚❤❡ ❢♦r♠ ♦❢ t❤❡ ❉✲❈ ❞❡r✐✈❛t✐✈❡
❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ❝❤♦s❡♥ ✐♥✈❡rt❡❞ ▲é✈② s✉❜♦r❞✐♥❛t♦r✳ ❲❡ ❞❡t❛✐❧ t❤✐s ❢♦r ✐♥✈❡rt❡❞ α st❛❜❧❡ ❛♥❞
✐♥✈❡rt❡❞ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ ♦♣t✐♦♥
♣r✐❝❡s ❢♦r t❤❡ t✇♦ t②♣❡s ♦❢ ❉✲❈ ❞❡r✐✈❛t✐✈❡s✳

✶ ■♥tr♦❞✉❝t✐♦♥

❲❤❡♥ ❧♦♦❦✐♥❣ t♦ q✉♦t❡s ♦❢ ❛♥ ✐❧❧✐q✉✐❞ ❛ss❡t ❡✳❣✳ ✐♥ ❛♥ ❡♠❡r❣✐♥❣ ♠❛r❦❡t✱ ✇❡ ♦❢t❡♥ ♦❜s❡r✈❡ r❡❧❛t✐✈❡❧② ❧♦♥❣
♣❡r✐♦❞s ✇✐t❤♦✉t ❛♥② tr❛❞❡✳ ❆s ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ ▲é✈② ♣r♦❝❡ss❡s ❛r❡ ♣❡r♣❡t✉❛❧❧② ♠♦✈✐♥❣✱ t❤❡② ❛r❡
♥♦t ❛❞❛♣t❡❞ ❢♦r ♠♦❞❡❧❧✐♥❣ ♣❡r✐♦❞s ✇✐t❤ ♠♦t✐♦♥❧❡ss st♦❝❦ r❡t✉r♥s✳ ◆♦t❛❜❧②✱ ✇❡ ♦❜s❡r✈❡ s✐♠✐❧❛r ❜❡❤❛✈✐♦r
✐♥ ♣❤②s✐❝❛❧ s②st❡♠s ❡①❤✐❜✐t✐♥❣ s✉❜✲❞✐✛✉s✐♦♥✳ ❚❤❡ ♣❡r✐♦❞s ✇✐t❤♦✉t tr❛❞❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ tr❛♣♣✐♥❣
❡✈❡♥ts ✐♥ ✇❤✐❝❤ t❤❡ s✉❜✲❞✐✛✉s✐✈❡ ♣❛rt✐❝❧❡ ❣❡ts ✐♠♠♦❜✐❧✐③❡❞✱ s❡❡ ❡✳❣✳ ❊❧✐❛③❛r ❛♥❞ ❑❧❛❢t❡r ✭✷✵✵✹✮ ♦r ▼❡t✲
③❧❡r ❛♥❞ ❑❧❛❢t❡r ✭✷✵✵✹✮✳ ❙✉❜✲❞✐✛✉s✐♦♥ ✐s ❛ ✇❡❧❧ ✐❞❡♥t✐✜❡❞ ♣❤❡♥♦♠❡♥♦♥ ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ t❤❡
❞❡♥s✐t② ♦❢ ❛ s✉❜✲❞✐✛✉s✐✈❡ ♣r♦❝❡ss ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❋r❛❝t✐♦♥❛❧ ❋♦❦❦❡r✲P❧❛♥❝❦ ✭❋❋P✮ ❡q✉❛t✐♦♥✳

■♥ t❤❡ ❋❋P ❡q✉❛t✐♦♥✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✳ ❆s
❡①♣❧❛✐♥❡❞ ✐♥ ❆❝❛② ❡t ❛❧✳ ✭✷✵✷✵ ❛✮✱ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡r✐✈❛t✐✈❡ r❡str✐❝t❡❞ ❜② r❛t❡ ♦❢ ❝❤❛♥❣❡ ❢❛❧❧s s❤♦rt t♦
❞❡s❝r✐❜❡ ♠❛♥② ♣❤❡♥♦♠❡♥❛ t❤❛t ❝♦✉❧❞ ♥♦t ❜❡ ❝♦♥str✉❝t❡❞ ♣r♦♣❡r❧② ❜② ✐♥t❡❣❡r ♦r❞❡r ❝❛❧❝✉❧✉s ❡♥❝♦♠✲
♣❛ss❡❞ ❜② ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✳ ❉✉❡ t♦ t❤✐s ❢❛❝t✱ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ♣r♦♣♦s❡❞ ❢♦r ❝❛♣t✉r✐♥❣ t❤❡
♣❛st ❤✐st♦r② ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❍❡♥❝❡✱ ❜♦t❤ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❛♥❞ ✐♥t❡❣r❛❧ ❤❛✈❡ ♣❛st
♠❡♠♦r② ♠❛❦✐♥❣ t❤❡♠ ♠✉❝❤ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s t❤❛♥ ❝❧❛ss✐❝❛❧ ❝♦✉♥t❡r♣❛rts✳ ❚❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ▲❡✐❜♥✐③✬s ❧❡tt❡r t♦ ▲✬❍♦s♣✐t❛❧ ✐♥ ✶✻✾✺ ✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ ❢♦r
❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ♥♦♥✲✐♥t❡❣❡r ♦r❞❡r 1/2 ✐s ❞✐s❝✉ss❡❞✳ ❙❡✈❡r❛❧ ❢❛♠♦✉s ♠❛t❤❡♠❛t✐❝✐❛♥s ❝♦♥tr✐❜✉t❡❞ t♦
❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✿ ❆❜❡❧✱ ▲✐♦✉✈✐❧❧❡✱ ❘✐❡♠❛♥ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❈❛♣✉t♦✳

✯P♦st❛❧ ❛❞❞r❡ss✿ ❱♦✐❡ ❞✉ ❘♦♠❛♥ P❛②s ✷✵✱ ✶✸✹✽ ▲♦✉✈❛✐♥✲❧❛✲◆❡✉✈❡ ✭❇❡❧❣✐✉♠✮✳ ❊✲♠❛✐❧ t♦✿ ❞♦♥❛✲
t✐❡♥✳❤❛✐♥❛✉t✭❛t✮✉❝❧♦✉✈❛✐♥✳❜❡

❸P♦st❛❧ ❛❞❞r❡ss✿ ▼✴✷✳✸✽✱ ▼❛t❤❡♠❛t✐❝s ■♥st✐t✉t❡✱ ❙❡♥❣❤❡♥♥②❞❞ ❘♦❛❞✱ ❈❛r❞✐✛✱ ❈❋✷✹ ✹❆● ✭❯♥✐t❡❞ ❑✐♥❣❞♦♠✮✳ ❊✲♠❛✐❧
t♦✿ ❧❡♦♥❡♥❦♦♥✭❛t✮❝❛r❞✐✛✳❛❝✳✉❦

✶



❚❤❡ ❋❋P ❡q✉❛t✐♦♥ ❢♦r s✉❜❞✐✛✉s✐♦♥s ✐s ❡✳❣✳ st✉❞✐❡❞ ✐♥ ❇❛r❦❛✐ ❡t ❛❧✳ ✭✷✵✵✵✮ ❛♥❞ ▼❡t③❧❡r ❡t ❛❧✳ ✭✶✾✾✾✮✳
❙✉❜✲❞✐✛✉s✐♦♥s ❛r❡ ♣♦♣✉❧❛r ✐♥ ❡❝♦♥♦♣❤②s✐❝s ✭s❡❡ ❙❝❛❧❛s✱ ✷✵✵✻✱ ❢♦r ❛ s✉r✈❡②✮ ❛♥❞ ▼❛❣❞③✐❛r③ ✭✷✵✵✾ ❛✮
✉s❡s ❛ ❣❡♦♠❡tr✐❝ s✉❜✲❞✐✛✉s✐♦♥s t♦ ♠♦❞❡❧ ✐❧❧✐q✉✐❞ ❛ss❡t ♣r✐❝❡s✳ ❆ s✉❜✲❞✐✛✉s✐♦♥ ❛❧s♦ ❛❞♠✐ts ❛ ❝♦♥✈❡♥✐❡♥t
r❡♣r❡s❡♥t❛t✐♦♥ ❛s ❛ t✐♠❡✲❝❤❛♥❣❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ s❡❡ ❡✳❣✳ ▼❛❣❞③✐❛r③ ✭✷✵✵✾ ❜✮✳ ❆rt✐❝❧❡s ♦❢ ▲❡♦♥❡♥❦♦
❡t ❛❧✳ ✭✷✵✶✸✱ ❛✮ ▲❡♦♥❡♥❦♦ ❡t ❛❧✳ ✭✷✵✶✸✱ ❜✮ ❣♦ ❛ st❡♣ ❢✉rt❤❡r ❛♥❞ st✉❞② ❢r❛❝t✐♦♥❛❧ P❡❛rs♦♥ ❞✐✛✉s✐♦♥s ❛♥❞
t❤❡✐r ❝♦rr❡❧❛t✐♦♥✳ ❲❤❡r❡❛s ❍❛✐♥❛✉t ✭✷✵✷✵ ❛✱ ✷✵✷✵ ❜✮ ❡①♣❧♦r❡s ❢r❛❝t✐♦♥❛❧ s❡❧❢✲❡①❝✐t❡❞ ❥✉♠♣ ♣r♦❝❡ss❡s✳
❆❝❛② ❡t ❛❧✳ ✭✷✵✷✵ ❜✮ ❞❡✈❡❧♦♣ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ✇✐t❤ ✈❛r✐♦✉s ❢r❛❝t✐♦♥❛❧ ❞②♥❛♠✐❝s✳

❊✈❡♥ ✐❢ s✉❜✲❞✐✛✉s✐♦♥s ❛♣♣❡❛r ❛s ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r ♠♦❞❡❧❧✐♥❣ ✐❧❧✐q✉✐❞✐t②✱ ♦♣t✐♦♥s ♣r✐❝✐♥❣ ✐♥ t❤✐s ❢r❛♠❡✲
✇♦r❦ r❡♠❛✐♥s ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳ ❆ ✜rst ✇❛② ❝♦♥s✐sts t♦ ❡✈❛❧✉❛t❡ ♣r✐❝❡s ❜② s✐♠✉❧❛t✐♦♥s ❛s ✐♥ ▼❛❣❞③✐❛r③
✭✷✵✵✾ ❛✮✳ ❙♦❧✈✐♥❣ t❤❡ ❋❋P ♦✛❡rs ❛♥ ❛❧t❡r♥❛t✐✈❡ s♦❧✉t✐♦♥ t❤❛t ✐s ♥❡✈❡rt❤❡❧❡ss ♥✉♠❡r✐❝❛❧❧② ✉♥st❛❜❧❡✳ ❖✉r
❛rt✐❝❧❡ ❡①♣❧♦r❡s ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❛ ❢r❛❝t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ ✇❤❛t ✐s ❝❛❧❧❡❞ t❤❡ ❉✉♣✐r❡✬s ❡q✉❛t✐♦♥✳
❉✉♣✐r❡ ✭✶✾✾✹✮ ❤❛s ❡st❛❜❧✐s❤❡❞ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r ❝❛❧❧ ♦♣t✐♦♥s✳ ■♥ ❤✐s ♠♦❞❡❧✱ t❤❡
st♦❝❦ ✈❛❧✉❡ ✐s ❞r✐✈❡♥ ❜② ❛ ❣❡♦♠❡tr✐❝ ❞✐✛✉s✐♦♥ ✇✐t❤ ✈♦❧❛t✐❧✐t②✱ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ ♣r✐❝❡✳ ❚❤❡ ❉✉♣✐r❡✬s
❛♣♣r♦❛❝❤ ❤❛s ❡♥❥♦②❡❞ ❝❡rt❛✐♥ ♣♦♣✉❧❛r✐t② ✇✐t❤ ♣r❛❝t✐t✐♦♥❡rs✱ ❛t ❧❡❛st ♣❛rt❧② ❜❡❝❛✉s❡ ♦❢ ✐ts s✐♠♣❧✐❝✐t②✳
■t ❤❛s s✉❜s❡q✉❡♥t❧② ❜❡❡♥ ❡①t❡♥❞❡❞ ❜② ♠❛♥② ❛✉t❤♦rs✱ ♥♦t❛❜❧② t♦ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ❥✉♠♣s ❛s ✐♥
❆♥❞❡rs❡♥ ❛♥❞ ❆♥❞r❡❛s❡♥ ✭✷✵✵✵✮ ♦r ❋r✐③ ❡t ❛❧✳ ✭✷✵✶✹✮✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ❛rt✐❝❧❡ ❛r❡ ♠✉❧t✐♣❧❡✳ ❋✐rst❧②✱ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ♦♣t✐♦♥ ♣r✐❝✐♥❣ ✐♥
✐❧❧✐q✉✐❞ ♠❛r❦❡t ♠❛✐♥❧② ❢♦❝✉s❡s ♦♥ s✉❜✲❞✐✛✉s✐✈❡ ❞②♥❛♠✐❝s t❤❛t ❛r❡ ❝♦♥t✐♥✉♦✉s ❜② ♥❛t✉r❡✳ ❲❡ ❝♦♥s✐❞❡r
✐♥st❡❛❞ ❛ ❢r❛❝t✐♦♥❛❧ ❥✉♠♣✲❞✐✛✉s✐♦♥ ❢♦r t❤❡ ❛ss❡t r❡t✉r♥✳ ❚❤❡ s❛♠♣❧❡ ♣❛t❤ ♦❢ s✉❝❤ ❛ ♣r♦❝❡ss ❜❡❤❛✈❡s ❧✐❦❡
❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ♠♦t✐♦♥❧❡ss ♣❡r✐♦❞s ❜✉t ❡①❤✐❜✐ts ❞✐s❝♦♥t✐♥✉✐t✐❡s ❝❛✉s❡❞ ❜② ❥✉♠♣s✳ ❙❡❝♦♥❞❧②✱
✇❡ ❝♦♥s✐❞❡r ❛ ✇✐❞❡r ❢❛♠✐❧② ♦❢ ❢r❛❝t✐♦♥❛❧ ❞②♥❛♠✐❝s✳ ■♥ ♣r❡✈✐♦✉s❧② ❝✐t❡❞ ♣❛♣❡rs✱ ❋r❛❝t✐♦♥❛❧ ♣r♦❝❡ss❡s ❛r❡
❜✉✐❧t ❜② r❡♣❧❛❝✐♥❣ t❤❡ t✐♠❡ s❝❛❧❡ ❜② ❛ r❛♥❞♦♠ ❝❧♦❝❦ t❤❛t ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ ❛♥ α st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✳
❍❡r❡✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ✈❡r② ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ❉✉♣✐r❡✬s ❡q✉❛t✐♦♥ ✈❛❧✐❞ ❢♦r ❛❧❧ ✐♥✈❡rt✐❜❧❡ ▲é✈②
s✉❜♦r❞✐♥❛t♦rs✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ ❢r❛❝t✐♦♥❛❧ ❞②♥❛♠✐❝s ❜❛s❡❞ ♦♥ ✐♥✈❡rt❡❞ P♦✐ss♦♥ ❛♥❞ α
st❛❜❧❡ s✉❜♦r❞✐♥❛t♦rs✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦ ❡✈❛❧✉❛t❡ ♦♣t✐♦♥s ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s✳

❚❤✐s ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ r❡✈✐❡✇s ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t ♦♣t✐♦♥ ♣r✐❝✐♥❣ ✐♥ ❛
❥✉♠♣✲❞✐✛✉s✐♦♥ s❡tt✐♥❣✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✈❡rt❡❞ ▲é✈② s✉❜♦r❞✐♥❛t♦rs✱ ✉s❡❞ ❧❛t❡r
❛s st♦❝❤❛st✐❝ ❝❧♦❝❦ ♦❢ ♦✉r ✜♥❛♥❝✐❛❧ ♠❛r❦❡t✳ ❚❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t ♦❢ t❤❡s❡ ✐♥✈❡rt❡❞ ▲é✈② ♣r♦❝❡ss❡s
♠❛② ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❉③❡r❜❛②s❤❛♥✲❈❛♣✉t♦ ❞❡r✐✈❛t✐✈❡s ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❲❡ r❡tr✐❡✈❡ s✉❝❤ ❛
❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉✉♣✐r❡✬s ❡q✉❛t✐♦♥ ❢♦r ❥✉♠♣✲❞✐✛✉s✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳
❚❤❡ t✇♦ ❧❛st s❡❝t✐♦♥s ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r✐❝✐♥❣ ♦❢ ♦♣t✐♦♥s✳

✷ ◆♦♥✲❢r❛❝t✐♦♥❛❧ ❥✉♠♣✲❞✐✛✉s✐♦♥ ♠♦❞❡❧

❚❤✐s s❡❝t✐♦♥ r❡✈✐❡✇ s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t ♦♣t✐♦♥ ✈❛❧✉❛t✐♦♥ ✐♥ ❛ ❥✉♠♣✲❞✐✛✉s✐♦♥ ❢r❛♠❡✇♦r❦✳
❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❧❛t❡r ❛ t✐♠❡✲❝❤❛♥❣❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✜♥❛♥❝✐❛❧
♠❛r❦❡t ✐♥ ✇❤✐❝❤ ✐s tr❛❞❡❞ ❛ r✐s❦✲❢r❡❡ ❜♦♥❞ ❛♥❞ ❛ st♦❝❦✳ ❚❤❡ r✐s❦✲❢r❡❡ ❜♦♥❞✱ ♥♦t❡❞ Bt✱ ❡❛r♥s ❛ ❝♦♥st❛♥t
✐♥t❡r❡st r❛t❡ r ❛♥❞ s❛t✐s✜❡s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

dBt

Bt
= rdt B0 = 1 , t ≥ 0 .

❚❤❡ r❡t✉r♥ ♦❢ t❤❡ st♦❝❦ ✐s r✉❧❡❞ ❜② ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
(

WP
t

)

t≥0
❛♥❞ ❜② ❛ ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss✱

(Jt)t≥0✳ ❚❤✐s ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s✿

Jt =

NJ
t
∑

k=1

Yk ,

✷



✇❤❡r❡ NJ
t ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♣❛r❛♠❡t❡r λJ ✳ ❏✉♠♣s ❛r❡ ✐❞❡♥t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❞✐str✐❜✉t❡❞

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ Yk ∼ Y ✱ ♦♥ [−1,∞)✳ ❲❡ ❞❡♥♦t❡ ❜② fY (.) t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✭♣❞❢✮ ♦❢
❥✉♠♣s ❛♥❞ t❤❡ ❥✉♠♣ ❡①♣❡❝t❛t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② ξ = E(Y )✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ st♦❝❦ ♣r✐❝❡✱ At✱ ✐s r✉❧❡❞
❜② ❛ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ❥✉♠♣✲❞✐✛✉s✐♦♥✿

dAt

At
= µdt+ σt dW

P
t + dJt , ✭✶✮

✇❤❡r❡ µ ∈ R+ ❛♥❞ (σt)t≥0 ✐s ♣♦s✐t✐✈❡ ♣r♦❝❡ss✳ ❆❧❧ ♣r♦❝❡ss❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ Ω✱
❡♥❞♦✇❡❞ ✇✐t❤ t❤❡✐r ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ (Ft)t≥0 ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ P ✳ ❚❤❡ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss ✐s

Ft−❛❞❛♣t❡❞ ❛♥❞ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳
∫ t

0
σ2
s(ω)ds < ∞ ❢♦r ❛❧❧ ω ∈ Ω ❛♥❞ t >✵✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡

❡①♣❡❝t❡❞ ✐♥st❛♥t❛♥❡♦✉s r❡t✉r♥ ♦❢ t❤❡ st♦❝❦ ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ E (dAt|Ft) = (µ+ λJξ)Atdt✳ ❆♣♣❧②✐♥❣
t❤❡ ■tô✬s ❧❡♠♠❛ t♦ d lnAt ❧❡❛❞s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ st♦❝❦ ♣r✐❝❡✿

At = A0 exp

(∫ t

0

µ− σ2
s

2
ds+

∫ t

0

σs dW
P
s

) NJ
t
∏

k=1

(1 + Yk) . ✭✷✮

❚❤✐s ✐s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ r✐s❦② ❛ss❡t ✉♥❞❡r t❤❡ r❡❛❧ ♠❡❛s✉r❡ P ✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣r✐❝✐♥❣ ♦❢ ✜♥❛♥❝✐❛❧
❞❡r✐✈❛t✐✈❡s ✐s ♣❡r❢♦r♠❡❞ ✉♥❞❡r ❛♥ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ ♦❢ ♣r♦❜❛❜✐❧✐t②✱ ❝❛❧❧❡❞ ✏r✐s❦ ♥❡✉tr❛❧✑ s♦ ❛s t♦
❡①❝❧✉❞❡ ❛r❜✐tr❛❣❡s✳ ❯♥❞❡r t❤✐s ♠❡❛s✉r❡✱ r✐s❦② ❛ss❡ts ❡❛r♥ ♦♥ ❛✈❡r❛❣❡ t❤❡ r✐s❦ ❢r❡❡ r❛t❡ ✇❤❛t❡✈❡r t❤❡✐r
✈♦❧❛t✐❧✐t②✳ ❊q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst❧②✱ ✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥

φ (., κ) = ln
(

κ
fb
Y (.)

fY (.)

)

✇❤❡r❡ κ ∈ R+ ❛♥❞ f b
Y (.) ✐s ❛ ♣❞❢ ♦♥ [−1,∞)✱ ❡✈❡♥t✉❛❧❧② ♥✉❧❧ ♦♥ t❤❡ s❛♠❡

s✉❜❞♦♠❛✐♥ ❛s fY (.)✳ ❙❡❝♦♥❞❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ Ft−❛❞❛♣t❡❞ ❛♥❞ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♣r♦❝❡ss✱ ❞❡♥♦t❡❞
❜②(θt)t≥0✳ ❚❤✐r❞❧②✱ ✇❡ ❞❡✜♥❡ ❛ ♣r♦❝❡ss (Zt)t≥0 ❛s ❢♦❧❧♦✇s

Zt = exp



−1

2

∫ t

0

θ2sds−
∫ t

0

θsdW
P
s +

NJ
t
∑

k=1

φ (Yk, κ)− (κ− 1)λJ t



 ✭✸✮

✇✐t❤ Z0 = 1✳ ■❢ ✇❡ ❛♣♣❧② t❤❡ ■tô✬s ❧❡♠♠❛ t♦ Zt✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ✐♥❢❡r ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ❞②♥❛♠✐❝s✿

dZt = Zt

(

−θtdW
P
t − (κ− 1)λJdt+

(

κ
f b
Y (Y )

fY (Y )
− 1

)

dNJ
t

)

.

●✐✈❡♥ t❤❛t E
(

fb
Y (Y )

fY (Y )

)

= 1✱ E (dZs|Ft) = 0 ❛♥❞ E (Zs|Ft) = Zt +
∫ s

t
E (dZs|Ft) = Zt . ❚❤✐s ♣r♦✈❡s t❤❛t

Zt ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡ ♣r♦❝❡ss (Zt)t≥0 ✐s ❛ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ Zt = dP b

dP

∣

∣

∣

t
✱t❤❛t ❞❡✜♥❡s ❛♥

❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ♥♦t❡❞ P b✳ ❯♥❞❡r t❤✐s ♠❡❛s✉r❡✱ t❤❡ ♣r♦❝❡ss Jt st✐❧❧ ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss
❜✉t ✐ts ❢r❡q✉❡♥❝② ♦❢ ❥✉♠♣s ✐s ❡q✉❛❧ t♦ κλJ ✇❤❡r❡❛s t❤❡ ❥✉♠♣ ♣❞❢ ❜❡❝♦♠❡s f b

Y (.)✳ ❯♥❞❡r P
b✱ t❤❡ ♣r♦❝❡ss

dWt = dWP
t + θtdt ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❡✳❣✳ ❙❤r❡✈❡ ✭✷✵✵✹✱ ❝❤❛♣t❡r ✶✶ s❡❝t✐♦♥

✻✮ ❢♦r ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥s✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ P b ✐s ❛ r✐s❦ ♥❡✉tr❛❧ ♦♥❡✱ ♥♦t❡❞ Q✱ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ❞✐s❝♦✉♥t❡❞ ♣r✐❝❡s ❛r❡ ♠❛rt✐♥❣❛❧❡s✳ ■❢ ✇❡ ❞❡♥♦t❡ ❡①♣❡❝t❡❞ ❥✉♠♣ s✐③❡ ❜② ξb = E

(

Y b
)

✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥

r = µ+ κλJ ξb − σtθt , ✭✹✮

♠✉st ❜❡ ❢✉❧✜❧❧❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ ✐s ✇❡❧❧ ❛ r✐s❦ ♥❡✉tr❛❧ ♦♥❡✳ ❆s t❤✐s ❝♦♥❞✐t✐♦♥ ✐s
s❛t✐s✜❡❞ ❢♦r ❛♥ ✐♥✜♥✐t② ♦❢ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ (θt)t≥0✱ κ ❛♥❞ f b

Y (.)✱ t❤❡ r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡ ✐s ♥♦t ✉♥✐q✉❡
❛♥❞ t❤❡ ♠❛r❦❡t ✐s s❛✐❞ ✐♥❝♦♠♣❧❡t❡✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡ ✐s ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ r❡♣❧✐❝❛t❡
❛t ❜❡st q✉♦t❡❞ ♣r✐❝❡s ♦❢ ♦♣t✐♦♥s✳

■♥ ♦r❞❡r t♦ ❧✐❣❤t❡♥ ♥♦t❛t✐♦♥s ✐♥ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts✱ ✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t t❤❡

✸



❞✐str✐❜✉t✐♦♥ ❛♥❞ ❢r❡q✉❡♥❝② ♦❢ ❥✉♠♣s ✐s ✐❞❡♥t✐❝❛❧ ✉♥❞❡r P ❛♥❞ Q ✱ ✭κ = 1 ❛♥❞ f b
Y (.) = fY (.)✮✳ ■♥ t❤✐s

❝❛s❡✱ t❤❡ ♥♦♥✲❛r❜✐tr❛❣❡ ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡s t❤❛t θs = µ+λJξ−r
σs

✳ ❯♥❞❡r t❤❡ r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡✱ t❤❡
❞r✐❢t ♦❢ t❤❡ r✐s❦② ❛ss❡t ✐s ❡q✉❛❧ t♦ t❤❡ r✐s❦ ❢r❡❡ r❛t❡✿

dAt

At
= (r − λJξ) dt+ σt dWt + dJt. ✭✺✮

❲❡ ❞❡♥♦t❡ ❜② C(t,K) t❤❡ ✈❛❧✉❡ ♦❢ ❛ ❊✉r♦♣❡❛♥ ❝❛❧❧ ♦♣t✐♦♥ ♣❛②✐♥❣ t❤❡ ♣♦s✐t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
st♦❝❦ ❛♥❞ str✐❦❡ ♣r✐❝❡s ❛t ❡①♣✐r② ✭t✐♠❡ t✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❛ss❡t ♣r✐❝✐♥❣✱ t❤❡
✈❛❧✉❡ ♦❢ t❤✐s ❝❛❧❧ ♦♣t✐♦♥ ✐s t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✉♥❞❡r t❤❡ r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡✿

C(t,K) = EQ
(

e−rt (At −K)+
)

.

❙✐♠✐❧❛r❧②✱ t❤❡ ❊✉r♦♣❡❛♥ ♣✉t ♦♣t✐♦♥ ♦❢ ♠❛t✉r✐t② t ❛♥❞ str✐❦❡ ♣r✐❝❡ K ✐s ❡q✉❛❧ t♦

D(t,K) = EQ
(

e−rt (K −At)+
)

.

❈❛❧❧ ❛♥❞ P✉t ♣r✐❝❡s ❛r❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P■❉❊✮ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❚❤❡ ❝❛❧❧ ♣r✐❝❡ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ ♣❛rt✐❛❧ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P■❉❊✮✿

∂C(t,K)

∂t
+ (r − λJξ)K

∂C(t,K)

∂K
− EQ

(

σ2
t |At = K

)

K2

2

∂2C(t,K)

∂K2
✭✻✮

−λJ

(

EQ

(

(1 + Y )C

(

t,
K

1 + Y

))

− (1 + ξ)C(t,K)

)

= 0.

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ C(0,K) = (S0 −K)+✳ ❚❤❡ ♣✉t ♣r✐❝❡ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ P■❉❊ ❜✉t ✇✐t❤
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ D(0,K) = (K − S0)+✳

❚❤❡ ♣r♦♦❢ ✐s r❡❝❛❧❧❡❞ ✐♥ ❆♣♣❡♥❞✐① ❛♥❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❇❡r❣♦♠✐ ✭✷✵✶✻✮ ❢♦r ❛ ❞✐✛✉s✐♦♥✳
❱❛r✐❛♥ts ♦❢ t❤✐s ❡q✉❛t✐♦♥ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❆♥❞❡rs❡♥ ❛♥❞ ❆♥❞r❡❛s❡♥ ✭✷✵✵✵✮✱❈❛rr ❡t ❛❧✳ ✭✷✵✵✹✮✱ ❈♦♥t
❛♥❞ ❱♦❧t❝❤❦♦✈❛ ✭✷✵✵✺✮ ♦r ❇❡♥t❛t❛ ❛♥❞ ❈♦♥t ✭✷✵✶✵✮✳ ■♥ ❛❜s❡♥❝❡ ♦❢ ❥✉♠♣s✱ ❊q✉❛t✐♦♥ ✭✻✮ ✐s ❝❛❧❧❡❞ t❤❡
❉✉♣✐r❡✬s ❡q✉❛t✐♦♥ ✭s❡❡ ❉✉♣✐r❡✱ ✶✾✾✹✮✳ ❲❤❡♥ t❤❡ Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss σt ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ ♦❢
t❤❡ ❛ss❡t ♣r✐❝❡✱ σt = σ(t, At)✱ ✇❡ s❛② t❤❛t t❤❡ ✈♦❧❛t✐❧✐t② ✐s ❧♦❝❛❧✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝♦♥st❛♥t ❡❧❛st✐❝✐t②
✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ✭❈❊❱✮✱ t❤❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s s❡t t♦

σ(t, At)
2 = σ2

0 A
2γ−2
t , ✭✼✮

✇❤❡r❡ γ ∈ R✳ ❚❤❡ ❈❊❱ ♣r♦❝❡ss✱ ✐♥tr♦❞✉❝❡❞ ❜② ❈♦① ✭✶✾✼✺✮✱ ❜❡❝❛♠❡s ♣♦♣✉❧❛r ❞✉❡ t♦ ✐ts ❛❜✐❧✐t② t♦
❝❛♣t✉r❡ t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s❦❡✇ ❡①❤✐❜✐t❡❞ ❜② ♦♣t✐♦♥s ♣r✐❝❡s✳ ❆ ♣♦ss✐❜❧❡ ❛❧t❡r♥❛t✐✈❡ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t②
✇✐t❤ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ✐s✿

σ(t, At)
2 = β0 + β1

(

At

Ft

)γ

+ β1

(

At

Ft

)2γ

, ✭✽✮

✇❤❡r❡ Ft = A0e
rt ✐s t❤❡ ❢♦r✇❛r❞ st♦❝❦ ♣r✐❝❡ ❛♥❞ ✇❤❡r❡ γ ∈ R+✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡

❢❛❝t t❤❛t ✐♥ ♣r❛❝t✐❝❡✱ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s r❡❛❝❤ t❤❡✐r ♠✐♥✐♠✉♠ ✇❤❡♥ t❤❡ str✐❦❡ ✐s ❝❧♦s❡ ♦r ❡q✉❛❧ t♦ t❤❡
❢♦r✇❛r❞ ♣r✐❝❡ ✭✏❛t t❤❡ ♠♦♥❡②✑ ♦♣t✐♦♥s✮✳ ❇❡r❣♦♠✐ ✭✷✵✶✻✮ st✉❞✐❡s ❛ s✐♠✐❧❛r ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ ✐♥ ❛
❇r♦✇♥✐❛♥ s❡tt✐♥❣✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❡①♣❧♦r❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ t✐♠❡✲❝❤❛♥❣❡❞ ✈❡rs✐♦♥
♦❢ t❤✐s ♠♦❞❡❧✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s t❤❡ st♦❝❤❛st✐❝ ❝❧♦❝❦s t❤❛t ✇❡ ✉s❡ ❛s t✐♠❡✲❝❤❛♥❣❡s✳

✹



✸ ❙✉❜♦r❞✐♥❛t♦rs

❆ s✉❜♦r❞✐♥❛t♦r ✐s ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ♥♦t❡❞ (Ut)t≥0✱ ✇✐t❤ ♣♦s✐t✐✈❡✱ ♥♦♥✲❞❡❝r❡❛s✐♥❣ s❛♠♣❧❡ ♣❛t❤s ❛♥❞

t❛❦✐♥❣ ✈❛❧✉❡ ✐♥ R+✳ ❚❤❡② ❛r❡ ♦❢t❡♥ ✉s❡❞ ❛s st♦❝❤❛st✐❝ ❝❧♦❝❦ ❢♦r t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss❡s✳ ❲❡ ❝♦♥s✐❞❡r
▲é✈② s✉❜♦r❞✐♥❛t♦rs ❢♦r ✇❤✐❝❤ ✐♥❝r❡♠❡♥ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s❧② ❞✐str✐❜✉t❡❞✳ ❲❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ ❆♣♣❧❡❜❛✉♠ ✭✷✵✵✹✮ ❢♦r ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ▲é✈② ♣r♦❝❡ss❡s✳ ❋r♦♠ t❤❡ ▲é✈②✲❑❤✐♥t❝❤✐♥❡
❢♦r♠✉❧❛✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ ▲é✈② s✉❜♦r❞✐♥❛t♦rs ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

E
(

e−ωUt
)

= e−tf(ω) ✭✾✮

✇❤❡r❡ f(ω) = bω +
∫∞
0

(1− e−ωz) ν̄(dz) ❛♥❞ b ∈ R+✳ ❚❤❡ ❢✉♥❝t✐♦♥ ν̄(.) ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ♦♥
(0,∞)✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ▲é✈② ♠❡❛s✉r❡✱ s❛t✐s❢②✐♥❣ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∫ ∞

0

(z ∧ 1) ν̄(dz) < ∞ .

❚❤❡ ❢✉♥❝t✐♦♥ f(ω) ✐s ❛❧s♦ ❝❛❧❧❡❞ ❛ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ ❡①♣♦s✐t✐♦♥ ♦❢ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥s✱
✇❡ r❡❢❡r t♦ ❙❝❤✐❧❧✐♥❣ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❚❤❡ ✐♥✈❡rs❡ ♦❢ ❛ s✉❜♦r❞✐♥❛t♦r ✐s ❛ ♣r♦❝❡ss ❞❡♥♦t❡❞ ❜② (St)t≥0 t❤❛t
✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

St = inf{τ > 0 : Uτ ≥ t} .
❚❤✐s ✐s t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ Ut ❤✐ts t❤❡ ❜❛rr✐❡r t✳ ❚❤✐s ✐♥✈❡rt❡❞ ▲é✈② s✉❜♦r❞✐♥❛t♦r ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦ ♠♦r❡
❛ ▲é✈② ♣r♦❝❡ss✳ ❍♦✇❡✈❡r (St)t≥0 ✐s ♣♦s✐t✐✈❡ ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ❤❛s ❛❧❧ r❡q✉✐s✐t❡ ♣r♦♣❡rt✐❡s t♦
❜❡ ✉s❡❞ ❛s st♦❝❤❛st✐❝ ❝❧♦❝❦✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ✐♥✈❡rt❡❞ ♣r♦❝❡ss ♠❛② ❜❡ ❝♦♥st❛♥t✳ ❚❤❡r❡❢♦r❡✱ ❛♥②
♣r♦❝❡ss s✉❜♦r❞✐♥❛t❡❞ ❜② St ❡①❤✐❜✐ts ♠♦t✐♦♥❧❡ss ♣❡r✐♦❞s✳ ❚❤✐s ♣♦✐♥t ✐s ✐❧❧✉str❛t❡❞ ❧❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳
❚❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ♦❢ (St)t≥0 ✐s ❞❡♥♦t❡❞ ❜② (Gt)t≥0✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ♦❢ Ut ❛♥❞ St

❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② pU (t, u) =
d
dτ P (u ≤ Ut ≤ u + du) ❛♥❞ g(t, τ) = d

dτ P (τ ≤ St ≤ τ + dτ)✳
❚❤❡ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ ♦❢ St ✐s Ḡ (t, s) = P (St > s) ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡✿

Ḡ (t, s) = P (Us < t) . ✭✶✵✮

❚♦❛❧❞♦ ✭✷✵✶✺✱ ❧❡♠♠❛ ✸✳✶ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✮ s❤♦✇s t❤❛t t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ g(t, τ) ✇✐t❤ r❡s♣❡❝t
t♦ t✱ ✐s ❧✐♥❦❡❞ t♦ t❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t ♦❢ Ut ❛s ❢♦❧❧♦✇s✿

g̃(ω, τ) =

∫ ∞

0

e−ωtg(t, τ) dt ✭✶✶✮

=
f(ω)

ω
e−τf(ω) .

❚❤✐s r❡❧❛t✐♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❧❛t❡r ❞❡✈❡❧♦♣♠❡♥ts✳ ❘❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✹ ❛♥❞ ✺ ❛r❡ ✈❛❧✐❞ ❢♦r
❛❧❧ ▲é✈② s✉❜♦r❞✐♥❛t♦rs ❜✉t ✇❡ ✇✐❧❧ ❣r❛♥t ♠♦r❡ ❛tt❡♥t✐♦♥ t♦ ✐♥✈❡rs❡ α st❛❜❧❡ ❛♥❞ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs
❜❡❝❛✉s❡ t❤❡② ♦✛❡r ❛ ❝❡rt❛✐♥ ❧❡✈❡❧ ♦❢ ❛♥❛❧②t✐❝❛❧ tr❛❝t❛❜✐❧✐t②✳

■♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦rs✳ ■♥ t❤❡ α st❛❜❧❡ ❝❛s❡✱ t❤❡ ♣r♦❝❡ss Ut ✐s ❛
1
α s❡❧❢✲s✐♠✐❧❛r ♣r♦❝❡ss✱

♠❡❛♥✐♥❣ t❤❛t✿

Uat
d
= (at)

1
α U1 .

❚❤✐s ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ▲é✈② ♣r♦❝❡ss❡s ❤❛s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ s✉❝❝❡s❢✉❧❧② ✉s❡❞ ✐♥ ✜♥❛♥❝✐❛❧ ♠♦❞❡❧❧✐♥❣ ❡✳❣✳
✐♥ ❈❛rr ❛♥❞ ❲✉ ✭✷✵✵✸✮✳ ■t ❛❞♠✐ts ❛ s✐♠♣❧❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜②✿

E0

(

e−uUt
)

= e−t uα

.

❙✐♥❝❡ t❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱

f(ω) = ωα =
α

Γ (1− α)

∫ ∞

0

(1− e−ωx)

z1+α
dz ,

✺



t❤❡ ▲é✈② ♠❡❛s✉r❡ ✐s ν̄(dz) = α
Γ(1−α)

dz
z1+α ✳ ❲❡ ✐♥❢❡r t❤❛t t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ g(t, τ) ✇✐t❤ r❡s♣❡❝t

t♦ t ✐s ❣✐✈❡♥ ❜②✿

g̃(ω, τ) = ωα−1e−τ ωα

.

❚❤❡ ▲❛♣❧❛❝❡✬s tr❛♥s❢♦r♠ ♦❢ St ❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛t t✐♠❡ ③❡r♦ ✐s ❣✐✈❡♥ ❜② ✿

E0

[

e−ωSt
]

=

∫ ∞

0

e−ωτg(t, τ)dτ ✭✶✷✮

= Eα(−ωtα)

✇❤❡r❡ Eα ✐s t❤❡ ▼✐tt❛❣✲▲❡✤❡r ❢✉♥❝t✐♦♥ ✭❢♦r ❛ ♣r♦♦❢ s❡❡ ❡✳❣✳ P✐r②❛t✐♥s❦❛ ❡t ❛❧✳✱ ✷✵✵✺✮✿

Eα(z) =

∞
∑

n=0

zn

Γ(nα+ 1)
, ✭✶✸✮

✇❤❡r❡ Γ(.) ✐s t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ❊q✉❛t✐♦♥ ✭✶✷✮ r❡✈❡❛❧s t❤❛t St ✐s ♥♦t ❛ ▲é✈② ♣r♦❝❡ss s✐♥❝❡ ✐ts
▲❛♣❧❛❝❡✬s tr❛♥s❢♦r♠ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠✳ ❚❤❡ ♠♦♠❡♥ts ♦❢ St ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❞❡r✐✈✐♥❣
❛♥❞ ❝❛♥❝❡❧❧✐♥❣ ✐ts ▲❛♣❧❛❝❡✬s tr❛♥s❢♦r♠✿

E0 (S
n
t ) =

n!tnα

Γ (nα+ 1)
.

❆ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✐s ✇❤❡♥ α = 1
2 ✳ ●✐✈❡♥ t❤❛t Γ(α) =

√
π✱ t❤❡ ▲é✈② ♠❡❛s✉r❡ ✐s ❡q✉❛❧ t♦

ν̄(dz) =
1

2
√
π

dz

z3/2
.

❚❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ♣❞❢ ♦❢ St ❤❛s ❛ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥

g̃(ω, τ) =
e−τ

√
ω

√
ω

,

t❤❛t ❛❞♠✐ts ❛♥ ❛♥❛❧②t✐❝❛❧ ✐♥✈❡rs❡✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ St ❢♦r α = 1
2 ✐s ❣✐✈❡♥ ❜②

g(t, τ) =
e−

τ2

4t

√
πt

t ≥ 0 ,

✇❤✐❝❤ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♥s✐t② ♦❢ ❛ N(0,
√
2t✮ ♦♥ t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❧✐♥❡✳ ■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ❡rr♦r

❢✉♥❝t✐♦♥ ❜② ❡r❢❝(x) = 2√
π

∫ x

0
e−t2 dt✱ t❤❡ ▼✐tt❛❣✲▲❡✤❡r ❡①♣♦♥❡♥t✐❛❧ ❢♦r α = 1

2 ✐s ❡q✉❛❧ t♦

E 1
2
(z) = exp(z2)❡r❢❝(−z) .

❚❤❡ ✜rst ♠♦♠❡♥t ♦❢ St ✐s ✿

E0 (St) =
t1/2

Γ (3/2)
=

t1/2

1
2

√
π
.

❚❤❡ r✐❣❤t ♣❧♦t ♦❢ ❋✐❣✉r❡ ✶ s❤♦✇s ❛ s✐♠✉❧❛t❡❞ s❛♠♣❧❡ ♣❛t❤ ♦❢ ❛♥ α st❛❜❧❡ ♣r♦❝❡ss ❛♥❞ ♦❢ ✐ts ✐♥✈❡rs❡ ❢♦r
α = 0.90✳ ❲❡ ❝❧❡❛r❧② ♦❜s❡r✈❡ ♣❡r✐♦❞s ❞✉r✐♥❣ ✇❤✐❝❤ St ✐s ❝♦♥st❛♥t✳ ❚❤❡② ❛r❡ ❝❛✉s❡❞ ❜② s❤❛r♣ ✐♥❝r❡❛s❡s
♦❢ Ut✳

✻
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❋✐❣✉r❡ ✶✿ ▲❡❢t ♣❧♦t✿ s❛♠♣❧❡ ♣❛t❤ ♦❢ ❛♥ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r ✭λ = 10✮✳ ❘✐❣❤t ♣❧♦t✿ s❛♠♣❧❡ ♣❛t❤
♦❢ ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ ♣r♦❝❡ss ✭α = 0.90✮✳

■♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✐♥✈❡rt ❛ s✉❜♦r❞✐♥❛t♦r ♦❢ t❤❡ ❢♦r♠✿

Ut = ηNt t, µ ≥ 0

✇❤❡r❡ (Nt)t≥0 ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ♣❛r❛♠❡t❡r λ✳ ❲❡ ❝❤♦♦s❡ η = 1
λ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t E (Ut) = t✳

❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ s✉❜♦r❞✐♥❛t♦r ✐s ❡q✉❛❧ t♦ ηt✳ ❚❤❡ ▲❛♣❧❛❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤✐s s✉❜♦r❞✐♥❛t♦r ✐s ❡q✉❛❧ t♦✿

E
(

e−ωUt
)

= E
(

e−ωηNt
)

= e−tf(ωη) .

✇❤❡r❡ t❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t ✐s ❛ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥✿

f(ωη) = λ(1− e−ωη)

=

∫ ∞

0

(1− e−ωz)λδ{η}(z)dz .

❲❡ ❞❡♥♦t❡ ❜② δ{η}(z)✱ t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t ♣♦✐♥t z = η✳ ❚❤❡ ▲é✈② ♠❡❛s✉r❡ ✐s t❤❡r❡❢♦r❡ ν̄(dz) =
λδ{η}(z)dz ❛♥❞ t❤❡ ▲❛♣❧❛❝❡✬s tr❛♥s❢♦r♠ ♦❢ t❤❡ ♣❞❢ ♦❢ Ut ✐s ❣✐✈❡♥ ❜②✿

g̃(ω, τ) =
λ(1− e−η ω)

ω
e−τ(λ(1−e−ωη)) .

❆s Nt ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss✱ ✐t t❛❦❡s ✐ts ✈❛❧✉❡s ✐♥ N ❛♥❞ t❤❡ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ ♦❢ St ✐s ❡q✉❛❧ t♦✿

P (St ≥ s) = P (ηNs ≤ t)

= P (T⌊ t
η ⌋+1 > s)

✇❤❡r❡ T⌊ t
η ⌋+1 ✐s ❛ ❣❛♠♠❛ ✭♦r ❊r❧❛♥❣✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ Γ

(⌊

t
η

⌋

+ 1 ; λ
)

✳ ❚❤❡ ♣❞❢ ♦❢ St ✐s t❤❡r❡❢♦r❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

g(t, τ) =
d

dτ
P (τ ≤ St ≤ τ + dτ).

g(t, τ) = P (τ ≤ St ≤ τ + dτ) =
λ⌊ t

η ⌋+1τ⌊ t
η ⌋ exp(−λτ)
⌊

t
η

⌋

!
τ ≥ 0 .

✼



❚❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ✐s ✐♥ t❤✐s ❝❛s❡

E0

[

e−ωSt
]

=

∫ ∞

0

e−ωτg(t, τ)dτ ✭✶✹✮

=
(

1 +
ω

λ

)−(⌊ t
η ⌋+1)

❚❤❡ ✈❛r✐❛❜❧❡ T⌊ t
η ⌋+1 ✐s ❛❧s♦ t❤❡ s✉♠ ♦❢

⌊

t
η

⌋

+1 ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ♥♦t❡❞ Jk✱ ✇✐t❤ ♣❛r❛♠❡t❡r

λ✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ Jk ✐s ❡q✉❛❧ t♦ fJ(x) = λe−λx✳ ❚❤❡ ♣r♦❝❡ss Sb
t ❞❡✜♥❡❞ ❛s t❤❡

s✉♠ ♦❢ Jk✿

Sb
t =

⌊ t
η ⌋+1
∑

k=1

Jk , ✭✶✺✮

❤❛s t❤❡ s❛♠❡ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ❛s St✱ ❢♦r ❛❧❧ t✐♠❡ t ≥ 0✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t St ❜② t❤❡
s✉♠ ✭✶✺✮ ❛♥❞ ✇❡ ✐♥❢❡r t❤❛t t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ St+∆ ✱ ❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ ✜❧tr❛t✐♦♥
Gt ✉♣ t♦ t✐♠❡ t✱ ✐s ❣✐✈❡♥ ❜②

P (St+∆ ≤ τ | Ft) = P







⌊ t+∆
η ⌋+1
∑

k=1

Jk ≤ τ |St =

⌊ t
η ⌋+1
∑

k=1

Jk







=















0 St > τ

P
(

T⌊ t+∆
η ⌋−⌊ t

η ⌋ ≤ τ − St

) ⌊

t+∆
η

⌋

>
⌊

∆
η

⌋

and St < τ

1
⌊

t+∆
η

⌋

=
⌊

t
η

⌋

and St < τ

❚❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t St ✐s ❛ st❡♣✇✐s❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♠❡s❤ ✇✐t❤ st❡♣s ♦❢ s✐③❡ η✿ St = S⌊ t
η ⌋η ∀ t ∈

R+✳ ❚❤❡ ♣r♦❝❡ss (St)t≥0 ✐s ❝❧❡❛r❧② ♥♦t ▼❛r❦♦✈ s✐♥❝❡ P (St+∆ ≤ τ | Ft) ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ♣r♦❝❡ss ✈❛❧✉❡

❛t t✐♠❡
⌊

t
η

⌋

η ≤ t✳ ❚❤❡ ❧❡❢t ♣❧♦t ♦❢ ❋✐❣✉r❡ ✶ s❤♦✇s ❛ s✐♠✉❧❛t❡❞ s❛♠♣❧❡ ♣❛t❤ ♦❢ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❛♥❞

♦❢ ✐ts ✐♥✈❡rs❡ ❢♦r λ = 10✳ St ✐s ❤❡r❡ ❛♥ ✐♥❝r❡❛s✐♥❣ st❡♣✇✐s❡ ❢✉♥❝t✐♦♥✳ ❆♥② ♣r♦❝❡ss ♣r♦❝❡ss t✐♠❡ ❝❤❛♥❣❡❞
❜② ❛♥ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r ❤❛s t❤❡r❡❢♦r❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳

✹ ❚❤❡ ❉③❡r❜❛②s❤❛♥✲❈❛♣✉t♦ ❞❡r✐✈❛t✐✈❡s

■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ♠♦t✐♦♥❧❡ss ♣❤❛s❡s ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❥✉♠♣✲❞✐✛✉s✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ st♦❝❤❛s✲
t✐❝ t✐♠❡ s❝❛❧❡ r✉❧❡❞ ❛♥ ✐♥✈❡rs❡ ▲é✈② s✉❜♦r❞✐♥❛t♦r✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✺ t❤❛t ♦♣t✐♦♥ ♣r✐❝❡s ✐♥ t❤✐s
s❡tt✐♥❣ ❛r❡ s♦❧✉t✐♦♥s ♦❢ ❛ P■❉❊ s✐♠✐❧❛r t♦ ❊q✉❛t✐♦♥ ✭✻✮ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ❛r❡
r❡♣❧❛❝❡❞ ❜② ❛ ❝♦♥✈♦❧✉t✐♦♥✲t②♣❡ ❞❡r✐✈❛t✐✈❡✱ ❝❛❧❧❡❞ ❉③❡r❜❛②s❤❛♥✲❈❛♣✉t♦ ✭❉✲❈✮ ❞❡r✐✈❛t✐✈❡✳ ❚❤✐s s❡❝t✐♦♥
r❡✈✐❡✇s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❝♦♥✈♦❧✉t✐♦♥✲t②♣❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ ✐ts ❧✐♥❦ ✇✐t❤ ▲é✈② s✉❜♦r❞✐♥❛t♦rs✳

❆ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ f : (0,∞) → R ♦❢ ❝❧❛ss C∞s✉❝❤ t❤❛t f(x) ≥ 0 ❢♦r ❛❧❧ x > 0
❢♦r ✇❤✐❝❤

(−1)
k
f (k)(x) ≤ 0 ∀x > 0 k ∈ N .

❆ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥ ❛❧s♦ ❛❞♠✐ts ❛ s✐♠✐❧❛r r❡♣r❡s❡♥t❛t✐♦♥ t♦ t❤❡ ▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t ♦❢ ❛ ▲é✈② ♣r♦❝❡ss✿

f(x) = a+ bx+

∫ ∞

0

(

1− e−sz
)

ν̄(dz) ✭✶✻✮

✇❤❡r❡ a, b ≥ 0✳ ν̄(.) ✐s ❛ ♣♦s✐t✐✈❡ ▲é✈② ♠❡❛s✉r❡ ♦♥ (0,∞)✳ ❚❤❡ tr✐♣❧❡t ✭a, b, ν̄) ✐s t❤❡ ▲é✈② tr✐♣❧❡t ♦❢
t❤❡ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② ν(s) t❤❡ t❛✐❧ ♦❢ t❤❡ ▲é✈② ♠❡❛s✉r❡ t❤❛t ✐s✿

ν(s)ds =

(

a+

∫ ∞

s

ν̄(dz)

)

ds .

✽



▲❡t ✉s ❝♦♥s✐❞❡r f(.)✱ ❛ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✐ts t❛✐❧ ▲é✈② ♠❡❛s✉r❡ ν(s) t❤❛t ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s
♦♥ (0,∞)✳ ❲❡ ❛❧s♦ ♥❡❡❞ ❛ ❢✉♥❝t✐♦♥ u(t) ∈ AC([0,∞]) t❤❛t ✐s t❤❡ s❡t ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥
♦♥ R+✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❉✲❈ ❞❡r✐✈❛t✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥ f(.) ✐s ❞❡✜♥❡❞ ❛s

fDu(t) = b
d

dt
u(t) +

∫ t

0

∂

∂t
u(t− s)ν(s)ds t ∈ [0,∞) . ✭✶✼✮

❚❤✐s ✐♥t❡❣r❛❧ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐❢ |u(t)| ≤ Meω0t ❢♦r s♦♠❡ ω0 ❛♥❞ M > 0✳ ❆ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ✭s❡❡ ❡✳❣✳
▲❡♠♠❛ ✷✳✷ ✐♥ ❚♦❛❧❞♦ ✭✷✵✶✺✮✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❉✲❈ ❞❡r✐✈❛t✐✈❡s✿

L
[

fDtu(t)
]

(ω) = f (ω) ũ (ω)− f (ω)

ω
u(0) Rω ≥ ω0 ✭✶✽✮

✇❤❡r❡ ũ (ω) ✐s t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ u(t)✳ ❲❡ ❞❡t❛✐❧ t❤❡ ❢♦r♠ ♦❢ t❤s ❉✲❈ ❢♦r α st❛❜❧❡ ❛♥❞ P♦✐ss♦♥
s✉❜♦r❞✐♥❛t♦rs✳

α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦rs✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ α st❛❜❧❡ ▲é✈② ♣r♦❝❡ss✱ (Ut)t≥0✳ ❚❤❡ ▲é✈② tr✐♣❧❡t ✐s

✐♥ t❤✐s ❝❛s❡ (0, 0, ν̄) ✇❤❡r❡ ν̄(dz) = α
Γ(1−α)

dz
z1+α ✳ ❚❤❡ t❛✐❧ ♦❢ t❤❡ ▲é✈② ♠❡❛s✉r❡ ✐s ❣✐✈❡♥ ❜②✿

ν(s)ds = ds

∫ ∞

s

αz−α−1

Γ (1− α)
dz

=
s−α

Γ (1− α)
ds .

❚❤❡ ❉✲❈ ❞❡r✐✈❛t✐✈❡ ❜❡❝♦♠❡s ✐♥ t❤✐s ❝❛s❡ t❤❡ ❈❛♣✉t♦ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② Dαu(t)✳
■♥❞❡❡❞✱ ✐❢ ✇❡ ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ s′ = t− s✱ ✇❡ ✐♥❢❡r t❤❛t

∫ t

0

∂

∂t
u(t− s)ν(s)ds =

∫ t

0

∂

∂s′
u(s′) ν(t− s′) ds′

❛♥❞ t❤❡r❡❢♦r❡

fDu(t) = Dαu(t) =
1

Γ (1− α)

∫ t

0

u′(s)

(t− s)
α ds . ✭✶✾✮

P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs✳ ■❢ (Ut)t≥0 ✐s ❛ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r✱ t❤❡ ▲é✈② tr✐♣❧❡t ✐s (µ, 0, ν̄) ✇✐t❤
ν̄(dz) = λδ{η}(z)dz✳ ❚❤❡ t❛✐❧ ♦❢ t❤❡ ▲é✈② ♠❡❛s✉r❡ ❢♦r s ≥ 0 ✐s✿

ν(s)ds = ds

∫ ∞

s

λδ{η}(z)dz

= λ I{s≤η} ds

✇❤❡r❡ I{s≤η} ✐s t❤❡ ✐♥❞✐❝❛t♦r ✈❛r✐❛❜❧❡✳ ❚❤❡ ❉✲❈ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤✐s ❝❛s❡ ✐s ♥♦t❡❞ Dλu(t) ❛♥❞ ❣✐✈❡♥ ❜②

fDu(t) = Dλu(t) = λ

∫ min(t,η)

0

∂

∂t
u(t− s) ds t ∈ [0,∞) . ✭✷✵✮

❆❢t❡r ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ s′ = t− s✱ ✇❡ ✐♥❢❡r t❤❛t

∫ min(t,η)

0

∂

∂t
u(t− s) ds = u(t)− u(t−min(t, η))

❛♥❞ t❤❡r❡❢♦r❡

Dλu(t) = λ (u(t)− u(t−min(t, η))) t ∈ [0,∞) . ✭✷✶✮

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ t✐♠❡✲❝❤❛♥❣❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ♣r❡s❡♥t❡❞ ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❛rt✐❝❧❡✳

✾



✺ ❋r❛❝t✐♦♥❛❧ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t

❲❡ r❡❝❛❧❧ t❤❛t St ✐s ❛♥ ✐♥✈❡rs❡ ▲é✈② s✉❜♦r❞✐♥❛t♦r ❞❡✜♥❡❞ ♦♥
(

Ω, (Gt)t≥0 , P
)

✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t

❢r♦♠ t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ (Ft)t≥0 ♦❢ t❤❡ ❛ss❡t ♣r✐❝❡ (At)t≥0✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❲❡ ✉s❡ (St)t≥0 ❛s
st♦❝❤❛st✐❝ ❝❧♦❝❦ ❛♥❞ ❞❡♥♦t❡ ❜② Ht t❤❡ ❛✉❣♠❡♥t❡❞ ✜❧tr❛t✐♦♥ Gt ∨ FSt

✳ ❚❤✐s ✐s t❤❡ s♠❛❧❧❡st ✜❧tr❛t✐♦♥ ❛t
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ Gt ❛♥❞ FSt

✳ ❚❤❡ t✐♠❡✲❝❤❛♥❣❡❞ r✐s❦✲❢r❡❡ ❜♦♥❞ ❤❛s ❛ ✈❛❧✉❡ ❛t t✐♠❡ t ❡q✉❛❧ t♦✿

BSt
= erSt , B0 = 1. ✭✷✷✮

◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ❜♦♥❞ r❡t✉r♥ ✐s ♥♦✇ st♦❝❤❛st✐❝✳ ❚❤❡ t✐♠❡✲❝❤❛♥❣❡❞ st♦❝❦ ♣r✐❝❡ ✐s
♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ t✐♠❡ ❜② St ✐♥ ❊q✉❛t✐♦♥ ✭✷✮✿

ASt
= A0 exp

(

∫ St

0

µ− 1

2
σ2
sds+

∫ St

0

σsdW
P
s

)NJ
St
∏

k=1

(1 + Yk) . ✭✷✸✮

❚❤❡ ❜♦♥❞ ❛♥❞ st♦❝❦ ✈❛❧✉❡s ❛r❡ ❛❧s♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

dBSt

BSt

= rdSt ,
dASt

ASt

= µdSt + σSt
dWP

St
+ dJSt

.

❋✐❣✉r❡s ✭✷✮ ❛♥❞ ✭✸✮ s❤♦✇ s✐♠✉❧❛t❡❞ s❛♠♣❧❡ ♣❛t❤s ♦❢ s✉❜♦r❞✐♥❛t❡❞ ❜♦♥❞ ❛♥❞ st♦❝❦ ♣r✐❝❡s ✇❤❡♥ t❤❡
t✐♠❡✲❝❤❛♥❣❡ ✐s ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ ♦r P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r✳ ❲✐t❤ ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ t✐♠❡✲❝❤❛♥❣❡✱
t❤❡ s❛♠♣❧❡ ♣❛t❤ ♦❢ t❤❡ r✐s❦② ❛ss❡t ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ ❛❝t✐✈❡ ❛♥❞ ♠♦t✐♦♥❧❡ss ♣❤❛s❡s✳ ❲❤❡r❡❛s ❢♦r ❛♥
✐♥✈❡rs❡ P♦✐ss♦♥ t✐♠❡✲❝❤❛♥❣❡✱ t❤❡ st♦❝❦ ♣❛t❤ ❤❛s ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t s❛♠♣❧❡ ♣❛t❤✳ ❚❤❡s❡ ✐♥✈❡rs❡
s✉❜♦r❞✐♥❛t♦rs ❞❡s❝r✐❜❡ t✇♦ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ✐❧❧✐q✉✐❞✐t②✳ ■♥✈❡rs❡ P♦✐ss♦♥ ♣r♦❝❡ss❡s ❛r❡ r❛t❤❡r ❛❞❛♣t❡❞
t♦ ♠♦❞❡❧ r❡❝✉rr✐♥❣ ✐❧❧✐q✉✐❞✐t② ❛t ❤✐❣❤ ♦r ❧♦✇ ❢r❡q✉❡♥❝②✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ t❤❡ ♣❛r❛♠❡t❡r λ✳ ❲❤✐❧❡ t❤❡
✐♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r r❡♣❧✐❝❛t❡s t❡♠♣♦r❛r② ✐❧❧✐q✉✐❞✐t② ♣❡r✐♦❞s ❢♦r ❛♥ ❛ss❡t t❤❛t ✐s ♠♦st ♦❢ t❤❡
t✐♠❡ ❛❝t✐✈❡❧② tr❛❞❡❞✳
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❋✐❣✉r❡ ✷✿ ▲❡❢t ♣❧♦t✿ s❛♠♣❧❡ ♣❛t❤ ♦❢ BSt
✇❤❡♥ St ✐s ❛♥ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r ✭λ = 10✮✳ ❘✐❣❤t

♣❧♦t✿ s❛♠♣❧❡ ♣❛t❤ ♦❢ BSt
✇❤❡♥ St ✐s ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ ♣r♦❝❡ss ✭α = 0.90✮✳ r = 2%✳

✶✵
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❋✐❣✉r❡ ✸✿ ▲❡❢t ♣❧♦t✿ s❛♠♣❧❡ ♣❛t❤ ♦❢ ASt
✇❤❡♥ St ✐s ❛♥ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r ✭λ = 10✮✳ ❘✐❣❤t

♣❧♦t✿ s❛♠♣❧❡ ♣❛t❤ ♦❢ ASt
✇❤❡♥ St ✐s ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ ♣r♦❝❡ss ✭α = 0.90✮✳ ❍❡r❡✱ µ = 5%✱ σs = 15%

❛♥❞ ♥♦ ❥✉♠♣✳

❲❡ ❤❛✈❡ ❧❛✐❞ ❞♦✇♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❞②♥❛♠✐❝s ✉♥❞❡r t❤❡ r❡❛❧ ♠❡❛s✉r❡ ❜✉t ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ ❛ r✐s❦
♥❡✉tr❛❧ ♠❡❛s✉r❡ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ ♦♣t✐♦♥s✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❧❡t ✉s r❡♠❡♠❜❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

φ (., κ) = ln
(

κ
fb
Y (.)

fY (.)

)

✇❤❡r❡ κ ∈ R+✳ ❋♦r ❛ Ft−❛❞❛♣t❡❞ ❛♥❞ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♣r♦❝❡ss✱ ♥♦t❡❞ (θt)t≥0✱

✇❡ ❞❡✜♥❡❞ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss (ZSt
)t≥0 ❛s ❢♦❧❧♦✇s✿

ZSt
= exp



−1

2

∫ St

0

θ2sds−
∫ St

0

θsdW
P
s +

NJ
St
∑

k=1

φ (Yk, κ)− (κ− 1)λJSt



 , ✭✷✹✮

✇❤✐❝❤ ❛❞♠✐ts ❛♥ ❡q✉✐✈❛❧❡♥t ✐♥✜♥✐t❡s✐♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥✿

dZSt
= −ZSt

θSt
dWP

St
− ZSt

(κ− 1)λJdSt + ZSt

(

eφ(Y,κ) − 1
)

dNJ
St

.

❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t E (dZt|Ht ∨ GT ) = 0 ❛♥❞ t❤❡r❡❢♦r❡ E (ZT |Ht ∨ GT ) = Zt+
∫ T

t
E (dZt|Ht ∨ GT ) = Zt✳

❯s✐♥❣ ♥❡st❡❞ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ ♣r♦❝❡ss Zt ✐s t❤❡♥ ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ Z0 = 1✳ ❙✐♥❝❡ Zt ✐s Ht✲❛❞❛♣t❡❞✱ ✐t

✐s ❛ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ZSt
= dP b

dP

∣

∣

∣

t
❞❡✜♥✐♥❣ ❛ ♥❡✇ ♠❡❛s✉r❡ P b✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ st❛t❡s

t❤❡ ❞②♥❛♠✐❝s ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ❥✉♠♣ ♣r♦❝❡ss ✉♥❞❡r P b✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❯♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ Pb ❞❡✜♥❡❞ ❜② t❤❡ ❘❛❞♦♥✲◆②❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ✭✷✹✮✱

✶✳ dWSt
= dWP

St
+ θSt

dSt ✐s ❛ t✐♠❡✲❝❤❛♥❣❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳

✷✳ t❤❡ ♣r♦❝❡ss JSt
✐s ❛ ♣♦✐♥t ♣r♦❝❡ss ✇✐t❤ ❛♥ ✐♥t❡♥s✐t② ❡q✉❛❧ t♦ κλJ dSt ❛♥❞ t❤❡ ♣❞❢ ♦❢ ❥✉♠♣ ✐s f b

Y (.)✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s r❡♣♦rt❡❞ ✐♥ ❆♣♣❡♥❞✐① ❛♥❞ ♠❛✐♥❧② r❡❧✐❡s ♦♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥
✜❧tr❛t✐♦♥s ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡ ❛♥❞ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ❛♥❞ ❥✉♠♣ ♣r♦❝❡ss❡s✳ ❲❡ ❞❡♥♦t❡ ❜② ξb = EPb(Y )
t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛ ❥✉♠♣ ✉♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱
✇❡ ✐♥❢❡r t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ r✐s❦② ❛ss❡t ✉♥❞❡r P b ✐s ❣✐✈❡♥ ❜②

dASt

ASt

= (µ− θSt
σSt

) dSt + σSt
dWSt

+ dJSt
.

✶✶



❯s✐♥❣ ❛❣❛✐♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❧♦❝❦ ❛♥❞ t❤❡ ✜❧tr❛t✐♦♥ (Ft)t≥0✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥ ♦❢ At ✐s s✉❝❤ t❤❛t

EPb

(

dASt

ASt

|Gt

)

= (µ+ κλJ ξb − θSt
σSt

) dSt .

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r κ✱ fY (.) ❛♥❞ (θSt
)t≥0 ❞❡✜♥❡s ❛ r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡✳

❈♦r♦❧❧❛r② ✺✳✷✳ ❚❤❡ ❘❛❞♦♥✲◆②❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ ✭✷✹✮ ❞❡✜♥❡s ❛♥ ❡q✉✐✈❛❧❡♥t r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡ Q✱ ✐❢
ξb ✱ κ ❛♥❞ (θSt

)t≥0 ❢✉❧✜❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

θSt
=

µ+ κλJ ξb − r

σSt

. ✭✷✺✮

❚♦ ❧✐❣❤t❡♥ ♥♦t❛t✐♦♥s ✐♥ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts✱ ✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t t❤❡ ❢r❡✲
q✉❡♥❝② ❛♥❞ s✐③❡ ♦❢ ❥✉♠♣s ❛r❡ ✐❞❡♥t✐❝❛❧ ✉♥❞❡r r❡❛❧ ❛♥❞ r✐s❦ ♥❡✉tr❛❧ ♠❡❛s✉r❡s ✭κ = 1✱ ξb = ξ✮✳ ❚❤❡ ♣r✐❝❡
♦❢ ❛♥ ❊✉r♦♣❡❛♥ ❝❛❧❧ ♦♣t✐♦♥ ♦❢ ♠❛t✉r✐t② t✱ ✇r✐tt❡♥ ♦♥ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❛ss❡t ✐s t❤❡ ❞✐s❝♦✉♥t❡❞ ❡①♣❡❝t❡❞
♣❛②♦✛ ✉♥❞❡r Q✿

CS(t,K) = C(St,K) ✭✷✻✮

= EQ
(

e−rSt (ASt
−K)+ |F0

)

.

✇❤❡r❡ St ✐s ❛ t✐♠❡✲❝❤❛♥❣❡✳ ■❢ ✇❡ r❡♠❡♠❜❡r t❤❛t t❤❡ ❞❡♥s✐t② ♦❢ St ✐s g(t, τ)dτ = P (St ∈ [τ, τ + dτ ])✱ ✇❡
❝❛♥ r❡✇r✐t❡ t❤❡ ❝❛❧❧ ♦♣t✐♦♥ ❛s ❛♥ ✐♥t❡❣r❛❧✿

CS(t,K) =

∫ ∞

0

C(τ,K) g(t, τ)dτ . ✭✷✼✮

■❢ t❤❡ ♥♦♥✲❢r❛❝t✐♦♥❛❧ ❝❛❧❧ ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ St ❛❞♠✐ts ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s✱ ✇❡ ❝❛♥ ❡✈❛❧✉❛t❡ t❤❡
❢r❛❝t✐♦♥❛❧ ❝❛❧❧ ♣r✐❝❡ ❜② ❝♦♠♣✉t✐♥❣ ♥✉♠❡r✐❝❛❧❧② t❤❡ ✐♥t❡❣r❛❧ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❝♦♥✲
s✐sts t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r✐❝❡ ❜② ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡s❡ s♦❧✉t✐♦♥s ❛r❡ ❡①♣❧♦r❡❞ ❜② ▼❛❣❞③✐❛r③
✭✷✵✵✾ ❛✮ ✐♥ ❛ ❇r♦✇♥✐❛♥ s❡tt✐♥❣✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❝❛❧❧ ♣r✐❝❡s ✐♥ ❛ ❥✉♠♣ ❞✐✛✉s✐♦♥ s❡tt✐♥❣ ❞♦ ♥♦t ❛❞♠✐t
❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s✱ ❡①❝❡♣t❡❞ ✐♥ t❤❡ ▼❡rt♦♥ ♠♦❞❡❧ ✭✶✾✼✻✮✳ ❆♥♦t❤❡r s♦❧✉t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡
♥❡①t ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳ ❚❤❡ ❝❛❧❧ ♦♣t✐♦♥ ✈❛❧✉❡ ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❥✉♠♣✲❞✐✛✉s✐♦♥ s❡tt✐♥❣ ✐s s♦❧✉t✐♦♥ ♦❢ ❛ ❢r❛❝✲
t✐♦♥❛❧ P■❉❊ ❡q✉❛t✐♦♥✿

fDCS(t,K) = − (r − λJξ)K
∂CS(t,K)

∂K
+

K2

2
EQ
(

σ2
St

|ASt
= K

)

✭✷✽✮

×∂2CS(t,K)

∂K2
+ λJ

(

EQ

(

(1 + Y )CS

(

t,
K

1 + Y

))

− (1 + ξ)CS(t,K)

)

.

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ CS(0,K) = (S0 +K)+✳ ❚❤❡ ❢r❛❝t✐♦♥❛❧ ♣✉t ♣r✐❝❡✱ DS(t,K) = D(St,K)✱ ✐s
s♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠❡ P■❉❊ ❜✉t ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ D(0,K) = (K − S0)+✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s r❡♣♦rt❡❞ ✐♥ ❆♣♣❡♥❞✐①✳ ◆♦t✐❝❡ t❤❛t ✐❢ σt = σ(t, At) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡
❛♥❞ ♦❢ t❤❡ ❛ss❡t ✈❛❧✉❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭✷✽✮ ❜❡❝♦♠❡s

EQ
(

σ2
St

|ASt
= K

)

= EQ
(

EQ
(

σ2
St

|ASt
= K , Gt

))

✭✷✾✮

= EQ
(

σ2(St,K)
)

.

✶✷



■♥ t❤❡ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ✭❇✫❙✮ ❢r❛♠❡✇♦r❦✱ t❤❡ ❇r♦✇♥✐❛♥ ✈♦❧❛t✐❧✐t② ✐s ❝♦♥st❛♥t σ2(St,K) = σ̄2 ❛♥❞
t❤❡r❡ ✐s ♥♦ ❥✉♠♣s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❢r❛❝t✐♦♥ P■❉❊ ✭✷✽✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

fDCS(t, k) = −r
∂

∂k
CS(t, k) +

σ̄2

2

∂2CS(t, k)

∂k2
. ✭✸✵✮

✇❤❡r❡ k = ln(K)✳ ■♥ ❝❛s❡ ♦❢ ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ ♣r♦❝❡ss✱ fDCS(t, k) = DαCS(t, k) ❛♥❞ t❤❡ ❢r❛❝t✐♦♥❛❧
❇✫❙ ❝❛❧❧ ♣r✐❝❡ ✐s s♦❧✉t✐♦♥ ♦❢

1

Γ (1− α)

∫ t

0

∂
∂sCS(s,K)

(t− s)
α ds = −r

∂

∂k
CS(t, k) +

σ̄2

2

∂2CS(t, k)

∂k2
. ✭✸✶✮

■t t❤❡ st♦❝❤❛st✐❝ ❝❧♦❝❦ ✐s ❛♥ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r✱ fDCS(t, k) = DλCS(t, k)✱ t❤❡ ❢r❛❝t✐♦♥❛❧ ❇✫❙
❝❛❧❧ ♣r✐❝❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✐t❡r❛t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐♦♥✿

CS(t, k) = CS(max(0; t− η), k)− r

λ

∂

∂k
CS(t, k) +

σ̄2

2λ

∂2CS(t, k)

∂k2
t ≥ 0 .

■♥ t❤❡ ❝♦♥st❛♥t ❡❧❛st✐❝✐t② ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ✭❈❊❱✮✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ (29)✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ t♦✿

EQ
(

σ(St,K)2
)

= σ2
0 K

2γ−2 .

■❢ t❤❡ ❇r♦✇♥✐❛♥ ✈♦❧❛t✐❧✐t② ❞❡♣❡♥❞s ✉♣♦♥ t✐♠❡ ❛s ✐♥ ❊q✉❛t✐♦♥ ✭✽✮✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡
✈❛r✐❛♥❝❡ ✐♥ ❊q✉❛t✐♦♥ ✭✷✽✮ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡✬s tr❛♥s❢♦r♠ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡✿

E
(

σ(St,K)2
)

= β0 + β1E
Q

((

K

FSt

)γ)

+ β2E
Q

(

(

K

FSt

)2γ
)

✭✸✷✮

= β0 + β1

(

K

A0

)γ

EQ
(

e−γrSt
)

+ β2

(

K

A0

)2γ

EQ
(

e−2γrSt
)

.

■❢ t❤❡ ❝❧♦❝❦ ✐s ❛♥ ✐♥✈❡rs❡ α st❛❜❧❡ ♣r♦❝❡ss✱ t❤✐s ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✿

EQ
(

σ(St,K)2
)

= β0 + β1

(

K

A0

)γ

Eα(−γ r tα) + β2

(

K

A0

)2γ

Eα(−2 γ r tα) ,

✇❤❡r❡ Eα(.) ✐s t❤❡ ▼✐tt❛❣✲▲❡✤❡r ❢✉♥❝t✐♦♥✱ s✉❝❤ ❛s ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✶✸✮✳ ❋♦r ❛♥ ✐♥✈❡rs❡ P♦✐ss♦♥
s✉❜♦r❞✐♥❛t♦r✱ t❤❡ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② ✭✽✮ ✐s ❛ st❡♣✇✐s❡ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✿

EQ
(

σ(St,K)2
)

= β0 + β1

(

K

A0

)γ
(

1 +
γ r

λ

)−(⌊ t
η ⌋+1)

+ β2

(

K

A0

)2γ (

1 +
2 γ r

λ

)−(⌊ t
η ⌋+1)

.

❚❤❡ ♥❡①t s❡❝t✐♦♥ ♣r♦♣♦s❡s ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❊q✉❛t✐♦♥ ✭✷✽✮✳

✻ ◆✉♠❡r✐❝❛❧ ❢r❛♠❡✇♦r❦

❆♥❞❡rs❡♥ ❛♥❞ ❇r♦t❤❡rt♦♥✲❘❛t❝❧✐✛❡ ✭✶✾✾✽✮ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣✲
♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ t❤❡ ❉✉♣✐r❡ ❡q✉❛t✐♦♥ ✐♥ ❛ ❇r♦✇♥✐❛♥ s❡tt✐♥❣✳ ❲❡ ❡①t❡♥❞ t❤❡✐r ❢r❛♠❡✇♦r❦ t♦ t❤❡
❢r❛❝t✐♦♥❛❧ ❥✉♠♣✲❞✐✛✉s✐♦♥ ❛♥❞ ♦♣t ❢♦r ❛♥ ✐♠♣❧✐❝✐t ♠❡t❤♦❞✳ ❲❡ ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
❥✉♠♣s ❛♥❞ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t②✳ ❲❡ ❞♦ t❤❡ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ❥✉♠♣s ❛r❡ ❡①❝❧✉✲
s✐✈❡❧② ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡♥ ❞❡✜♥❡❞ ♦♥ [−1, 0]✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉♦✉s ♣❞❢ ❢♦r Y ✳ ❲❡
❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ✈♦❧❛t✐❧✐t② ✐s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ ❛ss❡t ✈❛❧✉❡✿ σt = σ(t, At)✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛

✶✸



❞♦♠❛✐♥ [0, tmax]× [0,Kmax] ♦♥ ✇❤✐❝❤ ✇❡ ✇✐s❤ t♦ ❡st✐♠❛t❡ ❢r❛❝t✐♦♥❛❧ ❝❛❧❧ ♣r✐❝❡s✳ ❲❡ ❝❤♦♦s❡ t✇♦ st❡♣s
♦❢ ❞✐s❝r❡t✐③❛t✐♦♥✱ ♥♦t❡❞ ∆t ❛♥❞ ∆K ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ♣❛✐rs (tk,Kj) ✇❤❡r❡

tk = k∆t , Kj = K0 + j∆K

❢♦r k = 0, ...., nt ❛♥❞ j = 0, ..., nK ✳ ❚❤❡ ♥✉♠❜❡rs nt ❛♥❞ nK ❛r❡ ✐♥t❡❣❡rs ❡q✉❛❧ t♦ nt =
⌊

tmax

∆t

⌋

❛♥❞

nK =
⌊

Kmax−K0

∆K

⌋

✳ ❚♦ ❧✐❣t❤❡♥ ❞❡✈❡❧♦♣♠❡♥ts✱ ✇❡ ❞❡♥♦t❡ ❜② CS(k, j) t❤❡ ❛♣♣r♦❛❝❤❡❞ ✈❛❧✉❡ ♦❢ CS(tk,Kj)✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t K0 << A0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

CS(0, j) = (A0 −Kj)+ ,

CS(k, 0) = EQ
(

e−rStkAStk

)

= A0 .

❲❡ ♥♦t❡ σ2(k, j) = EQ
(

σ2
Stk

|AStk
= Kj

)

✇❤✐❧❡ t❤❡ (nt + 1) × (nK + 1) t❤❡ ♠❛tr✐① ♦❢ ✈❛r✐❛♥❝❡s ✐s

Σ = (σ2(k, j))k∈{0,...,nt},j∈{0,...,nK}✳

❚❤❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ CS(t,K) ✇✐t❤ r❡s♣❡❝t t♦ K ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✷✽✮ ✐s
❛♣♣r♦❛❝❤❡❞ ❜② ❛ ❝❡♥tr❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✿

∂CS(k, j)

∂K
≈ CS(k, j + 1)− CS(k, j − 1)

2∆K
for 0 < j ≤ nK . ✭✸✸✮

❖♥ t❤❡ ❜♦✉♥❞❛r②✱ ✇❡ s❡t ∂CS(k,0)
∂K = CS(k,1)−CS(k,0)

∆K
❛♥❞ ∂CS(k,nK+1)

∂K = CS(k,nK+1)−CS(k,nK)
∆K

✳ ❚❤❡
s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ✐s ❛♣♣r♦❛❝❤❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✿

∂2CS(k, j)

∂K2
≈ CS(k, j + 1)− 2CS(k, j) + CS(k, j − 1)

∆2
K

for 0 < j ≤ nK .

❖♥ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞❛r✐❡s✱ ✇❡ r❡s♣❡❝t✐✈❡❧② s❡t ∂2CS(k,0)
∂K2 = ∂2CS(k,1)

∂K2 ❛♥❞ ∂2CS(k,nK+1)
∂K2 = ∂2CS(k,nK)

∂K2 ✳
■♥ ♦r❞❡r t♦ r❡✇r✐t❡ t❤❡s❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥ ♠❛tr✐① ❢♦r♠✱ ✇❡ ✐♥tr♦❞✉❝❡ (nK + 1)× (nK + 1) ♠❛tr✐①
R1 ❛♥❞ R2 ❞❡✜♥❡❞ ❜②✿

R1 =
1

∆K

















−1 1 0 . . . 0
− 1

2 0 1
2 . . . 0

0 − 1
2 0 1

2

...
...

. . .
. . .

. . .
...

0 . . . 0 −1 1

















R2 =
1

∆2
K





















1 −2 1 0 . . . 0
1 −2 1 0 . . . 0

0 1 −2 1 0
...

...
. . .

. . .
. . .

. . . 0
0 . . . 0 1 −2 1
0 . . . 0 1 −2 1





















.

❚❤❡ ✈❡❝t♦r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ str✐❦❡ ❛t t✐♠❡ tk ❛r❡ t❤❡♥ ❡q✉❛❧ t♦ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐①
♣r♦❞✉❝ts✿

∂CS(k, .)

∂K
≈ K̄R1CS(k, .)

⊤ ,
∂2CS(k, .)

∂K2
≈ R2CS(k, .)

⊤ , ✭✸✹✮

✇❤❡r❡ CS(k, .) ✐s t❤❡ k
th ❧✐♥❡ ♦❢ t❤❡ (nt +1)× (nK +1) ♠❛tr✐① ♦❢ ❝❛❧❧ ♣r✐❝❡s✱ ❞❡♥♦t❡❞ ❜② CS ✳ ❚❤❡ ♥❡①t

st❡♣ ❝♦♥s✐sts t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❝♦♥t✐♥✉♦✉s ♣❞❢ ♦❢ ❥✉♠♣s✳ ❲❡ ❞❡♥♦t❡ ❜② y
(j)
m < 0 t❤❡ s✐③❡ ♦❢ t❤❡ ❥✉♠♣ ❢♦r

tr❛♥s✐t✐♥❣ ❢r♦♠ Km =
Kj

1+y
(j)
m

> Kj t♦ Kj ✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡s❡ y
(j)
m ❛r❡ ❡q✉❛❧ t♦

y(j)m =
Kj

Km
− 1 = − (m− j)∆k

K0 +m∆k
j = 0, ..., nK , m = j, ..., nk .

✶✹



◆♦t✐❝❡ t❤❛t y
(j)
m ❛r❡ ♦r❞❡r❡❞ ❛s ❢♦❧❧♦✇s✿ y

(j)
nK < ... < y

(j)
m+1 < y

(j)
m < ... < y

(j)
j = 0✳ ❚❤❡ ❛ss♦❝✐❛t❡❞

❞✐s❝r❡t❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ♦❜s❡r✈✐♥❣ s✉❝❤ ❥✉♠♣s ❛r❡✿

p(j)m = P

(

Y ∈
[

y(j)m − y
(j)
m − y

(j)
m+1

2
; y(j)m +

y
(j)
m−1 − y

(j)
m

2

))

j < m < nK ,

p(j)nK
= P

(

Y ∈
(

−∞ ; y(j)nK
+

y
(j)
nK−1 − y

(j)
nK

2

))

,

p
(j)
j = P

(

Y ∈
[

y
(j)
j+1

2
; 0

])

.

❋♦r ❛ ❣✐✈❡♥ j ∈ {0, ..., nK}✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ❥✉♠♣ ♣❛rt ✐♥ ❊q✉❛t✐♦♥ ✭✷✽✮
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♠✿

EQ

(

(1 + Y )CS

(

tk,
Kj

1 + Y

))

≈
nK
∑

m=j

p(j)m (1 + y(j)m )CS (k,m) . ✭✸✺✮

❙♦ ❛s t♦ r❡✇r✐t❡ t❤✐s ❧❛st ❡①♣❡❝t❛t✐♦♥ ✐♥ ♠❛tr✐① ❢♦r♠✱ ✇❡ ❞❡♥♦t❡ ❜② Y t❤❡ (nK + 1)× (nK + 1) ♠❛tr✐①

♦❢ y
(j)
m ✿

Y =



















0 y
(0)
1 . . . . . . y

(0)
nK

0 0 y
(1)
2 . . . y

(1)
nK

...
. . .

. . .
...

... 0 y
(nK−1)
nK

0 . . . . . . . . . 0



















,

❛♥❞ ❜② T ✱ t❤❡ (nK + 1) × (nK + 1) ♠❛tr✐① ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s Tj,m = p
(j)
m ❢♦r j ∈ {0, ..., nt} ❛♥❞ m ∈

{0, ..., nK}✿

T =





















p
(0)
0 p

(0)
1 . . . . . . p

(0)
nK

0 p
(1)
1 p

(1)
2

. . . p
(1)
nK

...
. . .

. . .
. . .

...
...

. . . 0 p
(nK−1)
nK−1 p

(nK−1)
nK

0 . . . . . . 0 p
(nK)
nK = 1





















.

❚❤❡ ❡❧❡♠❡♥t✇✐s❡ ♣r♦❞✉❝t ✭❛❧s♦ ❝❛❧❧❡❞ ❍❛❞❛♠❛r❞ ♣r♦❞✉❝t✮ ♦❢ t❤❡ ♠❛tr✐① T ❛♥❞ (1 + Y ) ✐s ❞❡♥♦t❡❞ ❜②
T • (1 + Y )✳ ❯s✐♥❣ t❤✐s ♥♦t❛t✐♦♥ ❛❧❧♦✇s ✉s ✐♥❢❡r t❤❛t

[

EQ

(

(1 + Y )CS

(

tk,
Kj

1 + Y

))]

k∈{0,...,nt},j∈{0,...,nK}
= T • (1 + Y ) CS(k, .)

⊤ . ✭✸✻✮

❚❤❡ ❉③❡r❜❛②s❤❛♥✲❈❛♣✉t♦ ✭❉✲❈✮ ❞❡r✐✈❛t✐✈❡ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ❝❤♦s❡♥ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥ f(.)✳ ❚❤❡r❡✲
❢♦r❡ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ❢♦r ❛♣♣r♦❛❝❤✐♥❣ ✐t ♥✉♠❡r✐❝❛❧❧②✳ ■♥ t❤❡ t✇♦ ♥❡①t s✉❜s❡❝t✐♦♥s✱ ✇❡ ❢♦❝✉s
♦♥ ❉✲❈ ❞❡r✐✈❛t✐✈❡s ♦❜t❛✐♥❡❞ ✇✐t❤ ✐♥✈❡rs❡ α st❛❜❧❡ ❛♥❞ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs✳

■♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦rs✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❉✲❈ ❞❡r✐✈❛t✐✈❡ ❜❡❝♦♠❡s t❤❡ ❈❛♣✉t♦ ❞❡r✐✈❛t✐✈❡

✶✺



❛♥❞ ✐s ♥✉♠❡r✐❝❛❧❧② ❛♣♣r♦❛❝❤❡❞ ❜② t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s✉♠✿

DαCS(k, j) ≈ (∆t)
−α

Γ(1− α)

k−1
∑

m=0

(k −m)
−α

(CS(m+ 1, j)− CS(m, j)) ✭✸✼✮

=
(∆t)

−α

Γ(1− α)
(CS(k, j)− CS(k − 1, j)) +

(∆t)
−α

Γ(1− α)

k−2
∑

m=0

(k −m)
−α

(CS(m+ 1, j)− CS(m, j)) .

■♥ ♦r❞❡r t♦ r❡✇r✐t❡ t❤✐s ❞❡r✐✈❛t✐✈❡ ✉♥❞❡r ❛ ♠❛tr✐① ❢♦r♠✱ ✇❡ ❞❡✜♥❡ ❛ ♠❛tr✐① D(k) ♦❢ ❞✐♠❡♥s✐♦♥ (k−1)×k
❛s ❢♦❧❧♦✇s✿

D(k) =
(∆t)

−α

Γ(1− α)













0 . . . . . . 0 − (2)
−α

(2)
−α

... . .
.

0 − (3)
−α

(3)
−α

0
... . .

.
. .
.

. .
.

. .
. ...

− (k)
−α

(k)
−α

. . . . . . . . . 0













. ✭✸✽✮

❚❤❡r❡❢♦r❡✱ ❚❤❡ ❈❛♣✉t♦ ❞❡r✐✈❛t✐✈❡ ❛t t✐♠❡ tk ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥✿

DαCS(k, .)
⊤ =

(∆t)
−α

Γ(1− α)
(CS(k, .)− CS(k − 1, .))

⊤
+ (D(k)CS(0 : k − 1 , .))

⊤
1k−1 ,

✇❤❡r❡ 1k−1 ✐s ❛ (k−1)−✈❡❝t♦r ♦❢ ♦♥❡s✳ ❲❡ ❞❡♥♦t❡ ❜② K̄ = ❞✐❛❣ (Kj)j∈{0,1,...,nK} ✱ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐①

♦❢ str✐❦❡s ❛♥❞ ❜② Σ̄(k) = ❞✐❛❣ (Σ(k, .))✱ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ σ(k, .)2✳ ■❢ ✇❡ ✐♥s❡rt ❡①♣r❡ss✐♦♥s ✭✸✽✮
❛♥❞ ✭✸✹✮ ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❉✉♣✐r❡✬s ❡q✉❛t✐♦♥ ✭✷✽✮✱ ✇❡ ♦❜t❛✐♥ ✐ts ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✿

(∆t)
−α

Γ(1− α)
(CS(k, .)− CS(k − 1, .))

⊤
+ (D(k)CS(0 : k − 1 , .))

⊤
1k−1

=

(

− (r − λJξ) K̄ R1 +
K̄2

2
Σ̄(k)R2

)

CS(k, .)
⊤

+λJ (T • (1 + Y )− (1 + ξ) InK+1)CS(k, .)
⊤ .

✇❤❡r❡ InK+1 ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✳ ❋✐♥❛❧❧②✱ ❢r❛❝t✐♦♥❛❧ ❝❛❧❧ ♣r✐❝❡s ❛r❡ ❝♦♠♣✉t❡❞ ✐t❡r❛t✐✈❡❧② ❢r♦♠ t0 t♦
tnK

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐♦♥✿

CS(k, .)
⊤ =

[

(∆t)
−α

Γ(1− α)
InK+1 + (r − λJξ) K̄ R1 −

K̄2

2
Σ̄(k)R2 ✭✸✾✮

−λJ (T • (1 + Y )− (1 + ξ) InK+1)]
−1 ×

[

(∆t)
−α

Γ(1− α)
CS(k − 1, .)⊤ − (D(k)CS(0 : k − 1 , .))

⊤
1k−1

]

.

■♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦rs✳ ❲❤❡♥ t❤❡ st♦❝❤❛st✐❝ ❝❧♦❝❦ ✐s t❤❡ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r
❛♥❞ ✐❢ η ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ ∆t ✭η/∆t ✐♥ N)✳ ❚❤❡ ❉✲❈ ❞❡r✐✈❛t✐✈❡ ❜❡❝♦♠❡s ✐♥ t❤✐s ❝❛s❡ ❡q✉❛❧ t♦

DλCS(k, .) =

{

λ (CS(k, .)− CS(0, .)) k∆t < η

λ
(

CS(k, .)− CS

(

k − η
∆t

, .
))

k∆t ≥ η
.

■❢ η ✐s ♥♦t ❛ ♠✉❧t✐♣❧❡ ♦❢ ∆t✱ CS

(

k − η
∆t

, .
)

✐s ❝♦♠♣✉t❡❞ ❜② ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ ♥❡❛r❡st ❝❛❧❧ ♣r✐❝❡s✳

❚❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ✈❡rs✐♦♥ ♦❢ ❢r❛❝t✐♦♥❛❧ ❉✉♣✐r❡✬s ❡q✉❛t✐♦♥ ✭✷✽✮ ✐s ✐♥ t❤✐s ❝❛s❡✿

✶✻



λ

(

CS(k, .)− CS

(

k − η

∆t
, .

))⊤

=

(

− (r − λJξ) K̄ R1 +
K̄2

2
Σ̄(k)R2

)

CS(k, .)
⊤

+λJ (T • (1 + Y )− (1 + ξ) InK+1)CS(k, .)
⊤ .

❋r❛❝t✐♦♥❛❧ ❝❛❧❧ ♣r✐❝❡s ❛r❡ ❝♦♠♣✉t❡❞ ✐t❡r❛t✐✈❡❧② ❢r♦♠ t0 t♦ tnK
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐♦♥ ❢♦r k∆t < η

✿

CS(k, .)
⊤ =

[

λInK+1 + (r − λJξ) K̄ R1 −
K̄2

2
Σ̄(k)R2 ✭✹✵✮

−λJ (T • (1 + Y )− (1 + ξ) InK+1)]
−1 × λCS (0, .) ,

❛♥❞ ❢♦r k∆t ≥ η ✿

CS(k, .)
⊤ =

[

λInK+1 + (r − λJξ) K̄ R1 −
K̄2

2
Σ̄(k)R2− ✭✹✶✮

λJ (T • (1 + Y )− (1 + ξ) InK+1)]
−1 × λCS

(

k − η

∆t
, .

)

.

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ♣r❡s❡♥t✐♥❣ t❤❡ r❡❝✉rs✐♦♥ t♦ ❡st✐♠❛t❡ ❝❛❧❧ ♣r✐❝❡s ✐♥ t❤❡ ♥♦♥✲❢r❛❝t✐♦♥❛❧ ❝❛s❡✳
❚❤❡ ❛♣♣r♦❛❝❤❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉✉♣✐r❡ ❊q✉❛t✐♦♥ ✭✻✮ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐♦♥✿

CS(k, .)
⊤ =

[

InK+1 + (r − λJξ)∆tK̄ R1 −∆t
K̄2

2
Σ̄(k)R2

−λJ∆t (T • (1 + Y )− (1 + ξ) InK+1)]
−1 × CS(k − 1, .)⊤ ,

❢♦r k = 0, ...., nt ❛♥❞ j = 0, ..., nK ✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ t❡st t❤❡s❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞
❝♦♠♣❛r❡ ♦♣t✐♦♥ ♣r✐❝❡s ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ ❝❛s❡s✳

✼ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥

❲❡ ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❥✉♠♣s✳ ❚❤❡ s✐③❡ ♦❢ ❛ ❥✉♠♣ ❝❛♥♥♦t ❡①❝❡❡❞ t❤❡ ❝✉r✲
r❡♥t st♦❝❦ ♣r✐❝❡ ♦t❤❡r✇✐s❡ t❤❡ ♣r✐❝❡ ✇♦✉❧❞ ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t Y = eZ − 1
✇❤❡r❡ Z ✐s ❛ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♣❛r❛♠❡t❡r ρ > 0 ✱ ✉♥❞❡r t❤❡ r✐s❦ ♥❡✉tr❛❧ ♠❡❛✲
s✉r❡✳ ❈❧❡❛r❧②✱ Y ∈ [0, 1]✳ ❚❤❡ ♣❞❢ ♦❢ Z ✐s fZ(z) = ρ eρ zI{z≤0}✳ ❆ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ②✐❡❧❞s t❤❛t

P (Y ≤ y) = (1 + y)
ρ
I{y∈[0,1]} ❛♥❞ ✐ts ❡①♣❡❝t❛t✐♦♥ ✐s ξ = E(Y ) = − 1

1+ρ ✳ ❆s t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s
s❡❝t✐♦♥ ✐s t♦ ❡♠♣❤❛s✐③❡ t❤❡ ✐♠♣❛❝t ♦❢ t✐♠❡✲❝❤❛♥❣✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ss❡t ♣r✐❝❡s✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♥✲
st❛♥t ✈♦❧❛t✐❧✐t② σt = σ̄ ❜✉t t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✻ ❛r❡ ✇❡❧❧ ❛♣♣❧✐❝❛❜❧❡ ✇✐t❤ ❧♦❝❛❧
✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮✳

❋✐❣✉r❡ ✹ ♣r❡s❡♥ts ✶ ②❡❛r ❝❛❧❧ ♣r✐❝❡s ♦❜t❛✐♥❡❞ ✇✐t❤ ✐♥✈❡rs❡ α st❛❜❧❡ ❛♥❞ P♦✐ss♦♥ s✉r❜♦r❞✐♥❛t♦rs ❢♦r
❛ r❛♥❣❡ ♦❢ str✐❦❡s ❢r♦♠ K = 50 t♦ ✶✺✵✳ ▼❛r❦❡t ♣❛r❛♠❡t❡rs ❛r❡ r = 1%✱ λJ = 20✱ σ̄ = 25%✱ ρ = 49 ❛♥❞
A0 = 100✳ ❚❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❡ nt = 200 ❛♥❞ nK = 200✳ ❚❤❡ ✉♣♣❡r ♣❧♦t r❡✈❡❛❧s
t❤❛t ♣r✐❝❡s r❛✐s❡s ✇❤❡♥ α ✐♥❝r❡❛s❡s✳ ❚❤❡ ❧♦✇❡r ♣❧♦t ❡♠♣❤❛s✐③❡s t❤❛t ♣r✐❝❡s ✐♥❝r❡❛s❡s ✇✐t❤ λ✳

✶✼
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❋✐❣✉r❡ ✹✿ Pr✐❝❡s ♦❢ ✶ ②❡❛r ❝❛❧❧ ♦♣t✐♦♥ ❢♦r ✈❛r②✐♥❣ str✐❦❡s✳ ❯♣♣❡r ♣❧♦t✿ ✐♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r✳
▲♦✇❡r ♣❧♦t✿ ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r✳
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❋✐❣✉r❡ ✺✿ ♣r✐❝❡s ♦❢ ✏❛t t❤❡ ♠♦♥❡②✑ ✭❆❚▼✱ K = S0✮ ❝❛❧❧ ♦♣t✐♦♥s ❢♦r ✈❛r②✐♥❣ ♠❛t✉r✐t✐❡s✳ ❯♣♣❡r ♣❧♦t✿
✐♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r✳ ▲♦✇❡r ♣❧♦t✿✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦r✳

❋✐❣✉r❡ ✺ s❤♦✇s ❆❚▼ ❝❛❧❧ ♣r✐❝❡s ✭K = S0✮ ❢♦r ✈❛r②✐♥❣ ♠❛t✉r✐t✐❡s✳ ❚❤❡ ✉♣♣❡r ♣❧♦t r❡✈❡❛❧s t❤❛t
✐♥❝r❡❛s✐♥❣ α r❡❞✉❝❡s t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❝✉r✈❡ ♦❢ ♣r✐❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✳ ❚❤❡ ❧♦✇❡r ♣❧♦t ❡♠✲
♣❤❛s✐③❡s ✜rst❧② t❤❛t ❝❛❧❧ ♣r✐❝❡s ❢♦r♠ ❛ st❡♣✇✐s❡ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ❡①♣✐r②✱ ❢♦r t❤❡ ✐♥✈❡rs❡ P♦✐ss♦♥
s✉❜♦r❞✐♥❛t♦r✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ st❡♣s ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ λ✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥❝r❡❛s✐♥❣ λ ❣❧♦❜❛❧❧②
r❛✐s❡s ♦♣t✐♦♥ ♣r✐❝❡s✳

✶✽



❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ❋✐❣✉r❡ ✻ ❝♦♠♣❛r❡s t❤❡ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡s ✭♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣
t❤❡ ❇❧❛❝❦ ✫ ❙❝❤♦❧❡s ❢♦r♠✉❧❛✮ ✐♥ ❢r❛❝t✐♦♥❛❧ ❛♥❞ ♥♦♥✲❢r❛❝t✐♦♥❛❧ ❝❛s❡s✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✈❡rs❡ α
st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r ✇✐t❤ α = 0.8✳ ❚❤❡s❡ ♣❧♦ts r❡✈❡❛❧s t❤❛t t✐♠❡✲❝❤❛♥❣✐♥❣ t❤❡ ❥✉♠♣✲❞✐✛✉s✐♦♥ ❧❡❛❞s t♦
❤✐❣❤❡r ✐♠♣❧✐❝✐t ✈♦❧❛t✐❧✐t✐❡s t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ♣✉r❡ ❥✉♠♣✲❞✐✛✉s✐♦♥✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ✐♠✲
♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s ❛r❡ r❛t❤❡r ✢❛t ❢♦r ❆❚▼ ♦♣t✐♦♥s ✇❤❡r❡❛s t❤❡② ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ ❡①♣✐r② ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧
♠♦❞❡❧✳
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❋✐❣✉r❡ ✻✿ ▲❡❢t ♣❧♦t✿ ■♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t② s✉r❢❛❝❡ ❢♦r ❛ ❥✉♠♣✲❞✐✛✉s✐♦♥✳ ❘✐❣❤t ♣❧♦t✿ ■♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t②
s✉r❢❛❝❡ ❢♦r t❤❡ ❥✉♠♣✲❞✐✛✉s✐♦♥ s✉❜♦r❞✐♥❛t❡❞ ❜② t❤❡ ✐♥✈❡rs❡ α st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r✳

✽ ❈♦♥❝❧✉s✐♦♥s

❋r❛❝t✐♦♥❛❧ ♣r♦❝❡ss❡s ❛r❡ ❡①❝❡❧❧❡♥t ❝❛♥❞✐❞❛t❡s ❢♦r ♠♦❞❡❧❧✐♥❣ ✐❧❧✐q✉✐❞✐t② ✐♥ t❤❡st♦❝❦s ♠❛r❦❡t✳ ❚❤❡② ❛r❡
t✐♠❡✲❝❤❛♥❣❡❞ ♣r♦❝❡ss❡s✱ r✉❧❡❞ ❜② ❛♥ ✐♥✈❡rs❡ ▲é✈② s✉❜♦r❞✐♥❛t♦r✳ ❲✐t❤✐♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ s❛♠♣❧❡ ♣❛t❤
♦❢ ♣r✐❝❡s ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ ❛❝t✐✈❡ ❛♥❞ ♠♦t✐♦♥❧❡ss ♣❤❛s❡s✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣r✐❝✐♥❣ ♦❢ ♦♣t✐♦♥s ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ r❡♠❛✐♥s ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳ ❚❤✐s ❛rt✐❝❧❡ ❡①✲
♣❧♦r❡s ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❛ ❢r❛❝t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉✉♣✐r❡✬s ❡q✉❛t✐♦♥ ❢♦r ❥✉♠♣✲❞✐✛✉s✐♦♥✳ ❲❡
❡st❛❜❧✐s❤ ❛ ✈❡r② ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥ ✈❛❧✐❞ ❢♦r ❛❧❧ ✐♥✈❡rt✐❜❧❡ ▲é✈② s✉❜♦r❞✐♥❛t♦rs✳

❆s ❛♥✐❧❧✉str❛t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ ❢r❛❝t✐♦♥❛❧ ❞②♥❛♠✐❝s ❜❛s❡❞ ♦♥ ✐♥✈❡rt❡❞ P♦✐ss♦♥ ❛♥❞ α st❛❜❧❡ s✉❜♦r✲
❞✐♥❛t♦rs✳ ❋♦r ✐♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs✱ t❤❡ st♦❝❦ ♣❛t❤ ❤❛s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t s❛♠♣❧❡ ♣❛t❤s✳
■♥✈❡rs❡ P♦✐ss♦♥ s✉❜♦r❞✐♥❛t♦rs ❝❛♥ ♠♦❞❡❧ r❡❝✉rr✐♥❣ ✐❧❧✐q✉✐❞✐t② ❛t ❤✐❣❤ ♦r ❧♦✇ ❢r❡q✉❡♥❝②✳ ❚❤❡ ✐♥✈❡rs❡ α
st❛❜❧❡ s✉❜♦r❞✐♥❛t♦r ❤❛s ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦r ❛♥❞ ❛❧❧♦✇s r❡♣❧✐❝❛t✐♥❣ t❡♠♣♦r❛r② ✐❧❧✐q✉✐❞✐t② ♣❡r✐♦❞s ❢♦r ❛♥
❛ss❡t t❤❛t ✐s ♠♦st ♦❢ t❤❡ t✐♠❡ ❛❝t✐✈❡❧② tr❛❞❡❞✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ ❢r❛❝t✐♦♥❛❧ ❉✉♣✐r❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐❧❧✉s✲
tr❛t✐♦♥ r❡✈❡❛❧s t❤❛t ❢r❛❝t✐♦♥❛❧ ❛♥❞ ♥♦♥✲❢r❛❝t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ s❛♠❡ ❥✉♠♣✲❞✐✛✉s✐♦♥ ♦❢t❡♥ ❧❡❛❞s t♦ ❛

✶✾



✈❡r② ❞✐✛❡r❡♥t str✉❝t✉r❡ ♦❢ ♣r✐❝❡s ❛♥❞ ✐♠♣❧✐❡❞ ✈♦❧❛t✐❧✐t✐❡s✳

❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✷✳✶✳ ❚❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥✱ ♥♦t❡❞ υ(x)✱ ✐s ❞❡✜♥❡❞ ❛s✿

υ(x) =

{

1 x ≥ 0

0 x < 0
,

❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡ ❉✐r❛❝ ❞❡❧t❛ ❢✉♥❝t✐♦♥ ❜② δ(.)✳ ❯s✐♥❣ t❤❡ ■tô✲❚❛♥❛❦❛✬s ❧❡♠♠❛ ❢♦r e−rt (At −K)+✱ ✇❡
✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥ t❤❛t✿

d
(

e−rt (At −K)+
)

= e−rt υ (At −K) ((r − λJξ)Atdt+ σtAtdWt) ✭✹✷✮

−re−rt (At −K)+ dt+
1

2
e−rtδ (At −K)σ2

tA
2
tdt

+e−rt
(

(At(1 + Y )−K)+ − (At −K)+
)

dNJ
t .

❚❤❡ ♥❡①t st❡♣ ❝♦♥s✐sts t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤✐s ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❝❛❧❧ ♣r✐❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ✉s❡❢✉❧ r❡❧❛t✐♦♥s✿

EQ
(

e−rtυ (At −K)
)

= −∂C(t,K)

∂K
, ✭✹✸✮

EQ
(

e−rtδ (At −K)
)

=
∂2C(t,K)

∂K2
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝❛❧❧ ♣r✐❝❡ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✇✐t❤ t❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿

C(t,K) = EQ
(

e−rtAt υ(At −K)
)

−K EQ
(

e−rt υ(At −K)
)

.

❋r♦♠ t❤✐s ❧❛st ❡q✉❛t✐♦♥✱ t❤❡ ❞✐s❝♦✉♥t❡❞ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t At ❛♥❞ t❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥ ✐s
t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦✿

EQ
(

e−rtAt υ(At −K)
)

= C(t,K)−K
∂C(t,K)

∂K
. ✭✹✹✮

●✐✈❡♥ t❤❛t ❥✉♠♣s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ NJ
t ✱ ✇❡ ❤❛✈❡ t❤❛t

EQ
(

e−rt
(

(At(1 + Y )−K)+ − (At −K)+
)

dNJ
t

)

✭✹✺✮

= λJ

(

EQ

(

(1 + Y )C

(

t,
K

1 + Y

))

− C(t,K)

)

dt .

❈♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥s ✭✹✷✮✱ ✭✹✸✮✱ ✭✹✹✮ ❛♥❞ ✭✹✺✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥✿

∂C(t,K)

∂t
= − (r − λJξ)K

∂C(t,K)

∂K
+

K2

2
e−rtEQ

(

δ (At −K)σ2
t

)

✭✹✻✮

+λJ

(

EQ

(

(1 + Y )C

(

t,
K

1 + Y

))

− (1 + ξ)C(t,K)

)

.

❚❤❡ ❡①♣❡❝t❡❞ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ t❡r♠✱ ❝♦♥❞✐t✐♦♥❡❞ ❜② t❤❡ ❛ss❡t ✈❛❧✉❡ ✐s ❡q✉❛❧ t♦

EQ
(

σ2
t |At = K

)

=
e−rtEQ

(

δ (At −K)σ2
t

)

e−rtEQ (δ (At −K))
.

❙✐♥❝❡ e−rtEQ (δ (At −K)) = ∂2C(t,K)
∂K2 ✱ t❤❡ P■❉❊ ✭✹✻✮ ❜❡❝♦♠❡s ❊q✉❛t✐♦♥ ✭✻✮✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣

❤♦❧❞s ❢♦r ❛ ♣✉t ♦♣t✐♦♥✳

✷✵



�

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✶✳ ✶✮✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② (Vt)t≥0 t❤❡ s✉❜✜❧tr❛t✐♦♥ ♦❢ (Ft)t≥0 ❝❛rr②✐♥❣
❡①❝❧✉s✐✈❡❧② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❥✉♠♣ ♣r♦❝❡ss✳ ❯s✐♥❣ ♥❡st❡❞ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣
❢✉♥❝t✐♦♥ ✭♠❣❢✮ ♦❢ Wt ✉♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ ✐s✿

EP b (

eωWSt |H0

)

= EP b

(

eωWP
St

+ω
∫ St
0 θsdse

∑NJ
St

k=1 φ(Yk,κ)−(κ−1)λJSt |H0

)

= E

(

e
∑NJ

St
k=1 φ(Yk,κ)−(κ−1)λJStE

(

eωWP
St

+ω
∫ St
0 θsds|H0 ∨ VSt

∨ Gt

)

|H0

)

.

❙✐♥❝❡ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ❛♥❞ t✐♠❡✲❝❤❛♥❣❡✱
✇❡ ❤❛✈❡ t❤❛t

E
(

eωWP
St

+ω
∫ St
0 θsds|H0 ∨ VSt

∨ Gt

)

= e
1
2ω

2StE
(

e−
1
2

∫ St
0 (θs−ω)2ds−

∫ St
0 (θs−ω)dWP

s |H0 ∨ VSt
∨ Gt

)

= e
1
2ω

2St .

❚♦ ♣❛ss ❢r♦♠ t❤❡ s❡❝♦♥❞ t♦ ❧❛st t♦ t❤❡ ❧❛st ❧✐♥❡✱ ✇❡ ✉s❡ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ❉♦❧❡❛♥s✲❉❛❞❡ ❡①♣♦♥❡♥t✐❛❧
♦❢ ❛ ♠❛rt✐♥❣❛❧❡ ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❲❡ r❡❝♦❣♥✐③❡ t❤❡ ♠❣❢ ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ t✐♠❡✲❝❤❛♥❣❡❞ ❜② St✳

❙✐♥❝❡✱ e
∑NJ

t
k=1 φ(Yk,κ)−(κ−1)λJ t ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ♥❡st✐♥❣ ❡①♣❡❝t❛t✐♦♥s ❧❡❛❞s t♦

EP b (

eωWSt |H0

)

= E

(

e
1
2ω

2StE

(

e
∑NJ

St
k=1 φ(Yk,κ)−(κ−1)λJSt |H0 ∨ Gt

)

|H0

)

= E
(

e
1
2ω

2St |H0

)

.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t WSt
= WP

St
+
∫ St

0
θsds ✐s ❛ t✐♠❡✲❝❤❛♥❣❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❞❡r P b✳

✷✮ ❯s✐♥❣ ♥❡st❡❞ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡ ♠❣❢ ♦❢ t❤❡ t✐♠❡✲❝❤❛♥❣❡❞ ❥✉♠♣ ♣r♦❝❡ss ✉♥❞❡r t❤❡ ♠❡❛s✉r❡ P b ♠❛②
❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

EP b (

eωJSt |H0

)

= E

(

E

(

eωJSt
+
∑NJ

St
k=1 φ(Yk,κ)−(κ−1)λJSt |H0 ∨ Gt

)

|H0

)

●✐✈❡♥ t❤❛t ❥✉♠♣ s✐③❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s✱ ✇❡ r❡✇r✐tt❡ t❤✐s ❧❛st ❡q✉❛t✐♦♥ ❛s✿

E

(

eωJSt
+
∑NJ

St
k=1 φ(Yk,κ)−(κ−1)λJSt |H0 ∨ Gt

)

= e−(κ−1)λJStE

(

(

E
(

eωY+φ(Y,κ)
))NJ

St |H0 ∨ Gt

)

.

❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡ t❤❛t

E
(

eωY+φ(Y,κ)
)

=

∫

R

κeωyf b
Y (y) dy

= κE
(

eωY
)

.

✇❤❡r❡ Y ❤❛s ❤❡r❡ t❤❡ ❞❡♥s✐t② f b
Y (.)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥

♦❢ ❛ ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss ✐s ❡q✉❛❧ t♦✿

E (exp (ωJt)) = exp
(

λJ t
(

E
(

eωY
)

− 1
))

.

✷✶



❚❤❡ ♠❣❢ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ✐s t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦✿

EP b (

eωJt |H0

)

= E

(

e−(κ−1)λJStE

(

(

κE
(

eωY
))NJ

t |H0 ∨ Gt

)

|H0

)

= E
(

e−(κ−1)λJ St E
(

eN
J
t ln(κE(eωY )))|H0 ∨ Gt

)

|H0

)

= E
(

e−(κ−1)λJ St eλJ t(κE(eωY )−1)|H0

)

= E
(

eκλJ St (E(eωY )−1) |H0

)

❛♥❞ ✇❡ r❡❝♦❣♥✐③❡ t❤❡ ♠❣❢ ♦❢ ❛ t✐♠❡✲❝❤❛♥❣❡❞ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ❛ ✐♥t❡♥s✐t② κλJ ❛♥❞ ❥✉♠♣ ❞❡♥s✐t②
f b
Y (.)✳

�

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✸✳ ❚❤❡ ▲❛♣❧❛❝❡✬s tr❛♥s❢♦r♠ ♦❢ CS(t,K) ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ t ✐s ❡q✉❛❧
t♦

C̃S(ω,K) =

∫ ∞

0

e−ωt

∫ ∞

0

C(τ,K) g(t, τ)dτ dt ✭✹✼✮

=

∫ ∞

0

C(τ,K) g̃(ω, τ) dτ ,

✇❤❡r❡ g̃(ω, τ) ✐s t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠✱
∫∞
0

e−ωtg(t, τ)dt ✱ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ St✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡
❤❛✈❡ t❤❛t✿

˜
E

(

(1 + Y )CS

(

t,
K

1 + Y

))

=

∫ ∞

0

e−ωt

∫ +∞

−∞
(1 + y)CS

(

t,
K

1 + y

)

fY (y)dy dt

=

∫ +∞

−∞
(1 + y)

∫ ∞

0

e−ωt

∫ ∞

0

C

(

τ,
K

1 + y

)

g(t, τ) dτ dt fY (y) dy

= EQ

(

(1 + Y )C̃S

(

ω,
K

1 + Y

))

.

▲❡t ✉s ❛❞♦♣t ♠♦♠❡♥t❛r✐❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

h(t,K) := EQ
(

σ2
t |At = K

) ∂2C(t,K)

∂K2
,

hS(t,K) := EQ
(

σ2
St

|ASt
= K

) ∂2C(St,K)

∂K2
.

❚❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ h(t,K) ✐s ❡q✉❛❧ t♦

h̃S(ω,K) =

∫ ∞

0

e−ωt

∫ ∞

0

h(τ,K) g(t, τ)dτ dt

=

∫ ∞

0

h(τ,K) g̃(ω, τ) dτ .

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ t❤❛t t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ g(t, τ) ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✐s r❡❧❛t❡❞ t♦ t❤❡
▲❛♣❧❛❝❡ ❡①♣♦♥❡♥t f(.) ♦❢ Ut ❜② ❊q✉❛t✐♦♥ ✭✶✶✮✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✹✼✮ ❣✐✈❡s ✉s

C̃S(ω,K) =
f(ω)

ω
C̃(f(ω),K) ,

h̃S(ω,K) =
f(ω)

ω
hS(f(ω),K) ,

✷✷



❛♥❞

˜
EQ

(

(1 + Y )CS

(

t,
K

1 + Y

))

=
f(ω)

ω
EQ

(

(1 + Y )C̃

(

f(ω),
K

1 + Y

))

.

❍❡♥❝❡✱ ❢r♦♠ t❤❡ ❋P❊ ✭✻✮ ✇❡ ❞❡❞✉❝❡ t❤❛t C̃(ω,K) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

ωC̃(ω,K)− C(0,K) = − (r − λJξ)K
∂

∂K
C̃(ω,K) +

K2

2
h̃(ω,K)

+λJ

(

EQ

(

(1 + Y )C̃

(

ω,
K

1 + Y

))

− (1 + ξ) C̃(ω,K)

)

.

❆s C̃S(ω,K) = f(ω)
ω C̃(f(ω),K) ✱ r❡♣❧❛❝✐♥❣ ω ❜② f(ω) ❧❡❛❞s t♦

f(ω)C̃(f(ω),K)− C(0,K) =

− (r − λJξ)K
∂

∂K
C̃(f(ω),K) +

K2

2
h̃(f(ω),K)

+λJ

(

EQ

(

(1 + Y )C̃

(

ω,
K

1 + Y

))

− (1 + ξ) C̃(f(ω),K)

)

.

▼✉❧t✐♣❧②✐♥❣ t❤✐s ❧❛st ❡q✉❛t✐♦♥ ❜② f(ω)
ω ❛♥❞ s✐♥❝❡ CS(0,K) = C(0,K)✱ ✇❡ ✐♥❢❡r t❤❛t

f(ω)C̃S(ω,K)− f(ω)

ω
CS(0,K) =

− (r − λJξ)K
∂

∂K
C̃S(ω,K) +

K2

2
h̃S(ω,K)

+λJ

(

EQ

(

(1 + Y )C̃

(

ω,
K

1 + Y

))

− (1 + ξ) C̃S(ω,K)

)

,

✇❤✐❝❤ ✐s ✇❡❧❧ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ ❊q✉❛t✐♦♥ ✭✷✽✮✳
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❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ✏❋♦♥❞s ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ❙❝✐❡♥t✐✜q✉❡✑ ✲ ❋◆❘❙ ✉♥❞❡r ●r❛♥t ♥➦ ✸✸✻✺✽✼✶✸✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❝❛② ❇✳✱ ❇❛s ❊✳✱ ❆❜❞❡❧❥❛✇❛❞ ❚✳✱ ✷✵✷✵ ❛✳ ❋r❛❝t✐♦♥❛❧ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠
✐♥ t❤❡ ❢r❛♠❡ ♦❢ ❞✐✛❡r❡♥t t②♣❡ ❦❡r♥❡❧s✳ ❈❤❛♦s✱ ❙♦❧✐t♦♥s ✫ ❋r❛❝t❛❧s✱ ✶✸✵✱ ✶✵✾✹✸✽✳

❬✷❪ ❆❝❛② ❇✳✱ ❇❛s ❊✳✱ ❆❜❞❡❧❥❛✇❛❞ ❚✳ ✷✵✷✵ ❜✳ ◆♦♥✲❧♦❝❛❧ ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇♣♦✐♥t
❣❡♥❡r❛t❡❞ ❜② tr✉♥❝❛t❡❞ ▼✲❞❡r✐✈❛t✐✈❡✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✸✻✻✱
✶✶✷✹✶✵✳

❬✸❪ ❆♥❞❡rs❡♥ ▲✳✱ ❆♥❞r❡❛s❡♥ ❏✳ ✷✵✵✵✳ ❏✉♠♣ ❞✐✛✉s✐♦♥ ♠♦❞❡❧s✿ ❱♦❧❛t✐❧✐t② s♠✐❧❡ ✜tt✐♥❣ ❛♥❞ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s ❢♦r ♣r✐❝✐♥❣✱ ❘❡✈✐❡✇ ♦❢ ❉❡r✐✈❛t✐✈❡s ❘❡s❡❛r❝❤✱ ✹✱ ✷✸✶✲✷✻✷✳

❬✹❪ ❆♥❞❡rs❡♥ ▲✳✱ ❇r♦t❤❡rt♦♥✲❘❛t❝❧✐✛❡ ❘✳✱ ✶✾✾✽✳ ❚❤❡ ❡q✉✐t② ♦♣t✐♦♥ ✈♦❧❛t✐❧✐t② s♠✐❧❡✿ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋✐♥❛♥❝❡ ✶✭✷✮✱ ✺✕✸✽✳

✷✸



❬✺❪ ❆♣♣❡❧❜❛✉♠ ❉✳ ✷✵✵✹✳ ▲é✈② ♣r♦❝❡ss❡s ❛♥❞ st♦❝❤❛st✐❝ ❝❛❧❝✉❧✉s✳ ❈❛♠❜r✐❞❣❡ st✉❞✐❡s ✐♥ ❛❞✈❛♥❝❡❞ ♠❛t❤✲
❡♠❛t✐❝s✳

❬✻❪ ❇❛r❦❛✐ ❊✳✱ ▼❡t③❧❡r ❘✳✱ ❑❧❛❢t❡r ❏✳ ✷✵✵✵✳ ❋r♦♠ ❝♦♥t✐♥✉♦✉s t✐♠❡ r❛♥❞♦♠ ✇❛❧❦s t♦ t❤❡ ❢r❛❝t✐♦♥❛❧
❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✻✶✱ ✶✸✷✕✶✸✽✳

❬✼❪ ❇❡♥t❛t❛✱ ❆✳ ❛♥❞ ❈♦♥t✱ ❘✳ ✷✵✶✵✱ ❋♦r✇❛r❞ ❡q✉❛t✐♦♥s ❢♦r ♦♣t✐♦♥ ♣r✐❝❡s ✐♥ s❡♠✐♠❛rt✐♥❣❛❧❡ ♠♦❞❡❧s✳
Pr❡♣r✐♥t✱ ❛✈❛✐❧❛❜❧❡ ❛t ❛r①✐✈✳♦r❣✴❛❜s✴✶✵✵✶✳

❬✽❪ ❇❡r❣♦♠✐ ▲✳✱ ✷✵✶✻✳ ❙t♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧✐♥❣✳ ❈❤❛♣♠❛♥ ✫ ❍❛❧❧ ❈❘❈ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s
s❡r✐❡s✳

❬✾❪ ❈❛rr✱ P✳✱ ●❡♠❛♥✱ ❍✳✱ ▼❛❞❛♥✱ ❉✳P✳ ❛♥❞ ❨♦r✱ ▼✳✱ ❋r♦♠ ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② t♦ ❧♦❝❛❧ ▲é✈② ♠♦❞❡❧s✳ ◗✉❛♥t✳
❋✐♥❛♥❝❡✱ ✷✵✵✹✱ ✹✱ ✺✽✶✕✺✽✽✳

❬✶✵❪ ❈❛rr P✳✱ ❲✉ ▲✳ ✷✵✵✸✳ ❚❤❡ ❋✐♥✐t❡ ▼♦♠❡♥t ▲♦❣ ❙t❛❜❧❡ Pr♦❝❡ss ❛♥❞ ❖♣t✐♦♥ Pr✐❝✐♥❣✳ ❚❤❡ ❥♦✉r♥❛❧ ♦❢
❋✐♥❛♥❝❡✱ ✺✽ ✭✷✮✱ ✼✺✸✲✼✼✼✳

❬✶✶❪ ❈♦♥t✱ ❘✳ ❛♥❞ ❱♦❧t❝❤❦♦✈❛✱ ❊✳✱ ■♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r ♦♣t✐♦♥ ♣r✐❝❡s ✐♥ ❡①♣♦♥❡♥t✐❛❧ ▲é✈②
♠♦❞❡❧s✳ ❋✐♥❛♥❝❡ ❙t♦❝❤✳✱ ✷✵✵✺✱ ✾✱ ✷✾✾✕ ✸✷✺✳

❬✶✷❪ ❈♦①✱ ❏✳ ❈✳ ✶✾✼✺ ✭❉❡❝❡♠❜❡r ✶✾✾✻✮✳ ◆♦t❡s ♦♥ ♦♣t✐♦♥ ♣r✐❝✐♥❣ ■✿ ❝♦♥st❛♥t ❡❧❛st✐❝✐t② ♦❢ ✈❛r✐❛♥❝❡ ❞✐✛✉✲
s✐♦♥s✳ ❘❡♣r✐♥t❡❞ ✐♥ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ P♦rt❢♦❧✐♦ ▼❛♥❛❣❡♠❡♥t✱ ✷✸✱ ✶✺✕✶✼✳

❬✶✸❪ ❉✉♣✐r❡ ❇✳✱ ✶✾✾✹✳ Pr✐❝✐♥❣ ✇✐t❤ ❛ s♠✐❧❡✳ ❘✐s❦✱ ✼✱ ✶✽✕✷✵✳

❬✶✹❪ ❊❧✐❛③❛r ■✳✱ ❑❧❛❢t❡r ❏✳ ✷✵✵✹✳ ❙♣❛t✐❛❧ ❣❧✐❞✐♥❣✱ t❡♠♣♦r❛❧ tr❛♣♣✐♥❣ ❛♥❞ ❛♥♦♠❛❧♦✉s tr❛♥s♣♦rt✳ P❤②s✐❝❛
❉✱ ✶✽✼✱ ✸✵✕✺✵✳

❬✶✺❪ ❋r✐③ P✳❑✳✱ ●❡r❤♦❧❞ ❙✳✱ ❨♦r ▼✳✱ ✷✵✶✹✳ ❍♦✇ t♦ ♠❛❦❡ ❉✉♣✐r❡✬s ❧♦❝❛❧ ✈♦❧❛t✐❧✐t② ✇♦r❦ ✇✐t❤ ❥✉♠♣s✳
◗✉❛♥t✐t❛t✐✈❡ ✜♥❛♥❝❡ ✶✹✭ ✽✮ ✱ ✶✸✷✼✲✶✸✸✶✳

❬✶✻❪ ❍❛✐♥❛✉t ❉✳✱ ✷✵✷✵ ❛✳ ❋r❛❝t✐♦♥❛❧ ❍❛✇❦❡s ♣r♦❝❡ss❡s✳ P❤②s✐❝❛ ❆✿ ❙t❛t✐st✐❝❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ✐ts ❆♣♣❧✐✲
❝❛t✐♦♥s✱ ✺✹✾✱ ✶✷✹✸✸✵✳

❬✶✼❪ ❍❛✐♥❛✉t ❉✳✱ ✷✵✷✵ ❜✳ ❈r❡❞✐t r✐s❦ ♠♦❞❡❧❧✐♥❣ ✇✐t❤ ❢r❛❝t✐♦♥❛❧ s❡❧❢✲❡①❝✐t❡❞ ♣r♦❝❡ss❡s✳ ■❙❇❆✲❯❈▲♦✉✈❛✐♥
❞✐s❝✉ss✐♦♥ ♣❛♣❡r✳

❬✶✽❪ ▲❡♦♥❡♥❦♦ ◆✳✱ ▼❡❡rs❝❤❛❡rt ▼✳✱ ❙✐❦♦rs❦✐✐ ❆✳ ✷✵✶✸ ✭❛✮✳ ❋r❛❝t✐♦♥❛❧ P❡❛rs♦♥ ❞✐✛✉s✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢
▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✹✵✸✱ ✺✸✷✲✺✹✻✳

❬✶✾❪ ▲❡♦♥❡♥❦♦ ◆✳✱ ▼❡❡rs❝❤❛❡rt ▼✳✱ ❙✐❦♦rs❦✐✐ ❆✳ ✷✵✶✸ ✭❜✮✳ ❈♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ♦❢ ❢r❛❝t✐♦♥❛❧ P❡❛rs♦♥
❞✐✛✉s✐♦♥s✳ ❈♦♠♣✉t❡rs ❛♥❞ ▼❛t❤❡♠❛t✐❝s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ ✻✻✱ ✼✸✼✲✼✹✺✳

❬✷✵❪ ▼❛❣❞③✐❛r③ ▼✳ ✷✵✵✾ ✭❛✮✳ ❇❧❛❝❦✲❙❝❤♦❧❡s ❢♦r♠✉❧❛ ✐♥ s✉❜❞✐✛✉s✐✈❡ r❡❣✐♠❡✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧
P❤②s✐❝s✱ ✶✸✻✱ ✺✺✸✲✺✻✹✳

❬✷✶❪ ▼❛❣❞③✐❛r③ ▼✳ ✷✵✵✾ ✭❜✮✳ ❙t♦❝❤❛st✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s✉❜❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t
❞r✐❢t✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✶✾✱ ✸✷✸✽✲✸✷✺✷✳

❬✷✷❪ ▼❡rt♦♥✱ ❘✳❈✳ ✶✾✼✻✳ ❖♣t✐♦♥ ♣r✐❝✐♥❣ ✇❤❡♥ ✉♥❞❡r❧②✐♥❣ st♦❝❦ r❡t✉r♥s ❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s✳ ❏♦✉r♥❛❧ ♦❢
❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✸✱ ✶✷✺✲✶✹✹✳

❬✷✸❪ ▼❡t③❧❡r ❘✳✱ ❑❧❛❢t❡r ❏✳ ✷✵✵✹✳ ❚❤❡ r❡st❛✉r❛♥t ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ r❛♥❞♦♠ ✇❛❧❦✿ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts
✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛♥♦♠❛❧♦✉s tr❛♥s♣♦rt ❜② ❢r❛❝t✐♦♥❛❧ ❞②♥❛♠✐❝s✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❆✿ ▼❛t❤❡✲
♠❛t✐❝❛❧ ❛♥❞ ●❡♥❡r❛❧ ✸✼ ✭✸✶✮✱ ❘✶✻✶✳

❬✷✹❪ ❙❝❤✐❧❧✐♥❣ ❘✳▲✳✱ ❙♦♥❣ ❘✳✱ ❱♦♥❞r❛❝❡❦ ❩✳ ✷✵✶✵✳ ❇❡r♥st❡✐♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❛❧t❡r
❞❡ ●r✉②t❡r✱ ❇❡r❧✐♥✳

✷✹



❬✷✺❪ ❙❝❤r❡✈❡ ❙✳❊✳✱ ✷✵✵✹✳ ❙t♦❝❤❛st✐❝ ❝❛❧❝✉❧✉s ❢♦r ✜♥❛♥❝❡ ■■✿ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♠♦❞❡❧s✳ ❙♣r✐♥❣❡r ❋✐♥❛♥❝❡✳

❬✷✻❪ P✐r②❛t✐♥s❦❛ ❆✳✱ ❙❛✐❝❤❡✈ ❆✳ ■✳✱ ❲♦②❝③②♥s❦✐ ❲✳ ❆✳ ✷✵✵✺✳ ▼♦❞❡❧s ♦❢ ❛♥♦♠❛❧♦✉s ❞✐✛✉s✐♦♥✿ t❤❡ s✉❜❞✲
✐✛✉s✐✈❡ ❝❛s❡✳ P❤②s✐❝❛ ❆✿ ❙t❛t✐st✐❝❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✹✾ ✭✸✮✱ ✸✼✺✲✹✷✵✳

❬✷✼❪ ❙❝❛❧❛s ❊✳ ✷✵✵✻✳ ❋✐✈❡ ②❡❛rs ♦❢ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ r❛♥❞♦♠ ✇❛❧❦s ✐♥ ❡❝♦♥♦♣❤②s✐❝s✱ ✐♥✿ ❆✳ ◆❛♠❛t❛♠❡✱
❚✳ ❑❛✐③♦✉❥✐✱ ❨✳ ❆r✉❦❛ ✭❊❞s✳✮✱ ❚❤❡ ❈♦♠♣❧❡① ◆❡t✇♦r❦s ♦❢ ❊❝♦♥♦♠✐❝ ■♥t❡r❛❝t✐♦♥s✱ ❙♣r✐♥❣❡r✱ ◆❡✇
❨♦r❦✱ ♣♣✳ ✸✕✶✻✳

❬✷✽❪ ❚♦❛❧❞♦ ❇✳ ✷✵✶✺✳ ❈♦♥✈♦❧✉t✐♦♥✲t②♣❡ ❞❡r✐✈❛t✐✈❡s✱ ❤✐tt✐♥❣✲t✐♠❡s ♦❢ s✉❜♦r❞✐♥❛t♦rs ❛♥❞ t✐♠❡✲❝❤❛♥❣❡❞
C0−s❡♠✐❣r♦✉♣s✳ P♦t❡♥t✐❛❧ ❆♥❛❧②s✐s✱ ✹✷✱ ✶✶✺✲✶✹✵✳

✷✺


