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A priori error analysis of the BEM with graded meshes
for the electric field integral equation on
polyhedral surfaces

A. Bespalov* S. Nicaise!

Abstract

The Galerkin boundary element discretisations of the electric field integral equa-
tion (EFIE) on Lipschitz polyhedral surfaces suffer slow convergence rates when the
underlying surface meshes are quasi-uniform and shape-regular. This is due to singu-
lar behaviour of the solution to this problem in neighbourhoods of vertices and edges
of the surface. Aiming to improve convergence rates of the Galerkin boundary element
method (BEM) for the EFIE on a Lipschitz polyhedral closed surface I'; we employ
anisotropic meshes algebraically graded towards the edges of I'. We prove that on
sufficiently graded meshes the h-version of the BEM with the lowest-order Raviart-
Thomas elements regains (up to a small order of £ > 0) an optimal convergence rate
(i.e., the rate of the h-BEM on quasi-uniform meshes for smooth solutions).

Key words: electromagnetic scattering, electric field integral equation, Galerkin discretisa-
tion, boundary element method, anisotropic elements, graded mesh, a priori error analysis
AMS Subject Classification: 65N38, 66N12, 78M15

1 Introduction

The boundary element method (BEM), known as the method of moments in the engineering
literature (see, e.g., [24], [2, Chapter 12|, [25, Chapter 2|), is widely used for simulation
of electromagnetic phenomena and is the basis of some widespread commercial software
(e.g., FEKO, WIPL-D). When simulating the scattering of time-harmonic electromagnetic
waves at a perfect conductor, the underlying mathematical model can be formulated as
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the electric field integral equation (EFIE), whose solution is the electric current density
induced on the surface of the scatterer (see, e.g., [18, 23, 2|).

In this note we consider the EFIE on a Lipschitz polyhedral surface I' in R? (i.e.,
[ = 09, where Q C R3 is a Lipschitz polyhedron). Our goal is to establish convergence
rates of the lowest-order Galerkin BEM on graded meshes for this problem.

The Galerkin BEM considered in this paper employs divp-conforming lowest-order
Raviart-Thomas surface elements to discretise the variational formulation of the EFIE
(known as Rumsey’s principle). This approach is called the natural BEM for the EFIE.
Theoretical aspects of the natural Galerkin BEM for the EFIE on Lipschitz surfaces have
been extensively studied over the last decade. These included quasi-optimal convergence
and a priori error estimates for the lowest-order h-BEM, see [20, 13, 10, 16, 15], as well as
for high-order methods (p- and hp-BEM), see [4, 7, 3, 6]. In all these studies, however, the
underlying surface meshes on I were assumed shape-regular.

It is now well known that convergence rates of the h-BEM with quasi-uniform and
shape-regular meshes are bounded by the poor regularity of solutions to the EFIE on non-
smooth surfaces. For example, on a closed polyhedral surface I' = 02, the solution may
be only H®(I')-regular (with a small € > 0 in the case of non-convex polyhedron €, cf. [19,
Section 4.4.2]), and convergence rate of the h-BEM is only % + ¢ in this case, whereas
in the case of smooth solutions the lowest-order h-BEM converges with the optimal rate
of 2 (see [20, Theorem 8.2 and [3, Theorem 2.2|). Motivated by the desire to regain
the optimal convergence rate for the h-BEM on non-smooth surfaces, in [8] we studied
the Galerkin BEM on graded meshes with highly anisotropic elements along the edges
of I Our expectation was that, similar to the h-BEM for the Laplacian (see |26, 27|),
one could recover the optimal convergence rate of the h-BEM for the EFIE by employing
graded meshes with sufficiently high strength of grading. It turned out, however, that we
were able to prove asymptotic quasi-optimality of the Galerkin A~-BEM only under a mild
restriction on the strength of grading (see Proposition 3.1 below). The question then arises
whether this restriction prevents one from recovering the optimal convergence rate of the
h-BEM. We address this issue in the present note by considering explicit expressions for
singularities in the solution to the EFIE. We prove that the strength of grading can be
selected depending on the strength of singularities such that the h-version of the BEM
indeed regains a suboptimal convergence rate of % — ¢ (for any € > 0). To the best of
our knowledge, theoretical error analysis of the Galerkin BEM with graded meshes for the
EFIE is not available in the literature, and with this article we fill this gap.

The rest of the article is structured as follows. In the next section, we introduce neces-
sary notation, formulate the EFIE in its variational form, and recall the typical structure
of the solution to this problem. In Section 3, we describe the construction of graded meshes
on I', introduce the boundary element space, and formulate the main result of the paper,
Theorem 3.1. Technical details and the proof of Theorem 3.1 are included in Section 4.



2 The electric field integral equation

The variational formulation of the EFIE is posed on the Hilbert space
X = H(divy, T) == {u € HV*(I); divru € H"(I')}

equipped with its graph norm || - [|x. Here, divp denotes the surface divergence operator,

Hr/z(F) is the dual space of Hﬁ/Q(F) (the tangential trace space of H!(Q) on T, see [11,

14]), and H~/2(I") is the dual space of H'/?(I"). The space X is the natural tangential trace
space of H(curl, Q2), see [11, 14]. We refer to [11, 12, 14, 15| for definitions and properties
of H='/2(divp, T') and other involved trace spaces and differential operators on T

In the present article, we use a traditional notation for the Sobolev spaces (of scalar
functions) H*® (s > —1) and their norms on Lipschitz domains and surfaces (see |21, 22|).
The norm and inner product in L*(I") = H%(T") will be denoted by || - |or and (-, )or, re-
spectively. The notation (-, -)or will be used also for appropriate duality pairings extending
the L?(T')-pairing for functions on I'. For vector fields we will use boldface symbols (e.g.,
u = (u,us)), and the spaces (or sets) of vector fields are also denoted in boldface (e.g.,
H*(D) = (H*(D))?* with D C R?). The norms and inner products in these spaces are
defined componentwise. The notation for Sobolev spaces of tangential vector fields on I
follows [11, 12, 14]. This notation is summarised in [3, Section 3.1]. In particular, L3(T)
denotes the space of two-dimensional, tangential, square integrable vector fields on I'" with
the norm || - |or and inner product (-, -)or (the similarity of this notation with the one for
scalar functions should not lead to any confusion, as the meaning will always be clear from
the context). We will also use the space

H™ (T) := {u € LZ(I'); u|p € H(F) for each face FC T}, 7>0

1/2
with the norm ||ullg- ) := ( > Hu’FH%{T(F)> .
Fcr

For a fixed wave number k& > 0 and for a given source functional f € X', the variational
formulation for the EFIE reads as: find a complex tangential field u € X such that

a(u,v) = (Vdivr u, divp v) — £*(Tu, v) = (f,v) Vv e X. (2.1)

Here, Wy (resp., Wy) denotes the scalar (resp., vectorial) single layer boundary integral
operator on I' for the Helmholtz operator —A — k?, see [13, Section 4.1 (resp., |15, Sec-
tion 5]). To ensure the uniqueness of the solution to (2.1) we always assume that k? is not
an electrical eigenvalue of the interior problem in €.

We will now recall the typical structure of the solution u to problem (2.1). Let V = {v}
and E = {e} denote the sets of vertices and edges of I', respectively. For v € V, let
E(v) denote the set of edges with v as an end point. Then, for sufficiently smooth source
functional f (e.g., with f representing the excitation by an incident plane wave), the solution
u of (2.1) can be written as (see [4, Appendix A])

U = Upeg + Using, (22)
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where

Weg € X7 = {u € H"(I); divru € H™(I)} with 7> 0
(here, the space HT(I') is defined similarly to the space H” (I') in a piecewise fashion by

localisation to each face of I', and the space X7 is equipped with its graph norm || - ||x-,
see |3]),
D SNED LD Sp ops 23
eclk veV veV e€E(v

and u®, u”, and u® are the edge, vertex, and edge-vertex smgularities, respectively.
Explicit formulas for singularities in (2.3) were derived in [4, Appendix A] from the
regularity theory developed in |19, Section 4.4] for boundary value problems for Maxwell’s
equations in 3D. For our purposes in this note, it is sufficient to provide a qualitative
snapshot of the results in [4, Appendix A|. In particular, we will write out the generic
singular terms for u®, u¥, and u® omitting cut-off functions and smooth factors (we refer
to [4, Appendix A| for complete expansions and to [6, Section II| for leading singularities).
Let r be the distance to a vertex v € I', and let p be the distance to one of the edges
e C OI' such that € > v. Then any singular vector field u® in (2.3) (s = e, v, or ev) can be
written as
u’® = curlp w’® + v® = curlp w® + (v, v3), (2.4)

where the typical (scalar) edge singularities w®, v (j = 1,2) are of the type
p'llogpl”t, v > >1/2, o1 >0 is integer; (2.5)
the typical (scalar) vertex singularities w?, v (j = 1,2) are of the type

rMlogr|?, A> Xy >0, 0y >0 is integer; (2.6)

v

and the typical (scalar) edge-vertex singularities w, v$¥ (j = 1,2) are of the type

j
P logr|3, A> X >0, 7> >1/2, o3>0 is integer. (2.7)

Let us denote
ap = min {y, A+ 1/2}, (2.8)

where v > 1/2 and A > 0 are the exponents in (2.5) and (2.6), respectively.

Remark 2.1 A few important observations should be made here.

(i) The exponents o > 1/2 and Ao > 0 correspond to the strongest edge and vertex
singularities, respectively. This implies, in particular, that all scalar singularities in (2.4)
belong to H'(T') (and hence v € HY(T') for s = e, v, ev). The singular terms of higher
reqularity (i.e., the terms with exponents v > vy and X\ > Xg) are necessary to obtain the
smooth remainder Uy as reqular as needed. This can be done by considering decomposition
(2.3) with sufficiently many singularity terms of each type.

(ii) The functions w® € HY(T) (s = e, v, or ev) in (2.4) are typical singularities
inherent to solutions of the boundary integral equations with hypersingular operator for the
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Laplacian on T (with sufficiently smooth right-hand side). On the other hand, the functions
divp v¢, divy v?, divp v® € L*(T) behave as

A log 1|,

P Hlogpl™, rHlogr|™, r
respectively, with the same v, A as in (2.5)—(2.6) and with integers 6; > 0 (i = 1,2,3).
These functions therefore coincide with typical singularities in solutions to the boundary
integral equations with weakly singular operator on I' (again, with sufficiently smooth right-
hand side). Appropriate polynomial approximations of singularities inherent to solutions of
the boundary integral equations with hypersingular and weakly singular operators have been
extensively studied. Of our particular interest in this article are the sharp error bounds for
such approzimations on graded meshes that were established in |26, 27| (see Lemmas 4.2
and 4.3 below). These error bounds will be used to prove the main result of this article.

3 Galerkin BEM on graded meshes. The main result.

To approximate the solution of (2.1) we apply the natural BEM based on Galerkin dis-
cretisations with lowest-order Raviart-Thomas spaces on graded meshes.

The construction of graded meshes on individual faces of I' was described in [8, Sec-
tion 3| by following |27, Section 3|. We reproduce this construction here for completeness.
For simplicity, we can assume that all faces of [' are triangles. On general polygonal
faces the construction is similar, or one can first subdivide the polygon into triangles.
On a triangular face F' C I', we first draw three lines through the centroid and parallel
to the sides of F'. This makes F' divided into three parallelograms and three triangles
(see Figure 1). Each of the three parallelograms can be mapped onto the unit square
Q = (0,1)% by a linear transformation such that the vertex (0,0) of @ is the image of
a vertex of F'. Analogously, each of the three subtriangles can be mapped onto the unit
triangle 7' = {x = (z1,22); 0 < 21 < 1, 0 < 23 < 21} C @ such that the vertex (1,1)
of T is the image of the centroid of F'. Next, the graded mesh on @ (and hence on f) is
generated by the lines

i\? j B
xl:(ﬁ) s Z'QZ(N) s i,j:O,l,...,N.

Here, 5 > 1 is the grading parameter (which defines the strength of grading), and N > 1
corresponds to the level of refinement. Mapping each cell of these meshes back onto the
face F, we obtain a graded mesh AJ(F) made of triangles and parallelograms on F' (see
Figure 1). Note that the diameter of the largest element of this mesh is proportional to
BN, Hence, h = 1/N defines the mesh parameter, and we will denote by T = {Af}

a family of graded meshes A? = FLCJF Ai(F) generated on I' by following the procedure

described above.
We will denote by X; C X the divp-conforming boundary element space over the
graded mesh Af. On each element K € Aﬁ, the restriction Xj|x is obtained from the
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Figure 1: Graded mesh on the triangular face F' C I'. The triangular (resp., parallelogram)

block of elements Tr (resp., Q) is the image of the graded mesh on the unit triangle T’
(resp., the unit square Q).

lowest-order Raviart-Thomas space on the reference triangle (square) by using the Piola
transformation, see [9, Section II1.3].

The following result states the unique solvability of the Galerkin boundary element
discretisation of (2.1) on graded meshes as well as quasi-optimal convergence of the Galerkin
approximations under a mild restriction on the grading parameter (.

Proposition 3.1 [8, Theorem 3.1| There exists hg < 1 such that for any £ € X' and
for any graded mesh Af with h < hy and f € [1,3), the Galerkin boundary element
discretisation of (2.1) admits a unique solution u;, € X}, and the h-version of the Galerkin
BEM on graded meshes Af converges quasi-optimally, i.e.,

— < i — )
= wilx < C inf Jlu-vlx. (3.1)

where the constant C' may depend only on the geometry of I' and the grading parameter [3.

If some information about the regularity of the solution u to (2.1) is available, then
convergence result of Proposition 3.1 translates into an a priori error estimate in the nat-
ural X-norm. For scattering problems with sufficiently smooth source functional f, the
regularity of the solution depends only on the geometry of I'. In particular, nonsmooth-
ness of I' leads to singularities in the solution of the EFIE, that can be explicitly described

6



using a finite set of functions (edge-, vertex-, and edge-vertex singularities (2.5)—(2.7)).
The following theorem states that by selecting the grading parameter 5 € [1, 3) sufficiently
large (depending on the strength of singularities in u), the h-version of the BEM on graded
meshes Aﬁ regains (up to a small order of €) an optimal convergence rate (i.e., the rate of
the h-BEM on quasi-uniform meshes in the case of a smooth solution).

Theorem 3.1 Let u € X be the solution of (2.1) with sufficiently smooth source func-
tional £, and let o be defined by (2.8). Then the solution uy to the Galerkin boundary
element discretisation of (2.1) on the graded mesh Af with § = max{%,l} € [1,3)
satisfies the following error estimate for any € > 0

lu — w|x < CHY/2=. (3.2)

The constant C' is independent of h but may depend on the geometry of I', the source
functional £, the grading parameter 3, and on €.

We prove this theorem in Section 4.2 below.

Throughout the rest of the article, C' denotes a generic positive constant that is inde-
pendent of the mesh parameter h and involved functions but may depend on the geometry
of I" and the grading parameter (.

4 Technical details and the proof of Theorem 3.1

Let us first introduce necessary notation. We will denote by Ilgr the (classical) Raviart-
Thomas interpolation operator, IIgr : H® (I') NH(divr,I') — X, (s > 0), see [9]. By Iy we
denote the L?-projection onto the space SO(AQ) of piecewise constant functions over the
mesh Ai. We also denote by Sl(Aﬁ) the set of continuous functions on I' that are linear on
triangular elements of the graded mesh A/,f and bilinear on parallelogram elements of Aﬁ .

4.1 Auxiliary results

Let us collect some technical lemmas that will be used to prove the main result of the article.
The first lemma concerns a specially designed projection onto X, that proves useful

when deriving the error bounds for approximations of vector fields in dual spaces. In this
lemma, H:l/Q(F) denotes the dual space of Hl,/Q(F) (with L2(T") as pivot space).

Lemma 4.1 There exists an operator Qp, : H* (I') N H(divp, I') — X}, (s > 0) such that
divp o Q;, = Il o divp = divp o gy (4.1)
and for any u € H* (T') N H(divy,T') and arbitrary e > 0

u— Qnul[y-1/2py <C <h1/2—a||u — Ugrullor + Z [divr(u — HRTu)||H1/2(F))7 (4.2)

Fcr

where C' > 0 1is independent of h and u but may depend on B and €.
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The projection operator Q, satisfying (4.1) has been constructed in [8] (see Proposi-
tion 6.1 therein). The upper bound in (4.2), however, is new and provides an improvement
on the estimate established in |8, Proposition 6.1]. This improvement has turned out to
be crucial for the proof of the main result of this article. We will recall the construction of
the operator Qj, and prove estimate (4.2) in the Appendix.

The next two lemmas establish the error bounds for piecewise polynomial approxima-
tions of scalar singularities on graded meshes. The following result has been established
in |26, Section 3.6| (see also |27, Lemma 3.1]).

Lemma 4.2 Let w® € HY(T) be a singular scalar function in representation (2.4) (s = e, v,
or ev). Then there exists wi € Sy(AY) such that for any & > 0

lw® = wi |l 12y < C hinteoR32h=e, (4.3)

where oy is defined by (2.8) and the positive constant C' is independent of h but may depend
on B and €.

The following lemma concerns piecewise constant approximations of typical (scalar)
singularities inherent to solutions to the boundary integral equations with weakly singular
operator on I' (with sufficiently smooth right-hand sides). The corresponding result has
been proved in |26, Section 3.4 (see also |27, Lemma 3.1]). Here, we use the fact that the
operator divp reduces all singularity exponents by one, while preserving the structure of
the corresponding singularity (see Remark 2.1(ii)).

Lemma 4.3 Let v € HY(T) be a singular vector field in representation (2.4) (s = e, v,
or ev). Then for each face FF C T' and for any e >0

[dive v* = Ho(dive v¥) || g-1/2(p) < C pin{aos3/2h—e

where o is defined by (2.8) and the positive constant C' is independent of h but may depend
on [ and €.

Finally, the following result holds for the L2-projection II, onto the space So(Aﬁ).

Lemma 4.4 Let F be a face of I'. For all s € [0, 1], there exists C > 0 (depending only
on s, and F') such that

v — ov|lo,r < C R ||v]

Proof. For s = 0, since Il is the L2-projection, we trivially have
HU — HOUHO,F < HUHO,F Yv € LZ(F)

On the other hand, by Theorem 3.1.4 of [17], there exists C' > 0 depending on 5 and F
such that
||U—H0U||07FSOhHUHHl(F) \V/’UEHI(F),

which yields (4.4) for s=1. For any s € (0, 1) the result then follows by interpolation. O



4.2 Proof of Theorem 3.1

Due to the quasi-optimality result in (3.1), we will prove Theorem 3.1 by finding dis-
crete vector fields belonging to X; and approximating the smooth and singular parts of u
(see (2.2)) such that the approximation errors satisfy the upper bound in (3.2). In the
rest of this section, we will write a < b, which means the existence of a generic positive
constant C such that a < Cb.

We start with approximating the singular part ugpe in decomposition (2.2). Recalling
(2.3)-(2.4), we can write Ug,, = curlpw + v, where w (resp., v) is represented, similarly
to (2.3), as the finite sum of singular functions (resp., singular vector fields).

Approximation of curlpw. We use Lemma 4.2 for individual singularities in the
representation of w to find a function wy, € S;(A?) such that the norm |jw — Wh| g2y
is bounded as in (4.3). Then, recalling the fact that the the operator curly : HY?(T') —

HF/Q(F) is continuous (see [12]), we obtain for any € > 0

|curlp w — curlp wy||lx = ||curlp(w — wh)||H[1/2(F)

o = wnllrsaqry S hrintoos 2=z, (4.5)

It is easy to see that curlpr w, € X,.
Approximation of v. We use the operator Qj, from Lemma 4.1 to define v;, := Qv €

X},. First, since || « || ;- ) < - (see, e.g., [11, Proposition 2.6]), we estimate

”HH Ve =72y

lv—wvullx =~ |v-— th||H[1/2(F) + [|dive v — divy Qav || gr-1/2(ry

5 HV — QhVHH:1/2(F) + HdinV — din QhV”H*1/2(F)-
Then, using the commuting diagram property in (4.1) and estimate (4.2), we deduce

v=villx S [Iv—=Quvlg-1zqp +[ldive v —To(dive v) || -1/2(r)

S WPV = Teevlor + ) lldive v — To(dive v) || -1/ (4.6)
Fcr

Recall that v € HY(T') (see Remark 2.1(i)). Hence, using Theorem 4.1 in [1] elementwise
we estimate the L%-error of the Raviart-Thomas interpolation:!

v —rrvjor S b Iv][a@)- (4.7)

The H~/?-error of the L2-projection of divpv is estimated by applying Lemma 4.3 to
individual singular vector fields in the representation of v (on individual faces of I'). As a
result, we obtain for any € > 0

||din vV — Ho(diVF V) ||H*1/2(F) SJ hmin{ag,@,{%/?}—a \V/ F C F (48)

! This also follows from our result in [8, Lemma 7.1] by using a standard Bramble-Hilbert-type argument.



Collecting estimates (4.7) and (4.8) for the corresponding terms in the right-hand side
of (4.6), we obtain
”V _ VhHX < hmul{aoﬁ,3/2} € (49)

We will now approximate the regular term in decomposition (2.2).

Approximation of the smooth remainder u,.,. Considering enough singularity
terms in representation (2.3) we obtain u,,, € X'. Then, proceeding in the same way as
for the vector field v above (that is, using Lemma 4.1 and estimating as in (4.6)—(4.7)) we
find ul,, := Quues € X, such that

g — Wi llx S 027 g llmnr ey + Y 1(7d — o) dive Weeg|-1/27)- (4.10)

Fcr

The H~Y2-norm of the error of the L?-projection of divr U, on each face F' C I' is now
estimated as follows. First, we use a standard duality argument to obtain

((Id — Ho) diVF Ureg, 80)071?

|(Id — o) divr Ureg || g-1/2m) = sup
weH/2(F)\{0} HSOHHI/Q(F)
((‘ld - HO) diVF ureg: 90 - (ph)o F
= sup inf ’
QEH/2(F)\{0} wnESo(A} (F)) HSOHH1/2(F)
< RY2|(Id — o) dive Ueeglo s (4.11)

where at the last step we applied Lemma 4.4 with s = 1/2. Since divp u,eg € H'(T'), the
right-hand side of (4.11) is estimated by applying Theorem 3.1.4 of [17] to obtain

H([d Ho) leF uregHH 1/2(F) h3/2 Hler‘ uregHHI(F) VEFCT.
Hence, we deduce from (4.10)
[reg — reg”x < B [u, eg||X1 (4.12)

Approximation of the solution u. We use the approximations of curlyr w, v, and
u,e; found above to define

u, = reg + curlr wy, + v, € X,
Then combining estimates (4.5), (4.9), (4.12) and applying the triangle inequality, we derive
Ju — || x S Aminteods/2)=e e > 0. (4.13)

Recalling that ag > 1/2 (see (2.8)), we set the grading parameter to § = max {%, 1} €
[1,3). Then the error estimate in (3.2) immediately follows from (4.13) due to the quasi-
optimal convergence (3.1) of the h-BEM on graded meshes A? with 8 € [1,3). This finishes
the proof.
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Remark 4.1 If ' is a piecewise plane orientable open surface, then Proposition 3.1 re-
mains valid (cf., |8, Remark 3.1]). However, open surfaces represent the least regular case,
where the solution u to the EFIE exhibits strong singularities at the edges of I' such that
v = 1/2 in (2.5) and (2.7). As a result, u € H(divy,T') and w® ¢ HY(T'), v¢ ¢ HY(T),
divp v® € L*(T") for s = e, ev. Hence, the proof of Theorem 3.1 does not extend trivially to
this case. In particular, one cannot apply the operator Qp from Lemma 4.1 to the vector
field v (see (4.6)) as divp v & L*(T). It is therefore an open problem, whether a suboptimal
convergence rate as in Theorem 3.1 can be restored in the case of open surfaces.

5 Appendix: proof of Lemma 4.1

In this section, we prove Lemma 4.1. First, let us recall the construction of the operator
Qru from [8, Section 7|. For any u € H*(I') N H(divr,I') we construct Qnu in the
Raviart-Thomas spaces on individual faces of I". Let F' be a single face of I'. For the
sake of simplicity of notation we will omit the subscript F' for differential operators over
this face, e.g., we will write div for divy. We will also write (-,-) for the L*(F)- and
L?(F)-inner products, and similarly || - || for the corresponding norms of scalar functions
and vector fields.

Given u € H*(F) N H(div, F), s >0, we consider the following mixed problem: Find
(z, f) e H(div, F) x L2(F) such that

(z,v)+ (divv, f) = (u,v) Vv € Hy(div, F),
(divz,g) = (divu,g) Vge L3(F), (5.1)
Zz-n = u-n on OF.

Here, L2(F) := {v € L*(F); (v,1) = 0}, n is the unit outward normal vector to OF, and
Hy(div, F) ;== {v € H(div, F); v - n|sr = 0}.

The unique solvability of (5.1) is proved by standard techniques (see |9, Chapter II]).
In fact, it is clear that the pair (u,0) solves (5.1).

A conforming Galerkin approximation of problem (5.1) with Raviart-Thomas elements
on the graded mesh AP (F) reads as: Find (zp, fr) € Xu(F) x Ry(F) such that

(Zh>v) + (diVV, fh) = (u,v) Vv e Xh(F) N HO(diV7 F)7
(divzy, g) = (divu,g) Vg€ Ru(F), (5.2)
zp,-n = llgru-n on OF.

Here, X;,(F) denotes the restriction of X; onto the face F', and Ry(F) := {g € L*(F);
gl = const, VK € AP(F) and (g,1) = 0}.

The unique solvability of (5.2) is proved in |8, Section 7|. Note that the third equation
in (5.2) implies (div(u — z),1) = 0. Hence, the second identity in (5.2) holds for any
piecewise constant function g € div X, (F). Thus, divzy, is the L?(F)-projection of divu
onto div X, (F'), and therefore,

div zp — div HRTLI. (53)
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This fact allows us to prove the following inequality:
u— 2] < [Ju — grul. (5.4)

Indeed, using (5.1), (5.2) (with v = z;, — IIgyu € X, (F) N Hy(div, F)) and recalling that
z =u, f =0, we obtain

Hu—zhH2 = (u—zh,u—HRTu) — (u—zh,zh—HRTu) =

(11 — Zp, a0 — HRTu) — (le Zp — le HRTU, fh)

53 (u — zp,u — IgTu).

Then (5.4) follows by applying the Cauchy-Schwarz inequality.

We now estimate [[u — zp[|g-1/2(p). One has for any ¢ € (0, 3)

(0 — 2, W)

lu = 2zpllg-1/2(py < 0= 2Znllg-1/200y = sup (55)

weH1/2—(F)\{0} ||W||H1/2—6(F)

For a given w € HY27¢(F), we solve the following problem: Find ¢ € H{(F) := {¢ €
HY(F); (¢,1) = 0} such that

(Vo, Vo) =—(w, Vo) VoeH(F). (5.6)
The regularity result for ¢ reads as
Y E H3/27€(F)> H90||H3/2*5(F) S ||f~“(H1/2+€(F))/ S HWHHl/?*E(F)? (5.7)

where f € (H'/?*5(F))' is defined by f(¢) = —(w,V ¢), ¥V € H/>+(F).
Then we set
q:=w+VeeHY(F)nHy(div, F). (5.8)

It also follows from (5.6) that divq = divw + divV ¢ = 0. Furthermore, we have by
(5.7)—(5.8) that
lallerz—ry S 1Wllarz—e ey + [0l sz py S 1Wllar2—<(p).- (5.9)
We now use (5.8) and integration by parts to represent the numerator in (5.5) as
(u—1zp,w) = (U—12;,q) — (u—12, V)
= (u—12,q)+ (div(u—2z),¢) — (0 —24) -0, 9)00r-
Hence, using (5.1), (5.2) and recalling that z = u, f = 0, we find for any q, € X,(F) N
H,(div, F)
(u—zy,w)| = [(u—2znq—an) + (u—2znaq)
+ (div (u = 24), ) = ((u = Igrw) - 0, ©)oor|
= |(u—2zn,q—qy) + (divay, fi)
+ (div (u —24), ) = ((u = Igrw) - 0, ©)oor|
o —zp[| la — anll + [(div g, fu)| + div (@ = 2z0)|| g-12 () ([0l 22y
+ [[(a = IIgpu) - Q|| g1+ 0F) [|@]| 1< 0F).- (5.10)

IA
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Let HqR/Tu denote the Raviart-Thomas interpolation operator on the ‘coarse’ quasi-uniform
and shape-regular mesh AZ/U(F) obtained from the graded mesh AP(F) by patching to-
gether long and thin elements. We also denote by TI¥/" the L2(F)-projector onto the space
of piecewise constant functions on AY"(F). Then we set

Q= IY'q € X,(F) N Hy(div, F).

By the standard properties of the Raviart-Thomas interpolation on quasi-uniform and
shape-regular meshes, we have

divq, = Y "divg = 0, (5.11)
(5.9)
la — anll SR lallge—ery S A2 Wl gre—s ). (5.12)

To estimate ||(u — IIgru) - 0| -1+ (o) We recall that feh (u—IIgru)-n = 0 for any element
edge e, C OF. Therefore, we can use a standard duality argument to prove (cf. [10, p. 259])

(= Hgru) - Al g-reeop) < ( max \eh\) (= Hgru) - & g2 op).
€n
Then by interpolation we obtain

(= Tgrw) - B[ gveor S AY27 (0 = Tgrw) - ff| g-1/20p)

~Y

< R (Jho = Tul] 4 Jldiv (0= Tgw) | osage ) (5:13)

where, at the last step, we used the continuity of the normal trace operator v — v - |gp,
see [5, Lemma 2.1].
Furthermore, one has

(5.7)
lollm-cor) S Nellasr—-@y S Wiz« (5.14)

Now, using (5.7), (5.11)—(5.14) in (5.10) and recalling (5.3) and (5.4), we find
(0 —zp, W) < <h1/2_8 [u = Hgrul| + [|div (u — HRTU)”H%/?(F)) Wl 1722 ()
Using this estimate in (5.5) we obtain
[0 = zn | g-v/2(py S B2 1= Trru]| + [|div (0 = Hrrw) || -1 p). (5.15)

Now we can prove the desired result.

Proof of Lemma 4.1. For any u € H? (I') N H(divr,I'), we define Q,u € X, face by
face as Quu|p := z,, for any face F' C I, where z, is a unique (vectorial) solution to (5.2).
Then the commuting diagram property (4.1) follows from the second identity in (5.2) (see
also (5.3)), and inequality (5.15) yields estimate (4.2). O
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