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a b s t r a c t

We study a fully dynamic thermoviscoelastic contact problem. The contact is assumed
to be bilateral and frictional, where the friction law is described by a nonmonotone
relation between the tangential stress and the tangential velocity. Weak formulation of
the problem leads to a system of two evolutionary, possibly nonmonotone subdifferential
inclusions of parabolic and hyperbolic type, respectively. We study both semidiscrete and
fully discrete approximation schemes, and bound the errors of the approximate solutions.
Under regularity assumptions imposed on the exact solution, optimal order error estimates
are derived for the linear element solution. This theoretical result is illustrated numerically.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Problems involving thermoviscoelastic effects arise in many fields of industry and everyday life. A physical body may
change its properties and shape when heated. In particular a contact between two physical bodies usually leads to a heat
exchange and a frictional contact is directly related to heat generation. For this reason many experts in contact mechanics
pay a special attention to this kind of problems.

The first existence and uniqueness results for contact problemswith friction in elastodynamics were obtained by Duvaut
and Lions [1]. Later, Martins and Oden [2] studied the normal compliance model of contact with friction and showed exis-
tence and uniqueness results for a viscoelasticmaterial. These results were extended by Figueiredo and Trabucho [3] to ther-
moelastic and thermoviscoelasticmodels. Recently dynamic viscoelastic frictional contact problemswith orwithout thermal
effects have been investigated in a large number of papers, see e.g. Adly et al. [4] Amassad et al. [5], Andrews et al. [6,7],
Chau et al. [8], Han and Sofonea [9], Jarušek [10], Kuttler and Shillor [11], Migórski [12], Migórski and Ochal [13], Migórski
et al. [14,15], Rochdi and Shillor [16] and the references therein. Recently, a dynamic thermoviscoelastic contact problem
involving nonmonotone and nonsmooth friction law has been studied by Migórski and Szafraniec [17]. A mathematical for-
mulation of the above problemhas been reduced to a systemof parabolic and hyperbolic hemivariational inequalities. Under
some reasonable assumptions, an existence and uniqueness of a solution has been proved.

Existence and uniqueness results for contact problems in mechanics are definitely important from a theoretical point of
view. Nevertheless, it is also useful and interesting to approximate the solution numerically, study the error estimate for the
numerical method and carry out a computer simulation. There is a huge number of publications that deal with this task. We
refer the reader to [18–24] to learn more about numerical aspects of contact problems in mechanics. Our goal is to provide
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a numerical analysis of problem studied by Migórski and Szafraniec in [17]. Namely, we deal with a system of two dynamic
(first and second order, respectively) inclusions describing the displacement and the temperature of a thermoviscoelastic
body, which is in a contact with a foundation. However, in contrast to [17], we neglect a history dependent term in the
constitutive law and we deal with a bilateral contact instead of considering a normal damped condition. Nevertheless,
similarly to [17], we involve a nonmonotone friction law and possibly nonmonotone boundary heat flux law in our model.
Both relations are described by means of the Clarke subdifferential inclusion. In order to approximate the solution of our
problem, we introduce two numerical schemes: semidiscrete and fully discrete ones. In both cases we estimate the error
between the exact solution and the numerical one. In case of the first order finite element spatial approximation, we
guarantee a linear error estimatewith respect to the size of spatialmesh and the time step length provided the exact solution
is sufficiently regular. Our theoretical result concerning the linear bound of the error is confirmed by computer simulations,
which illustrate the behaviour of the concrete physical body.

Our paper can be also seen as a continuation of [25], where the analogous result has been obtained for a dynamic
viscoelastic contact problem without a thermal effect.

The rest of the paper is organized as follows. In Section 2 we introduce some preliminary material to be used in the
rest of the paper. In Section 3 we formulate the mathematical model of the dynamic thermoviscoelastic contact problem
and present its variational formulation. The main results concerning the error estimates for semidiscrete and fully discrete
numerical schemes are presented in Sections 4 and 5, respectively. Finally, in Section 6, we present numerical results for
simulations of a two dimensional contact problem, and provide numerical evidence of optimal order convergence for the
linear elements.

2. Preliminaries

In this section we introduce notation and recall some definitions and results needed in the sequel, cf. [26,9,15,27].
We denote by Sd the space Rd×d

s of symmetric matrices of order d, where d = 2, 3. We recall that the canonical inner
product and the corresponding norm on Sd is given by

σ : τ = σij τij, ∥τ∥Sd = (τ : τ)1/2 for all σ = (σij), τ = (τij) ∈ Sd.

Here and below, the indices i and j run from 1 to d, and the summation convention over repeated indices is adopted.
Let Ω ⊂ Rd be a bounded domain with a Lipschitz boundary Γ . The unit outward normal vector ν is defined a.e. on Γ .

We use notation L2(Ω) = L2(Ω; R) and H1(Ω) = W 1,2(Ω; R). Moreover, we introduce the following function spaces:

H = L2(Ω; Rd) = {u = (ui) | ui ∈ L2(Ω)}, Q = {σ = (σij) | σij = σji ∈ L2(Ω)},

H1 = {u ∈ H | ε(u) ∈ Q }, Q1 = {σ ∈ Q | Divσ ∈ H}.

Here ε : H1 → Q and Div : Q1 → H are the deformation and divergence operators, defined by

ε(u) = (εij(u)), εij(u) =
1
2
(ui,j + uj,i), Div σ = (σij,j),

respectively, where the index following a comma indicates the partial derivative with respect to the corresponding
component of the independent variable.

For every elements u ∈ H1(Ω) and v ∈ H1 we use the same symbols u and v to denote the traces of u and v on Γ . For
every v ∈ H1, we denote by vν and vτ the normal and tangential components of v on the boundary Γ given by

vν = v · ν, vτ = v − vνν.

Similarly, for a regular tensor field σ : Ω → Sd we denote by σν and στ the normal and tangential component of σ ,

σν = (σν) · ν, στ = σν − σνν.

We recall the definitions of the generalized directional derivative and the generalized gradient of Clarke for a locally
Lipschitz function ϕ : X → R, where X is a Banach space (see [28]). The generalized directional derivative of ϕ at x ∈ X in
the direction v ∈ X , denoted by ϕ0(x; v), is defined by

ϕ0(x; v) = lim sup
y→x, t↓0

ϕ(y + tv) − ϕ(y)
t

.

The generalized gradient of ϕ at x, denoted by ∂ϕ(x), is a subset of a dual space X∗ given by ∂ϕ(x) = {ζ ∈ X∗
| ϕ0(x; v) ≥

⟨ζ , v⟩X∗×X for all v ∈ X}.
We denote byL(X, Y ) the space of linear continuousmappings from X to Y . Given a reflexive Banach space Y , we denote

by ⟨·, ·⟩Y the duality pairing between the dual space Y ∗ and Y . We complete this section with the following version of the
Gronwall lemma which we use in next sections.
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Lemma 1. Let T > 0 be given. For a positive integer N we define k = T/N. Assume that {gn}Nn=1 and {en}Nn=1 are two sequences
of nonnegative numbers satisfying

en ≤ cgn + c
n

j=1

kej for n = 1, . . . ,N,

with a positive constant c independent of N and k. Then there exists a positive constant ĉ, independent of N and k, such that

max
1≤n≤N

en ≤ ĉ max
1≤n≤N

gn.

3. Mechanical problem and variational formulation

LetΩ be an open bounded domain in Rd, d = 2, 3, with a Lipschitz continuous boundaryΓ . The boundaryΓ is composed
of three setsΓ D,Γ N andΓ C , withmutually disjoint relatively open setsΓD,ΓN andΓC such thatmeas (ΓD) > 0.We consider
a viscoelastic body, which in the reference configuration, occupies volumeΩ andwhich is supposed to be stress free and at a
constant temperature, conveniently set as zero. We assume that the temperature changes accompanying the deformations
are small and they do not produce any changes in thematerial parameterswhich are regarded temperature independent.We
are interested in a mathematical model that describes the evolution of the mechanical state of the body and its temperature
during the time interval [0, T ], where 0 < T < ∞. To this end, we denote by σ = σ(x, t) = (σij(x, t)) the stress field, by
u = u(x, t) = (ui(x, t)) the displacement field, and by θ = θ(x, t) the temperature, where x ∈ Ω and t ∈ [0, T ] denote the
spatial and the time variables, respectively. The functions u : Ω ×[0, T ] → Rd, σ : Ω ×[0, T ] → Sd and θ : Ω ×[0, T ] → R
will play the role of the unknowns of the frictional contact problem. From time to time, we suppress the explicit dependence
of the quantities on the spatial variable x, or both x and t .

We suppose that the body is clamped on ΓD, the volume forces of density f0 = f0(x, t) act in Ω and the surface tractions
of density f2 = f2(x, t) are applied on ΓN . Moreover, the body is subjected to a heat source term per unit volume g = g(x, t),
its temperature is fixed on ΓD ∪ ΓN and it comes in contact with an obstacle, the so-called foundation, over the contact
surface ΓC .

The classical formulation of the mechanical problem is the following.

Problem 2. Find a displacement u : Ω×[0, T ] → Rd, a stress field σ : Ω×[0, T ] → Sd and temperature θ : Ω×[0, T ] → R
such that

σ = Aε(u̇) + Bε(u) + Cθ in Ω × (0, T ), (1)
ρü = Div σ + f0 in Ω × (0, T ), (2)

ρcpθ̇ − div (K∇θ) = cij
∂ u̇i

∂xj
+ g in Ω × (0, T ), (3)

σν = f2 on ΓN × (0, T ), (4)
u = 0 on ΓD × (0, T ), (5)
θ = 0 on ΓD ∪ ΓN × (0, T ), (6)
uν = 0 on ΓC × (0, T ), (7)
− στ ∈ ∂ jτ (u̇τ ) on ΓC × (0, T ), (8)
− K(x, t, ∇θ(t)) · ν ∈ ∂ j(θ(t)) − hτ (x, t, ∥u̇τ (x, t)∥Rd) on ΓC × (0, T ), (9)
u(0) = u0, u̇(0) = u1, θ(0) = θ0 in Ω. (10)

Here, Eq. (1) represents the thermoviscoelastic constitutive lawof thematerial, whereA, B and C = (cij) are respectively
the viscosity, elasticity and heat expansion tensors. Eq. (2) is the equation ofmotion, with ρ being the density of thematerial.
Then, Eq. (3) is the energy equation expressed in terms of the temperature θ with cp, the heat capacity. Eq. (4) represents the
traction boundary condition on the part of the boundaryΓN . Eqs. (5) and (6) are the displacement and temperature boundary
conditions, respectively. Conditions (7) and (8) represent bilateral contact coupled with a law of friction. Eq. (9) describes
the heat transfer between the body and the foundation and also takes into account the velocity heat generation phenomena.
Finally, (10) is the initial conditions in which u0, u1, and θ0 denote the given initial displacement, velocity and temperature,
respectively. We assume the density ρ and a specific heat capacity cp are greater than zero and constant. In Sections 3–5,
without loss of generality, we assume ρ = cp = 1. In Section 6 we put specific values for numerical simulations.

In the study of the contact problem we need the following assumptions on its data.
H(A): The viscosity operator A : Ω × [0, T ] × Sd

→ Sd satisfies
(a) A(·, ·, ε) is measurable on Ω × [0, T ] for all ε ∈ Sd;
(b) ∥A(x, t, ε)∥Sd ≤ a0(x, t) + a1∥ε∥Sd for all ε ∈ Sd, a.e. (x, t) ∈ Ω × (0, T ) with a0 ∈ L2(Ω × (0, T )), a0 ≥ 0 and

a1 > 0;
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(c) (A(x, t, ε1) − A(x, t, ε2)) : (ε1 − ε2) ≥ mA∥ε1 − ε2∥
2
Sd for all ε1, ε2 ∈ Sd, a.e. (x, t) ∈ Ω × (0, T ) withmA > 0;

(d) A(x, t, ε) : ε ≥ αA∥ε∥2
Sd for all ε ∈ Sd, a.e. (x, t) ∈ Ω × (0, T ) with αA > 0;

(e) ∥A(x, t, ε1) − A(x, t, ε2)∥Sd ≤ LA∥ε1 − ε2∥Sd for all ε1, ε2 ∈ Sd, a.e. (x, t) ∈ Ω × (0, T ) with LA > 0.
H(B): The elasticity operator B : Ω × Sd

→ Sd is bounded, symmetric, positive fourth order tensor, i.e.
(a) Bijkl ∈ L∞(Ω), 1 ≤ i, j, k, l ≤ d;
(b) Bσ : τ = σ : Bτ for all σ , τ ∈ Sd, a.e. in Ω;
(c) Bτ : τ ≥ 0 for all τ ∈ Sd, a.e. in Ω .

H(C): The thermal expansion tensor C = (cij) satisfies
(a) cij ∈ L∞(Ω), 1 ≤ i, j ≤ d;
(b) cij = cji, 1 ≤ i, j ≤ d.

H(K): The thermal conductivity operator K : Ω × [0, T ] × Rd
→ Rd satisfies

(a) K(·, ·, ξ) is measurable on Ω × [0, T ] for all ξ ∈ Rd;
(b) ∥K(x, t, ξ)∥Rd ≤ k0(x, t) + k1 ∥ξ∥Rd for all ξ ∈ Rd, a.e. (x, t) ∈ Ω × (0, T ) with k0 ∈ L2(Ω × (0, T )), k0 ≥ 0,

k1 > 0;
(c) (K(x, t, ξ1) − K(x, t, ξ2)) · (ξ1 − ξ2) ≥ mK ∥ξ1 − ξ2∥

2
Rd for all ξ1, ξ2 ∈ Rd, a.e. (x, t) ∈ Ω × (0, T ) with mK > 0;

(d) K(x, t, ξ) · ξ ≥ αK ∥ξ∥
2
Rd for all ξ ∈ Rd, a.e. (x, t) ∈ Ω × (0, T ) with αK > 0;

(e) ∥K(x, t, ξ1) − K(x, t, ξ2)∥Rd ≤ LK∥ξ1 − ξ2∥Rd for all ξ1, ξ2 ∈ Rd, a.e. (x, t) ∈ Ω × (0, T ) with LK > 0.
The potentials jτ and j satisfy the following hypotheses.

H(jτ ): jτ : ΓC × (0, T ) × Rd
→ R is such that

(a) jτ (·, ·, ξ) is measurable on ΓC × (0, T ) for all ξ ∈ Rd and there exists e1 ∈ L2(ΓC ; Rd) such that jτ (·, ·, e1(·)) ∈

L1(ΓC × (0, T ));
(b) jτ (x, t, ·) is locally Lipschitz on Rd for a.e. (x, t) ∈ ΓC × (0, T );
(c) ∥∂ jτ (x, t, ξ)∥Rd ≤ cτ for all ξ ∈ Rd, a.e. (x, t) ∈ ΓC × (0, T ) with cτ ≥ 0;
(d) (ζ1 − ζ2) · (ξ1 − ξ2) ≥ −mτ∥ξ1 − ξ2∥

2
Rd for all ζi ∈ ∂ jτ (x, t, ξi), ξi ∈ Rd, i = 1, 2, a.e. (x, t) ∈ ΓC × (0, T ) with

mτ ≥ 0;
(e) jτ (x, t, ·) is regular in the sense of Clarke for a.e. (x, t) ∈ ΓC × (0, T ).

H(j): j : ΓC × (0, T ) × R → R is such that
(a) j(·, ·, r) is measurable on ΓC × (0, T ) for all r ∈ R and there exists e2 ∈ L2(ΓC ) such that j(·, ·, e2(·)) ∈

L1(ΓC × (0, T ));
(b) j(x, t, ·) is locally Lipschitz on R for a.e. (x, t) ∈ ΓC × (0, T );
(c) |∂ j(x, t, r)| ≤ cθ (1 + |r|) for all r ∈ R, a.e. (x, t) ∈ ΓC × (0, T ) with cθ ≥ 0;
(d) |ζ1 − ζ2| ≤ mθ |r1 − r2| for all ζi ∈ ∂ j(x, t, ri), ri ∈ R, i = 1, 2, a.e. (x, t) ∈ ΓC × (0, T ) with mθ ≥ 0;
(e) j(x, t, ·) is regular in the sense of Clarke for a.e. (x, t) ∈ ΓC × (0, T ).

H(hτ ): hτ : ΓC × R+ → R+ is such that
(a) hτ (·, r) ∈ L2(ΓC ) for all r ∈ R+.
(b) |hτ (x, r1) − hτ (x, r2)| ≤ Lτ |r1 − r2| for all r1, r2 ∈ R+, a.e. x ∈ ΓC with Lτ > 0.

H(f ): The force and traction densities satisfy

f0 ∈ L2(0, T ; L2(Ω; Rd)), f2 ∈ L2(0, T ; L2(ΓN; Rd)).

Remark 3. The assumption H(j)(d) implies that the Clarke subdifferential ∂ j is single-valued, and, in a consequence, the
heat transfer inclusion (9) reduces to an equation. Nevertheless, in order to underline the connection of our result with
one obtained in [17], we decided to keep the same convention as used in [17] and to present the heat transfer law in a
form of inclusion involving Clarke subdifferential of the potential j. The results obtained hereafter are still open when the
assumption H(j)(d) is omitted.

In order to provide the variational formulation of Problem 2, we introduce the following spaces

E =

v ∈ H1(Ω; Rd) | v = 0 on ΓD, vν = 0 on ΓC


,

V =

η ∈ H1(Ω) | η = 0 on ΓD ∪ ΓN


.

On the spaces E and V we consider the inner products and the corresponding norms given by

(u, v)E = ⟨ε(u), ε(v)⟩L2(Ω;Sd), ∥v∥E = ∥ε(v)∥L2(Ω;Sd) for u, v ∈ E,

(u, v)V = ⟨∇u, ∇v⟩L2(Ω;Rd), ∥v∥V = ∥∇v∥L2(Ω;Rd) for u, v ∈ V .

From the Korn inequality ∥v∥H1(Ω;Rd) ≤ c∥ε(v)∥L2(Ω;Sd) for v ∈ E with c > 0, it follows that ∥ · ∥H1(Ω;Rd) and ∥ · ∥E are the
equivalent norms on E. Analogously, by the Poincare inequality, we know, that the norm ∥ · ∥V is equivalent with ∥ · ∥H1(Ω).
Let Z = Hδ(Ω; Rd)with a fixed δ ∈ (1/2, 1). We denote by iZ : E → Z the embedding injection and by cZ its norm ∥iZ∥L(E,Z).
Let γZ : Z → L2(ΓC ; Rd) be the trace operator. For simplicity we omit the notation of the embedding and trace and write
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v = γZ (iZv) for v ∈ E. We also introduce the following spaces of vector valued functions E = L2(0, T ; E), Z = L2(0, T ; Z),H = L2(0, T ;H) and E = {v ∈ E | v̇ ∈ E∗
}.

Similarly, we introduce the space Y = Hδ(Ω) with the same δ ∈ (1/2, 1). We denote by iY : V → Y the embedding
injection and by cY its norm ∥iY∥L(V ,Y ). Let γY : Y → L2(ΓC ) be the trace operator. For simplicity, we omit the notation of
the embedding and trace and write v = γY (iYv) for v ∈ V . We introduce the spaces V = L2(0, T ; V ), Y = L2(0, T ; Y ) and
W = {η ∈ V | η̇ ∈ V∗

}.
Next, we define operators A : (0, T ) × E → E∗, B : E → E∗, C1 : V → E∗, C2 : V → V ∗, C3 : E → V ∗ by

⟨A(t, u), v⟩E = (A(t, ε(u)), ε(v))Q for u, v ∈ E, t ∈ (0, T ),

⟨Bu, v⟩E = (Bε(u), ε(v))Q for u, v ∈ E,

⟨C1θ, v⟩E =


Ω

cij
∂vi

∂xj
θ dx for v ∈ E, θ ∈ V ,

⟨C2(t, θ), η⟩V = ⟨K(t, ∇θ), ∇η⟩L2(Ω) for θ, η ∈ V ,

⟨C3w, η⟩V = −


Ω

cij
∂wi

∂xj
η dx for w ∈ E η ∈ V .

We define the function f : (0, T ) → E∗ by

⟨f (t), v⟩E∗×E = ⟨f0(t), v⟩L2(Ω;Rd) + ⟨f2(t), v⟩L2(ΓN ;Rd)

for all v ∈ E, a.e. t ∈ (0, T ) and functionals Jτ : L2(ΓC ; Rd), J : L2(ΓC ) → R by

Jτ (v) =


ΓC

jτ (v) dΓ for v ∈ L2(ΓC ; Rd)

J(η) =


ΓC

j(η) dΓ for η ∈ L2(ΓC ).

We need additional hypothesis on the data.
H0: g ∈ V∗, u0 ∈ E, u1 ∈ H , θ0 ∈ V .

Now, we formulate the following lemmas concerning the properties of the above operators and functionals.

Lemma 4. Under hypothesis H(A), operator A : (0, T ) × E → E∗ satisfies

(a) A(·, v) is measurable on (0, T ) for all v ∈ E;
(b) A(t, ·) is strongly monotone for a.e. t ∈ (0, T ), i.e. ⟨A(t, v)−A(t, u), v −u⟩E ≥ mA∥v −u∥2

E for all u, v ∈ E, a.e. t ∈ (0, T );
(c) ∥A(t, v)∥E∗ ≤ a0(t) + a1∥v∥E for all v ∈ V , a.e. t ∈ (0, T ) with a0 ∈ L2(0, T ), a0 ≥ 0 and a1 > 0, wherea0(t) =

√
2 ∥a0(t)∥L2(Ω) anda1 =

√
2 a1;

(d) ⟨A(t, v), v⟩E ≥ αA∥v∥
2
E for all v ∈ E, a.e. t ∈ (0, T );

(e) A(t, ·) is pseudomonotone for a.e. t ∈ (0, T );
(f) A(t, ·) is Lipschitz continuous for a.e. t ∈ (0, T ), i.e., ∥A(t, v1)−A(t, v2)∥E∗ ≤ LA∥v1−v2∥E for all v1, v2 ∈ E, a.e. t ∈ (0, T ).

Lemma 5. Under hypotheses H(B) and H(C), operators B : E → E∗, C1 : V → E∗ and C3 : E → V ∗ satisfy

(a) B ∈ L(E, E∗);
(b) C1 ∈ L(V , E∗);
(c) C3 ∈ L(E, V ∗).

Lemma 6. Under hypothesis H(K), the operator C2 : (0, T ) × V → V ∗ satisfies

(a) C2(·, θ) is measurable on (0, T ) for all θ ∈ V ;
(b) C2(t, ·) is strongly monotone for a.e. t ∈ (0, T ), i.e.,

⟨C2(t, θ1) − C2(t, θ2), θ1 − θ2⟩V ≥ mK∥θ1 − θ2∥
2
V for all θ1, θ2 ∈ V ;

(c) ∥C2(t, θ)∥V∗ ≤k0(t) +k1∥θ∥V for all θ ∈ V , a.e. t ∈ (0, T ) withk0 ∈ L2(0, T ),k0 ≥ 0 andk1 > 0;
(d) ⟨C2(t, θ), θ⟩V ≥ αK ∥θ∥

2
V for all θ ∈ V , a.e. t ∈ (0, T );

(e) C2(t, ·) is pseudomonotone for a.e. t ∈ (0, T );
(f) C(t, ·) is Lipschitz continuous for a.e. t ∈ (0, T ), i.e. ∥C(t, θ1)−C(t, θ2)∥V∗ ≤ LK∥θ1−θ2∥E for all θ1, θ2 ∈ V , a.e. t ∈ (0, T ).

Proceeding in a standard way, we obtain the following variational formulation of Problem 2.
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Problem 7. Find the displacement field u ∈ E with u̇ ∈ E, the temperature θ ∈ W and ξ ∈ L2(0, T ; L2(ΓC ; Rd)),
ζ ∈ L2(0, T ; L2(ΓC )) such that

⟨ü(t) + A(t, u̇(t)) + Bu(t) + C1θ(t) − f (t), v⟩E =


ΓC

ξ(t) · vτ dΓ

for all v ∈ E, a.e. t ∈ (0, T ), (11)

⟨θ̇ (t) + C2(t, θ(t)) + C3u̇(t) − g(t), η⟩V =


ΓC

ζ (t)η dΓ

+


ΓC

hτ (t, ∥u̇τ (t)∥Rd)η dΓ for all η ∈ V , a.e. t ∈ (0, T ), (12)

− ξ ∈ ∂ jτ (u̇τ ), −ζ ∈ ∂ j(θ) on ΓC × (0, T ), (13)
u(0) = u0, u̇(0) = u1, θ(0) = θ0.

Next we consider an auxiliary problem.

Problem 8. Find displacement field u ∈ E with u̇ ∈ E and the temperature θ ∈ W such that

ü(t) + A(t, u̇(t)) + Bu(t) + C1θ(t) + γ ∗

Z ∂ Jτ (γZ u̇τ (t)) ∋ f (t) for a.e. t ∈ (0, T ),

θ̇ (t) + C2(t, θ(t)) + C3u̇(t) + γ ∗

Y ∂ J(γY θ(t)) ∋ g(t) for a.e. t ∈ (0, T ),

u(0) = u0, u̇(0) = u1, θ(0) = θ0.

We complete this section with a result on existence and uniqueness of solution to Problem 8.

Theorem 9. Assume H(A), H(B), H(C), H(f ), H(K), H(jτ ), H(j), H0 and the following conditions

either jτ (x, t, ·) or − jτ (x, t, ·) is regular, (14)
either j(x, t, ·) or − j(x, t, ·) is regular, (15)

mA ≥ mτ c2Z ∥γZ∥
2
L(E,Z), (16)

mK ≥ mθ c2Y ∥γY∥
2
L(V ,Y ), (17)

αK > cθ c2Y ∥γY∥
2
L(V ,Y ). (18)

Then there exists a unique solution to Problem 8.

Note, that regularity of functions imposed by (14) and (15) is understood in the sense of Clarke (see Definition 3.25
of [15]).

Remark 10. Using the basic properties of Clarke subdifferential of integral functionals Jτ and J (see Theorem 3.47 (v) of [15])
it is easy to see that every solution of Problem 8 is also a solution of Problem 7, provided H(jτ ) and H(j) hold. Moreover,
under regularity conditions (14) and (15), both problems are equivalent. In that case, they are also equivalent to a system of
two hemivariational inequalities corresponding to Problem PV of [17] without history dependent term.

In view of Remark 10, the proof of Theorem 9 follows the lines of the proof of a more general result, Theorem 9 in [17],
that deals with the unique solvability of Problem PV of [17].

4. Spatially semidiscrete error estimates

In this section we consider a spatially semidiscrete approximation of Problem 7 and examine the error between its
solution and the solution of the approximate problem.

Let V h and Eh be finite dimensional subspaces of V and E, respectively, where h > 0 denotes a spatial discretization
parameter. Let uh

0, u
h
1 ∈ Eh and θh

0 ∈ V h be suitable approximations of u0, u1, θ0 characterized by

⟨uh
0 − u0, v

h
⟩E = 0, ⟨uh

1 − u1, v
h
⟩H = 0, ⟨θh

0 − θ0, η
h
⟩L2(Ω) = 0 (19)

for all vh
∈ Eh, ηh

∈ V h. It is easy to observe, that

∥uh
0∥E ≤ ∥u0∥E, ∥uh

1∥H ≤ ∥u1∥H , ∥θh
0∥L2(Ω) ≤ ∥θ0∥L2(Ω).

Then we have the following semidiscrete approximation of Problem 7.
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Problem 11. Find displacement field uh
∈ L2(0, T ; Eh), u̇h, üh

∈ L2(0, T ; Eh), the temperature θh
∈ L2(0, T ; V h) and

ξ h
∈ L2(0, T ; L2(ΓC ; Rd)), ζ h

∈ L2(0, T ; L2(ΓC )) such that

⟨üh(t) + A(t, u̇h(t)) + Buh(t) + C1θ
h(t) − f (t), vh

⟩E =


ΓC

ξ h(t) · vh
τ dΓ

for all vh
∈ Eh, a.e. t ∈ (0, T ), (20)

⟨θ̇h(t) + C2(t, θh(t)) + C3u̇h(t) − g(t), ηh
⟩V =


ΓC

ζ h(t)ηh dΓ

+


ΓC

hτ (t, ∥u̇h
τ (t)∥Rd)ηh dΓ for all ηh

∈ V h, a.e. t ∈ (0, T ), (21)

− ξ h
∈ ∂ jτ (u̇h

τ ), −ζ h
∈ ∂ j(θh) on ΓC × (0, T ), (22)

uh(0) = uh
0, u̇h(0) = uh

1, θh(0) = θh
0 .

Under the assumptions of Theorem 9 we have the existence and uniqueness of a solution to Problem 11.
We provide a result on the error estimate between the solutions to Problem 7 and Problem 11.

Theorem 12. Assume H(A), H(B), H(C), H(K), H(f ), H0 and (18) hold. Suppose, moreover, that

c1 := mA −


mτ +

1
2
Lτ


c2Z ∥γZ∥

2
L(E,Z) ≥ 0, (23)

c2 := mK −


mθ +

1
2
Lτ


c2Y ∥γY∥

2
L(V ,Y ) ≥ 0. (24)

Let u, θ and uh, θh be solutions to Problem 7 and Problem 11, respectively. Then there exists a positive constant c depending only
on the data of the problem, such that for any vh

∈ L2(0, T ; Eh) ∩ E, ηh
∈ L2(0, T ; V h) ∩ W , we have

∥u − uh
∥
2
C(0,T ;E) + ∥u̇ − u̇h

∥
2
C(0,T ;H) + ∥u̇ − u̇h

∥
2
E + ∥θ − θh

∥
2
C(0,T ;L2(Ω))

+ ∥θ − θh
∥
2
V

≤ c

∥u0 − uh

0∥
2
E + ∥u1 − uh

1∥H∥u1 − vh(0)∥H + ∥u̇ − vh
∥
2
E + ∥ü − v̇h

∥E∗

+ ∥u̇ − vh
∥
2
C(0,T ;H) + ∥u̇τ − vh

τ∥L2(0,T ;L2(ΓC ;Rd)) + ∥θ − ηh
∥
2
V + ∥θ − ηh

∥
2
C(0,T ;L2(Ω))

+ ∥θ0 − θh
0∥L2(Ω)∥θ0 − ηh(0)∥L2(Ω) + ∥θ − ηh

∥L2(0,T ;L2(ΓC )) + ∥θ̇ − η̇h
∥
2
V∗


. (25)

Proof. Define w(t) = u̇(t) and wh(t) = u̇h(t). Then, we have

u(t) = (Iw)(t) := u0 +

 t

0
w(s) ds,

uh(t) = (Iwh)(t) := uh
0 +

 t

0
wh(s) ds

for t ∈ (0, T ). Using the above notation in (11), (12), (20) and (21), we obtain

⟨ẇ(t) − ẇh(t), vh
⟩E + ⟨A(t, w(t)) − A(t, wh(t)), vh

⟩E

+ ⟨B(Iw)(t) − B(Ihwh)(t), vh
⟩E + ⟨C1θ(t) − C1θ

h(t), vh
⟩E

+ ⟨θ̇ (t) − θ̇h(t), ηh
⟩V + ⟨C2(t, θ(t)) − C2(t, θh(t)), ηh

⟩V

+ ⟨C3w(t) − C3w
h(t), ηh

⟩V +


ΓC

(ξ h(t) − ξ(t)) · vh
τ dΓ

+


ΓC

(ζ h(t) − ζ (t))ηh dΓ +


ΓC

(hτ (∥w
h(t)∥Rd) − hτ (∥w(t)∥Rd))ηh dΓ = 0 (26)

for t ∈ (0, T ) and all vh
∈ Eh, ηh

∈ V h. Note that

⟨ẇ(t) − ẇh(t), w(t) − wh(t)⟩E =
1
2

d
dt

∥w(t) − wh(t)∥2
H , (27)

⟨θ̇ (t) − θ̇h(t), θ(t) − θh(t)⟩V =
1
2

d
dt

∥θ − θh(t)∥2
L2(Ω)

(28)
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for t ∈ (0, T ). Moreover, by Lemma 4(b), Lemma 6(b) and the assumptions H(jτ )(d) and H(j)(d) and H(hτ )(b), we have

⟨A(t, w(t)) − A(t, wh(t)), w(t) − wh(t)⟩E ≥ mA∥w(t) − wh(t)∥2
E, (29)

⟨C2(t, θ(t)) − C2(t, θh(t)), θ(t) − θh(t)⟩E ≥ mK∥θ(t) − θh(t)∥2
V , (30)

⟨B(Iw)(t) − B(Ihwh)(t), w(t) − wh(t)⟩E =
1
2

d
dt

⟨Bu(t) − Buh(t), u(t) − uh(t)⟩E, (31)
ΓC

(ξ h(t) − ξ(t)) · (wτ (t) − wh
τ (t)) dΓ ≥ −mτ c2Z∥γZ∥

2
L(E,Z)∥w(t) − wh(t)∥2

E, (32)
ΓC

(ζ h(t) − ζ (t))(θ(t) − θh(t)) dΓ ≥ −mθ c2Y∥γY∥
2
L(V ,Y )∥θ(t) − θh(t)∥2

V , (33)


ΓC

(hτ (∥w
h(t)∥Rd) − hτ (∥w(t)∥Rd))(θ(t) − θh(t)) dΓ

≥ −Lτ∥w
h(t) − w(t)∥L2(ΓC ;Rd)∥θ

h(t) − θ(t)∥L2(ΓC )

≥ −
1
2
Lτ c2Z∥γZ∥

2
L(E,Z)∥w

h(t) − w(t)∥2
E −

1
2
Lτ c2Y∥γY∥

2
L(V ,Y )∥θ

h(t) − θ(t)∥2
V . (34)

Let the constants c1 and c2 be defined by (23) and (24). Taking into account (26)–(33), we obtain

1
2

d
dt

∥w(t) − wh(t)∥2
H + c1∥w(t) − wh(t)∥2

E +
1
2

d
dt

∥θ(t) − θh(t)∥2
L2(Ω)

+ c2∥θ(t) − θh(t)∥2
V +

1
2

d
dt

⟨Bu(t) − Buh(t), u(t) − uh(t)⟩E

≤ ⟨ẇ(t) − ẇh(t), w(t) − wh(t)⟩E + ⟨A(t, w(t)) − A(t, wh(t)), w(t) − wh(t)⟩E
+ ⟨B(Iw)(t) − B(Ihwh)(t), w(t) − wh(t)⟩E + ⟨θ̇ (t) − θ̇h(t), θ(t) − θh(t)⟩V
+ ⟨C1θ(t) − C1θ

h(t), w(t) − wh(t)⟩V + ⟨C2(t, θ(t)) − C2(t, θh(t)), θ(t) − θh(t)⟩V

+ ⟨C3w(t) − wh(t), θ(t) − θh(t)⟩V +


ΓC

(ζ h(t) − ζ (t))(θ(t) − θh(t)) dΓ

+


ΓC

(ξ h(t) − ξ(t)) · (wτ (t) − wh
τ (t)) dΓ +


ΓC

(hτ (∥w
h(t)∥Rd) − hτ (∥w(t)∥Rd))(θ(t) − θh(t)) dΓ

= ⟨ẇ(t) − ẇh(t), w(t) − vh(t)⟩E + ⟨A(t, w(t)) − A(t, wh(t)), w(t) − vh(t)⟩E
+ ⟨B(Iw)(t) − B(Ihwh)(t), w(t) − vh(t)⟩E + ⟨θ̇ (t) − θ̇h(t), θ(t) − ηh(t)⟩V
+ ⟨C1θ(t) − C1θ

h(t), w(t) − vh(t)⟩E + ⟨C2(t, θ(t)) − C2(t, θh(t)), θ(t) − ηh(t)⟩V

+ ⟨C3w(t) − wh(t), θ(t) − ηh(t)⟩V +


ΓC

(ζ h(t) − ζ (t))(θ(t) − ηh(t)) dΓ

+


ΓC

(ξ h(t) − ξ(t)) · (wτ (t) − vh
τ (t)) dΓ +


ΓC

(hτ (∥w
h(t)∥Rd) − hτ (∥w(t)∥Rd))(θ(t) − ηh(t)) dΓ , (35)

where vh
∈ Eh, ηh

∈ V h. For t ∈ (0, T ), assuming vh
∈ H1(0, T ; E), we integrate by parts t

0
⟨ẇ(s) − ẇh(s), w(s) − vh(s)⟩E ds = ⟨w(t) − wh(t), w(t) − vh(t)⟩H

− ⟨w(0) − wh(0), w(0) − vh(0)⟩H −

 t

0
⟨w(s) − wh(s), ẇ(s) − v̇h(s)⟩E ds. (36)

Thus, for ε > 0, we obtain t

0
⟨ẇ(s) − ẇh(s), w(s) − vh(s)⟩E ds ≤

1
4
∥w(t) − wh(t)∥2

H + ∥w(t) − vh(t)∥2
H

+ ∥u1 − uh
1∥H∥u1 − vh(0)∥H + ε

 t

0
∥w(s) − wh(s)∥2

E ds +
1
4ε

∥ẇ − v̇h
∥
2
E∗ . (37)
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Similarly, for ε > 0, ηh
∈ H1(0, T ; V ) and t ∈ (0, T ), we have t

0
⟨θ̇ (s) − θ̇h(s), θ(s) − ηh(s)⟩V ds ≤

1
4
∥θ(t) − θh(t)∥2

L2(Ω)
+ ∥θ(t) − ηh(t)∥2

L2(Ω)

+ ∥θ0 − θh
0∥L2(Ω)∥θ0 − ηh(0)∥L2(Ω) + ε

 t

0
∥θ(s) − θh(s)∥2

V ds +
1
4ε

∥θ̇ − η̇h
∥
2
V∗ . (38)

Using the Lipschitz properties of A and C2, we find that t

0
⟨A(s, w(s)) − A(s, wh(s)), w(s) − vh(s)⟩E ds ≤ ε

 t

0
∥w(s) − wh(s)∥2

E ds +
L2A
4ε

∥w − vh
∥
2
E , (39) t

0
⟨C2(s, θ(s)) − C2(s, θh(s)), θ(s) − ηh(s)⟩V ds ≤ ε

 t

0
∥θ(s) − θh(s)∥2

V ds +
L2K
4ε

∥θ − ηh
∥
2
V . (40)

Using the properties of B, and the classical inequality ∥u(t) − uh(t)∥E ≤ ∥u0 − uh
0∥E +

 t
0 ∥w(s) − wh(s)∥E ds, we deduce t

0
⟨B(Iw)(s) − B(Ihwh)(s), w(s) − vh(s)⟩E ds ≤ ε

 t

0
∥u(s) − uh(s)∥2

E ds +
∥B∥2

L(E,E∗)

4ε
∥w − vh

∥
2
E

≤ 2εT∥u0 − uh
0∥

2
E + 2εT 2

 t

0
∥w(s) − wh(s)∥2

E ds +
∥B∥2

L(E,E∗)

4ε
∥w − vh

∥
2
E . (41)

Since C1 and C3 are linear, we have t

0
⟨C1θ(s) − C1θ

h(s), w(s) − vh(s)⟩E ds ≤ ε

 t

0
∥θ(s) − θh(s)∥2

V +
∥C1∥

2
L(V ,E∗)

4ε
∥w − vh

∥
2
E , (42) t

0
⟨C3w(s) − wh(s), θ(s) − ηh(s)⟩V ds ≤ ε

 t

0
∥w(s) − wh(s)∥2

E ds +
∥C3∥

2
L(E,V∗)

4ε
∥θ − ηh

∥
2
V . (43)

Finally, from H(jτ )(c), H(j)(d), H(hτ )(b), (13) and (22), we have t

0


ΓC

(ξ h(s) − ξ(s)) · (wτ (s) − vh
τ (s)) dΓ ds ≤ 2cτ


Tmeas(ΓC )∥wτ − vh

τ∥L2(0,T ;L2(ΓC ;Rd)) (44)

and  t

0


ΓC

(ζ h(s) − ζ (s))(θ(s) − ηh(s)) dΓ ds ≤ mθ

 t

0
∥θh(s) − θ(s)∥L2(ΓC )∥θ(s) − ηh(s)∥L2(ΓC ) ds

≤ ε

 t

0
∥θh(s) − θ(s)∥2

V ds +
m2

θ c
4
Y∥γY∥

4
L(V ,Y )

4ε
∥θ − ηh

∥
2
V . (45)

for t ∈ (0, T ). Moreover, we get t

0


ΓC

(hτ (∥w
h(s)∥Rd) − hτ (∥w(s)∥Rd))(θ(s) − ηh(s)) dΓ ds

≤ Lτ

 t

0
∥wh(s) − w(s)∥L2(ΓC ;Rd)∥θ(s) − ηh(s)∥L2(ΓC ) ds

≤ ε

 t

0
∥wh(s) − w(s)∥2

E +
L2τ c

2
Y∥γY∥

2
L(V ,Y )c

2
Z∥γZ∥

2
L(E,Z)

4ε
∥θ − ηh

∥
2
V (46)

for t ∈ (0, T ). Let us denote by r the following quantity

r = ∥u0 − uh
0∥

2
E + ∥u1 − uh

1∥H∥u1 − vh(0)∥H + ∥w − vh
∥
2
E + ∥ẇ − v̇h

∥E∗

+ ∥w − vh
∥
2
C(0,T ;H) + ∥wτ − vh

τ∥L2(0,T ;L2(ΓC ;Rd)) + ∥θ − ηh
∥
2
V

+ ∥θ − ηh
∥
2
C(0.T ;L2(Ω))

+ ∥θ0 − θh
0∥L2(Ω)∥θ0 − ηh(0)∥L2(Ω) + ∥θ̇ − η̇h

∥
2
V∗ .
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We integrate (35) over (0, t), use H(B)(c) and apply (36)–(46) to get

1
4
∥w(t) − wh(t)∥2

H +
1
4
∥θ(t) − θh(t)∥2

L2(Ω)
+

c1 − (4 + 2T 2)ε

  t

0
∥w(s) − wh(s)∥2

E ds

+ (c2 − 4ε)
 t

0
∥θ(s) − θh(s)∥2

V ds ≤ c3r (47)

for all t ∈ (0, T ) with a constant c3 depending only on the data of the problem. Since t ∈ (0, T ) is arbitrary, we obtain that

∥w − wh
∥C(0,T ;H) + ∥w − wh

∥
2
E + ∥θ − θh

∥C(0,T ;L2(Ω)) + ∥θ − θh
∥
2
V ≤ c4r (48)

with c4 > 0. Since

∥u − uh
∥
2
C(0,T ;E) ≤ 2∥u0 − uh

0∥
2
+ 2T∥w − wh

∥
2
V ≤ c4r (49)

with c4 > 0, we obtain the result. �

Corollary 13. Let the hypotheses of Theorem 12 be satisfied. Assume Ω is a polygon/polyhedral domain, and let {V h
} and {Eh

}

be families of linear element spaces, corresponding to a regular family of finite element triangulations of Ω into triangles or
tetrahedrons. Let u, θ and uh, θh be solutions of Problems 7 and 11, respectively. Assume u0 ∈ H2(Ω; Rd), u1 ∈ H1(Ω; Rd),
θ0 ∈ H2(Ω) and take uh

0, u
h
1, θ

h
0 to be projections of u0, u1, and θ0 characterized by (19). Under regularity conditions

u̇ ∈ C(0, T ;H2(Ω; Rd)), ü ∈ L2(0, T ;H2(Ω; Rd)),

u̇τ ∈ L2(0, T ;H2(ΓC ; Rd)), u̇ν ∈ L2(0, T ;H2(ΓC )),

θ ∈ C(0, T ;H2(Ω)) ∩ L2(0, T ;H2(ΓC )), θ̇ ∈ L2(0, T ;H2(Ω)),

we have the optimal order error estimate

∥u − uh
∥C(0,T ;E) + ∥u̇ − u̇h

∥C(0,T ;H) + ∥u̇ − u̇h
∥E + ∥θ − θh

∥C(0,T ;L2(Ω)) + ∥θ − θ∥V ≤ ch

for a constant c independent of h.

Proof. Note that under the stated regularity assumptions, for a.e. t ∈ [0, T ], u̇(t), ü(t) are continuous on Ω , and u̇τ (t) is
continuous onΓC . Moreover, θ is continuous onΩ and its trace, denoted still by θ is continuous onΓC . Let vh(t) = Πhu̇(t) ∈

Eh and ηh(t) = Πhθ(t) ∈ V h be the finite element interpolants of u̇(t), and θ(t), respectively a.e. t ∈ [0, T ] (we refer to
(2.3.29) of [29] for the definition of interpolation operator Πh). Note that vh

τ (t) = (Πhu̇(t))τ is the continuous piecewise
linear interpolant of u̇τ (t) on ΓC . Moreover, v̇h(t) is the continuous piecewise linear interpolant of ü(t).

By standard finite element interpolation error estimates, cf. [29], we have the following approximation properties for
t ∈ (0, T )

∥u̇(t) − vh(t)∥E ≤ ch∥u̇(t)∥H2(Ω;Rd), ∥θ(t) − ηh(t)∥V ≤ ch∥θ(t)∥H2(Ω),

∥ü(t) − v̇h(t)∥E∗ ≤ ch∥ü(t)∥H2(Ω;Rd), ∥θ̇ (t) − η̇h(t)∥V∗ ≤ ch∥θ̇ (t)∥H2(Ω),

∥u̇(t) − vh(t)∥H ≤ ch2
∥u̇(t)∥H2(Ω;Rd), ∥θ(t) − ηh(t)∥L2(Ω) ≤ ch2

∥θ(t)∥H2(Ω),

∥u̇τ (t) − vh
τ (t)∥L2(ΓC ;Rd) ≤ ch2

∥u̇τ (t)∥H2(ΓC ;Rd) ∥θ(t) − ηh(t)∥L2(ΓC ) ≤ ch2
∥θ(t)∥H2(ΓC ),

and

∥u0 − uh
0∥E ≤ ch∥u0∥H2(Ω;Rd), ∥u1 − uh

1∥H ≤ ch∥u1∥H1(Ω;Rd),

∥θ0 − θh
0∥V ≤ ch∥θ0∥H2(Ω).

It follows that

∥u̇ − vh
∥V ≤ ch∥u̇∥L2(0,T ;H2(Ω;Rd)),

∥ü − v̇h
∥E∗ ≤ ch∥ü∥L2(0,T ;H2(Ω;Rd)),

∥u̇ − vh
∥C(0,T ;H) ≤ ch2

∥u̇∥C(0,T ;H2(Ω;Rd))

∥u̇τ − vh
τ∥L2(0,T ;L2(ΓC ;Rd)) ≤ ch2

∥u̇τ∥L2(0,T ;H2(ΓC ;Rd)).

∥θ − ηh
∥V ≤ ch∥θ∥L2(0,T ;H2(Ω)),

∥θ̇ − η̇h
∥V∗ ≤ ch∥θ̇∥L2(0,T ;H2(Ω)),

∥θ − ηh
∥C(0,T ;L2(Ω)) ≤ ch2

∥θ∥C(0,T ;H2(Ω)),

∥θ − ηh
∥L2(0,T ;L2(ΓC )) ≤ ch2

∥θ∥L2(0,T ;H2(ΓC )).

Then the error bound follows from Theorem 12. �
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5. Fully discrete error estimates

In this section we introduce a fully discrete approximation of Problem 7. We need to impose the following regularity
assumptions

A(·, v) ∈ C(0, T ; E∗) for all v ∈ E, (50)
C2(·, η) ∈ C(0, T ; V ∗) for all η ∈ V , (51)

f ∈ C(0, T ; E∗), g ∈ C(0, T ; V ∗). (52)

In addition to spatial discretization, we need temporal discretization. We define a uniform partition of [0, T ], denoted by
0 = t0 < t1 < · · · < tN = T . Let k = T/N be a time step size and for a continuous function h we denote hn = h(tn). For a
sequence {zn}Nn=0, we denote by δzn = (zn − zn−1)/k for n = 1, . . . ,N the backward divided difference. The fully discrete
approximation of the problem is the following.

Problem 14. Find a velocity field {whk
n }

N
n=0 ⊂ Eh, a temperature {θhk

n }
N
n=0 ⊂ V h and {ξ hk

n }
N
n=0 ⊂ L2(ΓC ; Rd), {ζ hk

n }
N
n=0 ⊂

L2(ΓC ) such that for n = 0, . . . ,N , we have

⟨δwhk
n + An(w

hk
n ) + Buhk

n + C1θ
hk
n − fn, vh

⟩E =


ΓC

ξ hk
n · vh

τ dΓ for all vh
∈ Eh, (53)

⟨δθhk
n + C2n(θ

hk
n ) + C3w

hk
n − gn, ηh

⟩V =


ΓC

ζ hk
n ηh dΓ +


ΓC

hτn(∥w
hk
n ∥Rd)ηh dΓ for all ηh

∈ V h, (54)

ξ hk
n ∈ ∂ jτ (whk

nτ ), −ζ hk
n ∈ ∂ j(θhk

n ), (55)
whk

0 = uh
1, θhk

0 = θh
0 , (56)

where uhk
0 = uh

0 and {uhk
n }

N
n=1 ⊂ Eh is given by

uhk
n = uh

0 +

n
j=1

kwhk
j for n = 1, . . . ,N. (57)

Under assumptions stated in Theorem 9, from [17], it follows that there exists a solution to Problem 14.
Now we pass to a fully discrete error estimate result. In what follows, we assume, that u and θ solve Problem 7 and

definew(t) = u̇(t) for t ∈ [0, T ]. Let {whk
n }

N
n=0 ⊂ Eh, {θhk

n }
N
n=0 ⊂ V h be a solution of Problem 14.We formulate the following

theorem.

Theorem 15. Let the assumptions H(A), H(B), H(C), H(K), H(jτ ), H(j), H(f ), H0, (16)–(18) and (50)–(52) hold. Moreover,
we impose the following additional regularity conditions u ∈ C2(0, T ;H) ∩ C1(0, T ; E), u̇τ ∈ C(0, T ; L2(ΓC ; Rd)), θ ∈

C(0, T ; L2(ΓC )). Then, there exist c > 0 such that for all {vh
n}

N
=1 ⊂ Eh and {ηh

n}
N
n=1 ⊂ V h we have

max
1≤n≤N

{∥wn − whk
n ∥

2
H + ∥θn − θhk

n ∥
2
H} +

N
j=1

k∥wj − whk
j ∥

2
E +

N
j=1

k∥θj − θhk
j ∥

2
V

≤ c

k

N
j=1

(∥ẇj − δwj∥
2
H + ∥wj − vh

j ∥
2
E) + max

1≤n≤N
∥wnτ − vh

nτ∥L2(ΓC ;Rd)

+
1
k

N−1
j=1

∥(wj − vh
j ) − (wj+1 − vh

j+1)∥
2
H + max

1≤n≤N
∥wn − vh

n∥
2
H

+ ∥u0 − uh
0∥

2
E + k2∥u∥H2(0,T ;E) + ∥w0 − uh

1∥
2
H + ∥θ0 − θh

0∥
2
L2(Ω)

+ k
N
j=1

(∥θ̇j − δθj∥L2(Ω) + ∥θj − ηh
j ∥

2
V ) + max

1≤n≤N
∥θn − ηh

n∥L2(ΓC )

+
1
k

N−1
j=1

∥(θj − ηh
j ) − (θj+1 − ηh

j+1)∥
2
L2(Ω)

+ max
1≤n≤N

∥θn − ηh
n∥L2(Ω)


.

Proof. Taking vh
∈ Eh and ηh

∈ V h in both Problems 7 and 14, we obtain for n = 1, . . . ,N

⟨ẇn − δwhk
n , vh

⟩H + ⟨An(wn) − An(w
hk
n ), vh

⟩E + ⟨B(un − uhk
n ), vh

⟩E

+ ⟨C1(θn − θhk
n ), vh

⟩E +


ΓC

(ξ hk
n − ξn) · vh

τ dΓ
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+ ⟨θ̇n − δθhk
n , ηh

⟩L2(Ω) + ⟨C2nθn − C2nθ
hk
n , ηh

⟩V + ⟨C3(wn − whk
n ), ηh

⟩V

+


ΓC

(ζ hk
n − ζn) ηh dΓ +


ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


ηh dΓ = 0.

Thus, for given sequences {vh
n}

N
n=1 ⊂ Eh and {ηh

n}
N
n=1 ⊂ V h, we get for n = 1, . . . ,N

⟨ẇn − δwhk
n , wn − whk

n ⟩H + ⟨An(wn) − An(w
hk
n ), wn − whk

n ⟩E

+ ⟨B(un − uhk
n ), wn − whk

n ⟩E + ⟨C1(θn − θhk
n ), wn − whk

n ⟩E + ⟨θ̇n − δθhk
n , θn − θhk

n ⟩V

+ ⟨C2nθn − C2nθ
hk
n , θn − θhk

n ⟩V + ⟨C3(wn − whk
n ), θn − θhk

n ⟩V

+


ΓC

(ξ hk
n − ξn) · (wnτ − whk

nτ ) dΓ +


ΓC

(ζ hk
n − ζn) (θn − θhk

n ) dΓ

+


ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


(θn − θhk

n ) dΓ

= ⟨ẇn − δwhk
n , wn − vh

n⟩H + ⟨An(wn) − An(w
hk
n ), wn − vh

n⟩E

+ ⟨B(un − uhk
n ), wn − vh

n⟩E + ⟨C1(θn − θhk
n ), wn − vh

n⟩E + ⟨θ̇n − δθhk
n , θn − ηh

n⟩V

+ ⟨C2nθn − C2nθ
hk
n , θn − ηh

n⟩ + ⟨C3(wn − whk
n ), θn − ηh

n⟩

+


ΓC

(ξ hk
n − ξn) · (wnτ − vh

nτ ) dΓ +


ΓC

(ζ hk
n − ζn) (θn − ηh

n) dΓ

+


ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


(θn − ηh

n) dΓ .

After some reformulation, taking into account Lemma 5(d), we obtain

⟨δwn − δwhk
n , wn − whk

n ⟩H + ⟨Anwn − Anw
hk
n , wn − whk

n ⟩E + ⟨δθn − δθhk
n , θn − θhk

n ⟩L2(Ω)

+ ⟨C2nθn − C2nθ
hk
n , θn − θhk

n ⟩V +


ΓC

(ξ hk
n − ξn) · (wnτ − whk

nτ ) dΓ

+


ΓC

(ζ hk
n − ζn)(θn − θhk

n ) dΓ +


ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


(θn − θhk

n ) dΓ

= ⟨δwn − δwhk
n , wn − vh

n⟩H + ⟨ẇn − δwn, (wn − vh
n) + (whk

n − wn)⟩H

+ ⟨An(wn) − An(w
hk
n ), wn − vh

n⟩E + ⟨B(un − uhk
n ), (wn − vh

n) + (whk
n − wn)⟩E

+ ⟨C1(θn − θhk
n ), wn − vh

n⟩E + ⟨δθn − δθhk
n , θn − ηh

n⟩L2(Ω)

+ ⟨θ̇n − δθn, (θn − ηh
n) + (θhk

n − θn)⟩L2(Ω) + ⟨C2nθn − C2θ
hk
n , θn − ηh

n⟩V

+ ⟨C3(wn − whk
n ), θn − ηh

n⟩V +


ΓC

(ξ hk
n − ξn) · (wnτ − vh

nτ ) dΓ

+


ΓC

(ζ hk
n − ζn)(θn − ηh

n) dΓ +


ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


(θn − ηh

n) dΓ . (58)

Using formula 2⟨a − b, a⟩H = ∥a − b∥2
H + ∥a∥2

H − ∥b∥2
H for a = wn − whk

n and b = wn−1 − whk
n−1, we get

1
2k

(∥wn − whk
n ∥

2
H − ∥wn−1 − whk

n−1∥
2
H) ≤ ⟨δwn − δwhk

n , wn − whk
n ⟩H . (59)

Similarly,

1
2k

(∥θn − θhk
n ∥

2
|L2(Ω)

− ∥θn−1 − θhk
n−1∥

2
L2(Ω)

) ≤ ⟨δθn − δθhk
n , θn − θhk

n ⟩L2(Ω). (60)
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Let the constants c1 and c2 be defined by (23) and (24). Using Lemma 4(b), Lemma 6(b), H(jτ )(d), H(j)(d), H(hτ )(b), (22) and
(55) and using inequality analogous to (34), we get

⟨Anwn − Anw
hk
n , wn − whk

n ⟩E +


ΓC

(ξ hk
n − ξn) · (wnτ − whk

nτ ) dΓ

+ ⟨C2nθn − C2nθ
hk
n , θn − θhk

n ⟩V +


ΓC

(ζ hk
n − ζn)(θn − θhk

n ) dΓ

+


ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


(θn − θhk

n ) dΓ

≥ c1∥wn − whk
n ∥

2
E + c2∥θn − θhk

n ∥
2
V . (61)

Next, from the Lipschitz continuity of A and C2, we have

⟨Anwn − Anw
hk
n , wn − vh

⟩E ≤ ε∥wn − whk
n ∥

2
E +

L2A
4ε

∥wn − vh
∥
2
E, (62)

⟨C2nθn − C2nθ
hk
n , θn − ηh

⟩V ≤ ε∥θn − θhk
n ∥

2
V +

L2K
4ε

∥θn − ηh
∥
2
V . (63)

From linearity of B, C1 and C3, we obtain

⟨B(un − uhk
n ), (wn − vh

n) + (whk
n − wn)⟩E ≤ ε∥wn − whk

n ∥
2
E

+
∥B∥2

L(E,E∗)

4ε
∥un − uhk

n ∥
2
E +

1
2
∥B∥L(E,E∗)


∥un − uhk

n ∥
2
E + ∥wn − vh

n∥
2
E


, (64)

⟨C1(θn − θhk
n ), wn − vh

n⟩E ≤ ε∥θn − θhk
n ∥

2
V +

∥C1∥
2
L(V ,E∗)

4ε
∥wn − vh

n∥
2
E, (65)

⟨C3(wn − whk
n ), θn − ηh

n⟩V ≤ ε∥wn − whk
n ∥

2
E +

∥C3∥
2
L(E,V∗)

4ε
∥θn − ηh

n∥
2
V . (66)

Finally, by H(jτ )(c), H(j)(d) and H(hτ )(b), we get
ΓC

(ξ hk
n − ξn) · (wnτ − vh

nτ ) dΓ ≤ 2cτ

meas(ΓC )∥wnτ − vh

nτ∥L2(ΓC ;Rd), (67)
ΓC

(ζ hk
n − ζn)(θn − ηh

n) dΓ ≤ mθ∥θ
hk
n − θn∥L2(ΓC )∥θn − ηh

n∥L2(ΓC )

≤ ε∥θhk
n − θn∥

2
V +

m2
θ c

4
Y∥γY∥

4
L(V ,Y )

4ε
∥θn − ηh

n∥
2
V , (68)

ΓC


hτn(∥w

hk
n ∥Rd) − hτn(∥wn∥Rd)


(θn − ηh

n) dΓ

≤ ε∥whk
n − wn∥

2
E +

L2τ c
2
Y∥γY∥

2
L(V ,Y )c

2
Z∥γZ∥

2
L(E,Z)

4ε
∥θn − ηh

n∥
2
V . (69)

Applying (59)–(69) in (58), we deduce

1
2k

(∥wn − whk
n ∥

2
H − ∥wn−1 − whk

n−1∥
2
H) + (c1 − 4ε) ∥wn − whk

n ∥
2
E

+
1
2k

(∥θn − θhk
n ∥

2
L2(Ω)

− ∥θn−1 − θhk
n−1∥

2
L2(Ω)

) + (c2 − 3ε) ∥θn − θhk
n ∥

2
V

≤ C

∥ẇn − δwn∥

2
H + ∥wn − vh

n∥
2
E + ∥un − uhk

n ∥
2
E + ∥θ̇n − δθn∥

2
L2(Ω)

+ ∥θn − ηh
n∥

2
V + ∥wnτ − vh

nτ∥L2(ΓC ;Rd) + ∥θn − ηh
n∥

2
L2(ΓC )


+ ⟨δwn − δwhk

n , wn − vh
n⟩H + ⟨δθn − δθhk

n , θn − ηh
n⟩L2(Ω).
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Replacing n by j in the above relation, and summing up from 1 to n, we obtain

∥wn − whk
n ∥

2
H + 2k(c1 − 4ε)

n
j=1

∥wj − whk
j ∥

2
E + ∥θn − θhk

n ∥
2
L2(Ω)

+ 2k(c2 − 3ε)
n

j=1

∥θj − θhk
j ∥

2
V ≤ ∥w0 − whk

0 ∥
2
E + ∥θ0 − θhk

0 ∥
2
V

+ Ck
n

j=1


∥ẇj − δwj∥

2
H + ∥wj − vh

j ∥
2
E + ∥uj − uhk

j ∥
2
E + ∥θ̇j − δθj∥

2
L2(Ω)


+ Ck

n
j=1


∥θj − ηh

j ∥
2
V + ∥wjτ − vh

jτ∥L2(ΓC ;Rd) + ∥θj − ηh
j ∥

2
L2(ΓC )


+ 2k

n
j=1

⟨δwj − δwhk
j , wj − vh

j ⟩H + 2k
n

j=1

⟨δθj − δθhk
j , θj − ηh

j ⟩L2(Ω)

for all {vh
j }

n
j=1 ⊂ Eh and {ηh

j }
n
j=1 ⊂ V h. We have

n
j=1

k⟨δwj − δwhk
j , wj − vh

j ⟩H ≤ ε∥wn − whk
n ∥

2
H + C∥wn − vh

n∥
2
H + C∥w0 − whk

0 ∥
2
H

+ C∥w1 − vh
1∥

2
H +

n−1
j=1

k
4
∥wj − whk

j ∥
2
H +

1
k

n−1
j=1

∥(wj − vh
j ) − (wj+1 − vh

j+1)∥
2
H

and
n

j=1

k⟨δθj − δθhk
j , θj − ηh

j ⟩L2(Ω) ≤ ε∥θn − θhk
n ∥

2
L2(Ω)

+ C∥θn − ηh
n∥

2
L2(Ω)

+ C∥θ0 − θhk
0 ∥

2
L2(Ω)

+ C∥θ1 − ηh
1∥

2
L2(Ω)

+

n−1
j=1

k
4
∥θj − θhk

j ∥
2
L2(Ω)

+
1
k

n−1
j=1

∥(θj − ηh
j ) − (θj+1 − θh

j+1)∥
2
L2(Ω)

.

Since

∥uj − uhk
j ∥E ≤ ∥u0 − uh

0∥E +

j
l=1

k∥wl − whk
l ∥E + Ij, (70)

where Ij is the integration error

Ij =


 tj

0
w(s) ds −

j
l=1

kwl


E

.

We know that Ij ≤ k∥u∥H2(0,T ;E). Hence, we get

∥uj − uhk
j ∥

2
E ≤ C


∥u0 − uhk

0 ∥
2
E + j

j
l=1

k2∥wl − whk
l ∥

2
E + k2∥u∥2

H2(0,T ;E)


(71)

and using the fact that Nk = T , we have the estimate
n

j=1

k∥uj − uhk
j ∥

2
E ≤ CT


∥u0 − uh

0∥
2
E + k2∥u∥2

H2(0,T ;E)


+ T

n
j=1

k
j

l=1

k∥wl − whk
l ∥

2
E .

We denote

en = ∥wn − whk
n ∥

2
H +

n
j=1

k∥wj − whk
j ∥

2
E + ∥θn − θhk

n ∥
2
L2(Ω)

+

n
j=1

k∥θj − θhk
j ∥

2
V ,

gn = k
n

j=1


∥ẇj − δwj∥

2
H + ∥wj − vh

j ∥
2
E + ∥θ̇j − δθj∥

2
L2(Ω)

+ ∥θj − ηh
j ∥

2
V


+

1
k

n−1
j=1


∥wj − vh

j − (wj+1 − vh
j+1)∥

2
H + ∥θj − ηh

j − (θj+1 − θhk
j+1)∥

2
L2(Ω)


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+ k
n

j=1


∥wjτ − vh

jτ∥L2(Ω;Rd) + ∥θj − ηh
j ∥L2(ΓC )


+ k2∥u∥2

H2(0,T ;E)
+ ∥w0 − whk

0 ∥
2
E

+∥w0 − whk
0 ∥

2
H + ∥u0 − uh

0∥
2
E + ∥θ0 − θhk

0 ∥
2
L2(Ω)

+ ∥θ0 − θhk
0 ∥

2
V

+∥θ1 − ηh
1∥

2
L2(Ω)

+ ∥w1 − vh
1∥

2
H + ∥wn − vh

n∥
2
H + ∥θn − ηh

n∥
2
L2(Ω)

.

Then, we find that

en ≤ Cgn + C
n

j=1

kej for n = 1, . . . ,N (72)

with C > 0. Using Lemma 1, we obtain the thesis. �

Corollary 16. Assume the hypotheses of Theorem 15. Assume Ω is a polygon/polyhedral domain, and let {V h
}, {Eh

} be families
of linear element spaces, corresponding to a regular family of finite element triangulations of Ω into triangles or tetrahedrons.
Let u, θ be solution to Problem 7 and the corresponding function w be defined as w = u̇. Let {whk

n }
N
n=0, {θ

hk
n }

N
n=0 be solution

to Problem 14, and the corresponding sequence {uhk
n }

N
n=1 be defined by (57). Assume u0 ∈ H2(Ω; Rd), u1 ∈ H1(Ω; Rd), θ0 ∈

H1(Ω) and let uh
0, u

h
1, θ

h
0 be defined by (19). Under the regularity conditions

u ∈ C1(0, T ;H2(Ω; Rd)) ∩ H3(0, T ;H), u̇τ ∈ C(0, T ;H2(ΓC ; Rd)),

u̇ν ∈ C(0, T ;H2(ΓC )), θ ∈ C1(0, T ;H2(Ω)) ∩ H3(0, T ; L2(Ω))

we have the optimal order error estimate

max
1≤n≤N


∥un − uhk

n ∥E + ∥wn − whk
n ∥H + ∥θn − θhk

n ∥L2(Ω) + k
n

j=1

∥θj − θhk
j ∥

2
V


≤ c(h + k). (73)

Proof. Let uh
j ∈ Eh, θh

∈ V h be the finite element interpolations of uj, θj. Note that

k
N
j=1

∥ẇj − δwj∥
2
H ≤ ck2∥u∥2

H2(0,T ;H)
,

k
N
j=1

∥θ̇j − δθj∥
2
L2(Ω)

≤ ck2∥θ∥
2
H2(0,T ;L2(Ω))

,

1
k

N−1
j=1

∥(wj − vh
j ) − (wj+1 − vh

j+1)∥
2
H ≤ ch2

∥u∥2
H2(0,T ;E)

,

1
k

N−1
j=1

∥(θj − ηh
j ) − (θj+1 − ηh

j+1)∥
2
L2(Ω)

≤ ch2
∥θ∥

2
H2(0,T ;V )

.

Then by using similar arguments as in the proof of Corollary 13, we obtain (73). �

6. Numerical simulations

The aim of this Section is to present the numerical strategy used to solve the frictional contact Problem 7, to provide
numerical simulations and also to get a numerical evidence of the convergence of the discrete scheme established in
Section 5. Note that the different numerical methods have been implemented in a code which is based on Finite Element
Library in C++ under the GNU Public license: GEneric Tools for Finite Elements Methods (GETFEM++) developed by Julien
Pommier and Yves Renard. For more details, we refer to http://download.gna.org/getfem/html/homepage/.

The numerical solution is based on a iterative procedure which leads to a sequence of convex programming problems
already used in [25,30]. For each ‘‘convexification’’ iteration, the value of the friction coefficient µ(∥wτ |∥Rd) is fixed to a
given value depending on the tangential velocity solutionwτ found in the previous iteration. Then, the resulting nonsmooth
convex iterative problems are solved by classical numerical methods. Furthermore, the frictional contact conditions are
treated by using a numerical approach based on the augmented Lagrangian method. To this end, we consider additional
fictitious nodes for the Lagrange multiplier in the initial mesh. The construction of these nodes depends on the contact
element used for the geometrical discretization of the interface ΓC . In the case presented below, the discretization is based
on ‘‘node-to-rigid’’ contact element, which is composed by one node of ΓC and one Lagrange multiplier node. For more
details on the discretization step and Computational Contact Mechanics, we refer to [31–34]. The numerical solution of the
nonsmooth nonconvex variational Problem 7 is based on the iterative scheme given below.

http://download.gna.org/getfem/html/homepage/
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Let ϵconv > 0, w
hk,(0)
0 be given.

For n = 1, 2 . . .N, (time stepping)

For m = 0, 1 . . . , (convexification loop: sequence of convex problems)

PROBLEM 17m
n . Find a velocity field {w

hk,(m+1)
n }

N
n=0 ⊂ Eh, a temperature

{θ
hk,(m+1)
n }

N
n=0 ⊂ V h, a friction stress field {ξ

hk,(m+1)
n }

N
n=0 ⊂ L2(ΓC ; Rd)

and a field {ζ
hk,(m+1)
n }

N
n=0 ⊂ L2(ΓC ) such that

⟨δwhk,(m+1)
n + An(w

hk,(m+1)
n ) + Buhk,(m+1)

n + C1θ
hk,(m+1)
n − fn, vh

⟩E (74)

=


ΓC

ξ hk,(m+1)
n · vh

τ dΓ

for all vh
∈ Eh,

⟨δθhk,(m+1)
n + C2n(θ

hk,(m+1)
n ) + C3w

hk,(m+1)
n − gn, ηh

⟩V (75)

=


ΓC

ζ hk,(m+1)
n ηh dΓ +


ΓC

hτn(∥w
hk,(m+1)
n ∥Rd)ηh dΓ ,

for all ηh
∈ V h,

with − ζ hk,(m+1)
n ∈ ∂ j(θhk,(m+1)

n ) (76)

and − ξ hk,(m+1)
n ∈ µ(∥Πhw

hk,(m)
nτ ∥Rd)S∂∥Πhw

hk,(m+1)
nτ ∥Rd on ΓC ,

until ∥uhk,(m+1)
n − uhk,(m)

n ∥E ≤ ϵconv∥uhk,(m)
n ∥E, (77)

∥θhk,(m+1)
n − θhk,(m)

n ∥V ≤ ϵconv∥θ
hk,(m)
n ∥V , (78)

∥ξ hk,(m+1)
n − ξ hk,(m)

n ∥L2(ΓC ;Rd) ≤ ϵconv∥ξ
hk,(m)
n ∥L2(ΓC ;Rd), (79)

and ∥ζ hk,(m+1)
n − ζ hk,(m)

n ∥L2(ΓC ;Rd) ≤ ϵconv∥ζ
hk,(m)
n ∥L2(ΓC ). (80)

Note that w
hk,(p)
n , uhk,(p)

n , θhk,(p)
n , ξ hk,(p)

n and ζ
hk,(p)
n used in the algorithm above are in fact analogous to the fully discrete

unknowns introduced at the beginning of Section 5 with p, the index of the convexification iteration. In particular uhk,(p)
n is

defined by relation analogous to (57). We also remind that the symbol δ stands for the backward divided difference defined
at the beginning of Section 5. For a given time step n, when the difference between the solution of two consecutive convex
problem fulfils the stop-criteria (77)–(80), we obtain the solution corresponding to this time step.
Numerical example.We consider the physical setting depicted in Fig. 1.

There, Ω = (0, L1) × (0, L2) ⊂ R2 with L1, L2 > 0 and

ΓD = {0} × [0, L2], ΓN = ([0, L1] × {L2}) ∪ ({L1} × [0, L2]), ΓC = [0, L1] × {0}.

The domain Ω represents the cross section of a three-dimensional linearly viscoelastic body subjected to the action of
tractions in such away that a plane stress hypothesis is valid. OnΓD = {0}×[0, L2] the body is clamped, i.e. the displacement
field vanishes there while on ΓD ∪ΓN = ({0}× [0, L2])∪ ([0, L1]× {L2})∪ ({L1}× [0, L2]), the temperature is fixed. Vertical
compressions act on the part [0, L1]×{L2} of the boundary and the part {L1}×[0, L2] is traction free. The body is in frictional
bilateral contact with an obstacle on the part ΓC = [0, L1] × {0} of the boundary.

The friction follows a nonmonotone law in which the friction coefficient depends on the tangential velocity ∥wτ∥Rd . For
the coefficient of friction, we choose the function µ : R → R of the form

µ(r) = (a − b) e−αr
+ b for r ∈ R (81)

with a, b, α > 0, a ≥ b. Note that such a function was used to describe the slip weakening phenomenon which appears in
the study of geophysical problems; see [35] for details. Defining jτ : Rd

→ R by

jτ (ξ) = S


∥ξ∥Rd

0
µ(s) ds for all ξ ∈ Rd, (82)
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Fig. 1. Reference configuration of the two dimensional example.

we observe that the contact condition (8) reduces to the following one

∥στ∥Rd ≤ µ(0)S if u̇τ = 0, −στ = µ(∥u̇τ∥Rd)S
u̇τ

∥u̇τ∥Rd
if u̇τ ≠ 0. (83)

We also define j(x, t, r) =
1
2 ke (r − θR)

2 for r ∈ R, a.e. (x, t) ∈ ΓC × (0, T ), ke being the heat exchange coefficient
between the body and the foundation and θR being the temperature of the foundation. Then the condition (9) reduces to the
equation

−
∂θ

∂νK
= ke (θ − θR) − hτ (x, t, ∥u̇τ∥Rd) on ΓC × (0, T )

which was studied in [4,8]. As a simple tangential function hτ in (9), we take

hτ (x, t, r) = λ(x, t) r for all r ∈ R+, a.e. (x, t) ∈ ΣC ,

where λ ∈ L∞(ΣC ) represents a time-dependent rate coefficient for the gradient of the temperature.
The compressible material response is governed by a linearly viscoelastic constitutive law in which the viscosity tensor

A, the elasticity tensor B and the thermal expansion tensor C are given by

(Aε(u̇))αβ = µ1(ε(u̇)11 + ε(u̇)22)δαβ + µ2ε(u̇)αβ , 1 ≤ α, β ≤ 2,

(Bε(u))αβ =
Eκ

(1 + κ)(1 − 2κ)
(ε(u)11 + ε(u)22)δαβ +

E
1 + κ

ε(u)αβ , 1 ≤ α, β ≤ 2,

C = −αexp
E

1 − 2κ
I,

where µ1 and µ2 are viscosity constants, E and κ are Young’s modulus and Poisson’s ratio of the material and δαβ denotes
the Kronecker symbol.

For computation we use the following data:

L1 = 40 m, L2 = 10 m, ρ = 100 kg/m3, T = 1 s,
u0 = 0 m, u1 = 0 m/s, θ0 = 25 °C,
µ1 = 50 N s/m2, µ2 = 200 N s/m2, E = 10 000 N/m2, κ = 0.3,
k = 0.5 W/(m °C), cp = 0.1 J/(kg °C), ke = 2 W/(m2 °C),

g = 0 W/m3, θR = 0 °C, λ = 10t J/m3, αexp = 3.10−4 °C−1,

S = 150 N/m, f0 = (0, −10) N/m2, f2 =


(0, 0) N/m on {L} × [0, L],

(0, −800t) N/m on [0, L] × {L},

a = 1, b = 0.2, α = 100, ϵconv = 10−6.

Our results are presented below.
Mechanical behaviour of the solution. In Fig. 2 we plot the deformed configuration as well as the temperature distribution
in the body and the interface forces on ΓC at the moments t = 0.25 s, t = 0.5 s, t = 0.75 s and t = 1 s. At the beginning of
the process, most of the nodes are in status of stick (4 of them are in the slip status on the right side of the contact boundary
ΓC at t = 0.25 s). During the dynamic process, as the deformation increases, a large proportion of nodes switch to the
slip status since the compression of the domain is stronger. Therefore, the friction bound µ(∥wτ∥Rd)S, which is, recall a
decreasing function with respect to ∥wτ∥Rd , is reached for these nodes. At t = 1 s, we have 30 nodes in the slip status.
Thermal expansion. In order to highlight the influence of the temperature on the model, we plot the deformedmeshes and
the interface forces on ΓC for two different values of αexp (see Fig. 3).
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0

Fig. 2. Evolution of deformed meshes and frictional contact forces during the dynamic process.

Fig. 3. Deformed meshes and the interface forces for αexp = 1.10−4 and αexp = 1.10−3 at t = 1 s.

Note that in the caseαexp = 1.10−4, the contribution of the temperature to the deformation of the body is small; therefore
the body is compressed by the actions of tractions. However, in the second case, the shape of the body changes greatly
because of the difference in temperature. Such a phenomena is particularly visible on the contact boundary: while there are
only 5 nodes in slip status in the first case, there are 33 in the second case. It seems consistent since it shows that the slip
rate is an increasing function of the thermal expansion on the boundary.

Error estimates. In order to check the convergence of the discrete scheme and to illustrate the optimal error estimate
obtained in Section 5, we computed a sequence of numerical solutions by using uniform triangulations of the body according
the spatial discretization parameter h and time step k. The numerical estimated error values Ehk

= ∥u−uhk
∥E are computed

for several discretization parameters of h and k. Here, the boundary ΓC of Ω is divided into 4/h equal parts; the rest of
the boundary is divided accordingly in order to obtain uniform triangulations of the body. We start with h = 1/2 and
k = 1/2 which are successively halved. The numerical solution corresponding to h = 1/64 and k = 1/64 was taken as the
‘‘exact’’ solution, which was used to compute the errors of the numerical solutions with higher values of h and k. This fine
discretization corresponds to a problem with 51143 degrees of freedom and 32768 elements at each time level and was
computed in 2898 CPU time (expressed in seconds) on a computer equippedwith Intel Quad core processors (2.00 GHz). The
numerical results are presented in Fig. 4 where the dependence of the error estimate Ehk with respect to h and k is plotted.

The curve of the numerical error estimate is asymptotically linear, which is consistent with the theoretically predicted
optimal linear convergence of the numerical solution established in Theorem 15.
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Fig. 4. Numerical errors.

Acknowledgements

The research was supported by the Marie Curie International Research Staff Exchange Scheme Fellowship within the 7th
European Community Framework Programme under Grant Agreement No. 295118, the International Project co-financed
by the Ministry of Science and Higher Education of Republic of Poland under Grant No. W111/7.PR/2012 and the National
Science Center of Poland under Maestro Advanced Project No. DEC-2012/06/A/ST1/00262.

References

[1] G. Duvaut, J.L. Lions, Inequalities in Mechanics and Physics, Springer-Verlag, Berlin, 1976.
[2] J.A.C. Martins, J.T. Oden, Existence and uniqueness results for dynamic contact problems with nonlinear normal and friction interface laws, Nonlinear

Anal. 11 (1987) 407–428.
[3] I. Figueiredo, L. Trabucho, A class of contact and friction dynamic problems in thermoelasticity and in thermoviscoelasticity, Internat. J. Engrg. Sci. 33

(1995) 45–66.
[4] S. Adly, O. Chau, M. Rochdi, Solvability of a class of thermal dynamical contact problems with subdifferential conditions, Numer. Algebra Control

Optim. 2 (2012) 91–104.
[5] A. Amassad, K.L. Kuttler, M. Rochdi,M. Shillor, Quasi-static thermoviscoelastic contact problemwith slip dependent friction coefficient,Math. Comput.

Modelling 36 (2002) 839–854.
[6] K.T. Andrews, K.L. Kuttler, M. Rochdi, M. Shillor, One-dimensional dynamic thermoviscoelastic contact with damage, J. Math. Anal. Appl. 272 (2002)

249–275.
[7] K.T. Andrews,M. Shillor, S.Wright, A. Klarbring, A dynamic thermoviscoelastic contact problemwith friction andwear, Internat. J. Engrg. Sci. 35 (1997)

1291–1309.
[8] O. Chau, R. Oujja, M. Rochdi, A mathematical analysis of a dynamical frictional contact model in thermoviscoelasticity, Discrete Contin. Dyn. Syst. Ser.

S 1 (2008) 61–70.
[9] W. Han, M. Sofonea, Quasistatic Contact Problems in Viscoelasticity and Viscoplasticity, American Mathematical Society, International Press, 2002.

[10] J. Jarušek, Dynamic contact problems with given friction for viscoelastic bodies, Czechoslovak Math. J. 46 (1996) 475–487.
[11] K.L. Kuttler, M. Shillor, Dynamic bilateral contact with discontinuous friction coefficient, Nonlinear Anal. 45 (2001) 309–327.
[12] S. Migórski, Dynamic hemivariational inequality modeling viscoelastic contact problem with normal damped response and friction, Appl. Anal. 84

(2005) 669–699.
[13] S. Migórski, A. Ochal, Existence of solutions for second order evolution inclusions with application to mechanical contact problems, Optimization 55

(2006) 101–120.
[14] S. Migórski, A. Ochal, M. Sofonea, Integrodifferential hemivariational inequalities with applications to viscoelastic frictional contact, Math. Models

Methods Appl. Sci. 18 (2008) 271–290.
[15] S. Migórski, A. Ochal, M. Sofonea, Nonlinear Inclusions and Hemivariational Inequalities. Models and Analysis of Contact Problems, in: Advances in

Mechanics and Mathematics, vol. 26, Springer, New York, 2013.
[16] M. Rochdi, M. Shillor, Existence and uniqueness for a quasistatic frictional bilateral contact problem in thermoviscoelasticity, Quart. Appl. Math. 58

(2000) 543–560.
[17] S.Migórski, P. Szafraniec, A class of dynamic frictional contact problems governed by a systemof hemivariational inequalities in thermoviscoelasticity,

Nonlinear Anal.-Real 15 (2014) 158–171.
[18] Y. Ayyad, M. Barboteu, J.R. Fernández, A frictionless viscoelastodynamic contact problem with energy consistent properties: Numerical analysis and

computational aspects, Comput. Methods Appl. Mech. Engrg. 198 (2009) 669–679.
[19] M. Barboteu, J.R. Fernández, Y. Ouafik, Numerical analysis of a frictionless viscoelastic piezoelectric contact problem, ESAIM-Math. Model. Numer. 42

(2008) 667–682.
[20] M. Barboteu, J.R. Fernández, R. Tarraf, Numerical analysis of a dynamic piezoelectric contact problem arising in viscoelasticity, Comput. Methods Appl.

Mech. Engrg. 197 (2008) 3724–3732.
[21] M. Barboteu, W. Han, M. Sofonea, A frictionless contact problem for viscoelastic materials, J. Appl. Math. 2 (2002) 1–22.
[22] M. Campo, J.R. Fernández, W. Han, M. Sofonea, A dynamic viscoelastic contact problem with normal compliance and damage, Finite Elem. Anal. Des.

42 (2005) 1–24.

http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref1
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref2
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref3
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref4
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref5
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref6
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref7
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref8
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref9
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref10
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref11
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref12
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref13
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref14
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref15
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref16
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref17
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref18
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref19
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref20
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref21
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref22


746 K. Bartosz et al. / Computers and Mathematics with Applications 73 (2017) 727–746

[23] M. Campo, J.R. Fernández, K.L. Kuttler, M. Shillor, J.M. Viaño, Numerical analysis and simulations of a dynamic frictionless contact problem with
damage, Comput. Methods Appl. Mech. Engrg. 196 (2006) 476–488.

[24] P. Hild, Y. Renard, An error estimate for the Signorini problemwith Coulomb friction approximated by finite elements, SIAM J. Numer. Anal. 45 (2007)
2012–2031.

[25] M. Barboteu, K. Bartosz, T. Janiczko, W. Han, Numerical analysis of a hyperbolic hemivariational inequality arising in dynamic contact, SIAM J. Numer.
Anal. 53-1 (2015) 527–550.

[26] Z. Denkowski, S. Migórski, N.S. Papageorgiou, An Introduction to Nonlinear Analysis: Applications, Kluwer/Plenum, New York, 2003.
[27] P.D. Panagiotopoulos, Inequality Problems in Mechanics and Applications. Convex and Nonconvex Energy Functions, Birkhäuser, Basel, 1985.
[28] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley - Interscience, New York, 1983.
[29] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.
[30] M. Barboteu, K. Bartosz, P. Kalita, An analytical and numerical approach to a bilateral contact problem with nonmonotone friction, Int. J. Appl. Math.

Comput. Sci. 23 (2013) 263–276.
[31] H.B. Khenous, P. Laborde, Y. Renard, On the discretization of contact problems in elastodynamics, Lect. Notes Appl. Comput. Mech. 27 (2006) 31–38.
[32] H.B. Khenous, J. Pommier, Y. Renard, Hybrid discretization of the Signorini problem with Coulomb friction. Theoretical aspects and comparison of

some numerical solvers, Appl. Numer. Math. 56 (2006) 163–192.
[33] T. Laursen, Computational Contact and Impact Mechanics, Springer, Berlin, 2002.
[34] P. Wriggers, Computational Contact Mechanics, Wiley, Chichester, 2002.
[35] C.H. Scholz, The Mechanics of Earthquakes and Faulting, Cambridge University Press, 1990.

http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref23
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref24
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref25
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref26
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref27
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref28
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref29
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref30
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref31
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref32
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref33
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref34
http://refhub.elsevier.com/S0898-1221(17)30003-2/sbref35

	Numerical analysis of a dynamic bilateral thermoviscoelastic contact problem with nonmonotone friction law
	Introduction
	Preliminaries
	Mechanical problem and variational formulation
	Spatially semidiscrete error estimates
	Fully discrete error estimates
	Numerical simulations
	Acknowledgements
	References


