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A Class of Generalized Mixed
Variational-Hemivariational Inequalities I:
Existence and Uniqueness Results *
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Abstract. We investigate a generalized Lagrange multiplier system in a Banach
space, called a mixed variational-hemivariational inequality (MVHVI, for short),
which contains a hemivariational inequality and a variational inequality. First, we
employ the Minty technique and a monotonicity argument to establish an equivalence
theorem, which provides three different equivalent formulations of the inequality prob-
lem. Without compactness for one of operators in the problem, a general existence
theorem for (MVHVI) is proved by using the Fan-Knaster-Kuratowski-Mazurkiewicz
principle combined with methods of nonsmooth analysis. Furthermore, we demon-
strate several crucial properties of the solution set to (MVHVI) which include bound-
edness, convexity, weak closedness, and continuity. Finally, a uniqueness result with
respect to the first component of the solution for the inequality problem is proved by
using the Ladyzhenskaya-Babuska-Brezzi (LBB) condition. All results are obtained
in a general functional framework in reflexive Banach spaces.
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1 Introduction and problem statement

In many complicated physical processes and engineering applications, mathematical
models based on variational inequality formulations and their generalizations play
an important role. Recently, a new class of systems with Lagrange multipliers which
consists of a variational inequality has drawn a great attention. The reason is that such
systems are a powerful mathematical tool to model and solve a variety of problems
in engineering areas such as dynamic vehicle routing problems, contact problems
in mechanics, the behavior of Navier-Stokes fluids, the penetration phenomenon of
magnetic field, etc.

The most representative recent results in this area are the following: Cojocaru-
Matei [5] who have discussed the unique solvability for a class of frictional con-
tact problems governed by the p-Laplace operator, which can be formulated as a
mixed variational inequality; Matei et al. [I9] have employed the Lagrange multipliers
method to consider a deformable body in frictionless unilateral contact with a moving
rigid obstacle, and explored an efficient algorithm approximating the weak solution for
a more general case of a two-body contact problem including friction; Han-Reddy [10]
who have analyzed the finite element method for a class of mixed variational inequali-
ties of the second kind which arises in elastoplastic problems; Sofonea-Matei [32] who
have considered a new class of mixed variational problems, and proved existence,
uniqueness as well as continuous dependence results by applying generalized saddle
point formulations and various estimates, combined with a fixed point argument. We
refer the reader to [13] 14 (151 16l 17, 18, 19} 20, B0, BI] and the references therein for
a more detailed discussion of this topic.

On the other hand, the notion of a hemivariational inequality was first intro-
duced and studied by P.D. Panagiotopoulos [27, 28] 29] in the early 1980s who used
this mathematical tool to describe and solve complicated problems modeling various
physical phenomena. After that, more and more researchers are attracted to boost
the development of the theory and applications of hemivariational inequalities, since
they can be applied to a wide range of engineering problems involving nonmonotone
and possibly multivalued constitutive and interface laws for deformable bodies, see
e.g. [ 2 B 1T, 12] 22, 211, 23] 24], 25|, 26l 33]. Very recently, Matei [I7] has studied an
abstract system with Lagrange multipliers, called a mixed variational-hemivariational
inequality, which consists of a hemivariational inequality and a variational inequal-
ity, and then demonstrated three existence theorems which are illustrated by two
applications. However, in paper [17], some problems concerning mixed variational-
hemivariational inequalities, such as uniqueness, are left open. Based on this mo-
tivation, in this paper, we will develop a new class of abstract mixed variational-
hemivariational inequalities in a general functional framework.

Let V and FE be reflexive Banach spaces, and A be a nonempty subset of E. We
denote by (-, ) the duality pairing between V' and its dual V*. Let X be another Ba-
nach space. Given an operator A: V — V* a function J: X — R, a bilinear function
b: V x E — R, an operator v: V' — X and an element f € V* the purpose of this
paper is to study the following abstract generalized mixed variational-hemivariational
inequality.



PROBLEM 1. Find (u,\) € V x A such that the following two inequalities hold
(A(u),v —u) +b(v —u, \) + JO(yu;yv — yu) > (f,v —u) forall veV, (1)
b(u,p—A) <0 forall peA. (2)

To highlight the motivation to study Problem [, we mention below its particular
cases.

(i) Let j: R? — R be a Lipschitz continuous function and Q C R? (d > 2) be
a bounded domain with smooth boundary I' = 0Q. If v: V' — LP(I'; R") is a linear,
bounded and compact operator with 2 < p < oo and r > 1, and J is defined by

J(v) = / j(yu(z))dl' forall veV,
I
where I'y C I is such that meas(I';) > 0, then Problem [ reduces to

(A(u), v —u) +b(v —u, ) +/F 2 (u(z);v(z) — u(z))dl > (f,v —u) forall veV,
blu,p—A) <0 forall peA,

which has been recently studied by Matei [17].
(ii) If J =0, then Problem [ becomes

(A(u),v) + b(v,\) = (f,v) forall veV,
bu,p—A) <0 forall peA.

This mixed variational inequality has been investigated by Cojocaru-Matei [5].

The aim of this paper is to extend the theoretical results from [I7] to a genera-
lized mixed variational-hemivariational inequality in a general functional framework,
Problem [ and provide positive answers to open problems remained in [I7]. The main
novelties of the paper are described as follows.

First, in the study of Problem [ we do not require that function J is Lipschitz
continuous and the operator v: V' — X is compact. This extends the scope of ap-
plications for mixed variational-hemivariational inequality. Besides, the main core of
the proof is completely different from the one carried out in [I7], here we employ the
well-known Fan-Knaster-Kuratowski-Mazurkiewicz theorem, not a fixed point princi-
ple.

Second, our results can be applied to a special case of Problem [Ilin which b = 0,
and the problem reduces to the following “pure” hemivariational inequality

(A(u),v —u) + Jo(yu;yv — yu) > (f,v —u) forall veV.

In fact, the above inequality has been explored by many scholars from the mathe-
matical and application points of view under the crucial hypothesis that operator v is
compact, see e.g. [0, 134, [35]. However, in our results, we will overcome this assumption.



Third, for the first time, we provide the uniqueness theorem to Problem [ with
respect to the first component v € V' of solution. In the meanwhile, we develop several
important properties of the solution set to Problem [0, which include boundedness,
convexity, weak closedness, continuity, etc. We believe that those results will be found
useful in a number of complex problems involving a mixed variational-hemivariational
inequality as a subsystem, for instance, in optimal control problems driven by mixed
variational-hemivariational inequalities.

The outline of the paper is as follows. Basic notation and preliminary material
needed in the sequel are recalled in Section Pl In Section B we deliver our main
results concerning Problem [Il which include a Minty type equivalence result, a general
existence theorem, several significant properties of the solution set, and a uniqueness
result.

2 Background material

In this section, we briefly review basic notation and some results which are needed in
the sequel. For more details, we refer to monographs [4, [7 8 36].

Throughout the paper, we denote by (:,-)y«xy the duality pairing between a
Banach space Y and its dual Y*. The norm in a normed space Y is denoted by | - ||y
Given a subset D of Y, we write || D||y = sup{||v|ly | v € Y}. If no confusion arises,
we often drop the subscripts. Besides, we denote by L£(Y7,Y5) the space of linear and
bounded operators from a normed space Y7 to a normed space Yy endowed with the
usual norm || - || £(v,vs)-

We begin with definitions and properties of semicontinuous multivalued mappings.

DEFINITION 2. Let X and Y be topological spaces, and F': X — 2¥ be a multivalued
mapping. We say that F' is
(i) upper semicontinuous (u.s.c., for short) at x € X if, for every open set O CY
with F'(x) C O there exists a neighborhood N(x) of x such that F(N(x)) :=
Uyen@) F (y) C O. If this holds for every x € X, then F is called upper semi-
continuous.
(ii) closed at xy € X, if for every sequence {(xn, yn)} C Gr(F) such that (x,,y,) —
(xo,y0) in X XY, we have (xg,y0) € Gr(F), where Gr(F) is the graph of the
multivalued mapping F defined by

Gr(F) ={(z,y) e X XY | y € F(z)}.

We say that F is closed (or F' has a closed graph), if it is closed at every
To € X.

The following theorem gives a criterium for upper semicontinuity.

PROPOSITION 3. [22, Proposition 3.8/ Let X and Y be two topological spaces, and
F: X — 2Y. The following statements are equivalent:
(i) F is w.s.c..



(ii) for every closed set C C'Y, the set
F(C):={ze X | F(z)nC # 0},
15 closed in X.

THEOREM 4. [7, Proposition 4.1.9] Let X be a topological space, Y be a regular
topological space, and F: X — 2V be an upper semicontinuous multivalued mapping
with closed values. Then F' s closed.

Let (V.|| - |lv) be a Banach space. A function J: V' — R is called to be locally
Lipschitz continuous at w € V| if there exist a neighborhood N(u) of u and a constant
L, > 0 such that

|J(w) = J(v)] < Ly|lw— vy forall w,ve N(u).

DEFINITION 5. Given a locally Lipschitz function J: V — R, we denote by J°(u;v)
the generalized (Clarke) directional derivative of J at the point w € V' in the direction
v eV defined by

) —
J%(u;v) = limsup J(w + Av) J(w).
A—=01t, w—u A

The generalized gradient of J: V — R at u € V' is given by
OJ(u) ={€e€V* | Jusv) > (& v) forall veV}.

The generalized gradient and generalized directional derivative of a locally Lips-
chitz function enjoy many nice properties and rich calculus. Here we just collect below
some basic and crucial results, see e.g. [22, Proposition 3.23].

PROPOSITION 6. Let J: V — R be a locally Lipschitz continuous function. Then
(i) for each uw € V, the function V 3 v+ J%(u;v) € R is positively homogeneous,
subadditive, and satisfies | J°(u;v)| < Ly||v|lv for all v € V', where L, > 0 is
the Lipschitz constant of J near u.
(ii) the function V x V 3 (u,v) — J%(u;v) € R is upper semicontinuous.
(iii) for each v € V., we have J°(u;v) = max {(u*,v) | u* € dJ(u)}.

We conclude this section with the following Fan-Knaster-Kuratowski-Mazurkiewicz
theorem (F-KKM theorem, for short) which will play an important role in the proof
of existence of solutions to the inequality problems in Section Bl Its proof can be
found in Ky Fan [9].

THEOREM 7. [4] Let K be a nonempty subset of a Hausdorff topological vector space
E and G: K — 2F be a multivalued mapping with the following properties:
(a) G is a KKM mapping, that is, for any {vy,vs,...,on} C K, one has that
its conver hull co{vy,va, ..., v,} is contained in |J;_, G(v;),
(b) for every v € K, G(v) is closed in E,
(c) for some vy € K, G(vg) is compact in E.

Then, we have (o G(v) # 0.



3 Existence and uniqueness results

The section is devoted to deliver the main results of this paper, which contain five
theorems and two corollaries. More precisely, the first theorem, Theorem [9, provides
three various equivalent formulations for Problem [l by using the Minty approach and a
monotone argument. In the second theorem, Theorem [I0, we employ the Fan-Knaster-
Kuratowski-Mazurkiewicz theorem and the theory of nonsmooth analysis to establish
an existence result to Problem [, in which we do not require that the operator = is
compact. Next result, Theorem [l is devoted to explore some important properties
of solution set of Problem [II which include boundedness, convexity, weak closedness,
and continuity. Subsequently, a uniqueness theorem, Theorem [[3 for Problem [ is
established by using the Ladyzhenskaya-Babuska-Brezzi (LBB) condition. The last
result, Theorem [[6 presents a continuity result (or stability result) for the solution

mapping.
To establish main results on Problem [, we now impose the following assumptions
on its data. Let (V)| - ||v) and (E, || - ||g) be two reflexive Banach spaces.

H(h): h: V — R is such that h(0y) = 0 and

(i) lim sup;_, o+ h(iv) >0 forallveV.
(ii) for all {v,} C V with v, — v weakly in V, we have h(v) < limsup,,_,. h(v,).
(iii) for all v € V\{0y }, we have h(v) > 0.

H(J): J: X — R is such that

(i) J is locally Lipschitz continuous.

(ii) there exist § > 0, ay > 0 and 3; > 0 such that

JO(v; —v) < ay + Byllv]|% forall ve X.

(iii) the multivalued mapping X > v — 9J(v) C X* is bounded, i.e., dJ maps
bounded subsets of X into bounded subsets of X*.

H(A): A: V — V* is such that

(i) for any w, v € V fixed, it holds

limsup (A(tw + (1 — t)v),w —v) < (A(v),w — v).

t—0t
(ii) the mapping A - +7*0J(y-): V — 2V is h-relaxed monotone on V| i.e.,
(A(u) + 78 — A(v) = 7" &, u —v) = h(u —v)

for all &, € dJ(vyu), & € 0J(yv) and u, v € V.

(iii) A is coercive in the following sense

(Av, v)

VeV, [lv]|y —+o0 ||'U||I‘I/laX{67l} = +007

6



where 6 > 0 is given in hypothesis H(.J)(ii).
(iv) A is a bounded operator.
H(b): The bilinear function b: V x E — R is bounded and satisfies the following

inequality

b(wv,
inf sup (7@ >y (3)
peE\{05} e\ (oy} VNIVl e
for some ay > 0.

H(vy): v: V — X is a linear and continuous operator.

In the following we comment on the above hypotheses.

REMARK 8. Various kinds of monotonicity of operator A-+~*0J(7y-) can be obtained
by choosing a suitable function h. It is worth to mention that if hypotheses H(h) (i)
and (i11) are specified by h(tv) = t"h(v) for all v € V and t > 0 with 7 > 1,
and h(v) > ¢ ||v]|{ for all v € V with some ¢, > 0 and g > 1, respectively, then
hypotheses H(h) reduces to the one considered by Cojocaru-Matei [5]. In particular,
function h(v) = mu||v||” for v € V with my > 0 and 7 > 1 enjoys H(h), and then
H(A)(i1) means that A-+~v*0J(v-) is T-strongly monotone. Note also that hypothesis
H(A)(i) is weaker then the hemicontinuity of operator A, see [23, Definition 3.68].

Let us turn to the hypotheses H(J). If the generalized gradient 0J has a sublinear
growth, namely,

|0 (V)||x+ < cj+dy||v]|x forall veX

for some c; >0 and d; > 0, then hypothesis H(J) (ii1) is clearly satisfied.
The inequality (3) is usually called the Ladyzhenskaya-Babuska-Brezzi (LBB) con-
dition which widely appears in the literature.

The first result of the paper provides three different equivalent formulations of
Problem [ by applying the Minty approach, in which V' and A are replaced by the
nonempty, closed and convex subsets of V and E, respectively.

THEOREM 9. Let K and Y be nonempty, closed and convexr subsets of V and FE,
respectively. Assume that hypotheses H(A)(1)-(i1), H(J) (i), H(h)(i), and H(v) hold.
Ifb: V. x E — R is a bilinear and bounded function, then (u, \) € K XY is a solution
to the following mized variational-hemivariational inequality

(A(u),v —u) +b(v —u, \) + J*(yu;yv — yu) > (f,v —u) forall ve K, (4)
blu,p—A) <0 forall pey, (5)

if and only if it solves one of the following problems
(i) (u,A\) € K xY is such that

(Av,0— ) + b0 — 1, X) + (75 70 — 1)
> (f,v—u)+h(v—u) foral vekK,

bu,p—A) <0 forall peV. (7)

7



(ii) (u,\) € K x Y s such that

(A, 0 = w) + b, \) — b(u, p) + J*(yus yo — 7u0)
> (f,v—wu) forallve K and all p €Y.

(iii) (u,\) € K xY is such that

{ (Av,v —u) + b(v, \) — b(u, p) + JO(yv; yv — yu)

9
> (f,v—u)+h(v—u) forallve K and all p €Y. ©)

Proof. (i) Let (u, A) € K xY be a solution to problem (@) and (). It is obvious that
inequality (&) coincides with (). Moreover, the h-relaxed monotonicity of operator
A - +9*0J(7-) leads to

(Av,v — u) + (&, (v — u)) xenx > (Au, v — u) + (o, 7 (v — u)) xrxx + h(v — )

for all &, € dJ(yu), & € dJ(yv) and all u, v € V. Taking into account the above
inequality, the property

oy yo —yu) = max (&, (v —u)) xoxx = (uy (0 — 1)) xoxx
§u€6J('yu)

for some &, € 0.J(vu), and inequality (@), we obtain
h(v—u)+ (f,v—u)
< {Au,v —u) + J° (yu; yv — yu) + b(v — u, A) + h(v — )
= (Au, v — 1) + (Euy 70 — 1)) xoxx + b(v — u, A) + k(v — )
< (Av,v —u) + (&, (v — u)) x*xx +b(v —u,A) (for all §, € J(yv))
< {Av,v —u) + J°(yv; v — yu) + b(v — u, A)

for all v € K. So, (u,A\) € K x Y is also a solution to problem (@) and ().

Conversely, let (u,\) € K x Y be a solution to problem (@) and (7). Then, (&)
holds due to (7). It is enough to obtain (). Let w € K, and ¢t € (0,1) be arbitrary.
Taking v = v, := tw + (1 — t)u in (@), we employ hypotheses H(b), H(J)(i), H(y),
and Proposition [ to get

h(t(w —w)) +t(f,w —u)
< H{Avg, w — u) + th(w — u, A) + JO(yu; t(yw — yu))

and hence
(Avy, w — u) + b(w — u, A) + J°(yu; yw — yu)

h(t(w = w)



Passing to the upper limit as ¢ — 0%, we now apply conditions H(A)(i) and H(h)(i)
to obtain inequality (). This means that (u, A) € K x Y also solves problem (@) and
).

(i) Assume that (u, \) € K xY is a solution to problem () and (). The inequality
[®)) can be obtained readily by multiplying inequality (Bl by —1 and then summing
it up with ().

Conversely, if (u, \) € K XY is a solution to problem (), then inequalities (@) and
() are a direct consequence of (8)) via inserting p = A and v = u into (8]), respectively.

(iii) From assertion (i), it remains to show that (u,\) € K x Y is a solution to
problem (@) and () if and only if it solves problem ([@). Indeed, if (u,\) € K x Y is
a solution to (@) and ([7), then the inequality (@) is obtained easily via multiplying
inequality (@) by —1 and by summing up the resulting inequality with ({Gl).

For the converse, we put p = A and v = w in (), respectively, to obtain inequalities
@) and (7). O

The following theorem delivers a crucial existence result for Problem [ without
any compactness hypothesis on operator .

THEOREM 10. Let A be a nonempty, closed and convex subset of E with O € A. If
hypotheses H(A), H(b), H(J), H(h)(i)-(ii), and H(v) are satisfied, then Problem [
has at least one solution (u,\) € V x A.

Proof. It follows from Theorem [ that it is enough to prove that problem (§]) admits
a solution with K =V and Y = A. The proof will be carried out in three steps.
Let r, s € N. We define sets K (r) and Y (s) by

K(r):=By(r)cV and Y(s):=Bg(s)NACA,
where By (r) stands for a closed ball with centre 0y and radius 7 > 0 in a space H.

Step 1. For all v, s € N fized, the following problem admits a solution (u., As) €
K(r) x Y(s) such that

{ (Aup, v —up) +0(v, As) = bluy, p) + JO(yuy; Yo — Yu,)

10
> (f,v—wu,) forallve K(r) and all p € Y(s). (10)

We consider a multivalued mapping G: K (r) x Y (s) — 2K0)XY() given by
G(v,p) = {(u,X) € K(r) x Y(s) | (Av,v —u) + b(v, \) — b(u, p)

(60900 = W)y = (fo =)+ A=)} (1)

It is obvious that for each (v, p) € K(r) x Y (s), the set G(v, p) is nonempty, since
(v,p) € G(v, p). We now demonstrate that for each (v, p) € K(r) x Y(s) fixed, the
set G(v, p) is weakly closed. Let {(u,, \,)} C G(v, p) be a sequence such that u,, — u
weakly in V' and A, — A weakly in E. We have

(Av, v — up) + (v, A\p) = b(tn, p) + (o, Y (VU — Un)) x5 x
> (f,v—u,) + h(v—u,)

9



for all £, € dJ(vyv). Passing to the upper limit, as n — oo, in the above inequality,
from H(h)(ii), one has

(f,v—u)+ h(v—u)

< lim (f,v — u,) + limsup h(v — u,)

n—0o0 n—00

= lim sup [(f, v —Uy) + h(v— un)}

n—oo

S lim sup <A’U, U= un> + b(U, )\n) - b(um p) + <§v> V(U - un))X*XX

n—oo
= (Av, v —u) +b(v, A) = b(u, p) + (€, ¥(V = 1)) x+xx
for all ¢, € 0J(yv). Hence,

(f,v—u)+ h(v—u)

< (Av,v —u) + b(v, \) = b(u, p) + inf (&, v(v —u))x xx-
Ev€DJ ()

This means that (u, \) € G(v, p), therefore, the set G(v, p) is weakly closed. Note that
K(r) x Y (s) is a nonempty, bounded, closed, and convex subset of V' x E. Moreover,
from the reflexivity of V' x FE| it follows that the set K(r) x Y(s) is weakly compact
and convex. This ensures that G(v, p) is relatively weakly compact in V' x E for all
(v, p) € V x E. Thus, we conclude that for all (v, p) € V x E, the set G(v, p) is weakly
compact, owning to the weak closedness of G(v, p).

Now, we can distinguish two cases: (a) G is a KKM mapping, and (b) G is not a
KKM mapping.

If case (a) occurs, then via invoking the F-KKM principle, Theorem [1 we are able
to find (u,, As) € K(r) x Y (s) such that

(ur, As) € ﬂ G(v,p) # 0,

(0,0)EK ()XY (s)
that is,
(Av, v — up) + b(v, As) — b(uyr, p) + (§o, V(U — Uy )y xonx > (fyv —wp) + h(v —u,)
for all £, € 0J(yv) and (v, p) € K(r) x Y(s). Hence, we have
(Av,v — u,) + b(v, \s) — b(ur, p) + J2(yv;yv — yu,) > (f,v — ) + h(v — u,)
for all (v,p) € K(r) x Y(s). We now employ Theorem [ to show that (u,,\s) €

K(r) x Y (s) solves problem ([I0).
On the other hand, when (b) holds, then there exist

{(v1, p1); (v2,p2), -, (v, pv) } C K (1) X Y(s)

10



and (u,, A\s) € K(r) x Y(s) with u, = Zf\il tivi, As = Zf\il tipi, t; € [0,1] for
i=1,2,...,N,and ) . , t; = 1 such that

1=

This means that

(Avi, vi — up) + b(vi, Ag) — b(ur, i) +  inf (&, 7 (Vi — up)) xoxx
£i€0J(yv;)

<(f,vi —u,) + h(v; — u,) (12)
fort=1,2,...,N.
Claim 1. There exists a neighborhood O of (u,, As) in V x A such that whenever
(v,p) € ON (K(r) x Y(s)), there holds

(A% Vi — U) + b(% P) - b(%pi) + inf <§z‘,7(vi - U)>X*><X
£ €0J(yvi)

< {(f,vi —v) + h(v; —v). (13)

Arguing by contradiction, we may assume that there are {u,} C K(r), {\,} C
Y(s), and {j,} C {1,2,..., N} such that u,, — u, in V, A\, = As in E and, for every
n € N, we have

<A/an7 an - un> _'_ b(/Uer )\n) - b(“’”’ p]n) + <£,7n7 fy(/U]n - un)>X*><X
> (f, vj, = Un) + h(vj, — un)
for all ¢, € 0J(yv;,). Since for all n € N, j,, € {1,2,..., N}, so, without any loss
of generality, we may suppose that there exists jo € {1,2,..., N} such that for all
n € N, the following inequality holds
(Avjy, vjg — un) + b(vjg, An) = b(tn, pje) + (&os V(Vjo — Un)) x+xx
2 <f7 Ujo — un> + h(vjo - un)
for all &, € 0J(yvj,). If, we now pass to the upper limit, as n — oo, in the above
inequality, we get
(fyvjo — ur) + h(vjy — uy)

< lim (f,vj, — un) + limsup h(vj, — uy,)

n—oo n—o0

= lim sup [(f, Vjy — Up) + (v, — un)]

n—o0

< lim sup [(Avjm Vjo — un) + b(vjov )‘n) - b(um pjo) + <£j07 7(”j0 - un»X*XX]

n—oo

= (Avjy, Vjy — Ur) + 0(Vjy; As) = D(tr, pjy) + (§jor V(Vjo — Ur)) x5 X
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for all ¢;, € 0.J(vyv;,), that is,

<Avj07 Ujo — uT> + b(vjov AS) - b(uh pjo) + inf <£j07 7(”j0 - UT)>X*><X
o EaJ('YUj())

> (fivj, — ur) + h(vj, — up).

This is a contradiction with (I2]), so, Claim 1 is valid.

Subsequently, from Claim 1, for every i € {1,2,..., N}, we are able to find ; €
0J (~yv;) such that

(Avi, vi — v) + b(vi, p) — blv, p;) + @m’Y(Ui — V) x*xX
< {(f,v; —v) + h(v; — v)

for all (v,p) € O N (K(r) x Y(s)). It follows from the h-relaxed monotonicity of
operator A - ++*0.J(v-) that

(Av,vi = v) + b(v;, p) — b(v, pi) + (&, V(v = V) xoxx + h(v; — v)
< (Avi, v — v) 4 b(vi, p) = b(v, pi) + (€, 7 (Vi — V) xoxx
< {f,v; —v) + h(v; — v)
for all &, € 9J(yv) and (v, p) € O N (K(r) x Y(s)), therefore,
(Av,v = ;) +b(v, pi) = b(vi, p) + (Lo, V(U = i) xoxx = (f, v — vi)

for all & € 8J(yv) and (v,p) € O N (K(r) x Y(s)). Next, multiplying the above
inequality by ¢; > 0, and summing up those inequalities from ¢ = 1 to N, one obtains

(Av,v =) (v, As) = b(tr, p) + (€0, V(v = U )) xonx 2 (fro—wp)  (14)

for all £ € dJ(yv) and (v,p) € O N (K(r) x Y(s)), where we have used the facts
Uy = Zf\il tivi, s = Zf\il tipi, t; € 10,1 fori =1,2,..., N, and Zfil t; = 1. Assume
now that (w,n) € K(r) x Y(s) is arbitrary, and consider the sequence {(v,,p,)} C
V x E defined by

1 1 1 1
Up = —w+ (1 ——)u, and p,:=—-—n+(1-—-)A.
n n n n

It is not difficult to find N; € N large enough such that (v, p,) € ON (K (r) x Y (s))
for all n > Nj. Inserting v = v, and p = p,, into (I4)), it reads

(Avp, w — u,) + % b(w, As) + (1 — %)b(ur, As) — %b(ur, n)
(0= D)t ) + 7 (0= ) e (for all €, € DT(30,)
S %[(A’Un, w — uT> + b(w’ )‘8) - b(um 77) + JO(’yvn; 7(w - ur)):|
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for all n > Nj. If we divide both sides of the above inequality by %, and then pass to
the upper limit, as n — oo, we get

(f,w—u,)
< limsup [(Avy, w — u,) + b(w, Ay) — b(uy, ) + J° (yv; y(w — u,))]

n— o0

< limsup(Av,, w — ur) + b(w, As) — b(uy,n) + limsup J*(yvn; y(w — u,))

n—o0 n—oo
< (Aup, w — u,) + b(w, As) — b(up,n) + J(yup; y(w — u,)).
Since w € K(r) and n € Y(s) are arbitrary, we conclude that (u,, A\s) € K(r) x Y (s)
is also a solution to problem ([I0).

Step 2. For every s € N fized, the following problem has at least one solution
(us, As) € V x Y(s) such that

(Aug, v — us) +b(v, As) = blus, p) + I (yus; Y0 — Yus) (1)
> (f,v—u,) forallveV and all p € Y(s).

It follows from Step 1 that for any r, s € N, problem (I0) admits a solution
(ur, As) € K(r) x Y(s).
Claim 2. There exist ro € N and a solution (u,.,, A\s) € K(ro) X Y(s) to problem (1)
for r =1y such that
[ty [lv < 7o (16)

Suppose that this claim is not true, so for any r € N, for each solution (u,, \s) €
K(r) x Y(s) of problem (I0), it holds

[urlly = 7.

Since O € Y (s) and 0y € K(r) for all r € N, we now take v = 0y and p = Og in (I0)
to obtain

<Aur7 ur> S b<OV7 )‘> - b(ura 0E> + JO(WUT; _f)/ur) + <f7 ur>

= J%(yur; —yur) + (four) < g+ Brlvl 2o lurlly + I Fllv- v,

and hence,
(Aumur) < ay 6J||7||%(v7x) Hf| Ve
HUTHI\?aX{G’I} — HUTHr‘?ax{@,l} ||urHr‘r/1ax{0,1—€} HUTHr‘?ax{O,G—l}

Passing to the limit, as r — 0o, and invoking the coercivity condition H (A)(iii), we
get a contradiction. This ensures that Claim 2 is true.

Assume now that (u,,, As) € K(rg) x Y(s) is a solution to problem (I0) for r = g
such that inequality (@) holds. We affirm that (u,,, As) € V' x Y(s) is also a solution
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to problem ([I3)). Let w € V and n € Y (s) be arbitrary, and ¢ € (0, 1) be small enough
such that v; = tw + (1 — t)u,, € K(r) (thanks to inequality (I6])). Putting v = v
and p = p, :=tn + (1 — t)\s into ([I0), it holds
t(fv w— uT0>
< AUy, W — Upy) + th(w, Ng) 4+ (1 — )b(try, As) — tb(tyy, M)
_(1 - t)b(uroa )‘8) + UO(Wm% Tw — 7“7’0)

= t[<Au7‘07 w — uTo) + b(wv >‘S) - b(uTm 77) + Jo(fyuro; yw — 7“7‘0)]7

and

<Au7‘07 w — uTo) + b(wv >‘S) - b(uTovn) + JO(VUTO; yw — /yun)) > <f7 w — uTo)

for all w € V and n € Y(s). Consequently, (u,,,As) € V x Y(s) is a solution to
problem (I5).

Step 3. Problem [ has at least one solution.

Indeed, Step 2 guarantees that for each s € N, problem (I3 admits a solution
(us, As) € V x Y(s).
Claim 3. The sequences {us} and {\s} are both uniformly bounded in V and E,
respectively.

As concerns the sequence {us}, if it is unbounded, then, without any loss of gen-

erality, we may assume that ||us||y — 400, as s — oo. Inserting v = 0y and p = Op
into (&), it has

<Ausa us) < b(Ov, >\s) - b(u37 OE) + JO(V“S? _Vus) + <f7 us)

< ag + Balllz o lluslv + L llvelusllv,
and
||u5||r‘?ax{9’1} - ||u5||r‘;lax{971} ||u5||r‘?ax{0’1_9} ||u8||r‘;1ax{0,9—1}

Now, the coercivity condition H(A)(iii) concludes a contradiction, so the sequence
{us} is uniformly bounded in V.

[t remains to show that the sequence {\;} is uniformly bounded in E too. For any
w € V\ {0y}, inserting v = uy — —— and p = A, into (), we have

l[wllv

w w w w
b(—a)\s) S <AU5, _—> + ‘]0(7“5; _7—) + <.fa —>
Tl Tl ol ™Y Tl
w w w
= (Aug, —7——) +  max (L, =y xexx T, 77—
(ot = Tal? T e, B S Ty X T g
< [ Auslly- + 1170 (rus)llv- + [ fllv-
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Passing to supremum with w € V' \ {0y}, by using inequality (B]), we deduce

O‘bH>\s||E < limsup b(L

7)‘8) < ||Aus|
we\{oy}  wllv

ve + 17 0T (yus)llv- + [ fllv-

for all s € N. This inequality combined with the uniform boundedness of {u}, hy-
potheses H(A)(iv) and H (J)(iii), implies that the sequence {\;} is uniformly bounded
in E.

From Claim 3, we can find sy € N large enough such that ||\, ||z < so. We shall
verify that (us,, As,) is also a solution to Problem [Il Let n € A be arbitrary and
t € (0,1) be small enough such that p, = tn + (1 — )\, € Y (so). After inserting
p = p and v = ug, into (7)) for s = 50, we have

b(USOa )‘80) - tb(uSm 77) - (1 - t)b(USOa )‘80) > 0’

ie.,
b(usy,n — Asy) <0 forall neA.

Putting p = A, into (7)), we have
(Atgy, v — ugy) + b(v — Ugy, Asy) + Jo(vuso; YU —Yus,) > (f,v —ug,) forall veV.

The last two inequalities reveal that (us,,rs,) € V x A is a solution to Problem [I]
which concludes the proof. O

In what follows, we denote the solution set to Problem [ by S(A,J,b, f). By
Theorem [I0] we know that the set S(A, J,b, f) C V x A is nonempty. It is desirable
to investigate further properties of the solution set which can be useful, for instance, in
the study of optimal control problems for systems governed by a mixed variational-
hemivariational inequality. This is the reason that in the next theorem we study
essential properties of S(A, J,b, f), such as, convexity, closedness and continuity.

THEOREM 11. Let A be a nonempty, closed and convex subset of E with O € A. If
hypotheses H(A), H(b), H(J), H(h)(i)-(ii), and H() are satisfied, then the following
hold

(1) the solution set S(A, J,b, f) is bounded and weakly closed in V x A,

(ii) if h: V — R is convex, then the set S(A, J,b, f) is convezr as well,

(iii) the multivalued mapping S: V* — 2V>A  defined by f — S(f) := S(A, J,b, f),
is bounded, i.e., S maps bounded subsets of V* to bounded subsets of V' x A,

(iv) the multivalued mapping f — S(f) is strongly-weakly upper semicontinuous,
(i.e., it is upper semicontinuous from V* endowed with the norm topology to the
subsets of V- x A endowed with the weak topology), and it has a strongly-weakly closed
graph.

Proof. (i) Arguing by contradiction, if we assume that S(A, J,b, f) is unbounded,
then there exists a sequence {(un, A\n)} C S(A, J,b, f) such that

|unllv + || An]|le — +o00, as n — oc. (17)
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For the sequence {(u,,\,)}, we claim that {u,} is bounded in V. If it is not true,
then one has
|unlly — 400, as n — oo. (18)

In fact, for each n € N, we have
(Aun), v — p) + b(V — Un, M) + T2 (Yn; v — YUn) > (f, v — u,) for all v € V, (19)
b(tun,p—An) <0 forall peA. (20)

Choosing v = Oy and p = Og in (I9) and (20), respectively, from the resulting
inequalities, it yields

(Aun), un) < b(=tn, An) + JO(VUM —Yun) + (f, un)

< g+ Bl llz o llunllV + 1f v lluallv,

and hence
%
<A(un)7un> < o BJHVHL(V,X) HfHV*
||un||r‘;1ax{l’6} o ||un||$ax{179} HunHl‘n/lax{l—O,O} ”unH]‘n/lax{Oﬂ—l}

The above inequality combined with (I8) and hypothesis H(A)(iii) leads to a contra-
diction. Hence, we deduce that the sequence {u,} is bounded in V.
Moreover, by (7)), we know that {\,} is unbounded in E. Let w € V' \ {0y} be

arbitrary. Taking account of v = u,, — W in ([I9), it reads
w w w
[wllv [wllv [wllv [wllv
w
= (Aup, —7——) + max  (Lu,, V) xxx +{fi T
A Tl e 85800 o T o Y )

< [[Aunlv+ + 70T (yun)|

ve + [ fllv-

Passing to supremum with w € V' \ {0y} and using hypotheses H(A)(iv), H(J)(iii),
H(b), and the boundedness of {u,}, we are able to find a constant C*, which is
independent of n, such that

I Aulle < C* for all neN.

This leads to a contradiction with (I7)). Therefore, we conclude that the solution set
S(A, J,b, f) to Problem [[lis bounded in V' x A.

Next, we show the weak closedness of S(A, J, b, f). Let {(un, \n)} C S(A, J,0, f)
be a sequence such that

u, — u weakly in V and A\, — X\ weakly in E, as n — oc. (21)
It follows from Theorem [l that
(A, v — ) + b(v, M) — b1, p) + JO(Yttn; YU — Y,
> (f,v—u,) forallve K and all p € Y.
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Furthermore, the h-relaxed monotonicity of the mapping u +— Au+~*0.J(yu) implies
(A, v — up) + (Yt Y0 — yun) + h(v — u,)
= (Atn, v — up) + (§upy V(v — Un)) 3o x + MV — uy)

S <A’U, (% un> + <§va 7(” - un))X*XX

for all &, € 0J(yv), where &, € 0J(vyu,) is such that (&, ,v7(v — u,))xxx =
JO (Yt yv — yu,). We use the last two inequalities to obtain

(Av, v —up) + b(v, A\) — b(Un, p) + (€py V(U — Un)) x*xx
> (f,v—u,) + h(v—u,) forall & € dJ(yv),
and all (v, p) € V x A. Passing to the upper limit, as n — 0o, one has
(f,v—u)+h(v—u)
< limsup [(f,v — u,) + h(v — uy)]

n—oo

< limsup [(Av, v — uy) 4+ b(v, Ay) = b(tin, p) + (€0, 7 (v — Up)) x*xx]

< (Av,v —u) + b(v, \) — b(u, p) + (&, 7(v — u))x+xx (for all &, € dJ(yv))
< (Av,v — u) + b(v, X) — bu, p) + J°(yv; y0 — Yu)

for all v € V and p € A. We now invoke Theorem [ again to reveal that (u,\) €
S(A, J,b, f). Hence, S(A, J,b, f) is a weakly closed set.

(ii) Assume that h is a convex function. Let (ug, A1), (uz,A2) € S(A,J,b, f) and
t € (0,1). From Theorem [0 we have

(Aui, v —wi) +b(v, Ag) = blui, p) + J (yuss yv — yuy)
> (f,v — w)
for all v € V and p € A. Hence, for i = 1, 2, we get
(Av, v — w;) + b(v, N;) — b(wi, p) + (o, Y(V — W) xox x
> (f,v—uw;) + h(v—u;)

for all £, € 0J(~yv) and (v, p) € V x A. Here, we have applied the h-relaxed mono-
tonicity of A - +v*0J(~-). Denote u; = tuy + (1 — t)ug and Ay = tA + (1 — )Xo It
follows that

(Av, v —ug) + b(v, ) — blug, p) + (Eo, 7 (v — ug)) xoxx
= t[(Av,v — w1) + b(v, A1) — b(us, p) + (€, V(U — u1)) x*xx]
+(1 =) [(Av, v — ug) + b(v, Ay) — b(uz, p) + (€u, Y(v — U2)) x+x]
>t(f,v—uy) + (1 —=8)(f,v—u2) +th(v—u)+ (1 —t)h(v — us)
> (f,v—w) + h(v—u)
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for all £, € 0J(yv) and (v, p) € V x A, where the last inequality is obtained by using
the convexity of function h. Combmlng this inequality with Theorem [0 and the fact

(Av, v —ug) +b(v, ) — bug, p) + JO(yv; yv — yuy)
Z <AU7 U — ut> + b(’U, )‘t) - b(ut7p> + <£v7fy(/u - ut)>X*><X (fOI' all gv S a'](fylu))
> (f,v—w) +h(v—u;) forallveV and p € A,

implies that (u;, \;) is also a solution to Problem [Il This proves that S(A, J,b, f) is
a convex set.
(iii) If S: V* — 2V*A is not a bounded mapping, then we are able to find a bounded
set B C V*, and sequences {f,} C B, {(un, \n)} CV x A with (u,, \,) € S(f,) for
all n € N such that ||u,|v + [|[A\u||g = +00, as n — o0o. As in the proof of assertion
(i), we derive

(A(un),u) _ g Bl lzw.x) | fully-
|| n”max{l 0 — H Hmax{l 0} H Hmax{l 0,0} H Hmax{O@ 1}?

and

(” = An) < ([ Aunlvs + 1770 (yun)llv= + || fallv--

The above inequalities combined with the boundedness of { f,,} and the coercivity con-
dition H(A)(iii) leads to a contradiction. Consequently, S: V* — 2V*4 is a bounded
mapping.

(iv) In order to prove the upper semicontinuity of the mapping f +— S(f), by Propo-
sition B it is enough to prove that for each weakly closed subset C' of V' x A, the
set

ST(C):={feV*|S(f)nC # 0}

is closed in V*. Let C' be a weakly closed subset of V' x A, and {f,} € S7(C) be a
sequence such that f,, — f in V*. Thus, for each n € N, we can find a pair of elements
(Un, An) € S(fn) N C, e,

(A, v — ) 4+ (v, M) — b(tg, p) + JO(Ytn; YU — Y,
> (fn,v —uy,) forallveV andall p € A.
The h-relaxed monotonicity of A - 4+~*0.J(7y-) shows that
(Av, v — up) + b(v, A\) — b(Un, p) + (€py V(U — Un)) x*xx
> (fn, v — Uyp) + h(v —uy,) (22)

for all £, € 9J(yv) and (v,p) € V x A. From assertion (iii), we can see that the
sequence {(un,A,)} is bounded in V' x E. The latter and the reflexivity of V' x E
guarantee that there exist a subsequence of {(u,, A,)}, still denoted in the same way,
and a pair of elements (u, \) € V' x A such that

u, — u weakly in V', and A\, — X weakly in F, as n — oo. (23)
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Taking into account the inequality (22), and passing to the upper limit, as n — oo,
we obtain

(Av,v —u) +b(v, \) — b(u, p) + J°(yv; yv — yu)
> (Av, v —u) + b(v, \) — b(u, p) + (&, 7(v — u)) x+xx (for all &, € dJ(yv))
> (f,v—u)+ h(v —u)

for all (v,p) € V x A. It follows from Theorem [ that (u,A\) € S(f). On the other
hand, the convergences (23) entail that (u, \) € S(f)NC, due to the weak closedness
of the set C'. Therefore, we conclude that § is a strongly-weakly upper semicontinuous
mapping.

Finally, since S is a strongly-weakly u.s.c. mapping with weakly closed values, we
are now in a position to apply Theorem Ml to obtain the desired result that S has a
strongly-weakly closed graph. This completes the proof. O

REMARK 12. From the proofs of Theorems Il and[11l, we can see that the essence of
the coercivity condition H(A) (iii) and inequality H(J) (ii) is to guarantee the following

condition
(Au,u) — J°(yu; —yu)

[[ullv
Moreover, it can be observed that if h is coercive in the following sense
h(w)

[ullv

— 00, as |u|ly — oc. (24)

— 00, as |lully — oo, (25)

and hypotheses H(J)(i), H(J)(iii), and H(A)(ii) hold, then condition (24) is au-
tomatically satisfied. In that case, assumptions H(J)(ii) and H(A)(iii) could be re-
moved.

LEMMA 13. Assume that H(J) (i), H(J) (i), and H(A) (ii) are fulfilled. If the function
h is coercive in the sense of (23), then condition (23]) holds.

Proof. Let u € V. By the h-relaxed monotonicity of A - +7*9J(v-), we deduce
h(u) < (Au — A0y, u) + (§u — o, Yu) x+xx (for all § € 0J(0x))
< (Au,u) + ([[AOy [[v+ + 70T (0x)[lv-) [fullv — J° (s —yu),
where &, € 0.J(yu) is such that (£, —yu) xxx = J°(yu; —yu). This implies

h(w)

(Au,u) — JO(yu; —yu)
Jullv '

lullv

— ([JA0y |

ve+ 17707 (0x)]|

ve) <

Now, by the coercivity condition (23] and hypothesis H(.J)(iii) we obtain the desired
conclusion. 0J
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REMARK 14. Note that if A:' V — V* is strongly monotone with constant my > 0
and 0J: X — X* is relaxed monotone with constant my; > 0, i.e.,

(Au—Av,u—v)zmAHu—vH%/ and (fw—fx,w—:v)x*xxz—mJHw—:EH?X

for allu, veV,al z, w € X, and all &, € dJ(w), & € 0J(x), and the inequality
M| 2. x) < ma holds, then h: V- — R chosen as h(u) = (ma—my ||V Zw.x) lull
satisfies condition (27).

In what follows, we introduce a multivalued function S;: V* — 2V defined by
Si(f) :={u €V | thereexists A € A such that (u, ) € S(f)}.

The unique solvability is of fundamental importance in numerical analysis of the
problem. So, this brings about the natural question of whether the mixed variational-
hemivariational inequality has a unique solution. The following theorem examines a
significant conclusion that Problem [I has at least a solution (u, A) € V' x A, which is
unique in its first component.

THEOREM 15. Let A be a nonempty, closed and convex subset of E with O € A. If
hypotheses H(A), H(b), H(J), H(h), and H(v) are fulfilled, then Problem [ has at
least one solution (u,\) € V' x A, which is unique in its first component.

Proof. The existence of solution is a direct consequence of Theorem Now, we
shall prove the uniqueness in the first component of the pair solution for Problem [l
Let (u1, A1) € V x A and (ug2, \2) € V' x A be solutions to Problem [ so, we have

(A(w;), v — ;) + bv —uz, Ag) + T2 (yus; yv — yu) > (f,v — ;) for all v €V, (26)
b(ui,p— X)) <0 forall peA (27)

with ¢ = 1, 2. We take p = Ay and p = Ay in (7)) for ¢ = 1 and 2, respectively, then,
we sum up the resulting inequalities to obtain

b(ul — Uy, )\2 — )\1) = b(ul, )\2 — )\1) + b(UQ, )\1 — )\2) S 0. (28)

On the other hand, inserting v = wuy in (26]) for ¢ = 1 and v = u; in [26) for i = 2,
accordingly, and combining the resulting inequalities with (28]), we can find elements
Euy € 0J(yuy) and &, € 0J(yuz) such that

T (yur; yug — yur) = (Guy, Y2 = YU1) X7 x X,
{ JO(yug; yur — Yug) = (Euyy Y1 — YU2) X5 X,
and
(A(ur) = Auz),ur — uz) — ((Eurr Y2 = Y1) xvx + (Euny YU — YU2) X+ x)
= (A(u1) — A(u2), w1 — ug) — (JO(yur; yuo — yur) + J° (yug; yur — yus))
< b(ug — ug, A1) + b(ug — ug, Ag) = blug — ug, Ag — A1) < 0.
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The latter combined with the h-relaxed monotonicity of A - +~v*0.J(7y-) implies
h(ur — uz) < (A(wr) + 778wy — Aluz) — 7 &uy, ur — uz) < 0.

Recalling that h(v) > 0 for all v € V\{0y }, we conclude that u; = us. O

In what follows, when the first component of the pair solution to Problem [ is
unique, we have the following stability result.

THEOREM 16. Let A be a nonempty, closed and convex subset of E with O € A. If
hypotheses H(A), H(b), H(J), H(h), and H() hold, then the mapping Sy: V* — V is
weakly continuous, i.e., f, — [ in V* implies S1(f,) — S1(f) weakly in V.. Moreover,
if there exist T > 1 and ¢, > 0 such that h(u) > ci||u||], for all w € V', then we have

1S:(f) = Si(fllv < ef T Iy — fall - (29)

Proof. Let {f,} C V* be a sequence such that f, — f in V*. Let (u,, A\,) € V X A
be a solution to Problem [ corresponding to f,. It follows from the assertion (iii)
of Theorem [I] that the sequence {(u,, \,)} is bounded in V' x A. The reflexivity of
V' x E ensures that there exist a subsequence of {(u,, A,)}, still denoted by the same
symbol, and a pair of elements (u, A) € V' x A such that

u, — u weakly in V', and A\, — X weakly in F, as n — oo. (30)

We now claim that (u, A) is also a solution of Problem [ associated with f. Indeed,
for each n € N, we use Theorem [ to get

(Atn), v = wn) + (v, An) = 0(tn, p) + T (Y3 Y0 = Yt1n) 2 {fr, v — )
for all v € V and p € A. From the h-relaxed monotonicity of A - +~v*9.J(v-), we have

<A(U)7 v = un) + b<U7 An) - b(unv p) + <£v7 V(U - un))X*xX > <fn7 v — Un> (31)

for all £, € 0J(yv) and all (v,p) € V x A. Passing to the upper limit in II), as
n — oo, and applying Theorem [0, we conclude that (u, \) is a solution to Problem [I]
with respect to f. Note that the first component of the pair solution for Problem [ is
unique, this confesses that every subsequence of {u,} converges weakly to the same
limit u, so, we deduce that the whole sequence {u,,} converges weakly to u in V', thus
is, S1(fn) = S(f) weakly in V', as n — oc.

Furthermore, we assume that there exist 7 > 1 and ¢, > 0 such that h(u) >
cnllu||j, for all w € V. Let (u;, A;) be a solution to Problem [ corresponding to f;, for
i =1, 2, respectively. So, we have u; = Si(f;) for i = 1, 2. By an easy calculation, it
turns out that

(A(S1(f1)) = A(S1(f2)), S1(f1) = Si(f2)) — (S°(3S1(f1): ¥Si(f2) — ¥Si(f1))
+J°(481(f2); ¥S1(f1) = ¥Si(f2))) < (fi — f2. S1(f1) — Si(f2))-

21



Next, H(A)(ii) implies
cnl|Si(f1) = Si(f)|y < MSi(fi) = Si(f2)) < (fi = f2, S1(fr) — Si(f2))

< |l = fallv-lIS1(f1) = Si(f2)llv-

Consequently, we can readily derive the inequality (29)). This completes the proof. [J
From Theorems [I0 and [T, we have the following result.

COROLLARY 17. Let A be a nonempty, closed and convex subset of E with O € A.
If hypotheses H(A), H(b), H(J), and H(y) are satisfied with h(u) = 0 for allu € V,
then we have

(i) the solution set S(A, J, b, f) to Problem[l is nonempty, bounded, weakly closed,
and convexr in V x A,

(ii) the multivalued mapping S: V* — 2V*A defined by f — S(f) := S(A, J,b, f)
s bounded, i.e., S maps bounded subsets of V* to bounded subsets of V' x A,

(iii) the multivalued mapping f — S(f) is strongly-weakly upper semicontinuous,
(i.e., it is upper semicontinuous from V* endowed with the norm topology to the
subsets of V- x A endowed with the weak topology), and it has a strongly-weakly closed
graph.

Finally, invoking Remark [[2] Lemma [[3] Theorems [[T], 15 and [IG, we obtain the
following conclusion.

COROLLARY 18. Let A be a nonempty, closed and convex subset of E with O € A. If
hypotheses H(A)(1)-(i1), H(A)(iv), H(b), H(J)(i), H(h) (i), H(J)(iii) and H(vy) are
fulfilled with h(u) > cpl|u||? for allu € V' and some ¢;, > 0, q¢ > 1, then Problem[d has
at least one solution (u, \) € V- x A, which is unique in its first component. Moreover,
the following inequality holds

1

IS1(f1) = Si(fo)llv < i7" || f1 — fallint forall fi, fo € V™.
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