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The time-variant probability density function of extreme value of a system driven by

Poisson white noise is studied.

An augmented Markov vector process is constructed by combining the state vector

and the extreme value process.

A path integral solution with high efficiency is proposed.

Several examples are illustrated, demonstrating the effectiveness of the proposed

method.
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1.1. Comments: The authors present a new method for computing the extreme value response
of systems excited by Poisson white noise. The computation of the time-varying extreme value

response is a challenging task and not many methods are available to deal with this this problem.

The method presented by the authors consists in forming an augmented Markov vector process
by combining the extreme value process and the system state. The joint pdf of this vector is
computed by path integration. These are rather standard techniques, however applied to a new and
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Response: Thanks a lot for the positive comments.
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1.2. Comments: Page 2: "trucks" instead of "tracks", "airplane" instead of "airplanes", "the
response” instead of "response", Kolmogorov equations" instead of "Kolmogorov equation",

"numerical methods" instead of "the numerical methods", "are available in" instead of "available".

"Such a treatment is inconvenient": Give a justification!

Response: Thanks for the reminding. The language expression has been modified accordingly.
A justification of the drawback of absorbing boundary condition method has been given in the end

of the 2" paragraph of Sec.1.



1.3. Comments: Page 3: "errors" instead of "error", "is then elaborated" instead of "are then

elaborated".
Response: Thanks for the reminding. The language expression has been modified accordingly.
1.4. Comments: Page 4: "Heaviside" instead of "Heaviside's".
Response: Thanks for the reminding. The language expression has been modified in the paper.

1.5. Comments: Examples: Please indicate the deviation of the Poisson excitation from a
Gaussian white noise excitation and also that of the response and the extreme values from those

obtained by a comparable Gaussian excitation. Justify the choice of the values for lambda.

Response: To make it clear, the difference between Gaussian white noise excitation and
Poisson excitation and the response are visualized by showing two typical samples of the Poisson
excitation in the newly added Fig. 13 in Example 4. Because the Gaussian white noise is well known,
it is not shown here. It is seen clearly from Fig. 13 that in the compound Poisson process are stepwise

and thus the Poisson white noise is discrete spikes, which is quite different from the white noise.

For Poisson white noise excitation, the rate A is a finite value, such as A =3 which is taken in

the examples in the paper. When the rate A — 0o, and AT — 1, the Poisson white noise excitation

becomes Gaussian white noise.

1.6. Comments: Conclusion: Please rewrite the following statement "programming can be

processed to have higher numerical storage and computational efficiency".

Response: Thanks for the reminding. The Ref.[36] has been added behind the Sec.4. (Chen JB,
Lyu MZ. A new approach for the time-variant probability density function of the maximum value
of a Markov process. Physica A, 2019 (under review).) The numerical technology has also been
mentioned in the 2" last paragraph of Sec.4 and has been elaborated in detail in Ref.[36]. Therefore,

the numerical technology will not be repeated to avoid lengthiness.

Again, thank you for your positive and constructive comments, especially for the details to be

corrected.



Responses to Reviewer #2:

2.1. Comments: The present paper investigates the evaluation of the probability density
function (PDF) of the time-variant extreme value process for a dynamical system driven by Poisson

White Noise.

The authors propose a method based on the "augmented Markov vector" (AMYV) process for

the PDF which combines the extreme value process and its underlying response process.
The Path Integral Solution is used to evaluate the joint probability density of the AMV.

The topic of the paper is interesting and the presented results show the efficiency of the

numerical procedure; however some comments arise.
Response: Thanks a lot for the positive comments.

2.2. Comments: In the reviewer opinion the section 2 related to the Poisson White Noise

excitation is recurring and not so clear. In particular:
- Eq.5 is not clear; some more explanatory comments have to be added.
- The definition of <DELTA>WP(t) is reported before Eq.5 and after Eq.8.
Response: Thanks for the reminding. Eq.(5) has been modified, and more explanatory has
been added after Eq.(5). The definition of AW, (t) after Eq.(8) has been deleted.
2.3. Comments: The sentence "monotonous in the sense of sample" in section 3 is not clear.
Response: Thanks for the reminding. More explanatory has been added after Eq.(10).

2.4. Comments: Some more comments concerning the augmented vector process and its

property of Markovian process could be added.

Response: Thanks for the reminding. More explanatory has been added in the last paragraph

of Sec.3.

2.5. Comments: An effort with some more comments on the cited procedure to implement the
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PIS could be help the reader.

Response: Thanks for the reminding. The numerical technology has been mentioned in the 2™
last paragraph of Sec.4 and has been elaborated in detail in Ref.[36]. (Chen JB, Lyu MZ. A new
approach for the time-variant probability density function of the maximum value of a Markov
process. Physica A, 2019 (under review).) Therefore, the numerical technology has not been

repeated to avoid lengthiness. For clarity, we added the reference.

2.6. Comments: Several numerical examples with different distributions for the Compound
Poisson Noise are considered and results are reported for different expressions provided for the
transition probability density. The section 5 appears again repetitive. In all the reported figures the

axis label is "P" which maybe stands for "PDF" Is it correct? However some graphics show the CDF.

Response: Thanks for the reminding. In all the reported figures, the axis label ‘P’ stands for
‘probability’, and ‘p’ for ‘probability density’. Considering that the two symbols are easily
confusing, the axis label ‘CDEF’ is used to stand for ‘probability’, and ‘PDF’ for ‘probability density’

in all the figures of the modified version.

2.7. Comments: Moreover I suggest that the authors have to read carefully the final version of
the manuscript in order to always have grammatically correct English. Many errors and misprints

are present.

Response: Thanks for the reminding. The grammar and spelling errors in the paper has been

modified furtherly.

2.8. Comments: On the understanding that the authors will elaborate the manuscript
complying with the arised points, the paper could be considered for publication in Communications

in Nonlinear Science and numerical simulations.
Response: Thanks a lot for the positive comments.

We appreciate your constructive and kind suggestions which help us to improve our statements

greatly.
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3.1. Comments: The extreme value distribution is very important in various science and
engineering fields, especially for the systems driven by Poisson white noise. However, it is very
difficult to obtain such information either by analytical or numerical methods. In the present
manuscript, a novel method was proposed. The basic idea is to introduce an auxiliary extreme value
process, and then an augmented vector process combining the extreme value process and the state
variables was constructed and proved to be Markov. The Chapman-Kolmogorov equation was thus
advocated and facilitated by the path integral solution. Several examples were exemplified in detail,
showing the effectiveness of the proposed method by comparing with the Monte Carlo simulation.

In particular, the jumps/discontinuity in PDF of extreme value can be captured.

Response: Thanks a lot for the positive comments.

3.2. Comments: In the third line of the second paragraph of the Introduction, the author
mentioned that "It is difficult to capture the analytical solution of its PDF, but the numerical results
can be obtained by solving the Kolmogorov-Feller equation or the corresponding integral equation,
Chapman-Kolmogorov equation using the numerical method, e.g. the finite element method-+--*-
Here, 1 would suggest the update the literature to include J. Appl. Mech 84(9), 091004 (Jul 12,

2017) , doi: 10.1115/1.4037158; J of Comp Phys(2019), https://doi.org/10.1016/j.jcp.2019.05.023.

Response: Thanks for the reminding. Two suggested references have been added in Sec.1 as

Refs.[7] and [15]. These references are very valuable in this field, and closely relevant to the present

paper.

3.3. Comments: The manuscript is on the whole well organized with innovations. The
reviewer believe it will be a valuable contribution to the literature and can be accepted for

publication.

Response: Thanks a lot for the positive comments.

Great thanks to you for your valuable suggestions that make our paper more completed.



Taking this opportunity, we also smooth the manuscript thoroughly once again. In the modified
version, all the figures have been regenerated, and 10° samples in Monte-Carlo simulation have
been taken for each example to compare with the proposed method in more detailed in the tail of

PDF.

In summary, encouraged by reviewers and distinguished editor to revise our previous
manuscript, we did our best to improve it and completed some changes in the revision. These
changes improve our paper greatly. All responses on the reviewing comments are listed above after
our careful discussions. We hope the revisions and responses meet the reviewing comments. Once

again, thank the reviewers very much for the constructive comments and suggestions.
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1 Introduction

Poisson white noise excitations are not uncommon in science and engineering fields. In many
practical problems, the dynamical systems of concern are usually enforced by pulse excitations
which occurs sparsely with occurrence time and intensity being random. Poisson white noise
processes are reasonable models in these cases, e.g., highway bridges under traffic loads [1.2],
vehicles or truacks traveling on rough roads [3], buffeting airplanes tails [4], and earthquake excited
structures [5], etc.

The probability density function (PDF) of the response fer-of stochastic dynamical systems
enforced by Poisson white noise processes satisfies a class of generalized Kolmogorov equations,
i.e., the Kolmogorov-Feller equation. It is difficult to capture the analytical-closed-form solution of
its PDF, but the numerical results can be obtained by solving the Kolmogorov-Feller equation or the
corresponding integral equation, Chapman-Kolmogorov equation using t:e-numerical methods, e.g.,
the finite element method [6.7], the spectral finite difference method [78], the stochastic averaging
method [£9], the complex fractional moments method [910], the generalized cell mapping method
[116], and the path integral method [12+-153], etc. Further, if the first-passage reliability fo+in terms
of a certain specified threshold is of interest, an absorbing boundary condition can be apphied
imposed on the differential or integral equation that the PDF satisfies, namely, the probability
density evolution equation, to yield the remaining probability density [164-186]. However, if the
threshold is time variant, say due to the deterioration of materials in the long service life [197], or
the reliability for-in terms of different thresholds is of concern, such treatment is not convenient.

The remaining probability density needs to be calculated again—and—againrepeatedly under

eachcorresponding absorbing boundary condition for different thresholds, which consumes

prohibitively large computational efforts

An alternative approach for the first-passage reliability is to capture the probability distribution
of the extreme value (e.g., maximum value, minimum value, and-or absolute maximum value) of
the response in a eertain-specified time period. Fora-longtime-gGreat challenges exist in, and

intensive efforts have been devoted to the extreme value distributions (EVD)_for long time
2



[+820,4921]. The limit or asymptotic distributions of random sampling/sequences in different cases
were studied and available in literature [2260]. However, even-much less understanding has been
achieved for the EVD of stochastic processes in continuous time domain. Only some very special
results were achieved for some particular stochastic processes [21-23-25]. Alternatively, some
approximate approaches were studied based on the level-crossing process theory. However, in the
level-crossing process theory, needed in the Rice formula is the joint probability density of the
stochastic process and its derivative [264], which is usually unavailable for practical non-linear
stochastic dynamical systems [275,286]. Besides, the assumptions on the property of crossing-
events usually leads to extra errors. To circumvent the difficulties, a new approach was developed
based on the probability density evolution method (PDEM) [286,297], by which the EVD can be
evaluated through constructing a virtual stochastic process and calculating the PDF of its equivalent
extreme-value event-byPBEM [2830]. The structural system dynamic reliability can then be
captured [2931]. However, the equivalent extreme-value event is constructed for a certain specified
time interval. If the time-variant reliability is of interest, the equivalent extreme-value events for
different time intervals should be constructed and thus huge computational costs are needed.
Besides the above approaches, for the purpose of capturing EVD, an extreme value process of
a stochastic process, i.e., the value of this new process is the extreme value of the underlying
stochastic process during the time interval from the initial time to the present time of concern, can
be defined. Clearly, an extreme value process is, in the sense of sample, non-decreasing monotonous.
As aresult, the EVD of an extreme value process is efceursecertainly also time variant. Once this
time-variant EVD is available analytically or numerically, then en-the-ene-hand-it is not limited to
a specified time interval, and en-the-etherhandmoreover, it is not limited to the specified constant
threshold. However, capturing the analytical solution of PDF of the time-variant extreme value
process is still —difficult. Monte Carlo simulation (MCS), usually regarded as the final choice, is
useful to obtain the EVD for systems of relatively low dimensions by numerically solving the It6

stochastic differential equation for each sample [320-353]. But the computational cost for MCS is

iby-usually very high to ensure required accuracy. The augmented Markov vector process

incorporated with the path integration solution (PIS) provides an alternative approach for solving
the PDF of the time-variant extreme value process, and shows the effectiveness for low-dimensional

stochastic dynamical systems enforced by Gaussian white noise [364].
3



Based on the above research, in this paper, the time-variant extreme value process of response
of stochastic dynamical systems respense-enforced by Poisson white noise is investigated. Although
the time-variant extreme value process is not Markovian, an augmented Markov vector (AMV)
process is constructed by combining the time-variant extreme value process and the underlying

Markov response process. The numerical solution method via PIS based on the Chapman-

Kolmogorov equation are-is then elaborated. Several examples, including linear and non-linear, one-
dimensional and multi-dimensional systems, are illustrated, showing the effectiveness of the

proposed method. Problems to be further studied are also discussed.

2 Poisson white noise excitation
A Poisson white noise, £p (%), can be defined as [375]
N(b)

&)= I8(t—1.) (1)

in which N (¢) is a Poisson point process with the rate A, i.e. N(t) ~P(\t); §(-) is Dirac’s

delta function; fn,nzl, -+ N(t) is the n -th realization of the Poisson random events;

T, = ZT, , where T,,i=1,--,N(¢t) are the time intervals between two adjacent Poisson
i=1

random events, and they are independent random variables following exponential distribution with

. 1 .
the mean value ie. T,~Exp (7>; I,,n=1,---,N(t) are another set of random variables

1
X p)

which have independent and identically distributions, and they are also independent to T; and ean

may have-follow arbitrary known distribution whose PDF is denoted as p (7).

For clarity, firstly €consider a one-dimensional process X (¢) enforced by Poisson white
noise. The equation of motion can be written as
X =fIX®),1) +& @) @
where f(-) is a deterministic function. Eq;(%)(f_:} ,C%n,b,e,rgvzri,ttfl} iﬁnfoiai sﬁt(zclﬁlaﬁstﬁicﬁ qit:f?r‘infiE‘L

equation
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dX (@) = f[X @), t]dt + dWe () )

in which Wy (¢) is a compound Poisson process, i.e.

N(t) N()

We (£) :./Otfp(T)dT = ZF,,U(t—Tn) = Zrﬂ )

where U(:) is the—Heaviside’s’s unit step function, ie., U(z)=0, if 2<0 and

U(x)=1,ifz=0.

Denote AW, (t) =Wy (t + At) — Wp (t), where At is an arbitrary small time increment« (WA T3, 4t §i%t: 2 25

at time instant ¢ . According to the Poisson assumption, there is— = =

AW, (t) =0 or I’ ®)
Wwhich means that if the Poisson event occur in the time interval At, the increment AW (¢) _is BABOER
T BABOER
a random variable with the distribution p, (). otherwise, the value of AW (t)_is zero. BAREEER
BABEER
andTherefore, there is Pr{AW;(t) =0} =1— XAt, where Pr{-} denotes the probability of
event. In Eq@é—), I' isarandom variable whese-with PDF is—p,. (7). Therefore, if Wp () =w, { WETHER: FHHa: Eo
the probability that the value of Wi (t + At) willstillbe w is 1 — AAt, and the probability that
it will change to be w+I" is AAt. Hence, the process Wy () is Markovian, and its transition
probability density (TPD) for small values of time increment 7 can be written as
pw, (w,t + 7w, t) = A= X )6 (w—w') + Mpr(w—w') (6)
Further, it is easy to verify that the process X (¢) driven by Eq.(3)3) is Markovian, and its {&ET#&:‘&: TGS EE
PDF satisfies the Chapman-Kolmogorov equation, namely
prt 1) = [ @ 0ps it + 7l ) ™
in which 7 is an arbitrary time increment; py (z,t+ 7|2',t) is the transition probability density
conditional on X (t) = z'. According to Eq.(3)(3), for an arbitrary small time increment Af, we {"&ET*@?& THEI: A

A_ - _ _ _ _ L ______

have



X@+7)=X@) + fIX@),t]T+ AW (2) ®)
in—which— AW (&)=Wp(t+7)—Wp()—According to the definition of compound Poisson
process, the probability of AWp(t) =0 , which means Xt +7) =2'+ f(a',t)7 is
deterministic, is 1—A7 ; the probability of AWL(t)=I is A7  when
X({t+71)=2'+ f(z',t)T+ I is a random variable. Therefore, the TPD of X () can be
written as [132]

px(@t+7la't) = A—In)é[z— 2 — f(&',t) 7] + Nrpr[z— 2 — f(2',t) 7] )
Once the TPD of X (¢) is known, the PDF of X (¢) can be calculated according to Eqk,il),g:),

step by step, which is the so-called path integral method [12+].

3 The time-variant extreme value process and augmented Markov vector
process

Consider a one-dimensional stochastic process X (¢). Define the time-variant extreme value
process as

Z(t) =ext{X(7),0<7<t} (10)

in which ext{-} denotes the extreme value of the bracketed quantity, which can be the maximum,

the minimum; or the maximum absolute value, etc., depending on the practical issues of concern. It

is easy to know that Z (t) is also a stochastic process which is monotonous in the sense of sample.

For instance, if Z(¢)_is the maximum or maximum absolute value process, one arbitrary sample

of Z(t)_is monotoneically undiminishednon-decreasing; if Z(¢)_is the minimum value process,

one arbitrary sample of Z (¢)_is monotoneically non-increasing-ineremental.

Such a time-dependent extreme value is of great significance in sciences and engineering fields.
For instance, the excursion (first-passage) problem is widely encountered. In this case, the
probability without any excursion (reliability) of the system is

R(@) =Pr{X(r) <b, 071t} (11
6
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If Z(t) is defined as the maximum value process of X (¢), namely

Z(t) =max{X(7),0<7<t} (12)
then the reliability function is given by

R(t) :/b ps(z,t)dz (13)

=

inwhich p,(2,t) isthe PDF of process Z (t).A differentiation of the failure probability function,

which is the complementary of reliability function, in terms of time will yield further the PDF of
the first excursion time [386].

UnfertunatelyHowever, as discussed in the preceding section, for a general process, it is
difficult to obtain the analytical-closed-form solution of the PDF of its time-variant extreme value
process, except several very special conditions [ 164, 37-39-41]. HeweverFortunately, its PDF can

be evaluated numerically, which is the main task of the present paper.

If X(t) is a Markov process, the probabilistic information of Z(t+ At) for an
infinitesimal time increment At depends only on the information of Z(¢) and X (t). For
instance, for the maximum value process Z (), there is

Z(t), Z(t) > X+ At)

X(t+AD), Z(t) < X(t+ At) (14)

Z(t+At):{

Therefore, the time-variant extreme value process Z (¢) itself is not Markovian.

However, an augmented vector process (Z(t),X(t))" can be constructed. It is known from

that of (Z(¢),X (¢))™ . Thus, according to the definition of Markov process, it is easy to know that

the augmented vector process (Z(¢),X(¢))™ is Markovian. Though the analytical solution for the

augmented Markov vector (AMV) process is still unavailable for general problems, numerical

methods are feasible and will be elaborated in the following sections.

4 The path integral solution of probability density function of the augmented

Markov vector process

(MBTHRA: ThFG: Ee




4.1 The extreme value process of a scalar process

According to the Markov property of the augmented vector process (Z(t),X (¢)) ", its joint
PDF can be captured numerically usingPIS-by-the Chapman-Kolmogorov equation, i.e.
pox (2@t + 1) = / / pax (2, 2',t) pox (2,2, + 72", ', ¢) d2'dz’ (15)

in which pzx(2,2,t) is the joint PDF of (Z(¢),X(¢))"; 7>0 is an arbitrary small time

pzx (2,2,0) =6(2z—z) px (x,0) (16)
where py (z,0) is the PDF of X (0). If the initial value of the process X (t) is deterministic,
e.g, X(0) =1, then px(z,0) =6(z—zo). Therefore, once the TPD px (z,x,t + 7|2',2',t)

When the joint PDF pzx (2,z,t) is obtained, the PDF of the time-variant extreme value

process Z(t) can be further obtained by

pz(z,t) = Xxpzx (z,z,t)dz a7

oo

Simultaneously, the PDF of X (t) can also be obtained as a marginal PDF

prot) = [ ps s (18)
According to the theorem of total probability, the TPD p,x (2,z,t + 7|2',2/,t) can be given

by
Dax (z,2,t + 72,2, t) = pyx (2,8 + 752|2',0) px (2,8 + 7]|2',8) (19)
where pyx (2.t + 7;2|2',t) is-denotesé as-the probability density of Z(¢) =z conditional on

{Z({) =2, X(t+ 1) ==z} . Specifically, if Z(¢) is the maximum value process of process

X () as defined in Eq.(12)(12), then according to Eq.(14)(14), there are two different cases to be

A__ -~ _ __ ____ T __ A - _____
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considered: (1)if z'>z,thereis z=2";(2)if 2’ <z, thereis z=z. Therefore, the conditional
TPD pyx(z,t + 752|2',t) canbe given by

§(z—2), Z/>x
posCet it = {0

pax (zyz,t + 72,2 t) = [u(z' —2)6(z —2") +u(z—2")6(z —z)]px (z,t + 7lz',2) (21)

where w(-) is Heaviside’s’s unit step function; px (z,t+ 7|z',t) is the TPD of X (¢).If X (t)

(BRETHR: T

(RBTER: THEG: &

is a response process enforced by Poisson white noise, i.e., governed by Eq,3)3), then - [ WETHER: g6 e
px (z,t + T|z',t) can be obtained by Eq;(g)fﬁ):). 77777777777777777777777777777 2 [ BRET#HR: THYIE: §E
4.2 The extreme value process of a vector process

The similar-ideas elaborated above can be extended to capture the PDF of the time-variant
extreme value process of any arbitrary component of a multi-dimensional Markov vector process.
Without loss of generality, consider an n -dimensional Markov vector process
X)) =X @), X, (#)", where X,(¢),l=1,2,,n are the components. Then the
maximum value process of a component X;(¢) can be defined as

Z,(t) =max{X,(1),0<7<t} (22)

Based on the similar reasoning in the preceding section, the augmented vector process
(Z,(#),X" ()" isan (n+ 1)-dimensional Markov vector process.

Denote the TPD of (Z,(¢),X"(¢))™ as psx (2,2t + 72, 2',t), then Eq(19)49) and - (BETHR: THHG: B0
£20)626) can be expended to multi-dimensional cases. Hence, there willbe (RETHRR: Fhun: ke

pzx (2@, t + 7l2l, 2, 1)
= [u(zi —2)6(z—2) +ulz,—2)6(z— z) ] px (x,t + T|$’af)

in which px (x,t + 7|z',t) isthe TPD of X (¢).




Therefore, once the TPD of (Z,(t),X"(#))™ has been obtained, the joint PDF can be
calculated numerically by PIS, namely
pzx (zx,t+7) = /:oo /n;"pm (2, 2", t) prx (z1,2,t + 7|2/, 2", t)dz/dz’ 24)
The initial condition is
pzx (2,2,0) = 6(z— z) px (2, 0) 25
where px (x,0) is the PDF of X (0). If the initial value of X (¢) is deterministic, e.g.
X(0) ==, then px(x,0) =6(x—=x,).

Furthermore, the PDF of Z,(t) can be obtained by

Pz, (z,t) :/ DPzx (21,2, t) dz (26)
-

The specific procedure of numerical implementation for PIS of time-variant extreme value
process was elaborated by Chen and Lyu [364] and thus will not be repeated to avoid lengthiness.
The above method will be illustrated below through several numerical examples.

For convenience, the proposed method for obtaining the PDF of the maximum value process
can be called the augmented Markov vector process method in conjunction with PIS (AMV-PIS for

short).

5 Numerical examples

5.1 Uniform compound Poisson process

Firstly, the maximum value process of a compound Poisson process Wy (¢) is considered.

distribution, i.e., I, ~U(-a,a), in which a is a constant. For an arbitrary small time increment,

the TPD of Wy () can be written by

Mru(a— |lw—w'|)

pw, (w it + 1w t) = 1—I)é(w—w') + %

@7

10
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the TPD of augment vector process (Z (¢),Wp (t)) ™ is governed by

Do, (zyw,t + 7|z W', t)
=uGE—w)é(z—2") +u(w—2")6(z—w)]

Mru(a *2(\lw*w’\)}

(28)
X {(I*AT)ls(’I.U*w') +
Therefore, the joint PDF py, (z,w,t) of (Z(t),W(t))" can be captured using the proposed

AMV-PIS by Eq.(15)(-5) and (16)(+6), then the PDF p, (z,t) of Z(t) can be obtained.

A - T _A.

In this case, the rate of the Poisson process takes A =3 the constant is a =1 the time step
is At=0.02 ; the solving domains are ze [0,15] and ze [-15,15]; the grid sizes are

Az= Az =0.03.The PDF surfaces of Wy (t) and Z(t) againsttime t€ [4,10] obtained by

the proposed numerical method elaborated in Sec.4 are shown in Fig.1.

10 10 10 10
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Fig.1. The PDF surfaces of Wp (t) and Z(t) of the uniform compound Poisson process. (a) PDF surface of
W (t); (b) PDF surface of Z(t).

BABEER

At the time instant ¢t =10, the comparison between the numerical results using the proposed

AMV-PIS and Monte-Carlo simulation (MCS) in terms of the PDF and the cumulative distribution

function (CDF) of Wiy (t) is shown in Fig.2, in which 10°>10® samples are performed in the

MCS to generate the histogram.
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(b) ©

Fig.2. The comparison between AMV-PIS and MCS in terms of the PDF and CDF of the uniform compound Poisson

process Wp(t) at t=10. (a) PDF; (b) CDF (in linear coordinates); (c) CDF (in logarithmic coordinates).

Simultaneously, the comparison between the numerical results using the proposed AMS-PIS

MCS of the PDF and CDF of Z(t) is shown in Fig.3, in which 18>10¢ samples are performed BABOER

in the MCS as well to generate the histogram. Perfect agreement is observed.
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(b) (©)
Fig.3. The comparison between AMV-PIS and MCS efin terms of the PDF and CDF of the maximum value process
Z(t) of the uniform compound Poisson process at ¢ = 10. (a) PDF; (b) CDF (in linear coordinates); (c) |-CDF (in

logarithmic coordinates).

It's noted that at the point 2 =0 there is a jump in the CDF of Z (%), which means the PDF

is a Dirac’s delta value at the point z=0. This is also shown in Fig. 3 as a spike (arrow) at the

origin with the value identical to the jump of CDF at the origin. Noting that 10° times of MCS will

yield accuracy in the tails in the order of magnitude of 10* in a confidence of 10% coefficient of

variation. From Eq.3 it is seen that the accuracy of the proposed method reaches the order of

magnitude of 104,

The PDFs of Z(¢) at some typical time instants are shown in Fig.4.
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0.2
0.1
0

N

Fig.4. The PDFs of Z(t) of the uniform compound Poisson process at different time instants.

It is observed that the PDFs of maximum value process becomes wider and lower as the time

increase, which is consistent with the diffusion property of compound Poisson process. Remarkably,

there is a jump in the PDF curve at z =1. This is because I,,n=1, ---,N(¢) vary in the range

of [-1,1].Besides, Z =0 holds with probability one at any time, though the value of X can

be positive or negative. Such property verifies the results also qualitatively.

14



5.2 Gaussian compound Poisson process

Consider Wy (t) as a compound Poisson process whose sample process is governed by

Eq.(4)4) as well,but I',,n=1, ---,N(t) follow Gaussian distribution, i.e., I, ~N(0,0?), in

A

which o is the standard deviation. In this case, for an arbitrary small time increment, the TPD of

Wy (t) can be written by

_(w—w)?

AT 257

V2o

pw, (w,t +1lw'st) = 1—X)é(w—w') +

29

the TPD of augment vector process (Z(£), W (t))" is governed by
Dzw, (Z7w7t + T|Z,»w’at)
=[uG —w)b(z—2") +ulw—2")6(z—w)]
AT 7<w;;f')2

\/271’08

Therefore, the joint PDF pyy, (z,w,t) of (Z(t),Ws(t))™ can be calculated using the proposed

(30)

X A=X)é(w—w') +

AMV-PIS by Eq.(15)(-5) and (16)(+6), then the PDF p, (z,¢) of Z(t) can be obtained.

AT - T __ _A

In the following numerical illustration, the rate is taken also as A = 3 ; the standard deviation
is 0=0.4 ; the time step is At=0.02 ; the solving domains are ze [0,15] and
z€ [-15,15]; the grid sizes are Az = Az =0.03. The PDF surfaces of Wy (¢) and Z(t)

against time ¢t € [4,10] obtained by the proposed numerical method are shown in Fig.5.
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Fig.5. The PDF surfaces of Wp(t) and Z(t) of the Gaussian compound Poisson process. (a) PDF surface of

W (t); (b) PDF surface of Z(t).

At the time instant ¢t =10, the comparison between the numerical results using the proposed

method (AMV-PIS) and MCS in terms of the PDF and CDF of Wp(¢) is shown in Fig.6, where

10°-10°_samples are performed in the MCS to generate the histogram. | BAREEER
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Fig.6. The comparison between AMV-PIS and MCS of the PDF and CDF in terms of the Gaussian compound Poisson

process Wp(t) at t=10. (a) PDF; (b) CDF (in linear coordinates); (c) CDF (in logarithmic coordinates).

Simultaneously, the comparison between the numerical results using the proposed AMV-PIS

and MCS in terms of the PDF and CDF of Z(t) is shown in Fig.7, where 10>10° samples are

performed in the MCS as well. Again perfect agreement is observed in Figs.6 and 7. Besides,

compared to Fig. 4(a), it is noted that there is no jump (discontinuity) at the PDF in the range 2> 0.
However, similarly, at the point z=0 there is a concentrated probability in the PDF and thus a

finite jump in the CDF. Interestingly, the finite jump of CDF at the origin is the same as in Fig. 3.

This is because the occurrence rate of the two Poisson process are the same, though the distributions

of the random variables are different, and the CDFs in Figs. 7 and 3 are at the same time instance of

t =10 . Again, this consistence between the two figures verifies the numerical results quantitatively.
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Fig.7. The comparison between AMV-PIS and MCS in terms of the PDF and CDF of the maximum value process

Z(t) of the Gaussian compound Poisson process at ¢ =10. (a) PDF; (b) CDF (in linear coordinates); (c) |-CDF

(in logarithmic coordinates).

Similarly. from Fig.7 it is observed that the accuracy of the proposed method reaches the order+ - - ‘[‘.ﬁ&iﬁﬁ‘]: ik EATAERE: 2 F

of magnitude of 104~107.

5.3 One-dimensional non-linear process enforced by uniform Poisson white noise



Consider a one-dimensional process X (#) determined by the following stochastic
differential equation [132]

dX(t) =- [aX(t) +eX?(t)]dt + dWs (2) @31
where a is the linear coefficient; € >0 is the non-linear coefficient; Wy (¢) is the uniform

Poisson white noise, whose sample process is governed by Eq.(4)(4), where I',,n =1, ---,N(%)

A__ - ______Z___1____-Z_

follow uniform distributions, i.e., I, ~U(—a,a), in which a isa constant. For an arbitrary small

time increment, according to Eq.(9)(9), the TPD of X () can be written by

A_ - _ _ L ______

px (z,t +7lz',t)

Mula— |z— A —ana’ +erz®|] G2
2a

=0—X)é[z— QA—ar)z' +erz"®] +

If Z(t) is considered as the maximum value process of X (¢) defined by Eq.(12)(2), then

A _ T ___

by
pax (z,3,t + 7|2 7', t)
=G —2)6Gz—2")tulz—2")6(z—1x)]
Arula— |z — (17a7')x’+€7'x’3ﬂ}

33)

X{(l*)\T)(S[z* A—anz +era’®] + %a

Therefore, the joint PDF pzx(z,7,t) of (Z(¢),X(t))" can be captured using the proposed

AMV-PIS by Eq.(15)(+5) and (16)(}6), then the PDF p, (z,t) of Z(t) can be further obtained

A - T _ A _ - _ I _____ -

by a marginal integral.

In the present example, the initial value is taken as x, = 0; the occurrence rate is A = 3; the
linear coefficient is a = 2; the non-linear coefficientis € = 0.3 ; the constant is a = 1; the time
step is At =0.01; the solving domains are z€ [0,5] and z € [-5,5]; the grid sizes are

Az=Az=0.01. The PDF surfaces of X (¢) and Z(t) against time t< [2,5] obtained by

the proposed numerical method are shown in Fig.8.
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Fig.8. The PDF surfaces of X (t) and Z(t) of the one-dimensional non-linear process. (a) PDF surface of

X (t); (b) PDF surface of Z(%).

At the time instant ¢ =5, the comparison between the numerical results using the proposed

AMV-PIS and MCS in terms of the PDF and CDF of X (¢) is shown in Fig.9, where 10°10°¢ | BREEEX

A

samples are performed in the MCS. These results are also consistent with those obtained in Di Paola

and Santoro [132].
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Fig.9. The comparison between AMV-PIS and MCS of the PDF and CDF of the one-dimensional non-linear process

X(t) at t=05. (a) PDF; (b) CDF (in linear coordinates); (c) CDF (in logarithmic coordinates).

Simultaneously, the comparison between the numerical results using AMV-PIS and MCS in
terms of the PDF and CDF of Z(¢) is shown in Fig.10, where 10°10° samples are performed

in the MCS as well. Interestingly, there is also a discontinuity in the PDF in, and a finite jump is

observed in the CDF of Z at the time ¢ =0 in Fig. 10(c).
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Fig.10. The comparison between AMV-PIS and MCS in terms of the PDF and CDF of the maximum value process
Z(t) of the one-dimensional non-linear process at t=>5. (a) PDF; (b) CDF (in linear coordinates); (¢) 1-CDF (in

logarithmic coordinates).

5.4 Duffing oscillator enforced by Gaussian Poisson white noise
Finally, consider a non-linear, Gaussian Poisson white noise excited, two-dimensional systems,

the Duffing oscillator [426]. The equation of motion is witten-as
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X() +cX(®) + [1+eX2)]X ) =& @) (34
in which ¢ is the linear damping coefficient; € >0 is the non-linear stiffness coefficient; &p ()

I,,n=1,--,N(t) follow Gaussian distributions, i.e., I, ~N(0,0?),where o is the standard

deviation. Denote X (t) =V (¢), then the oscillator can be regarded as a two-dimensional Markov
vector process Y () = (X (¢),V(¢))™, whose stochastic differential equation can be written as

dX (t) =V (t)dt (35)

AV(E) = [X (&) + V() +eX? (@) ]dt + dWp (£) (36)

in which W (t) is the corresponding Gaussian compound Poisson process. For an arbitrary small

time increment 7, the TPD of Y (¢) can be written as [132]

py (z,v,t + 7]z, v',t)

=6(z—a2' —m) o7

AT I i ¢ Y)yursm”] ’
X{(l*)ﬂ')é[ﬂ#’ﬂt’* A—yr)v' +era] + 20° }

\/271’0'e

If Z(t) is considered as the maximum value process of X (t), which is defined by

Eq.(12)A2), according to Eq.(23)(23), the TPD of augment vector process (Z(¢), Y (¢))" is

A___ 7 ____ T ___ A T = Z

governed by
pay (2,2,v,t + 7]2', 7', v, 1)
=[u(z'—2)8(z—2") +u(z—2)6(z —2)]6(z—2' —1v')

\/2%06

Therefore, the joint PDF  pyy (z,2,v,t) of (Z(¢),Y*(¢))" can be calculated using the proposed

(338)

X{(l*)\T)(S[’U‘FTZ’* A—yr)v' + etz +

AMV-PIS by Eq.(24)24) and (25)25), then the PDF p,(2,t) of Z(t) can be obtained as a

Aol ___ - _ 2 LYl __ =

marginal distribution.

In this example, the initial values are taken as zo=0 and v, =0; the rate is A =3; the

linear damping coefficientis ¢ = 0.5 ; the non-linear stiffness coefficientis € = 0.3 ; the standard
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deviation is 0=0.4 ; the time step is At=0.01 ; the solving domains are ze< [0,5],
z € [-5,5] and ve [-5,5]; the grid sizes are Az = Az = Av=0.04. The PDF surfaces of

X(t) and Z(t) againsttime t< [5,30] obtained by the proposed numerical method are shown

in Fig.11.

AR p

(2) (b)

Fig.11. The PDF surfaces of X () and Z(t) of Duffing oscillator. (a) PDF surface of X (t); (b) PDF surface of

Z(t).

At the time instant ¢ = 30, the comparison between the numerical results using the proposed

AMV-PIS and MCS of the PDF and CDF of X () is shown in Fig.12, where performed are 10*

10°_samples in the MCS. | BRBEEX
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Fig.11. The comparison between AMV-PIS and MCS in terms of the PDF and CDF of the displacement response

X (t) of Duffing oscillator at ¢=30 . (a) PDF; (b) CDF (in linear coordinates); (c) CDF (in logarithmic

coordinates).

Simultaneously, the comparison between the numerical results using the AMV-PIS and MCS

in terms of the PDF and CDF of Z(¢) is shown in Fig.12, where 10210° samples are performed

in the MCS as well. Again, fairly good agreement is observed.
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Z(t) of Duffing oscillatorat t = 30. (a) PDF; (b) CDF (in linear coordinates); (c) CDF (in logarithmic coordinates).

It can be seen from the results of the above four examples that the results of the proposed AMV-
PIS method are in good agreement with the results of MCS, which demonstrates convincingly that

using the proposed method to obtain the PDF of time-variant extreme value process of Markov

processes is effective and promising.
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Furthermore, to elarifyycapture the visualized properties of samples of response enforced by

Poisson white noise, two samples of compound Poisson excitation and underlying response of

(described by Eq.(4)) is sparse with jumped shorter or longer steps, which means that the Poisson

white noise process is consisting of discrete spikes (described by Eq.(1)). This is significantly

different from the Gaussian white noise excitation. Therefore, the response of a dynamical system

enforced by Poisson excitation has also considerably different statistic property from the Gaussian

excited systems.

Excitation, Response
Excitation, Response

t t

(a) (b)
Fig.13. Two samples of compound Poisson excitation Wf(,t), Zil'lil EIEIT]XT{FESBOPSE X,(f),al]d, ZEt)i%l;ll%ﬁ | BRI EYR
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6 Concluding remarks

In the present paper, the augmented Markov vector process incorporated with the path integral
solution for capturing the PDF of the time-variant extreme value process is further extended to the
stochastic dynamical system enforced by Poisson white noise excitation.; and-itsThe theoretical
basis and numerical implementation are elaborated in detail. In this method, the time-variant
extreme value process is defined as the stochastic process whose value at a time instant is the
extreme value (e.g. maximum value, minimum value, or absolute maximum value, etc.) of the

underlying stochastic process during the interval from the initial time to the present time. An

27



augmented Markov vector process is then constructed by combining the time-variant extreme value
process and the underlying Markov process. The numerical algorithm, AMV-PIS, is then proposed
based on the Chapman-Kolmogorov equation. Several examples, including linear and non-linear,
one-dimensional and multi-dimensional systems, are illustrated to obtain the probability density of
the time-variant extreme value process. The conclusions include:

(1) For different impulses of Poisson white noise excitation, the PDF of the time-variant
extreme process can be obtained numerically by the proposed method, which is applicable to general
linear or nonlinear, one-dimensional or multi-dimensional stochastic dynamic systems.

(2) The numerical results of this method are of highhave-ideal accuracy. Even the calculation

accuracy ofin the order of magnitude 0->10~*~~10- can be achieved at the tail of the RCDF, which

is in good agreement with the MCS results. It is ef-greatsignificaneet for the ealeulation-cvaluation
of engineering reliability.

(3) For low-dimensional stochastic dynamical systems, this method has ideal computational
efficiency. Due to the sparsity of the TPD of the augmented vector process, programming can be
processed to have higher numerical storage and computational efficiency.

The basic idea in the present paper can be extended to more complex systems and is also
possible, in principle, for non-Markov processes. However, extensive further studies are still needed

in the future.
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