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Abstract

Finite element simulations of the temperature-dependent stress-strain response in the

elastoplastic region of a material usually involve incremental procedures based on the Newton–

Raphson iterative scheme. Although essential to obtaining the correct result, iterations

inherently extend the computational time of the simulations. In order to increase the com-

putational effectiveness of such finite element simulations, a novel solution technique is pre-

sented here, which introduces a closed-form determination of the elastoplastic stress-strain

response using the Prandtl operator approach. Using this solution, the iterative procedure

is no longer required. The positions of the tensile-compressive and shear meridians of the

Haigh–Westergaard coordinate space are first conveniently modified, which then enables the

configuration of coordinate-independent play operators. These play operators connect the

stress and the strain tensors in a unique closed-form solution that significantly increases the

computational power of the simulations, while retaining both the vigorous stability of the

procedure and the high accuracy of the results. The method is successfully validated on

several load cases, consisting of variable tensile, shear and combined thermomechanical load

histories. Limitations of the current version of the approach, that are a part of on-going

research, include extremely low values of the third deviatoric strain-invariant increments,

in which the directions of movement of the yield surfaces can be changed. Furthermore,

the discretisation of the cyclic stress-strain curves plays an important role. The optimal

positions of the yield strains are hence another important issue for future studies. Addi-

tionally, the consistent material Jacobian results in an unsymmetric form in e.g. Abaqus

when engineering shear strains are provided in the simulations and thus the computational
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power is not fully used. Nevertheless, the results using the Prandtl operator approach,

when compared to the results obtained using the conventional, Besseling material model,

show excellent agreement, while substantially reducing the computational time by up to 45

%.

Keywords:

Prandtl operators, finite element method, thermomechanical loading, plasticity, uniaxial,

fatigue

1. Introduction

During periods of operation, the materials used for the structural components of power

plants, exhaust systems or pressure vessels and piping undergo a wide range of strains and

temperatures [1–8]. Variable, cyclic thermomechanical loads cause load-history-dependent,

stress-strain responses in the materials of such components. Simulations of the responses in a

virtual environment are of great significance for the engineers and researchers who design and

optimise new structural components [9–12]. Accurate simulations and high computational

speeds enable the reliable predictions of the material behaviour and permit additional design

iterations during the constantly reducing, assessed time windows in the R&D process [13, 14].

For ductile isotropic materials such as some commonly used metals, e.g. alloy steels and

aluminium alloys, it is accepted that a material under load will yield when the yield surface

of a general stress state at an observed location on a structural component F = F (σij) equals

zero, regardless of the coordinate system used for the observation [15, 16]. Furthermore, the

dependence of the general stress state can be expressed either in terms of the principal

values F (σij) = F (σ1, σ2, σ3) or in terms of the invariants F (σij) = F (I1, J2, cos 3Θ). The

advantage of the latter formulation is the separate representation of the hydrostatic stress

contained in the first stress invariant I1, and the shape distortion of the material, incor-

porated into both the second deviatoric stress invariant J2 and the Lode angle Θ [15–20].

Moreover, such a formulation of the yield surface also allows for a graphically expressive
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representation of the stress-strain states in the well-known Haigh–Westergaard coordinate

system. Three important meridians emerge in the Haigh–Westergaard coordinate space,

depending on the type of loading. The tensile meridian refers to the uniaxial tensile stresses

and the biaxial compressive stresses. The compressive meridian specifies the position of

the uniaxial compressive stress conditions, whereas the shear meridian corresponds to the

pure shear-stress states [15, 21]. The meridians are positioned in the Haigh–Westergaard

coordinate space by the Lode angle at 0, 30 and 60o (as shown in Fig. 1a).
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Figure 1: a) Conventional Haigh–Westergaard coordinate system and b) modified Haigh–Westergaard coor-

dinate system.

Beyond the yield point, plastic strains develop in the material, depending on both the

thermal and the mechanical load histories of the structural component. Consequently, the

yield surface also changes its size, shape and position with the development of these plastic

strains [15, 19, 20, 22]. In mechanics, various models exist to describe this change, also

referred to as the hardening rule. Initial proposals about isotropic hardening by Hill [23]

and kinematic hardening by Melan [24] and Prager [25] have since been developed into var-

ious alternatives. Some recent developments have investigated material models based on

internal state variable theories that can be used to predict the behaviour of materials under

monotonic or cyclic loadings at constant or varying temperatures [9, 26–29]. Lee et al. [26]

proposed a temperature-dependent constitutive model using a continuum-based distortional

hardening law, which affects the shape of the yield surface depending on the loading direc-

tion. Qi et al. [27] developed a nonlinear elastic-viscoplastic constitutive model based on
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a parallel rheological framework. Xie et al. [9] presented a damage-coupled cyclic elastic-

viscoplastic constitutive model involving the strain-range, strain-rate and loading histories’

dependence to predict the complex cyclic behaviours of the material at elevated tempera-

tures. Xing et al. [28] explored simulations of the proportional and non-proportional cyclic

deformation of 316L stainless steel at room temperature. A cyclic plasticity model for a

strain-induced martensite phase transformation was established by correlating the isotropic

hardening and the kinetics of the martensitic transformation by Luo et al. [29]. A simpli-

fied plasticity model by Madrigal et al. [30] for multiaxial, non-proportional cyclic loading

enables simulations of the biaxial plane stress state along non-proportional paths. Recent

studies also report on the development of crystal plasticity models that consider the un-

derlying physical micro-mechanisms to simulate the behaviour of the material under cyclic

thermomechanical operating conditions [31–34]. Petkov et al. [31] examined the predictive

capabilities of a crystal plasticity model for inelastic deformation that captures the evolution

of the dislocation structure, precipitates and solute atom distributions on the microscale.

Rodas et al. [32] proposed a model capable of representing the interactions in single-crystal

superalloys for three-dimensional components by considering kinematic hardening to account

for the Bauschinger effect during load reversals, changes in the strain rate during cyclic load-

ing excursions and the evolution of dislocations. The modelling strategy of Cruzado et al. [33]

was based on the computational homogenisation of a volume element of the microstructure,

which included information about the grain size, shape and orientation distributions. Fa-

rooq et al. [34] recently characterised the cyclic response of face-centred-cubic polycrystalline

materials on both the macroscopic and local levels using rate-independent crystal plasticity

with kinematic hardening. However, considerable attention must be paid to the determi-

nation of the model parameters with the crystal plasticity models. While consideration of

isotropic hardening is important during the initial stabilisation of the stress-strain response

of a material, kinematic hardening is more pronounced during the cyclic loading of mechan-

ical components during the entire lifetime [9, 15, 35, 36]. Kinematic hardening includes

a description of the Bauschinger effect using the Masing rule and the memory rules that

define the behaviour of the nested hysteresis loops during variable load histories [11, 16, 35].
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A classic implicit approach to the simulation of elastoplasticity at the material point level

using the finite element method (FEM) involves return methods consisting of a predictor–

corrector routine that is then followed by a Newton–Raphson iteration scheme in order to

determine the correct plastic strain [9, 12, 15, 26, 29, 37–39]. This approach ensures sta-

ble and accurate problem-solving, but results in a rather elaborate solution strategy, which

consequently also extends the computational time. Clearly, the Newton–Raphson iteration

scheme in multiple dimensions ensures a rapid rate of convergence when the solution is near

the searching point. However, the number of iterations might increase if the solution extends

away from the searching point, i.e. if a considerable load increase is applied to the analysed

material [40]. Furthermore, an incorrect approach might not only lead to an incorrect stress

solution for the given strain increment, but can also delay the convergence of the iteration

procedure or can even start diverging in the search for the solution [16].

The motivation for the method presented in this paper was the increase of the compu-

tational power of the elastoplastic stress-strain simulation using FEM, while maintaining

both the stability and accuracy of the calculation. The novelty of the method is the in-

troduction of a closed-form determination of the elastoplastic stress-strain states without

the utilisation of either the predictor–corrector routine or the Newton–Raphson iterative

scheme, which presumably extend the computational time due to the repetitious procedure.

Instead, an elastoplastic stress-strain solution for variable thermomechanical loads has been

formulated so as to allow a direct solution to the problem. This required establishing of

modified meridians of the Haigh–Westergaard coordinate space (Fig. 1b) and the utilisa-

tion of the Prandtl operator approach. The Prandtl operator approach has already been

successfully implemented into the FEM as a part of the predictor–corrector routine [11],

which already enabled a reduction of the computational time during the elastoplastic struc-

tural analyses of thermomechanically loaded components. Here, we extend the use of the

Prandtl operator approach to such a level that the predictor–corrector routine becomes su-

perfluous. The exact stress-tensor solution is obtained directly for a given strain tensor.

This step additionally improves the computational power of the simulations and hence fur-

ther reduces the computational time. The method is especially applicable to the cyclic
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temperature-dependent structural analyses of complex mechanical structures composed of a

large number of finite elements where a reduction of the computational time is most welcome.

Nevertheless, the method without any modifications is also applicable to monotonic loads.

It is the user’s responsibility however to provide the suitable material parameters which

correspond to either the tensile stress-strain relationship or the stabilised cyclic stress-strain

conditions which have been used for the ferritic stainless steel EN 1.4512 in this study. Sup-

plementary literature on the development of the Prandtl operator approach can be found

in [41–47] and applications of the approach to various mechanical components subjected to

variable thermomechanical loadings are provided in [6, 48–52]. The new approach can be ap-

plied to simulate the stress-strain response of monotonically or cyclically loaded solids with

temperature-dependent isotropic elastoplastic material properties and multilinear kinematic

hardening. As the yield criterion is independent from the hydrostatic stress, the approach

can be applied to simulate the behaviour of ductile isotropic materials, such as some metals,

during operation, e.g. structural components of power plants, exhaust systems or pressure

vessels and piping.

The method is first presented for a general solution step, given the converged solution

from a previous simulation step. Next, the determination of the material parameters is

presented, followed by a calculation of the consistent material Jacobian. Numerical examples

provide the working principle of the method and allow a comparison of the results with a

classic model for cyclic elastoplastic solutions with multilinear kinematic hardening, i.e. the

Besseling model [53]. We refer to the method using the Prandtl operator approach also

using the expression Prandtl model from here on, which is more convenient especially when

comparisons with the Besseling model are being drawn.

2. Method

2.1. Direct solution of the cyclic elastoplasticity with multilinear kinematic hardening

It is assumed that the stress tensor σ
(1)
ij and the strain tensor ε

(1)
ij for the last accepted

equilibrium state (1), including the strain-tensor increment ∆εij, are known. Small defor-

mations are assumed. The strain tensor in the current state (2) can thus be calculated as
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ε
(2)
ij = ε

(1)
ij + ∆εij. (1)

Now the aim is to develop an exact closed-form expression for the stress tensor in the current

state (2) as

σ
(2)
ij = σ

(1)
ij + ∆σij, (2)

which at any point during its determination will not involve an iterative numerical routine.

If the effective stress σeff, as a scalar equivalent of the stress tensor [15], is an arbitrary,

monotonically increasing function of the effective strain εeff attained at an arbitrary, but

constant, temperature T , we will show that no iteration is required to solve Eq. 2 if the

hardening law σeff = f(εeff) is approximated by nq − 1 linear segments encapsulated into a

form of radial Prandtl operators. The main steps of the procedure are also given in Fig. 2

to support the comprehension of the solution.

The procedure for determining ∆σij and, consequently σ
(2)
ij in Eq. 2 begins with the

initialisation of the variables used during the calculation. Presumably, there is initially

no residual strain, so the normal, shear and radial back-strains in the deviatoric plane are

introduced as

E
(1)
nl = E

(1)
sl = E

(1)
ρl = 0, l = 1, . . . , nq, (3)

the normal, shear, radial and maximum strains in the deviatoric plane are initialised as

e(1)
n = e(1)

s = e(1)
ρ = e(1)

max = 0 (4)

and the normal, shear and radial stresses in the deviatoric plane are set as

s(1)
n = s(1)

s = s(1)
ρ = 0. (5)

The l-th radial back-strain can be graphically explained as the radial coordinates of the

centre El for the l-th yield function with the radius ql in the deviatoric plane (Fig. 3a). The

first radial back-strain denoted by the point P is thus the coordinate of the centre E1 of

the first yield function with the radius q1 = 0. If the point P is located along the space

diagonal of the principal axes ε1, ε2 and ε3, then all the principal strains in Fig. 3a are
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second deviatoric strain-invariant increment (Eq. 7)

third deviatoric strain-invariant increment (Eq. 8)

radial strain increment (Eq. 9)
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maximum strain (Eq. 15)

radial back-strains (Eqs. 47-49)

radial stress increment (Eq. 16)

radial stress in current state (Eq. 20)

Lamé  constant (Eq. 38)

stress-tensor increment (Eq. 39), stress-tensor in current state (Eq. 2)

differential stress-tensor increment (Eq. 74)

input quantites from the last accepted equilibrium state (1)

2 3,J J 
~ ~ 

Figure 2: Main steps of the direct solution of the cyclic elastoplasticity with multilinear kinematic hardening.

equal, the space diagonal going through the point N is the hydrostatic axis and the distance

|NP | = ρe = 0. Otherwise, the distance |NP | in Fig. 3b of the point P to the hydrostatic

axis is greater than zero.

Finally, 3θe is the angle in the deviatoric plane between the projection of the ε1 axis onto

the deviatoric plane and the line NP . The angle θe is the Lode angle [15–17]. A modified
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Haigh–Westergaard coordinate system is introduced at this point. In the modified coordinate

system, presented in Fig. 1, the normal axis en and the shear axis es are perpendicular to

each other, in contrast to the conventional Haigh-Westergaard coordinate system [15, 21]

where the angle between the tension and the shear axes is 30◦ and the angle between the

tension and the compression axes is 60◦ (Fig. 1a). The angles between the main meridians

in the modified Haigh–Westergaard coordinate system are hence three times greater than

in the conventional Haigh–Westergaard coordinate system (Fig. 1b). Only by adjusting

the coordinate system can the modelling of the tensile-compressive movements of the yield

functions in the vertical direction be independently carried out from the shear movements

in the horizontal direction.
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Figure 3: Modified Haigh–Westergaard coordinate system. (a) Initial state. (b) Current state.

First, the deviatoric strain-tensor increment is calculated as

∆eij = ∆εij −
1

3
∆εkkδij, (6)

the second deviatoric strain-invariant increment is calculated as

∆J̃2 =
1

2
∆eij∆eji, (7)
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and the third deviatoric strain-invariant increment is calculated as

∆J̃3 =
1

3
∆eij∆ejk∆eki. (8)

The radial strain increment can be expressed by considering the relations in the deviatoric

plane [15] as

∆ρe =

√
2∆J̃2. (9)

The normal strain increment in the deviatoric plane ∆en can hence be determined as

∆en =
3
√

6∆J̃3

∆ρ2
e

(10)

and the shear strain increment in the deviatoric plane can be determined as

∆es =
√

∆ρ2
e −∆e2

n. (11)

If ∆J̃3 ≥ 0, both the radial and the normal strain increments are positive; if ∆J̃3 < 0,

they are negative. Conventionally, the sign of the shear strain increment equals the sign

of the normal strain increment. As the model is driven by the radial movement of the

yield functions, only the movement and the sign of the radial strain increment are essential.

Furthermore, the radial strain in the deviatoric plane for the current state is then calculated

as

e(2)
ρ = e(1)

ρ + ∆ρe. (12)

The normal and shear strains in the vertical and horizontal directions of the modified Haigh–

Westergaard coordinate system, respectively, can be worked out as

e(2)
n = e(1)

n + ∆en (13)

and

e(2)
s = e(1)

s + ∆es. (14)

To increase the computational power of the algorithm, the maximum strain in the deviatoric

plane is calculated as

e(2)
max = max

(
e(1)

max, e
(2)
ρ

)
. (15)
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Next, the radial back-strains E
(2)
ρl and the radial back-strain increments ∆ρel are calcu-

lated as explained in Section 2.2. Afterwards, the radial stress in the deviatoric plane for

the current state is calculated as

s(2)
ρ =

nq∑
l=1

αl(T
(2))E

(2)
ρl (16)

or equivalently as

s(2)
ρ =

nq∑
l=1

αl(T
(2))∆ρel +

nq∑
l=1

αl(T
(2))E

(1)
ρl . (17)

The details of the calculation of the Prandtl densities αl(T
(2)) are given in Section 2.3.

Eq. 17 can be subsequently rewritten as

s(2)
ρ =

nq∑
l=1

αl(T
(2))∆ρel +

nq∑
l=1

αl(T
(1))E

(1)
ρl +

nq∑
l=1

(
αl(T

(2))− αl(T (1))
)
E

(1)
ρl . (18)

Since s
(1)
ρ =

∑nq

l=1 αl(T
(1))E

(1)
ρl and ∆αl = αl(T

(2))− αl(T (1)), the radial stress in the devia-

toric plane for the current state is given by

s(2)
ρ =

nq∑
l=1

αl(T
(2))∆ρel + s(1)

ρ +

nq∑
l=1

∆αlE
(1)
ρl . (19)

The corresponding radial stress increment in the deviatoric plane is then

∆ρs = s(2)
ρ − s(1)

ρ , (20)

or equivalently,

∆ρs =

nq∑
l=1

αl(T
(2))∆ρel +

nq∑
l=1

∆αlE
(1)
ρl = ∆ρ(M)

s + ∆ρ(T)
s . (21)

A single radial stress increment ∆ρsl is hence a consequence of the mechanical contribution

∆ρ
(M)
sl and the thermal contribution ∆ρ

(T)
sl . Most importantly, all the radial stress increments

appear in the same direction, as depicted in Fig. 4.

From Fig. 5 it follows that when the point P moves from the last accepted equilibrium

state (1) to the current state (2), it is supposed that all the centres of the yield functions

either move in the same direction or are at rest. The angle 3∆θe can thus be calculated as

tan 3∆θe =
∆es

∆en

. (22)
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Furthermore, if the back-strain increments ∆Enl = E
(2)
nl − E

(1)
nl and ∆Esl = E

(2)
sl − E

(1)
sl are

observed, the angle 3∆θe can also be expressed as

tan 3∆θe =
∆Esl

∆Enl

, (23)
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where the back-strain increments are calculated as

∆Enl = ∆ρel cos 3∆θe (24)

and

∆Esl = ∆ρel sin 3∆θe. (25)

Following the relations in the deviatoric plane [15], the first principal deviatoric strain in-

crement can be obtained as

∆e1 =

√
2

3
∆ρe cos ∆θe (26)

and similarly [15], the first principal deviatoric stress increment can be expressed as

∆s1 =

√
2

3
∆ρs cos ∆θs. (27)

In Eq. 27, the angle 3∆θs can be calculated as

tan 3∆θs =
∆ss

∆sn

, (28)

where the normal and shear stress increments in the deviatoric plane ∆sn and ∆ss are

connected to the angle 3∆θs and the radial stress increment in the deviatoric plane ∆ρs as

∆sn = ∆ρs cos 3∆θs (29)

and

∆ss = ∆ρs sin 3∆θs. (30)

Inserting Eq. 21 into Eqs. 29 and 30, the separation of the normal and shear stress increments

is observed as

∆sn = ∆ρ(M)
s cos 3∆θs + ∆ρ(T)

s cos 3∆θs = ∆s(M)
n + ∆s(T)

n (31)

and

∆ss = ∆ρ(M)
s sin 3∆θs + ∆ρ(T)

s sin 3∆θs = ∆s(M)
s + ∆s(T)

s . (32)

Recalling the parallel occurrence of the total, mechanical and thermal stress increments

(Fig. 4) and considering the relation between the back-strain increments ∆Enl and ∆Esl

13



with the strain increment ∆ρel according to Eqs. 24 and 25, the equivalence of the angles

3∆θe and 3∆θs can be calculated as

tan 3∆θs =
∆ss

∆sn

=
∆s

(M)
s

∆s
(M)
n

=
∆s

(T)
s

∆s
(T)
n

= tan 3∆θe. (33)

Eqs. 26 and 27 can thus be generalised into the principal deviatoric stress increments as

∆si =
∆ρs

∆ρe

∆ei (34)

and, accordingly, into the deviatoric stress-tensor increments as

∆sij =
∆ρs

∆ρe

∆eij. (35)

Now, considering the effective stresses and strains as invariant scalar equivalents of the

deviatoric stress-tensor components [15] and deducing the effective trial stress increment

∆σt
eff as

∆σt
eff = 3G

(
T (2)

)
∆εeff, (36)

the ratio ∆ρs
∆ρe

can be expressed from Eq. 35 in terms of the shear modulus G
(
T (2)

)
, the

effective stress increment ∆σeff and the effective trial stress increment ∆σt
eff as

∆ρs

∆ρe

= 2G
(
T (2)

) ∆σeff

∆σt
eff

, (37)

which can also be written in terms of Lamé constant µ∗
(
T (2)

)
as

∆ρs

∆ρe

= 2µ∗
(
T (2)

)
. (38)

Finally, joining the deviatoric stress-tensor increment given in Eq. 35 with the hydrostatic

stress-tensor increment, the exact closed-form expression for the stress-tensor increment can

be composed as

∆σij = 2µ∗
(
T (2)

)
∆εij + λ∗

(
T (2)

)
∆εkkδij. (39)

In Eq. 39, the coefficients µ∗
(
T (2)

)
and λ∗

(
T (2)

)
stand for the Lamé constants defined as

µ∗
(
T (2)

)
= G

(
T (2)

) ∆σeff

∆σt
eff

and λ∗
(
T (2)

)
= K

(
T (2)

)
− 2

3
µ∗
(
T (2)

)
, (40)
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whereas the bulk modulus K
(
T (2)

)
is expressed in terms of the Young’s modulus E

(
T (2)

)
and the Poisson’s ratio ν

(
T (2)

)
as

K
(
T (2)

)
=

E
(
T (2)

)
3(1− 2ν (T (2)))

. (41)

If the point P does not reach the second yield function, Eq. 35 changes to ∆sij =

2G
(
T (2)

)
∆eij with µ∗

(
T (2)

)
= G

(
T (2)

)
so Eq. 39 transforms into Hooke’s linear isotropic

law for elastic solids.

2.2. Back-strain calculation

Unless a residual strain is present, the circular yield functions are all centred around

zero, as shown in Fig. 3a. This usually, yet not necessarily, represents the initial (unloaded)

state. If the point P does not exceed the second yield function with the radius q2, then the

back-strains do not alter, so the material remains in the elastic region. However, if the point

P moves beyond the second yield function, at least the second back-strain will change, and

the material will enter the plastic region. The algorithm for the calculation of the radial

stress increment according to Eq. 21 assumes that a radial move of the point P from the

last accepted equilibrium state (1) to the current state (2), either moves the back-strains in

the same radial direction or they remain at rest.

The back-strain calculation in the case of variable temperature with the graphical aid

from Fig. 6 is as follows:

1. Initially, the position of the point P , which represents the elastic state of the material

with index l = 1, changes from the last accepted equilibrium state (1) to the current

state (2) due to the mechanical load and the temperature increment. This yields the

first radial back-strain

E
(2)
ρ1 = e(2)

ρ (42)

and the first back-strain increment

∆ρe1 = E
(2)
ρ1 − E

(1)
ρ1 = ∆ρe. (43)
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Figure 6: Back-strain calculation from the last accepted equilibrium state (1) to the current state (2).

Considering Eq. 42 and the calculation of e
(2)
ρ from Eq. 12, the first radial back-strain

E
(2)
ρ1 is constituted with a positive and a negative sign in the regions of the tensile and

compressive meridians, respectively. For a graphical representation of the positions

of the plastic yield functions, a unit vector n2 = [ns, nn]> can be computed, pointing

in the direction of the point P in the current state (2). For the same reason, the

positions of the plastic yield functions from the last accepted equilibrium state E
(1)
ρl

(index l > 1) can be rotated into direction n2.

2. Next, the positions of the plastic yield functions (index l > 1) are adjusted in order to

take the temperature increment into account if ∆T 6= 0 as

E
(T )
ρl =

αl(T
(1))

αl(T (2))
E

(1)
ρl for l = 2, . . . , nq, (44)

where αl(T
(1)) and αl(T

(2)) stand for the Prandtl densities at the last accepted equi-
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librium state (1) and the current state (2), respectively.

3. Furthermore, the positions of the plastic yield functions (index l > 1) in the current

state (2) are determined from the temperature-modified radial back-strains E
(T )
ρl and

the current position of the point P (the radial back-strain E
(2)
ρ1 ). The quantities al,

which represent the radial movements between the current position of the point P and

the temperature-modified positions of the points E
(T )
ρl , can thus be calculated as

al = E
(2)
ρ1 − E

(T )
ρl for l = 2, . . . , nq. (45)

If al > ql, then the l-th radial back-strain can be determined as

E
(2)
ρl = E

(2)
ρ1 − ql. (46)

Otherwise, if al < −ql, then the l-th radial back-strain is worked out as

E
(2)
ρl = E

(2)
ρ1 + ql, (47)

or the value of the l-th radial back-strain is changed due to the temperature increment,

so

E
(2)
ρl = E

(T )
ρl . (48)

Finally, the l-th back-strain increment is calculated as

∆ρel = E
(2)
ρl − E

(1)
ρl (49)

and the positions of the points E
(2)
ρl can be updated as

e
(1)
l = |E(2)

ρl |n2. (50)

The back-strain calculation in the case of constant temperature omits the second step of

the procedure, so E
(T )
ρl = E

(1)
ρl for l = 2, . . . , nq. In either constant or variable temperature

conditions, the back-strain calculation is carried out only for those yield functions where

e
(2)
max from Eq. 15 is greater than the radius ql. Both conditions significantly increase the

computational power of the algorithm.
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2.3. Material parameters

For the calculation of the Prandtl densities used in Eq. 21, either uniaxial cyclically stable

tensile-compressive or cyclically stable pure-shear cyclic stress-strain curves are required. In

the first case, only the σ11 component of the stress tensor is non-zero, whereas in the latter

case, only the σ12 component of the stress tensor is non-zero. The curves are frequently,

but not necessarily, approximated by the Ramberg-Osgood relation [6, 11, 35, 46, 54]. The

use of the Ramberg-Osgood stress-strain relation is convenient due to its advantageous

description of kinematic hardening at cyclic loading by only three parameters (E, K ′ and

n′). However, the approach is not restrained to the Ramberg-Osgood curves. If a different

stress-strain relationship is used, e.g. the Armstrong-Frederick or similar, the corresponding

material parameters have to be determined [54]. Moreover, even individual stress-strain

points at test temperatures can be provided as an input for the determination of the Prandtl

densities [47]. For this study, the corresponding material parameters for ferritic stainless steel

EN 1.4512 [6, 11, 46] are listed in Table 1, where E, K ′ and n′ stand for elastic modulus and

Ramberg Osgood’s cyclic hardening coefficient and cyclic hardening exponent, respectively.

Additionally, tensile strength Rm, proportional limit stress σp and the Poisson’s ratio ν are

also given for the test temperatures 20, 300 and 650 ◦C.

Table 1: Elastic modulus E, Ramberg–Osgood parameters K ′ and n′, tensile strength Rm, proportional

limit stress σp and the Poisson’s ratio ν for ferritic stainless steel EN 1.4512 used in this study.

T [◦C] E[MPa] K ′[MPa] n′ [-] Rm[MPa] σp[MPa] ν [-]

20 200000 603.42 0.1211 407 140 0.3

300 180000 508.16 0.1103 360 120 0.3

650 150000 183.13 0.0336 165 90 0.3

Next, the cyclically stable cyclic stress-strain curves, obtained from either uniaxial tensile-

compressive, low-cycle fatigue testing or incremental step testing [54, 55], are converted into
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the radial stress in the deviatoric plane as

sr =

√
2

3
σeff (51)

and the radial strain in the deviatoric plane as

er =

√
3

2
εeff, (52)

where the effective stress and the effective strain are given according to the definition [15]

by

σeff =

√
3

2
sijsij = σ11 and εeff =

√
2

3
eijeij = εe

eff + εp
eff =

σeff

3G
+ εp

11, (53)

respectively. If the cyclic stress-strain curve is described by the Ramberg–Osgood relation,

the plastic strain component εp
11 equals

εp
11 = (σ11/K

′)1/n′
. (54)

If the pure-shear, cyclically stable, cyclic stress-strain curves are available, then the

curves are converted into shear stress and strain in the deviatoric plane according to Eqs. 51

and 52, only now the effective stress and effective strain are given by

σeff =
√

3σ12 and εeff = εe
eff + εp

eff =
σeff

3G
+

1√
3
γp

12. (55)

For the Ramberg–Osgood relation, the engineering plastic strain γp
12 is calculated as

γp
12 = 2εp

12 = (σ12/K
′)1/n′

. (56)

The cyclically stable, cyclic radial stress-strain curves in the deviatoric plane for the EN

1.4512 steel are depicted in Fig. 7.

The radius of the first circular yield function q1 is always set to zero, whereas the radius

of the second circular yield function equals

q2 = min
T

√
3

2

(
σp(T )

3G(T )
+

(
σp(T )

K ′(T )

) 1
n′(T )

)
(57)
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Figure 7: Temperature-dependent, cyclically stable, cyclic radial stress-strain curves in the deviatoric plane

for EN 1.4512 steel.

and the radius of the last circular yield function is given as

qnq+1 = max
T

√
3

2

(
Rm(T )

3G(T )
+

(
Rm(T )

K ′(T )

) 1
n′(T )

)
. (58)

For the material data of the EN 1.4512 steel given in Table 1, both q2 and qnq+1 correspond

to the highest test temperature T = 650◦C. The radii of the intermediate circular yield

functions are distributed between q2 and qnq+1, as shown in Fig. 7. When the data pairs ql

and srl(T ) are known, the Prandtl densities αl(T ) for l = 1, . . . , nq are calculated as

αl(T ) =
1

ql+1 − ql
(srl+1(T )−

l−1∑
l̃=1

αl̃(T )(ql+1 − ql̃)). (59)

The radius of the last circular yield function becomes excessive when the Prandtl densities

in Eq. 59 are known, so hereafter qnq+1 is deleted. The Prandtl densities are calculated

for the set of nT uniformly distributed temperatures between the minimum (20◦C) and the

maximum (650◦C) test temperature. They are stored together with the yield radii prior to

the start of the simulation in order to retain a high computational speed. The radial stress

in the deviatoric plane sr in Eq. 59 depends on the material parameters for the interpolated
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temperatures. Hence, E(T ), K ′(T ), n′(T ), Rm(T ), σp(T ) and ν(T ) have to be pre-calculated

for the given set of nT temperatures, as given, e.g. in [41–46].

2.4. Consistent material Jacobian

A structural elastoplastic analysis using an implicit finite element method performs

accurately and quickly only if the material sensitivity in terms of ∂∆σ
∂∆ε

is ensured consis-

tently [12, 56].

Hence, the material Jacobian is defined here for the closed-form elastoplastic solution

using the Prandtl operator approach, as required in finite element solvers, e.g. the Abaqus

user material programme code UMAT. Starting from Eq. 21, it can be shown that ∆ρs is

a linear function of ∆ρe. The slope depends on the Prandtl densities αl(T
(2)), whereas the

intercept additionally depends on the back-strains E
(1)
ρl and the Prandtl densities αl(T

(1)).

By applying the differential operator δ to a single segment of the Prandtl model, Eq. 21

yields

δ∆ρsl = αl(T
(2))δ∆ρe (60)

if the l-th radial back-strain E
(2)
ρl changes according to Eqs. 46 or 47. If E

(2)
ρl changes

according to Eq. 48, the application of the differential operator δ to a single segment of the

Prandtl model in Eq. 21 results in

δ∆ρsl = 0. (61)

The differential stress increment δ∆ρs can now be expressed as

δ∆ρs =

nq∑
l=1

δ∆ρsl = α∗(T (2))δ∆ρe, (62)

where α∗(T (2)) sums up the contributions from Eqs. 60 and 61.

Again, considering the effective stresses and strains as invariant scalar equivalents of

the deviatoric stress-tensor components [15], the differential effective-stress increment is

obtained as

δ∆σeff =
3

2
α∗(T (2))δ∆εeff. (63)
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Introducing the trial deviatoric stress-tensor increment ∆st
ij as

∆st
ij = 2G

(
T (2)

)
∆eij, (64)

while considering the effective trial-stress increment from Eq. 36 and the effective strain

increment ∆εeff as

∆εeff =

√
2

3
∆eij∆eij, (65)

the application of the differential operator yields

δ∆εeff =
∆st

ij

∆σt
eff

δ∆eij = ηij(T
(2))δ∆eij, (66)

where ηij stands for

ηij =
∆st

ij

∆σt
eff

. (67)

Similarly, considering the definition of the effective trial-stress increment ∆σt
eff as

∆σt
eff =

√
3

2
∆st

ij∆s
t
ij, (68)

the differential operator gives

δ∆σt
eff = 3G

(
T (2)

)
ηij(T

(2))δ∆eij. (69)

Moreover, applying the differential operator to deviatoric stress-tensor increments in Eq. 35,

while considering the ratio ∆ρs
∆ρe

from Eq. 37, the differential deviatoric stress-tensor incre-

ments can be gained as

δ∆sij = 2µ∗
(
T (2)

)
δ∆eij +

(
3

2
α∗(T (2))− 3µ∗

(
T (2)

))
ηij(T

(2))ηkl(T
(2))δ∆ekl. (70)

Finally, considering Eq. 6 and acknowledging

∆sij = ∆σij −
1

3
∆σkkδij (71)

the exact, closed-form expression for the consistent material Jacobian is derived as

δ∆σij = 2µ∗
(
T (2)

)
δ∆εij+λ

∗ (T (2)
)
δijδ∆εkk+

(
3

2
α∗(T (2))− 3µ∗

(
T (2)

))
ηij(T

(2))ηkl(T
(2))δ∆εkl.

(72)
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In the case of elasticity where α∗(T (2)) = α1(T (2)) = 2G
(
T (2)

)
and µ∗

(
T (2)

)
= G

(
T (2)

)
,

Eq. 72 turns into the consistent material Jacobian for Hooke’s linear isotropic law as

δ∆σij = 2G
(
T (2)

)
δ∆εij +

(
K
(
T (2)

)
− 2

3
G
(
T (2)

))
δijδ∆εkk. (73)

The stability of the procedure depends on the ratio ∆ρs
∆ρe

in Eq. 38. If
∣∣∣∆ρs

∆ρe

∣∣∣ > α1(T (2)),

then
∆ρs

∆ρe

= α1(T (2)) (74)

and

α∗(T (2)) = α1(T (2)). (75)

3. Results and discussion

The presented closed-form solution for structural elastoplastic analyses was implemented

into an Abaqus UMAT routine and tested on several load cases. The material parameters for

the ferritic stainless steel EN 1.4512 were used for the simulations, given in Table 1. The ex-

perimental stress-strain range was divided into 33 yield functions, whereas the experimental

temperature range was divided into 500 steps between the minimum and the maximum test

temperatures. Initially, the stress-strain response of a single linear C3D8 -type structural

finite element was simulated against two variable tensile-compressive thermomechanical load

histories, given in Figs. 8a and 8b. While the thermal load was equal for both load histories,

the mechanical load was applied as displacements in the first load history and as forces in

the second load history.

Next, the stress-strain response was simulated for two variable shear thermomechanical

load histories (Figs. 8c and 8d). The thermal load was equal for both shear load histories,

while the mechanical loads were applied either as displacements or forces. Furthermore, the

simulations on a single finite element were repeated for an initially distorted finite element.

Finally, a rectangular cross-sectioned cantilever beam, composed of 750 linear C3D8 -type

finite elements and 1224 nodes, was exposed to two variable thermomechanical load histories,
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Figure 8: Thermomechanical load histories for a) displacement-controlled tension-compression of a single

finite element, b) force-controlled tension-compression of a single finite element, c) displacement-controlled

shear of a single finite element, d) force-controlled shear of a single finite element, e) displacement-controlled

load of a cantilever beam and f) force-controlled load of a cantilever beam. Black solid lines represent the

mechanical load and the grey solid lines represent the thermal load.
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given in Figs. 8e and 8f. One end of the cantilever beam was fixed, and the other end of the

cantilever beam was loaded by either a displacement or a force, whereas the thermal load

was applied uniformly over the whole finite element model. Moreover, the mechanical load

was applied in two directions to introduce a non-proportional loading sequence. For this

reason, the cantilever beam was initially mechanically loaded in y-direction between 0 and

50 s (Figs. 8e and 8f.) Between 50 and 80 s, mechanical load in x-direction was added. The

stress-strain response of the cantilever beam was simulated for the applied conditions.

The results of the simulations using the implemented Prandtl model were compared with

the results using the Besseling model (from here on the reference model), which also enables

structural analyses of mechanical components subjected to variable thermomechanical load

histories considering a cyclic elastoplastic behaviour with multilinear kinematic hardening.

The models have been compared in terms of the simulated stress-strain behaviour and the

computational time needed to complete the analyses.

3.1. Tensile-compressive response of a single finite element

The results of the simulation for a single finite element subjected to two variable tensile-

compressive thermomechanical load histories are given in Fig. 9. It is clear that the stress-

strain simulation using the Prandtl model corroborates with the results of the simulation

using the reference model. For each of the given load histories, a major hysteresis loop

emerges with a minor loop at each reversal point. The major hysteresis loop is created

between the reversal points at 90 s, 180 s and 450 s and at 20 oC, whereas the minor loops are

created between the time intervals 180 s to 360 s and 450 s to 630 s, where the temperature

changes between 20 oC and 300 oC. The major hysteresis loops are hardly distinguishable

from the models, which confirms the suitability of the proposed methodology using the

Prandtl operator approach. However, small discrepancies can be obtained, mostly during

the minor loops, suggesting a different consideration of the temperature influence in the

models. They can also be recognised in Figs. 10a and 10b between the time intervals 180 s

to 360 s and 450 s to 630 s. Although the size of the temperature step and the interpolation

between the experimental cyclic curves to determine the material parameters for the non-
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experimental temperatures can influence the results of the simulations using the Prandtl

model, the correlation with the reference model is noteworthy.
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Figure 9: Single finite element subjected to a) tensile loading and b) compressive loading, c) corresponding

stress-strain response of displacement-controlled load and d) corresponding stress-strain response of force-

controlled load. The shape change of the finite element is magnified by a factor of 10. Thick black lines

represent the Prandtl model and thin grey lines represent the reference model.

The tensile-compressive loading in the z-direction only affects the σ33 component of

the stress tensor (Fig. 9). The cause of the movement of the back-strains Eρl is hence the

thermomechanical excitation in the z-direction (Fig. 11). Initially, there are no residual back-

strains; therefore, consequent segments of the Prandtl model are being activated gradually

up to 90 s. A linear incremental changing of the displacement-controlled loading between
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Figure 10: a) Stress signal of displacement-controlled tensile-compressive load history, b) strain signal of

force-controlled tensile-compressive load history, c) stress signal of displacement-controlled shear load history

and d) strain signal of force-controlled shear load history. Thick black lines represent the Prandtl model

and thin grey lines represent the reference model.
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the reversal points generates a linear movement of the back-strains (Fig. 11a), whereas a

linear incremental changing of the force-controlled loading results in the nonlinear behaviour

of the back-strains due to the nonlinear relationship between the stresses and the strains

in the material model (Fig. 11b). The positions of the back-strains at the reversal points

of the major hysteresis loop are demonstrated at 90 s, 180 s and 450 s. The yield surfaces

with larger radii activate with a delay, which exhibits the properties of the memory rules.

However, the temperature change causes a rearrangement of the back-strains according to

Eq. 44, which can be seen between the time intervals 180 s to 360 s and 450 s to 630 s.

Since the yield functions are mutually independent, a decoupled rearrangement of the back-

strains emerges depending on the ratio between the Prandtl densities at the temperature

of the last accepted equilibrium state and at the current state. Importantly, a reversible

temperature-dependent rearrangement is observed at 360 s and 630 s, so the back-strains

shift back to the positions before the temperature change if no additional load is applied

during the heating-up and cooling-down processes.
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Figure 11: Positions of the back-strains during tensile-compressive a) displacement-controlled and b) force-

controlled loading of a single finite element.

3.2. Shear response of a single finite element

The results of a single finite element, exposed to variable shear thermomechanical load

histories, are presented in Fig. 12. It is clear that only the shape changes during this type

of loading, while the volume remains unmodified. Once more, the stress-strain simulation
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using the Prandtl model shows noticeable agreement with the reference model. The major

hysteresis loop that appears between 100 s and 300 s is scarcely distinguishable from the

models (Figs. 12c, 12d, 10c and 10d). A slight discordance is again observed during the tem-

perature change between 300 s and 600 s for the same reasons as for the tensile-compressive

loading.
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Figure 12: Single finite element subjected to a) shear loading in positive y-direction and b) shear loading in

negative y-direction, c) corresponding stress-strain response of displacement-controlled load and d) corre-

sponding stress-strain response of force-controlled load. Thick black lines represent the Prandtl model and

thin grey lines represent the reference model.

The movements of the back-strains appear due to the thermomechanical shear loading in

the y-direction (Fig. 13). After the unloaded state, the back-strains activate gradually and
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Figure 13: Positions of the back-strains during shear a) displacement-controlled and b) force-controlled

loading of a single finite element.

change the direction of their movement at the reversal points of the major hysteresis loop, as

depicted at 100, 200 and 300 s. A nonlinear movement of the back-strains is observed during

the linear incremental force-controlled shear loading (Fig. 13b). The temperature change

causes a rearrangement of the yield functions after 300 s; however, this does not reverse

completely at 500 s, as also the temperature does not yet return to the initial temperature

at that time.

3.3. Response of a single initially distorted finite element

The results of a single initially distorted finite element, exposed to variable shear ther-

momechanical load histories, are presented in Fig. 14. An initially distorted shape with

the aspect ratio of 6.04 and the maximum angle of 162.6◦ has been chosen to perform the

calculations. The element was subjected to the same loading as the non-distorted (regular)

element under the displacement control. However, in order to meet a converged solution also

for the reference model, the amplitudes of the force-controlled loading were reduced due to

a smaller cross-section of the distorted element. Namely, the slope of the stress-strain curve

of the reference model is considered as a horizontal line beyond the last input stress-strain

point whereas the last slope is maintained beyond the last yield strain in the case of the

Prandtl operator approach. If the loading exceeds the last input stress-strain point of the

reference model, the material behaves as ideally plastic, i.e. in the case of a single element,
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the force-controlled load cases will not converge.
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Figure 14: Analysis of an initially distorted single element subjected to tensile-compressive and shear loading.

The deformed shapes, magnified by a factor of 10, are depicted after the first load step (10 s).

For the comparison, the same quantities were chosen as in the case of the non-distorted
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element and compared against the reference model (Fig. 14). Due to the distorted shape,

a multiaxial stress-strain response appears in all load cases which reduces the yielding in

individual components (equivalent von Mises stress in Fig. 14). Hence the results of the

initially distorted element cannot directly be compared to the results of the non-distorted

element. Nevertheless, the results can be compared between the material models. Even in

the case of an initially distorted element, a good agreement between the Prandtl and the

reference models can be obtained. Some discrepancies appear during the minor loops which,

as in the case of the non-distorted element, can be attributed to a different consideration of

the temperature influence in the models.

3.4. Response of a cantilever beam

The results of the simulations of a cantilever beam subjected to variable thermomechani-

cal load histories are depicted in Figs. 15, 16 and 17. The dimensions of the cantilever beam

are given in Fig. 15.

deformed shape 

under vertical load

undeformed shape

a)

deformed shape under both 

vertical and horizontal loads

undeformed shape

b)

element 136element 136

5 3

dimensions of 

the beam

50

Figure 15: Cantilever beam subjected to variable loading a) in y-direction (t = 10 s) and b) x and y-directions

(t = 70 s). The shape change of the finite element model is magnified for a factor of 10.

In the first 40 s, the cantilever beam was loaded mechanically in the y-direction (Fig. 15a)

and after a considerable temperature rise between 40 s and 50 s (Figs. 8e and 8f), a mechan-

ical load was added in the x-direction (Fig. 15b). A finite element close to the fixed support
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Figure 16: Stress-strain tensor components in element 136 of the cantilever beam for a) displacement-

controlled and b) force-controlled load histories. Thick black lines represent the Prandtl model and thin

grey lines represent the reference model.
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Figure 17: Signal in element 136 of the cantilever beam for a) stress tensor components during displacement-

controlled load history and b) strain tensor components during force-controlled load history. Thick black

lines represent the Prandtl model and thin grey lines represent the reference model.
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of the cantilever beam was chosen to display the results of the stress-strain simulations. The

reason being that close to the support, high values of the stresses and strains were expected.

This element is marked as element 136 in Fig. 15. Generally speaking, good agreement be-

tween the results using the Prandtl and the reference model was found, as shown in Figs. 16

and 17. Although all the components of both the stress and the strain tensors are depicted,

they can be divided by the absolute values of the stresses or strains for the purposes of the

discussion. For example, the stress component σ33 is considerably higher than the stress

components σ13 or σ12. Significantly, the result of the simulation using the Prandtl model

correlates favourably for the highest component of the stress-strain tensor with the reference

model in either displacement-controlled or force-controlled loading. The highest discrepancy

between the models can be noted for the components σ23 and ε23, although especially in

the case of the force-controlled loading the absolute values of the stress and strain tensor

are low. Other components of the stress-strain response match notably also during the vari-

able temperature until 40 s, but can differ to some extent after the major temperature rise

between 40 s and 50 s. The reasons for the discrepancies lie in the different temperature

behaviours of the models, as already stated above. This effect is now even more pronounced

in the analysed finite element of the cantilever beam than during the simulations on a single

finite element since the discrepancies on each finite element between the position of the load

input onto the cantilever beam and the position of the element 136 intensify.

In the case of variable displacement-controlled or force-controlled loads on the cantilever

beam, the back-strains fluctuate due to the complex changing of all the components of the

strain tensor and the temperature (shown for element 136 in Fig. 18). In the first 40 s,

the back-strains are gradually activated, although their slopes differ during their movement

between the reversal points. The difference in the slopes is the effect of the variable temper-

ature during this time interval. Furthermore, a large temperature change after 40 s causes

a rise in the rearrangement of the back-strains. Moreover, the loading in both the x and

y-directions after 50 s activates additional yield surfaces with larger radii, which is more

pronounced in the case of the displacement-controlled loading.
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Figure 18: Positions of the back-strains in element 136 during a) displacement-controlled and b) force-

controlled loading of the cantilever beam.

3.5. Computational power

The main advantage of the closed-form solution for the description of the cyclic elasto-

plastic behaviour with multilinear temperature-dependent kinematic hardening is in the

removal of the iterative procedure for determining the stress tensor’s increment. Since the

iterative procedure is time consuming, the improvement of the closed-form solution is the

increase of the computational power of the method. To evaluate and compare the com-

putational power of the Prandtl and the reference models, the computational times were

measured to conduct the analysis. Moreover, the time of the central processing unit (CPU

time) and the wall-clock time were assessed, and are presented in Table 2. The simula-

tions were performed on an Intel Core i7-4710MQ quad core 2.5-GHz processor with 8 GB

of DDR SDRAM. The most striking result to emerge from the comparison of the values of

either the CPU time or the wall-clock time from Table 2 is that the computational power of

the Prandtl model becomes clear with the increasing complexity of the analysis. Specifically,

the computational times for the cantilever beam can be up to 45 % shorter when using the

Prandtl model than when using the reference model. In addition, for the simulations of

tensile-compressive and shear loadings on a single finite element, comparable computational

times were observed using the Prandtl or the reference model. Consistently, similar values

for the decrease of the computational times have been observed as in [11], where the Prandtl
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operator approach was implemented in an elastic predictorplastic corrector procedure. In

agreement with the presented closed-form solution of elastoplasticity, the simulations are

also substantially accelerated by identifying a constant temperature field during a single

load step or controlling the highest strain achieved at every integration point. If a given

yield function is not reached, the calculation of the back-strains in Eq. 44 and the summa-

tion in Eq. 21 are interrupted, as the positions of the back-strains for the subsequent yield

functions could not have moved. Another notable observation is the identification of either

the elastic region of the material. The convergence of the analyses was generally achieved

in a single iteration for every prescribed time increment. However, due to the complex ex-

change of the thermal and mechanical load histories, numerical difficulties can arise during

the simulations, which was also observed when using the Besseling model. In such cases, the

convergence stability of the Prandtl operator approach can be controlled by the ratio ∆ρs
∆ρe

according to Eqs. 74 and 75. Comparison of the computational time difference for various

sizes of finite elements (Fig. 19) reveals an increasing difference in favour of the Prandtl

operator approach from the coarsest mesh of 13 finite elements with the size of 4 mm (load

cases Au and AF in Fig. 19) up to the fine mesh of 750 finite elements with the size of 1

mm (load cases Cu and CF in Fig. 19). Here, the computational times differ for 33 % in

the case of the displacement-controlled load and for 45 % in the case of the force-controlled

load. The computational power of the Prandtl operator approach then moderately reduces

for the simulation with the finest mesh of 6000 finite elements with the size of 0.5 mm (load

cases Du and DF).

There are some limitations of the current version of the Prandtl operator approach

which are already a subject of the on-going research. The movements of the yield surfaces

and consequently the radial strain increments are controlled by the values of the second and

third deviatoric strain-invariant increments (Eqs. 7 and 8). In the case of extremely low

values of the third deviatoric strain-invariant increments, the directions of movement of the

yield surfaces are changed at the start of each load step by assigning the opposite sign to the

radial strain increments. Moreover, the number of iterations outside the material point level

depends on the treatment of the ratio ∆ρs
∆ρe

as given in Eqs. 74 and 75, too. Furthermore, it
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Table 2: Comparison of the computational times using the Prandtl and reference models for 1-mm finite

elements.

CPU time [s] Wall-clock time [s]

Example Prandtl Ref. model Prandtl Ref. model

Single element - displacement-controlled tensile-compressive load 12.8 13.0 13 13

Single element - force-controlled tensile-compressive load 12.9 12.8 13 13

Single element - displacement-controlled shear load 11.6 11.3 12 12

Single element - force-controlled shear load 12.6 12.6 13 14

Cantilever beam - displacement-controlled load 22.0 32.8 22 33

Cantilever beam - force-controlled load 17.2 31.5 17 33

is important how the cyclic stress-strain curves are discretised. Namely, the discretisation

of the cyclic stress-strain curves at available test temperatures determines the values of the

Prandtl densities at all temperatures, including the test and the interpolated temperatures.

An optimal position of the yield strains ensures numerical stability during changeable tem-

perature conditions. The calculation of the optimal position remains a challenge for the

future studies. Moreover, the required number of iterations to observe a converged solution

is influenced by the definition of the consistent material Jacobian. If the consistent mate-

rial Jacobian is calculated using the shear strains according to Eq. 72, then the resulting

matrix has a symmetric form. If engineering shear strains are provided instead, as it is

usually the case in finite element solvers, then the consistent material Jacobian results in

an unsymmetric form. An unsymmetric material Jacobian hence unnecessarily increases the

computational time. However, the use of the generally faster symmetric form, when the

unsymmetric form is mandatory, results in the erroneous estimation of the ∂∆σ
∂∆ε

which then

influences the computational time and convergence. Linear three-dimensional structural fi-

nite elements, in Abaqus designated as C3D8 -type elements, have been tested during the

study. For this element type, the accuracy and the stability of the performed simulations

were comparable to the reference Besseling model. Similarly, initial testing on parabolic

three-dimensional structural finite elements, in Abaqus designated as C3D20 -type elements,

has also shown stable calculations using the presented method. However, further testing of
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Figure 19: Comparison of computational times for various sizes of finite element meshes of both displacement-

controlled and force-controlled cantilever beam. The deformed shapes, magnified by a factor of 10, are

depicted after the first load step (10 s).

the method on parabolic structural finite elements is the case of the on-going research.

The presented procedure using the Prandtl operator approach in finite element analyses

has so far provided very promising results for simulations of elastoplastic mechanical compo-

nents subjected to variable thermomechanical loadings. Both the use of piecewise constant
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hardening parameters between the yield functions and the simulation of their movement

during the loading enable avoiding iterations in the stress-tensor increment calculation. Ac-

companied by the calculation of the Prandtl densities, performed prior to the simulation, the

Prandtl operator approach results in shorter computational times as the reference model.

Although the performance of the Prandtl operator approach has been demonstrated on the

presented examples, further validation on other benchmark examples, such as a perforated

plate or similar, will need to be undertaken. The model in the present form considers

circular yield functions in the deviatoric plane and follows their movement in the radial

direction. However, a separate consideration of the back-strains in both the normal and the

shear directions and the introduction of non-circular yield functions will enable stress-strain

simulations of more complex material behaviour. Future work will therefore concentrate

on improvements to the model, considering a two-dimensional back-strain description and

other shapes of yield functions that will extend its applicability to solids demonstrating

anisotropic and asymmetric stress-strain behaviour. Currently, the approach enables con-

sideration of the multilinear kinematic hardening. The inclusion of the isotropic hardening

is already in progress, whereas the mixed hardening laws are planned for the future research.

Furthermore, future studies will also examine an extension of the model to include the ef-

fects of viscoplastic material properties, which has proven to be a reasonable next step in

our previous non-FE simulations. Last but not least, we see great potential for the model

in the availability of the scalar values ∆ρs and ∆ρe in the very core of the method, which

enable a straightforward implementation of both our previously developed methods for dis-

sipated energy and fatigue or creep damage simulations and these methods developed by

other researchers.

4. Conclusions

The paper has investigated a closed-form solution of elastoplastic stress-strain response

modelling using the Prandtl operator approach. The approach proves to be appropriate

for simulating the temperature-dependent, stress-strain behaviour of solids during loading.

Furthermore, a comparison with the Besseling model reveals barely distinguishable results

39



during variable loading at constant temperature and slight discrepancies with a variable tem-

perature. The comparison of the computational times showed up to 45 % shorter simulations

using the Prandtl operator approach.
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