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Abstract

In a wvisibility representation of a graph G, the vertices are represented by non-
overlapping geometric objects, while the edges are represented as segments that
only intersect the geometric objects associated with their end-vertices. Given
a set P of n points, an Anchored Visibility Representation of a graph G with
n vertices is a visibility representation such that for each vertex v of G, the
geometric object representing v contains a point of P. We prove positive and
negative results about the existence of anchored visibility representations under
various models, both in 2D and in 3D space. We consider the case when the
mapping between the vertices and the points is not given and the case when it
is only partially given.

1. Introduction

A wisibility representation (VR) of a graph G maps the vertices of G to
non-overlapping geometric objects and the edges of G to segments, called wvis-
tbilities, that only intersect the geometric objects associated with their end-
vertices. Various models of visibility representations have been studied in the
plane using different types of objects to represent the vertices and different
rules to represent the edges. Some examples are: Bar Visibility Representations
(BVRs) [29, 45, 50, 51, 54], where the vertices are horizontal segments and the
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Figure 1: (a) A BVR of K4. (b) A ZPR of K.

edges are vertical segments (see Fig. 1(a)), Rectangle Visibility Representations
(RVRs) [8, 11, 19, 21, 38, 48], which use axis-aligned rectangles and segments
to represent vertices and edges, respectively, and Orthopolygon Visibility Rep-
resentations [23, 41, 42], which generalize RVRs by using general orthogonal
polygons.

Visibility representations in the three-dimensional space have also been con-
sidered. One of the first 3D models is the so-called Z-parallel Visibility Rep-
resentations (ZPRs) [2, 12, 47|, where vertices are represented by axis-aligned
rectangles parallel to the xy-plane and edges are segments parallel to the z-axis
(see Fig. 1(b)). Fekete and Meijer [33] considered the Box Visibility Representa-
tions where vertices are 3D boxes and visibilities are parallel to one of the three
axis. Recently, 2.5D box visibility representations have been proposed [3, 4]; in
this model vertices are 3D boxes whose bottom faces lie in the plane z = 0 and
visibilities are parallel to the z- and y-axis. A similar 2D variant where vertices
are horizontal bars whose left end points all have the same z-coordinate have
been studied by Cobos et al. [17] and by Felsner and Massow [35].

We remark that each visibility model can be studied in two variants; in the
strong variant (see, e.g., [19, 20, 21, 33, 38, 50, 54]) two vertices are adjacent
if and only if the corresponding objects are visible (i.e. they can be connected
by a visibility segment); in the weak variant (see, e.g., [8, 13, 23, 32, 41, 46])
visibilities between objects representing non-adjacent vertices may exist.

In this paper we study weak visibility representations with additional con-
straints on the “positions” of the vertices. More precisely, given a set P of
n points with distinct coordinates along one of the directions parallel to the
visibilities, an Anchored Visibility Representation (AVR) of a graph G with n
vertices is a VR such that for each vertex v of G, the geometric object represent-
ing v contains a point of P. In particular, we consider Anchored Bar Visibility
Representations (ABVRs) and Anchored Z-parallel Visibility Representations
(AZPRs) (see Fig. 2). AVRs can be studied in different variants depending on
whether the mapping between the vertices and the points is given or not. It is
also possible that this mapping is only partially specified. We capture all these
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Figure 2: (a) A 3-colored graph G. (b) A 3-colored ABVR of G on a given set of points.
(¢) A 3-colored AZPR of G on a given set of points.

variants within a unique framework, described in terms of colors. Given a graph
whose vertices are colored with k colors and a set of points also colored with
k colors, a k-colored AVR of G on P is an AVR such that each point p € P
belongs to a geometric object representing a vertex with the same color as p
(see Fig. 2 for an example with three colors). With this framework if k = n
we have a complete mapping; if & = 1 there is no mapping; for any value of
k between 1 and n we have a partial mapping. A similar framework based on
colors has been used in the study of point-set embedding, where one wants to
compute a 2D polyline drawing of a graph such that the vertices are represented
by the points of a given point set [5, 25, 26, 27, 37]. We also remark that the
problem of computing drawings with constraints on vertex positions is a clas-
sical subject in Graph Drawing (see, e.g., [9, 10, 39, 40, 43]). In particular,
Chaplick et al. [14, 16] have studied the problem of deciding whether a given
graph G = (V, E) admits a BVR when the bars representing a subset V' C V
are given as a part of the input. They prove that the problem is ANP-complete
in general [14, 16] and it is polynomially-time solvable if V' = V' [14]. The BVRs
studied in this paper, where the bars representing the vertices are not fixed but
are constrained to include the given points, can be considered as a relaxation of
those considered by Chaplick et al. An even more relaxed version where only
the y-coordinate of each bar is given has also been considered [14].
The contributions of this paper are the following:

e We first study AVRs in 2D space and prove that every 1-colored sub-
Hamiltonian graph (i.e., a subgraph of a planar Hamiltonian graph) admits
a 1-colored ABVR on every set of points in the plane. We show that the
converse is also true if the points are collinear. As a consequence, deciding
whether a graph admits a 1-colored ABVR on a given set of points is N'P-
complete. We also show that an ABVR always exists for every planar
graph if all the points have distinct z- and y-coordinates.

e Concerning 1-colored AVRs in 3D we first show that every 1-colored graph
with page number 4 admits a 1-colored AZPR on every given set of points.
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This extends the previous results on 1-colored sub-Hamiltonian graphs
since these are exactly the graphs that have page number 2. We then show
that K, has a 1-colored ZPR on every set of points if and only if it admits
a ZPR. This, together with known results about ZPRs of K, implies that
K,, admits an AZPR on any set of points if n < 22 while it does not admit
an AZPR if n > 51. We finally prove that every 1-colored graph that is
3-connected 1-planar or that has geometric thickness 2 admits a 1-colored
AZPR on any given point set P.

e Still in 3D, we consider the 2-colored version of the problem and prove
that every properly 2-colored tree T' admits a 2-colored AZPR on any
given 2-colored point set P.

The rest of the paper is organized as follows. Preliminary definitions are
given in Section 2. The results about AVRs in the plane are presented in Sec-
tion 3, while those in 3D are in Section 4. In particular, Subsection 4.1 is about
1-colored AZPRs, and Subsection 4.2 contains results about 2-colored trees.
Conclusions and open problems can be found in Section 5.

2. Preliminaries

A Bar Visibility Representation (BVR) of a graph G is a 2D visibility rep-
resentation where the vertices of G are mapped to horizontal segments, called
bars, while visibilities are vertical segments. A Z-parallel Visibility Represen-
tation (ZPR) is a 3D visibility representation where vertices are mapped to
axis-aligned rectangles belonging to planes parallel to the xy-plane, while visi-
bilities are parallel to the z-axis.

In the rest of the paper, we will often transform BVRs into ZPRs; to keep
the direction of the visibilities consistent between BVRs and ZPRs, we assume
that a BVR is realized in the yz-plane with visibilities parallel to the z-axis. See,
e.g., Fig. 3(c). Given a BVR (respectively a ZPR) T, the (partial) order of the
bars (respectively of the rectangles), along the vertical direction is called the z-
ordering of I'. Throughout the paper we adopt the so-called weak visibility model
where visibilities between bar /rectangles representing non-adjacent vertices may
exist.

Let G be a graph with n vertices and let P be a set of n points in R? or
R3 with distinct z-coordinates (recall that in 2D we use the yz-plane). For
each type of visibility representation defined above (BVR and ZPR), we define
a constrained version in which for each vertex v of G, the object representing
v contains a point of P. We will refer to these constrained versions as An-
chored Bar Visibility Representations (ABVRs) and Anchored Z-parallel Visi-
bility Representations (AZPRs). We require that the points in P have different
z-coordinates because bars or rectangles with the same z-coordinate cannot
be connected by a visibility segment (recall that visibilities are parallel to the
z-axis). This avoids instances that trivially do not admit anchored visibility
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representations. For example, the complete graph K,, does not admit such a
representation if at least two points have the same z-coordinate.

Let G = (V, E) be a graph with n vertices. A k-coloring of G is a partition
{Vi,...,Vi} of V where integers {1,...,k} are called colors. A graph G with
a k-coloring is called a k-colored graph. A graph is properly k-colored if it is a
k-colored graph and no two vertices of the same color are adjacent. Let P be
a set of n points in R? or R?® with distinct z-coordinates. A k-coloring of P
is a partition {Pi,..., Py} of P. A set of points P with a k-coloring is called
a k-colored set. A k-colored set P is compatible with a k-colored graph G if
|Vi| = | P;| for every i. Let G be a k-colored graph and let P be a k-colored set
of points compatible with G (k > 1). A k-colored ABVR of G on P is an ABVR
of G on P such that for each vertex v of GG, the bar representing v contains a
point of P with the same color as v. Analogous definitions hold for k-colored
AZPRs. The assumption that the points of P have distinct z-coordinates avoids
straightforward negative instances where adjacent vertices of G are forced to be
mapped to points with the same z-coordinate.

A k-colored sequence X is a sequence of (possibly repeated) colors ¢y, .. ., ¢,
such that ¢; € {1,2,...,k} for every j € {1,2,...,n}. Let G be a k-colored
graph and let \ be a k-colored sequence; A is compatible with G if the number
of elements in A colored i is equal to |V;|, for every i = 1,2,... k. A total
order p of the vertices of G is consistent with X\ if the sequence of the colors
defined by p coincides with A. Given a k-colored point set P, we denote by
A(P) the sequence of colors of the points of P according to their order along
the z-direction (this order is a total order because the points of P have distinct
z-coordinates). Finally, given a set of n points p1, pa, .. ., p, we denote by z(p;),
y(pi), and z(p;) the z-, y-, and z-coordinate of point p; € P and by z,, and
zpr the values min}* ; {z(p;)} and max?_ ,{x(p;)}, respectively. We analogously
define Yy, Yar, 2m, and zp;.

3. Anchored Visibility Representations in 2D

A book embedding of a graph G = (V, E) consists of a total order p of V
and a partition of E into k disjoint sets, called pages, such that no two edges
in the same page cross; that is, there are no two edges (u1,v1) and (ug,v2) in
the same page with u; <, us <, v1 <, v2 (see Fig 3(a)). The minimum £k for
which a graph G admits a book embedding with k pages is the page number
of G. A graph has page number one if and only if it is outerplanar [7]. This
also means that the graph induced by each page of a k-page book embedding
is an outerplanar graph. A graph is Hamiltonian if it has a simple cycle that
contains all its vertices. A graph is sub-Hamiltonian if it is a subgraph of a
planar Hamiltonian graph. A graph has page number two if and only if it is
sub-Hamiltonian [7]. A semi-bar visibility representation of a planar graph G is
a BVR of G such that the left endpoints of all the bars representing the vertices
of G belong to a vertical line. Cobos et al. [17] proved that a graph has a
semi-bar visibility representation if and only if it is outerplanar.
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Figure 3: (a) A 2-page book embedding of a (sub-Hamiltonian) graph G = (V, E);
(b) The same book embedding with pages represented as semi-bar visibility; (¢) An
ABVR of G on a set P of n = |V| points with distinct z-coordinates.

Theorem 1. Let G be a 1-colored sub-Hamiltonian graph and let P be a 1-
colored point set in R%; G has a 1-colored ABVR on P.

PrROOF. Since G is sub-Hamiltonian, it admits a book embedding ~ with two
pages [7]. Let p1,pa,...,pn be the points of P in the order as they appear
along the z-axis and let v1,vo, ..., v, be the vertices of G according to the total
order p of v. The bar b; representing v; is drawn as a segment parallel to the
y-axis with z-coordinate z(p;), with minimum y-coordinate less than y,, and
maximum gy-coordinate greater than yp;. This guarantees that b; contains the
point p; (refer to Fig. 3 for an illustration). The amount of the extension of
each b; in the half-planes y < y,,, and y > yps is chosen to realize the visibilities
that represent the edges. In other words, we realize in each of the half-planes
y < ym and y > yps two semi-bar visibility representations, one for each page
of 4. Such semi-bar visibility representations exist by the result of Cobos et
al. [17]. For completeness, we give a detailed description of the construction,
which will be also useful to extend the result in the 3D scenario.

Denote by b; (resp. b;") the length of the portion of b; that lies in the half-
plane y < y,,, (resp. y > yar). For each edge (v;,v;), the span of (v;,v;) in
is |j — 4. The length b, (resp. b;) is chosen equal to the maximum span of
an edge incident to v; in the first (resp. second) page. With this choice every
pair of adjacent vertices v; and v; are visible. Suppose, as a contradiction, that
v; and v;, with ¢ < j, are not visible, i.e., there exists a bar by, with ¢ < k < j
such that b;",b; < by and b;r,b;|r < bf. Without loss of generality assume
that (v;,v;) is in the first page in . This implies that b b > |7 —i]. On
the other hand, b, > b;,b; implies that there is an edge (vk,vp) in the first
page with |h — k| > |7 — ¢|, but this implies that v; <, vy, <, vj; <, vy or
vp <, v <p Uk <, v;, which is impossible because (v;,v;) and (vg,vs) are in
the same page in ~. O

If the points are aligned in the z-direction the converse of Theorem 1 holds.
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Theorem 2. Let G be a 1-colored planar graph and let P be a 1-colored point
set in R? such that each point in P has the same y-coordinate; G admits a
1-colored ABVR on P if and only if G is sub-Hamiltonian.

PROOF. The proof of sufficiency follows from Theorem 1. Consider now the
necessity. Let I' be an ABVR of G on P and let b1,bs,...,b, be the bars of I'
according to the z-ordering of I'. Since all points have the same y-coordinate
7, every b; sees b;11 along the line y = y. Thus, we can add the visibilities
(if not already present) between b; and b;y1 (i = 1,2,...,n). Moreover, we
can add a visibility between by and b,,. To this aim, let y,,;, be the minimum
y-coordinate of a bar in I'; we extend by and b, in the half-plane vy < vy, and
add a visibility between them. The resulting representation is an ABVR of a
planar Hamiltonian supergraph G’ of G and therefore G is sub-Hamiltonian. O

We remark that sub-Hamiltonian graphs include various sub-families of pla-
nar graphs, such as 2-trees (and therefore series-parallel graphs, outerplanar
graphs and trees) [44], Halin graphs [18], 4-connected planar graphs [52], and
planar graphs with maximum vertex degree 4 [6]. On the other hand, testing a
graph for sub-Hamiltonicity is N'P-complete [53], and therefore a consequence
of Theorem 2 is that testing whether a given planar graph admits an ABVR on
a given set of collinear points is N'P-complete.

Corollary 1. The problem of deciding whether a 1-colored planar graph admits
an ABVR on a given 1-colored point set is N'P-complete.

In contrast to the NP-hardness result about vertically aligned points, if the
points of P are not vertically nor horizontally aligned, then an ABVR exists for
every planar graph G. The next theorem is a consequence of a paper by Fel-
sner [34] about floorplans (see also [15] for a similar proof). A generic floorplan
is a partition of a rectangle into a finite set of interiorly disjoint rectangles that
have no point where four rectangles meet. Two floorplans F' and F’ are weakly
equivalent if there exist a bijection ¢ between the horizontal segments and ¢y
between the vertical segments, such that a horizontal (resp. vertical) segment
s has an endpoint on a vertical (resp. horizontal) segment ¢ in F' if and only if
@ (s) (resp. ¢y (s)) has an endpoint on ¢y (t) (resp. ¢n(t)) in F'. A set P of
points in R? is generic if no two points from P have the same z- or y-coordinate.
The following theorem has been proved by Felsner [34].

Theorem 3. [34] If P is a generic set of k points in a rectangle R and F is
a generic floorplan with n > k segments and S is a prescribed subset of the
segments of F having size k, then there exists a generic floorplan F' that is
weakly equivalent to F' and such that every segment of F' that corresponds to a
segment of S contains exactly one point of P and no point is contained in two
segments.

Theorem 4. Let G be a 1-colored planar graph and let P be a generic 1-colored
point set in R?; G admits a 1-colored ABVR on P.
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Figure 4: (a) A generic point set P and a BVR T of a planar graph G; (b) A floorplan
F obtained from T'; (c¢) A floorplan F’ weakly equivalent to F' and covering P; (d) An
ABVR of G on P.

PrOOF. Let I" be a BVR of G. We now construct a generic floorplan starting
from I (see Fig. 4(a)). Let b, and b; be the bottommost and the topmost bars
in I'; we extends b, and b; so that their left endpoints and their right endpoints
can be connected by two vertical segments s; and s,.. The four segments by,
bs, s; and s, are the boundary of a rectangle. Extending every bar of I' until
its endpoints touch a vertical segment, we obtain a floorplan F' (see Fig. 4(b)).
Let S be the set of horizontal segments of F. By Theorem 3, there exists a
floorplan F” that is weakly equivalent to F' and such that every point of P
belongs to exactly one horizontal segment (see Fig. 4(c)). Since F’ and F are
weakly equivalent the adjacencies between vertical and horizontal segments are
the same. We shorten the horizontal segments so to remove the adjacencies
that are in F' but not in I' and we also remove the two segments s; and s,..
We thus obtain a new BVR I of G (see Fig. 4(d)). Moreover, since no point
of P belongs to two segments of F”’, every point of P is an internal point of a
horizontal segment; this means that we can shorten the horizontal segments in
such a way that they still contain the points of P. This implies that I’ is in
fact an ABVR of G on P. ]

We conclude this section with a result about k-colored ABVR, for 2 < k < n,
that is an immediate consequence of Theorem 2. By Theorem 2 every non-sub-
Hamiltonian graph G does not admit an ABVR on a given set P of verti-
cally aligned points. This implies that any k-colored graph G’ that has G as
a monochromatic subgraph does not admit an ABVR on any set of points P’
that contains P as a monochromatic subset (with the color of the vertices of G
only occurring in P).

Corollary 2. For every 1 < k < n there exists a k-colored planar graph G and
a k-colored point set P such that G does not admit a k-colored ABVR on P.
4. Anchored Visibility Representations in 3D

In this section we study anchored visibility representations in 3D, in partic-
ular AZPRs, and present results about the 1-colored version (Subsection 4.1)
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and the 2-colored version of the problem (Subsection 4.2). We start with two
lemmas that will be useful in both subsections.

Lemma 1. Let G be a graph with n vertices and let P be a set of n points
in R® with distinct z-coordinates. If G has a ZPR T such that each rectangle
representing a vertex has nonempty intersection with the z-axis, then G admits
an AZPR on P whose z-ordering is the same as T.

PROOF. We show that T’ can be modified to an AZPR T" on P with the same
z-ordering as I'. Let p1,pa,...,pn be the sequence of the points of P ordered
by increasing z-coordinate; let r1,79,...,7, be the sequence of the rectangles
ordered according to the z-ordering of I'. First, we translate the rectangles
71,72, ...,y S0 that ; has z-coordinate z(p;). Since the order of the rectangles
in the z-direction is not changed, the visibilities of I are preserved. Denote by
x'(r;) and y'(r;) the maximum z- and y-coordinate of r;, respectively and by
2" (r;) and y”(r;) the minimum 2- and y-coordinate of r;, respectively. Note
that (2'(r;),y' (r:), 2(p;)) and (2 (r;),y" (r:), 2(p;)) are two opposite corners of
Tri.

In order to obtain an AZPR of G on P we extend each rectangle r; in such a
way that the coordinates of its two opposite corners become (z,, + =" (7;), Ym +
y'(ri), z(p;)) and (xpr + 2 (1), ymr + ' (r3), 2(ps)), respectively. Moreover, each
visibility segment s; whose - and y-coordinate are x(s;) and y(s;), respectively,
is translated as follows. If 2(s;) > 0, then s; is translated so that its 2-coordinate
is zpr + 2(s;), while if z(s;) < 0, then s; is translated so that its z-coordinate
is @, + x(sj). Analogously, if y(s;) > 0, then s; is translated so that its y-
coordinate is yar + y(s;), while if y(s;) < 0, then s; is translated so that its
y-coordinate is y,, +y(s;). See Fig. 5 for an illustration. Let I be the resulting
representation. We denote by 7} the rectangle of I obtained by extending the
rectangle r; of I'; analogously, we denote by 89 the segment of I obtained by
translating the visibility segment s; of I'.

We now prove that I'V is a valid AZPR of G on P. Clearly, point p; belongs to
r} because it is contained in the rectangle with opposite corners (zur, yar, 2(pi))
and (Zm, Ym, 2(p:i)), which is contained in 7. Also, each segment s of I" is
a valid visibility segment. Namely, assume that x(s;) > 0 and y(s;) > 0 (the
other cases are analogous). The coordinates of s are xas +z(s;) and yar +y(s;).-
If s is not a valid visibility segment in I", then there exists a rectangle 7, that
intersect s’ at an interior point (xar + x(s;), ym + y(s;), 2(px)). This implies
that xar +2'(ry) > oa+x(s;) and yar +y' (1x) > yar+y(s;), ie., o' (rg) > x(s;)
and y'(rr) > y(s;). But this means that s; intersects rj in I', contradicting the
fact that s; is a valid visibility segment in I'. ]

The next lemma explains how to transform a BVR into a ZPR with the
additional properties that it is completely contained in the region of space with
x > 0 and y > 0 and such that all rectangles representing vertices have a corner
on the z-axis. Any such ZPR will be called cornered ZPR.

Lemma 2. Let G be a graph that has a BVR T' where vertices have distinct
z-coordinates; G admits a cornered ZPR whose z-ordering is the same as .
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Figure 5: Illustration for the proof of Lemma 1. (a) The projection of a rectangle r;
on the zy-plane. (b) The projection on the zy-plane of the bounding box of the point
set P. (c) The projection of the rectangle r; on the xy-plane.

PRrROOF. By possibly translating it, we can assume that I' is contained in the
first quadrant of the yz-plane (see Fig. 6). Let e; be an edge of G, we denote
by s; the visibility segment representing e; in I'. We enumerate the visibility
segments from right to left and we assign to the segments integer numbers that
increase from right to left. More precisely, we assign to each visibility segment
s; a number n(s;) € NT so that n(s;) < n(s;) if there exists a y-parallel straight
line that intersects both s; and s;, and s; is to the right of s;. We assign to
each bar b; a number n(b;) € NT equal to the maximum number of a visibility
segment incident to b;.

We now extend each bar b; of ' so that it touches the z-axis. Let I be the
resulting representation. We denote by b} the bar obtained by extending b; and
we set n(b;) = n(b;). Observe that the visibility segments of I are the same as
those of T'. In IV bars can intersect the visibility segments. However, if a bar
b; intersects a visibility segment s;, then n(b}) < n(s;). Namely, since b; did
not intersect s; before the extension, every point of b; has a y-coordinate larger
than the y-coordinate of s;; hence any visibility segment s incident to b; has
a y-coordinate greater than the y-coordinate of s; and therefore n(s;) < n(s;).
Since n(b;) is equal to the maximum number of a visibility segment incident to
b; and n(b}) = n(b;), we have n(b}) < n(s;).

In order to construct a ZPR with the desired properties, we transform the
bars representing the vertices into rectangles by extending them in the positive
a-direction. In particular, a bar b} is transformed into a rectangle r; with
a side coincident with b, and whose dimension in the z-direction is equal to
n(b;). We also translate the visibility segments in the z-direction. A visibility
segment s; is moved so that its z-coordinate is n(s;). Denote by I'” the resulting
representation. By construction, all the rectangles of I are in the region of
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Figure 6: (a) A BVR I where each visibility s; (each bar b;) is associated with a number
in black (gray) according to the partial order <. (b) The drawing I'" obtained from I'
by extending each bar so that it touches the z-axis. (c) A cornered ZPR I’ of .

space with z > 0 and y > 0 and have a corner on the z-axis. Furthermore, no
rectangle r; intersects a visibility segment s;. Namely, if b (i.e. the bar that has
been extended to create ;) and s; did not intersect each other in I/, then they
do not intersect in I'. If b} and s; intersected in I, then n(b)) < n(s;), and it
follows that in I s; has a a-coordinate n(s;) while the maximum z-coordinate
of r; is n(b}), which implies that r; and s; do not intersect. |

4.1. 1-colored AZPRs

We start with a theorem that is the 3D counterpart of Theorem 1 and that
can be proven similarly.

Theorem 5. Let G be a 1-colored graph with page number four and let P be a
1-colored point set in R®; G admits a 1-colored AZPR on P.

PROOF. Let pi1,p2,...,pn be the points of P in the order they appear along
the z-axis and let vy, v, ..., v, be the vertices of G according to the total order
p of a given 4-page book embedding of G. Vertex v; will be represented by a
rectangle r; parallel to the zy-plane whose z-coordinate is z(p;) and such that its
minimum z-coordinate (respectively y-coordinate) is less than ., (respectively
Ym) and its maximum z-coordinate (respectively y-coordinate) is greater than
xpr (respectively yps). This guarantees that r; contains the point p;. The
visibilities to represent the edges in each page are realized by choosing the
amount of the extension of each r; in the half-planes x < x,,, * > Zar, ¥ < Ym
and y > yps, analogously to what done in the proof of Theorem 1. O

In Section 3 we showed (Theorem 2) that if a graph admits an ABVR on
a set of collinear points, then it is sub-Hamiltonian and therefore has page
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number two. In other words, when restricted to collinear points the converse of
Theorem 1 holds. We now show that this is not the case for Theorem 5. Indeed,
using results from [12] and [47] we can prove that K, which has page number
[5], admits an AZPR on any given set of points (even if collinear or coplanar)
for n < 22.

Theorem 6. The complete graph K, admits a 1-colored AZPR on any given
set of 1-colored points if and only if it admits a ZPR.

PROOF. The only-if direction is trivial. Suppose then that K, admits a ZPR T;
as observed by Bose et al. [12] if a ZPR of K, exists, then all rectangles intersect
a line parallel to the visibilities. By possibly translating I" we can assume that
this line is the z-axis and therefore by Lemma 1 K, admits an AZPR on any
given set of points. o

Bose et al. [12] construct a ZPR of K22 and prove that a ZPR cannot exist
for K,, with n > 56. Afterwards, Stola [47] lowered the upper bound to 51.
Hence we have the following.

Corollary 3. Let P be a set of 1-colored points in R3. If n < 22, then K,
admits a 1-colored AZPR on P; if n > 51 a 1-colored AZPR of K,, on P does
not exist.

In the rest of this section we will describe two families of graphs that admit a
1-colored AZPR on every set of points, namely the 3-connected 1-planar graphs
and the graphs with geometric thickness two. A graph is 1-planar if it has
a drawing where each edge is crossed at most once; a graph has geometric
thickness two if it has a straight-line drawing whose edges can be partitioned
into two sets and no two edges in the same set cross. This latter family includes
the RAC graphs [28] (i.e. graphs that have a straight-line drawing where each
edge crossing forms a right angle) and the graphs with maximum vertex-degree
4 [30]. Both the results are proved using a common approach based on the fact
that a graph G belonging to the families above can be decomposed into two
planar graphs. The idea is to combine two cornered ZPRs of the two planar
graphs whose union is G to create an AZPR of G on a given set of points P.
The next lemma explains how to achieve this, provided that the z-orderings of
the two cornered ZPRs is the same.

Lemma 3. Let G be a 1-colored graph that is the union of two planar graphs
G1 and Gy with the same vertex set and let P be a 1-colored point set in R3. If
G1 and G4 admit two BVRs whose z-ordering is the same, then G admits an
AZPR on P.

PRrOOF. Consider two BVRs of G; and G2 with the same z-ordering and denote
by p this ordering. By Lemma 2, G; and G5 admit two cornered ZPRs I'; and
I's, respectively, whose z-ordering is p. We now explain how to combine I'y
and I's to obtain a ZPR of G such that all rectangles representing vertices have
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Figure 7: (a) A cornered ZPR I'; in the region > 0, y > 0 (grey) and a cornered ZPR
Iz in the region = > 0, y > 0 (lightgrey). (b) A ZPR T of G obtained by combining
I'y and I's while preserving visibilities.

nonempty intersection with the z-axis. By Lemma 1 this implies that G has an
AZPR on P.

Let r} and 72 be the rectangles representing a vertex v; in I'; and Ty, re-
spectively. We first translate the rectangles of I's so that r! has the same
z-coordinate z; of 7%, for every i = 1,2,...,n. Since the z-ordering of I'; and
I’y is the same, this translation does not change the z-ordering of I's. Next, we
rotate I'y by 180° around the z-axis. In this way, I's is completely contained in
the region x < 0 and y < 0 and all its rectangles have a corner on the z-axis.
Rectangles r} and r? (after the rotation) only share the point (0,0, ;). Let
(x},y}, 2) be the corner of r} opposite to (0,0, z;) and let (22,32, z;) be the
corner of r? opposite to (0,0, 2;). Vertex v; is represented in I' by a rectangle
whose opposite corners are (z},y;,z;) and (z2,y7, 2;) (see Fig. 7). T is a ZPR
of G because the visibilities of 'y and I'; have not been destroyed: those of I'y
still exist in the region z > 0 and y > 0, while those of I'y have been moved to
the region = < 0 and y < 0 by the rotation. O

Let I" be a drawing of a graph G. T has thickness k > 1 if the edges of " can
be colored with £ colors so that no two edges of the same color cross in I'. Let G
be a directed graph; an upward planar drawing of G is a planar drawing where
the edges are monotonically increasing in the vertical direction (the z-direction
in our case).

Lemma 4. Let G be a graph that admits a drawing with thickness two that can
be oriented to become an upward drawing; G admits an AZPR on any given set
of points P in R3.

ProOOF. Let I" be a drawing of G with thickness two that can be oriented to
become an upward drawing I'. Since I' has thickness two, the edges of I" can
be partitioned to obtain two upward planar drawings I'; and I' 5 with the same
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vertex set. The graph G; represented by ?z (i = 1,2) admits a BVR whose
z-ordering coincides with the vertical order p of the vertices in I'. Namely, ?1
can be augmented to an upward planar drawing ?; of a supergraph G} of G;
that is a planar st-graph (i.e., a planar digraph with a single source s and a
single sink ¢, embedded so that s and ¢ are on the external face) [22, Chapter
6]; the order p is an st-numbering of G (i.e., a total order vy, vs,...,v, of the
vertices of G such that s = v, ¢ = v, and each vertex v; other than s and
t is adjacent to at least two vertices vy and vg such that h < j < k). It is
known that it is possible to compute a BVR of a graph whose z-ordering is a
given st-numbering [49, 54]. Thus, it is possible to compute a BVR of G whose
z-ordering is p. Since G; is a spanning subgraph of G}, the computed BVR
contains a BVR of G; with z-ordering p. In other words G is the union of two
planar graphs that admit two BVRs whose z-ordering is the same and therefore,
by Lemma 3, G admits an AZPR on any given set of points P in R3. a

We are now ready to prove the following.

Theorem 7. Let G be an n-vertex 1-colored graph and let P be a 1-colored point
set of sizen in R3. If G is 3-connected 1-planar or has geometric thickness two,
then G admits a 1-colored AZPR on P.

ProoF. By Lemma 4 it is sufficient to prove that G admits a drawing with
thickness two that can be oriented to become upward.

For the case of 3-connected 1-planar graphs, Alam et al. [1] proved that every
3-connected 1-planar graph G = (V, E) admits a 1-planar drawing I where all
edges are straight-line except one edge that has one bend. Since each edge
crosses at most one other edge, the edges of I" can be partitioned into two sets
F; and Es such that the edges in each set do not cross. By possibly rotating I"
we can guarantee that all vertices have distinct z-coordinates and that the edge
with one bend is monotone in the vertical direction. By orienting each edge
from the vertex with lower z-coordinate to the vertex with higher z-coordinate
we obtain the desired upward drawing.

In the case where G = (V, E) has geometric thickness two, it admits a
straight-line drawing I' such that E' can be partitioned into two sets E; and Ey
each containing non-intersecting edges. By possibly rotating I" we can guarantee
that each vertex of ' has a distinct z-coordinate. Also in this case we obtain
the desired upward drawing by orienting each edge of I' from the vertex with
lower z-coordinate to the vertex with higher z-coordinate. O

4.2. 2-colored AZPRs

In this section we study 2-colored AZPRs of properly 2-colored trees. The
idea is to first compute a BVR whose z-ordering is consistent with A(P) and
then to use Lemmas 1 and 2 to obtain an AZPR on P.

Let T be a properly 2-colored tree and let A be a 2-colored sequence com-
patible with 7. We construct a BVR of T" whose z-ordering is consistent with
A. To this aim we first define a mapping of the vertices of T" to the elements of
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Figure 8: A properly 2-colored tree T' and a 2-colored sequence A compatible with 7.
The color of the root is equal to the first element of A\. The labels associated with the
vertices are determined by the mapping.

A. Root T at any vertex whose color is equal to the first element of A and arbi-
trarily order the children of each node from left to right. We visit the vertices
of T level by level starting from the root and at each level we visit the vertices
from left to right. The current vertex v is mapped to the first element of A with
the same color as v that has not yet been used. The resulting ordering of the
vertices p is consistent with A by construction and its first element is the root
of T (see Fig. 8).

We now explain how to use the defined mapping to construct a BVR T'
of T. First of all, we assign the z-coordinates to the vertices according to
the ordering p = (v1,v2,...,v,). More precisely, we assign to vertex v; the
z-coordinate z(v;) = j. This implies that the z-ordering of I" will be p and
therefore consistent with A. The children of v; whose z-coordinates are less
than z(v;) are called backward children, the others are called forward children.
Observe that the grandchildren of a vertex v; (which have the same color as v;
because T is properly 2-colored) have a z-coordinate larger than that of v;; this
property will be used to guarantee that there will be no crossings between bars
and visibilities.

In order to actually construct T', we consider the vertices level by level (start-
ing from the root) and from left to right within each level. At each step we draw
a set of vertices having the same parent, which has already been drawn because
it is on the previous level (clearly the root is the first vertex to be drawn). We
call a region of plane delimited by two straight lines parallel to the z-axis a
strip and we say that a bar b crosses a strip o if b intersects ¢ and both end-
points of b are outside 0. For example, in Fig. 9(a) the bar by crosses the strip
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o(bj) (shown in gray), while the bar b; does not. We assume that, during the
construction, the following invariant holds. For each bar b; corresponding to
a vertex v; whose children have not yet been drawn, there exists a strip o(b;)
such that:

(P1) The endpoint of b; with minimum y-coordinate lies in the interior of o (b;),
while the other endpoint lies outside. Furthermore, the visibility between
b; and its parent is outside o(b;). See also Fig. 9(a).

(P2) If o(b;) is crossed by a bar by, then z(v;) < z(v;).

(P3) Let by be the bar with the maximum z-coordinate among those that cross
o(b;). If vy is not the parent of vj;, then the children of v; are forward
children.

Intuitively, the strip o(b;) is a sort of a “tunnel” where the visibility between
b; and its children is guaranteed.

The root of T' is drawn as a bar of arbitrary length not touching the z-axis.
Clearly the invariant holds. Let v; be the parent of the vertices to be drawn at
the generic step. We process the children of v; from left to right. If some back-
ward child exists, then, by property P3, either o(b;) is not crossed by any other
bar or the bar crossing it with the maximum z-coordinate represents the parent
vy of v;. Since the children of v; have the same color as v; (because the tree is
properly colored), the backward children of v; have a z-coordinate greater than
z(vg) (because they appear after vy in p). Thus, the bars representing backward
children can be drawn inside o(b;) so that they are visible from b; (refer also
to Fig. 9(b)). More precisely, let v;,,...,v;, be the backward children of v;
ordered according to p (thus z(vj,) < z(vj,,,)). The bars b; ,...,b;, are drawn
inside o (b;) in such a way that y" (b;,) < y”(bj,.,) < y"(b;) < y'(bj..,) < ¥'(b5.),
where y”(b;,) and y'(b;,) represent the minimum and maximum y-coordinate of
b;,, respectively.

Since each bar b;, has a maximum y-coordinate larger than the maximum y-
coordinate of the bars between it and b;, b;, can be connected with a visibility to
b;. The strip o(b;,) of bj, is determined as follows. Let ¢;,, fori =1,2,...,a—1,
be a z-parallel line having a y-coordinate between y”(b;,) and y”(b;,,,), and
let ¢;, be a z-parallel line between y”(b;,) and y”(b;). The strip o(b;,) with
1 < i < o is contained in the region of the yz-plane delimited by the two lines
¢;, and ¢, ,. Further, o(b;,) is contained in the region between ¢;, and a z-
parallel line having a y-coordinate between the minimum y-coordinate of o(b;)
and y" (b, ).

We now explain how to draw the forward children (if necessary). Refer to
Fig. 9(c) for an illustration. Let vg,,vp,,..., vk, be the forward children of
v;j ordered according to p (thus z(vx,) < z(vg,,,)). Since these vertices have
z-coordinate larger than z(b;), by property P2, the bars representing forward
children can be drawn inside o(b;) so that they are visible from b;. More
precisely, the bars b, ,bk,,...,br, are drawn inside o(b;) in such a way that
y"(b;) <y"(br,) <y (br,) <y (br, ) <y (br,,,). With this construction each
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Figure 9: The generic step of the construction of a BVR I of a tree T'. (a) Vertex v,
and its parent vy have been already drawn; the strip o(v;) is shown in gray; (b) the
backward children vj,,vj,,v;, are drawn inside o(b;) and their strips (dark grey) are
defined; (c) the forward children vy, and vk, of v; are drawn inside o(b;) and their
strips (dark grey) are defined; (d) The strips of the children of v; satisfy the properties
P1-P3.
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bar by, can be connected with a visibility to b;. The strip o(b,) is contained
in the region of the yz-plane delimited by two z-parallel lines, the first having a
y-coordinate between y' (by, ,) and y” (bx,) (if ¢ = 1, between 3" (b;) and y” (by,))
and the second having a y-coordinate between y” (by,) and the y-coordinate of
the visibility between b, and b;.

Fig. 10 shows a BVR of the tree T of Fig. 8 computed by the described
algorithm. The next Lemma proves the correctness of the algorithm.
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Figure 10: A BVR of tree T" of Fig. 8 whose z-ordering is consistent with A.

Lemma 5. Let T be a properly 2-colored tree, and let A be a 2-colored sequence
compatible with T'; T admits a BVR whose z-ordering is consistent with .

PrOOF. Compute a BVR I of T by using the described algorithm. We prove
that, during the construction, the strips defined for the newly drawn bars satisfy
properties P1-P3 (see also Fig. 9(d)). Let b;, be a bar representing a backward
child of b;. The strip o(b;,) satisfies P1 by construction. For P2, we observe
that o(b;,) is completely contained inside o(b;) and the only bars that intersect
o(b;) and have a z-coordinate larger than the z-coordinate of bj, are those
representing the backward children b;, of b; with [ > 7 and the forward children
of b;. By construction all these bars have minimum y-coordinate larger than
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¢;, and therefore they do not cross o(bj,). For property P3, we observe that
since b;, is a backward child, it does not have backward children. Namely,
its children have the same color as its parent v; and therefore they have a z-
coordinate larger than z(v;) (because they appear after v; in p). It follows that
property P3 holds.

Let by, be a bar representing a forward child of b;. Also in this case, the
strip o(by, ) satisfies P1 by construction. For P2, o(by,) is completely contained
in o(b;) and the only bars that intersect o(b;) and have a z-coordinate larger
than the z-coordinate of by, are those representing the forward children by, of
b; with [ > 4. By construction all these bars have minimum y-coordinate larger
than y'(bg,) and therefore they do not cross o(bg,). For property P3, by, can
have backward children. On the other hand, by construction, the bar with the
largest z-coordinate that crosses o(by,) is b; (the bars representing the forward
children by, of b; with [ < ¢ do not cross (b, )). Thus property P3 holds also
in this case. o

We have the following theorem.

Theorem 8. Let T be a properly 2-colored tree and let P be a 2-colored point
set in R3 compatible with G; G admits a 2-colored AZPR on P.

ProoF. By Lemma 5, T admits a BVR whose z-ordering is consistent with
A(P). By Lemma 2 T admits a cornered ZPR whose z-ordering is consistent
with A(P). Finally, by Lemma 1 T" admits an AZPR on P whose z-ordering is
consistent with A(P), i.e., a 2-colored AZPR on P. O

5. Conclusions and Open Problems

In this paper we introduced and studied colored anchored visibility repre-
sentations in 2D and in 3D space. We used a framework based on colors to
describe different variants concerning how the mapping of the vertices to the
points is specified. In 2D we have proved that a 1-colored ABVR always exists
for sub-Hamiltonian graphs with no restriction on the point set and that only
sub-Hamiltonian graphs admit an ABVR on set of vertically aligned points.
This implies that the problem of deciding whether a planar graph admits an
ABVR is N'P-complete. If we restrict the set of points to be generic (i.e., all
the points have distinct z- and y-coordinates) then a 1-colored ABVR exists for
every planar graph. The case when not all points are vertically aligned but not
all have distinct y-coordinate remains open.

As for the version with more than one color, we have used the results above
to show that for every k > 1 there exists a k-colored planar graph that does
not admit a k-colored ABVR on every set of k-colored points in the plane. A
question arising from Theorem 1 and Corollary 2 is whether for £ > 1 all k-
colored sub-Hamiltonian graphs admit a k-colored ABVR on any given k-colored
set of points.

The result proving the existence of ABVRs of sub-Hamiltonian graphs has
been extended in 3D to prove the existence of AZPRs of graphs with page
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number four. We have also shown that an AZPR of K,, exists when n < 22 and
does not exist for n > 51. These results derive from analogous results about
ZPRs because, as stated by Theorem 6, K, has an AZPR if and only if it has
a ZPR. Hence, the longstanding open problem of investigating whether K,, for
22 < n < 51 admits a ZPR or not, is of interest also for AZPRs.

We have also proven the existence of an AZPR on any set of given points
for specific families of graphs both in the 1-colored case (3-connected 1-planar
graphs and thickness-two graphs) and in the 2-colored case (properly 2-colored
trees). It would be interesting to prove analogous results for other families of
graphs. In particular, can we extend our results to general 1-colored 1-planar
graphs and to general 2-colored trees? What about more than two colors?

Concerning the last question, we give a preliminary result for the case when
the number of colors is equal to the number of vertices. A z-assignment of
G = (V, E) is a one-to-one mapping ¢ : V. — {1,2,...,|V|}. G is unlabeled level
planar (ULP) if for any given z-assignment ¢, it admits a planar straight-line
drawing with z(v) = ¢(v) for every v € V' [24, 31, 36].

Theorem 9. Let G be an n-colored n-vertex graph that is the union of two ULP
graphs with the same vertex set and let P be an n-colored point set in R3; G
admits an n-colored AZPR on P.

PROOF. Since both G and P are n-colored, A\(P) defines a total order and
therefore a z-assignment of G. Let G; and G2 be the two ULP graphs whose
union is G. Since each G; (i = 1,2) is ULP then it admits a planar straight-line
drawing T'; such that z(v) = ¢(v) for every v € V. By orienting each edge of
both I'y and I'y from the end-vertex with lower z-coordinate to the end-vertex
with higher z-coordinate we obtain two upward planar drawings of G; and G»
with the same order p of the vertices in the vertical direction. Moreover, p is
consistent with A(P). By Lemma 3, G has an AZPR I" on P whose z-ordering
is p. Since p is consistent with A(P), T is an n-colored AZPR of G on P. o

References

[1] M. J. Alam, F. J. Brandenburg, and S. G. Kobourov. Straight-line grid
drawings of 3-connected 1-planar graphs. In S. Wismath and A. Wolff,
editors, Graph Drawing, pages 83-94. Springer International Publishing,
2013.

[2] P. Angelini, M. A. Bekos, M. Kaufmann, and F. Montecchiani. 3D visibility
representations of 1-planar graphs. In F. Frati and K.-L. Ma, editors, Graph
Drawing and Network Visualization, pages 102-109. Springer International
Publishing, 2018.

[3] A. Arleo, C. Binucci, E. Di Giacomo, W. S. Evans, L. Grilli, G. Liotta,
H. Meijer, F. Montecchiani, S. Whitesides, and S. K. Wismath. Visibility
representations of boxes in 2.5 dimensions. In Y. Hu and M. Néllenburg,
editors, Graph Drawing and Network Visualization GD 2016, volume 9801
of LNCS, pages 251-265. Springer, 2016.

20



621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

[4]

[15]

[16]

A. Arleo, C. Binucci, E. Di Giacomo, W. S. Evans, L. Grilli, G. Liotta,
H. Meijer, F. Montecchiani, S. Whitesides, and S. K. Wismath. Visibility
representations of boxes in 2.5 dimensions. Comput. Geom.: Theory and
Appl., 72:19-33, 2018.

M. Badent, E. Di Giacomo, and G. Liotta. Drawing colored graphs on
colored points. Theor. Comput. Sci., 408(2-3):129-142, 2008.

M. A. Bekos, M. Gronemann, and C. N. Raftopoulou. Two-page book
embeddings of 4-planar graphs. Algorithmica, 75(1):158-185, 2016.

F. Bernhart and P. C. Kainen. The book thickness of a graph. Journal of
Combinatorial Theory, Series B, 27(3):320 — 331, 1979.

T. Biedl, G. Liotta, and F. Montecchiani. On visibility representations
of non-planar graphs. In S. Fekete and A. Lubiw, editors, SoCG 2016,
volume 51 of LIPIcs, pages 19:1-19:16. Schloss Dagstuhl - Leibniz-Zentrum
fuer Informatik, 2016.

T. C. Biedl. Drawing planar partitions I: LL-drawings and LH-drawings.
In R. Janardan, editor, Proceedings of the Fourteenth Annual Symposium
on Computational Geometry, pages 287-296. ACM, 1998.

C. Binucci, E. Di Giacomo, W. Didimo, A. Estrella-Balderrama, F. Frati,
S. G. Kobourov, and G. Liotta. Upward straight-line embeddings of di-
rected graphs into point sets. Comput. Geom., 43(2):219-232, 2010.

P. Bose, A. M. Dean, J. P. Hutchinson, and T. C. Shermer. On rectangle
visibility graphs. In S. North, editor, Proc. Symp. on Graph Drawing, GD
’96, volume 1190 of LNCS, pages 25-44, 1996.

P. Bose, H. Everett, S. P. Fekete, M. E. Houle, A. Lubiw, H. Meijer, K. Ro-
manik, G. Rote, T. C. Shermer, S. Whitesides, and C. Zelle. A visibility
representation for graphs in three dimensions. J. Graph Alg. and Appl.,
2(3):1-16, 1998.

F. Brandenburg. 1-visibility representations of 1-planar graphs. J. of Graph
Algorithms and Applications, 18(3):421-438, 2014.

S. Chaplick, P. Dorbec, J. Kratochvil, M. Montassier, and J. Stacho. Con-
tact representations of planar graphs: Extending a partial representation
is hard. In D. Kratsch and I. Todinca, editors, Graph-Theoretic Concepts
in Computer Science, WG 2014, volume 8747 of LNCS, pages 139-151.
Springer, 2014.

S. Chaplick, S. Felsner, U. Hoffmann, and V. Wiechert. Grid intersection
graphs and order dimension. Order, 35(2):363-391, Jul 2018.

S. Chaplick, G. Guspiel, G. Gutowski, T. Krawczyk, and G. Liotta.
The partial visibility representation extension problem. Algorithmica,
80(8):2286-2323, 2018.

21



660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

[17]

28]

[29]

F. J. Cobos, J. C. Dana, F. Hurtado, A. Marquez, and F. Mateos. On
a visibility representation of graphs. In F. Brandenburg, editor, Graph
Drawing, Symposium on Graph Drawing, GD 95, volume 1027 of Lecture
Notes in Computer Science, pages 152-161. Springer, 1995.

G. Cornuéjols, D. Naddef, and W. R. Pulleyblank. Halin graphs and the
travelling salesman problem. Mathematical Programming, 26(3):287-294,
1983.

A. M. Dean, J. A. Ellis-Monaghan, S. Hamilton, and G. Pangborn. Unit
rectangle visibility graphs. FElectr. J. Comb., 15(1), 2008.

A. M. Dean and J. P. Hutchinson. Rectangle-visibility representations of
bipartite graphs. Disc. App. Math., 75(1):9-25, 1997.

A. M. Dean and J. P. Hutchinson. Rectangle-visibility layouts of unions
and products of trees. J. of Graph Algorithms and Applications, 2(8):1-21,
1998.

G. Di Battista, P. Eades, R. Tamassia, and 1. G. Tollis. Graph Drawing:
Algorithms for the Visualization of Graphs. Prentice-Hall, 1999.

E. Di Giacomo, W. Didimo, W. S. Evans, G. Liotta, H. Meijer, F. Mon-
tecchiani, and S. K. Wismath. Ortho-polygon visibility representations of
embedded graphs. In Y. Hu and M. Nollenburg, editors, Graph Drawing
and Network Visualization, GD 2016, volume 9801 of LNCS, pages 280—
294. Springer, 2016.

E. Di Giacomo, W. Didimo, G. Liotta, H. Meijer, and S. K. Wismath.
Planar and quasi-planar simultaneous geometric embedding. Comput. J.,
58(11):3126-3140, 2015.

E. Di Giacomo and G. Liotta. The Hamiltonian augmentation problem and
its applications to graph drawing. In M. S. Rahman and S. Fujita, editors,
WALCOM 2010, volume 5942 of LNCS, pages 35—46. Springer, 2010.

E. Di Giacomo, G. Liotta, and F. Trotta. On embedding a graph on two
sets of points. Int. J. Found. Comput. Sci., 17(5):1071-1094, 2006.

E. Di Giacomo, G. Liotta, and F. Trotta. Drawing colored graphs with con-
strained vertex positions and few bends per edge. Algorithmica, 57(4):796—
818, 2010.

W. Didimo, P. Eades, and G. Liotta. Drawing graphs with right angle
crossings. Theoretical Computer Science, 412(39):5156 — 5166, 2011.

P. Duchet, Y. Hamidoune, M. L. Vergnas, and H. Meyniel. Representing
a planar graph by vertical lines joining different levels. Discrete Maith.,
46(3):319-321, 1983.

22



697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

77

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

[30]

[31]

32]

[43]

C. A. Duncan, D. Eppstein, and S. G. Kobourov. The geometric thickness
of low degree graphs. In Proceedings of the Twentieth Annual Symposium
on Computational Geometry, SCG 04, pages 340-346. ACM, 2004.

A. Estrella-Balderrama, J. J. Fowler, and S. G. Kobourov. Characterization
of unlabeled level planar trees. Comput. Geom., 42(6-7):704-721, 2009.

W. Evans, M. Kaufmann, W. Lenhart, T. Mchedlidze, and S. Wismath.
Bar 1-visibility graphs and their relation to other nearly planar graphs. J.
of Graph Algorithms and Applications, 18(5):721-739, 2014.

S. P. Fekete and H. Meijer. Rectangle and box visibility graphs in 3D. Int.
J. Comput. Geometry Appl., 9(1):1-28, 1999.

S. Felsner. Exploiting air-pressure to map floorplans on point sets. Journal
of Graph Algorithms and Applications, 18(2):233-252, 2014.

S. Felsner and M. Massow. Parameters of bar k-visibility graphs. J. Graph
Algorithms Appl., 12(1):5-27, 2008.

J. J. Fowler and S. G. Kobourov. Characterization of unlabeled level planar
graphs. In S.-H. Hong, T. Nishizeki, and W. Quan, editors, GD 2007, pages
37-49, Berlin, Heidelberg, 2008. Springer Berlin Heidelberg.

F. Frati, M. Glisse, W. J. Lenhart, G. Liotta, T. Mchedlidze, and R. I.
Nishat. Point-set embeddability of 2-colored trees. In W. Didimo and
M. Patrignani, editors, GD 2012, volume 7704 of LNCS, pages 291-302.
Springer, 2012.

J. P. Hutchinson, T. Shermer, and A. Vince. On representations of some
thickness-two graphs. Comp. Geometry, 13(3):161-171, 1999.

T. Ito, K. Misue, and J. Tanaka. Sphere anchored map: A visualiza-
tion technique for bipartite graphs in 3d. In J. A. Jacko, editor, Human-
Computer Interaction. 13th International Conference, HCI International
2009, Proceedings, Part II, pages 811-820. Springer Berlin Heidelberg,
2009.

M. Kaufmann and R. Wiese. Embedding vertices at points: Few bends
suffice for planar graphs. J. Graph Algorithms Appl., 6(1):115-129, 2002.

G. Liotta and F. Montecchiani. L-visibility drawings of IC-planar graphs.
Inf. Process. Lett., 116(3):217-222, 2016.

G. Liotta, F. Montecchiani, and A. Tappini. Ortho-polygon visibility repre-
sentations of 3-connected 1-plane graphs. In T. C. Biedl and A. Kerren, ed-
itors, Graph Drawing and Network Visualization, GD 2018, volume 11282
of Lecture Notes in Computer Science, pages 524-537. Springer, 2018.

J. Pach and R. Wenger. Embedding planar graphs at fixed vertex locations.
Graphs and Combinatorics, 17(4):717-728, 2001.

23



735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

756

757

758

759

760

761

762

[44]

S. Rengarajan and C. E. Veni Madhavan. Stack and queue number of 2-
trees. In D.-Z. Du and M. Li, editors, Computing and Combinatorics, pages
203-212, Berlin, Heidelberg, 1995. Springer Berlin Heidelberg.

P. Rosenstiehl and R. E. Tarjan. Rectilinear planar layouts and bipolar
orientations of planar graphs. Discr. & Comput. Geom., 1:343-353, 1986.

T. C. Shermer. On rectangle visibility graphs III. external visibility and
complexity. In CCCG 96, pages 234-239, 1996.

J. Stola. Unimaximal sequences of pairs in rectangle visibility drawing. In
I. G. Tollis and M. Patrignani, editors, Graph Drawing 2008, volume 5417
of LNCS, pages 61-66. Springer Berlin Heidelberg, 2009.

I. Streinu and S. Whitesides. Rectangle visibility graphs: Characterization,
construction, and compaction. In H. Alt and M. Habib, editors, STACS
2003, volume 2607 of LNCS, pages 26-37. Springer, 2003.

R. Tamassia and I. G. Tollis. A unified approach a visibility representation
of planar graphs. Discrete & Computational Geometry, 1:321-341, 1986.

R. Tamassia and I. G. Tollis. Representations of graphs on a cylinder.
SIAM J. Disc. Mathematics, 4(1):139-149, 1991.

C. Thomassen. Plane representations of graphs. In Progress in Graph
Theory, pages 43—69. AP, 1984.

W. T. Tutte. A theorem on planar graphs. Trans. American Math. Soc.,
82:99-116, 1956.

A. Wigderson. The complexity of the hamiltonian circuit problem for max-
imal planar graphs. Technical Report 298, Princeton University, EECS
Department, 1982.

S. K. Wismath. Characterizing bar line-of-sight graphs. In J. O’Rourke,
editor, Proceedings of the First Annual Symposium on Computational Ge-
ometry, Baltimore, Maryland, USA, June 5-7, 1985, pages 147-152. ACM,
1985.

24



