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Diagonal Padé Approximants
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Abstract

Differential Matrix Riccati Equations (DMRESs) appear in several branches of sci-
ence such as applied Physics and Engineering. For example, these equations play a
fundamental role in Control Theory, optimal control, filtering and estimation, de-
coupling and order reduction, etc. In this paper a new method based on a theorem
proved in this paper is described for solving DMREs by a piecewise-linearized ap-
proach. This method is applied for developing two block-oriented algorithms based
on Diagonal Padé Approximants. MATLAB versions of the above algorithms are de-
veloped, comparing, under equal conditions, accuracy and computational costs with
other piecewise-linearized algorithms implemented by the authors. Experimental re-
sults show the advantages of solving stiff or non-stiff DMREs by the implemented
algorithms.

Key words: Differential Matrix Riccati Equation (DMRE), Piecewise-linearized
Method, Ordinary Differential Equation (ODE), Initial Value Problem (IVP),
Linear Differential Equation (LDE), Conmutant Equation, Algebraic Matrix
Sylvester Equation (AMSE), Padé Approximants.

PACS: 87.64.Aa

1 Introduction

This paper presents a methodology for solving Differential Matrix Riccati
Equations (DMREs) based on a piecewise-linearized method which uses Padé
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approximants to compute the exponentials of two block-defined matrices.
These equations have the form

X = Agi(t) + Ape() X — XA () — XAp(t)X, to<t<ty, (1)
X = X(t) c ]Rmxn7 X(to) — XO c Rmxn,

where All(t) € ]Rnxnj Am(t) < Rnxm’ Agl(t) € Rmxn, Agg(t) e Rm>m,

DMREs play an important role in the electrodynamic theory of stratified
media, in the theory of multimode electric power lines, in the hydraulics of
pipe lines, etc. They also appear in Control Theory, for example in the time-
invariant linear quadratic optimal control problem, in the estimation of the
system parameters and in the system state, etc.

Since the mid seventies, many different methods have been proposed: lineariza-
tion methods [1-3], Chandrasekhar method [4], superposition methods [5,6],
BDF methods [7-11], Hamiltonian methods [12], unconventional reflexive nu-
merical methods [13], Piecewise-linearized methods [14], etc.

In [14] we developed a piecewise-linearized method based on the Conmutant
and we implemented efficient block-oriented algorithms for solving DMREs. In
this paper a new piecewise-linearized method for solving DMRESs is presented
based on Theorem 3 in Section 4, and two block-oriented algorithms based on
this method have been developed.

This paper is structured as follows. Section 2 describes a numerical integra-
tion of ODEs based on a piecewise-linearized method [15], which has served
as the basis for the methods that are described in the following sections. Sec-
tion 3 describes a piecewise-linearized method developed by the authors [14]
which solves DMREs by the Con mutant Equation. Section 4 presents an-
other piecewise-linearized method based on a theorem proved in this paper
(Theorem 3) and two block-oriented algorithms. A theoretical study in terms
of flops requirements is included. The experimental results of the MATLAB
implementations are shown in Section 5. Finally, some conclusions and future
work are outlined in Section 6.

2 Solving ODEs by a Piecewise-linearized Method

In this section we show a piecewise-linearized method to solve ODEs [15] which
is used in Sections 3 and 4. A family of one step methods for solving ODEs
are the piecewise-linearized methods [16,17,15]. These methods solve an IVP
by approximating the right hand-side of the ODE by a degree one Taylor
polynomial. The resulting approximation can be integrated analytically to



obtain the solution in each subinterval and yields the exact solution for linear
problems.

Let
@(t) = f(t,z(t)), tE€ [to,ty], (2)
be an ODE with initial value

x(to) = x9 € R",

so that the first order partial derivatives of f(t,x) are continuous on [to,tf] X
R"™. Given a mesh ¢, < t; < --- < tj_1 < t; = ty, the ODE (2) can be
approximated by a set of Linear Differential Equations (LDEs) obtained as a
result of a linear approximation of f(¢,x(t)) at each subinterval,

y(t) = fi+ Ji(y(t
y(t:) =

) =) +gi(t —ti), tE[ti,tin], (3)
vi, 1=0,1,...,01—1,

where

af nxn : :
a—(ti, y;) € R™" (Jacobian matrix),
T

_of
9= "5y

The LDE associated to the first subinterval,

J =

(ti,y;) € R"™ (gradient vector).

y(t) = fo+ Jo(y(t) —yo) + go(t —to), t € [to,ti],

is solved considering the initial value y(ty) = yo = 2. Its solution is given by

y(t) = yo + fiy € [fo + go(m — to)ldr,  t € [to,1].
Thus, it is possible to compute y; = y(t1).

By proceeding in the same way, the solution of the LDE associated to the
subinterval i, i =1,...,1 — 1, is

y(t) =y + JL e[ fi+ gi(r — t)]dr, € [ti, tiga).

If f(t,z) is a Lipschitz function on [to,t;] x R™ and its second order partial
derivatives are bounded on that region, the above piecewise-linearized method
converges [16, pp. 281]. If the (1,1) Padé approximation is used to compute
e’it=t) the above method is consistent of order 2 for autonomous ODEs and
1 for non autonomous ODEs, and linearly stable [18, pp. 26].



Theorem 1 ([15]) The solution of the LDE

yt) = fi+ Ji(y(t) —yi) + gt — ), t € [ti,tiga],
fi € RTL’ Jz € RnX'rl, g; € Rna

18

y(t) = yi + B (t — ) i + EQ (L — t:)gs, (4)
where Eg)(t —t;) and Ei? (t —t;) are blocks (1,2) and (1,3) of E = %=t
where

Ci=10,0, I, |- O
0, 0, 0,

If ¢ is replaced by t;;; in (4), the approximate solution of the ODE (2) at t;44
is given by ‘ .

yirr =y + BB (At fi + Bl (At)g.
Therefore, the solutions of the ODE (2) at t;,ts,...,t = t; can be computed
by using the above expression.

3 Solving DMREs by a Piecewise-linearized Method based on the
Conmutant Equation

This section describes a piecewise-linearized method developed by the authors
[14], which is compared with the piecewise-linearized method developed in this
paper. Let us suppose that the right-hand side of (1) ,

F(t,X) = Aoy () + Asa()X — XAy (t) — X A (£)X,

is a Lipschitz function on [to, t /] x R™*™ and its second order partial derivatives
are bounded on that region. If vec operator [19, p. 244] is applied to DMRE
(1), then
#(t) = [t x(t),  x(to) = vec(Xo),
where
x(t) = vec(X (t)) € R™,

and

f(t,z(t)) = vec(Aa (t) + Axa(t) X () — X (1) A1 () — X (t)A12(t) X (1)),



which can be expressed as
F(t, (1)) = vee(Az (1)) + (1@ Az (t) = ATy () @ L () = [L,® (X (8) Ara (1)) ](2)
f(t,2(t)) = vec(Aoi (1)) +[ 1@ Asa (t) = ATy () @ L] (1) — [(Ara (1) X (1)) @ L] ().

If we consider the mesh ty < ¢; < --- < tj_; < t; = t5, and we apply the
piecewise-linearized process explained in Section 2, the following LDEs are
obtained

y(t) = vec(F;) + Ji(y(t) — yi) + vec(Gy)(t — ), t € [titiyal,  (5)
y(t;) =y, i=0,1,...,01—1,

where

F, = Ao (t;) + Axne(t,)Y: — YiAn(t:) — YA ()Y,
Gi = Ao (t;) + Asa(t)Y; — YA (t:) — YiAp(t)Y,.

Since f(t,x) is a Lipschitz function on [to,t;] x R™" and its second order
partial derivatives are bounded on that region, the above piecewise-linearized
process converges [16]. If we apply Theorem 1, the solution of (5) at ¢;41 is

yin = yi + B3 (M) f; + B{3 (Aty)g;, (6)
where E@(Ati) and E@(Ati) are the (1,2) and (1,3) blocks of matrix E; =
et where

J’L Imn Omn
and
0
Ji = af(tz‘,yi) =1, ®A — BiT ® I,
x
A; = Ax(t;) — YiAa(t), (8)

B; = An(t;) + Aa(t)Yi.

If mat,,x, operator [20, p. 2104] is applied to (6), the approximate solution of
(1) at t;41 can be obtained from expression

Yie1 = Y; 4 Matmun (B\D (At vec(Fy) + BV (At;)vec(Gy)). (9)

Based on the Conmutant Equation, the authors proved in [14] the following
theorem and corollary which allow to compute matrix Y;;; in (9).



Theorem 2 If matrices A; and B; of (8) do not have eigenvalues in common,
then the matriz Yiy1 in (9) can be computed from

Yipn =Y+ Wy + Wy, (10)
where Wy, Wy are the solutions of the Algebraic Matriz Sylvester Equations
(AMSEs)

AW, —W;B; = etiftiFe Bt _ |y (11)

and W; satisfies the AMSE

AW, = WiB; = etitliGe B8 . O (13)
As (11), (12) and (13) have the same coefficient matrices A;, B;, the compu-
tational cost of computing Y;,; can be reduced.

Corollary 1 If the DMRE (1) is time-invariant and matrices A; and B; of
(8) do not have eigenvalues in common, then matriz Y11 in (9) can be com-
puted as

Yipi =Y, + Wy, (14)
where Wy is the solution of the AMSE

AW; —W;B; = etitlifie Bt 0 0O (15)

4 A Piecewise-linearized Method for Solving DMREs based on
Padé Approximants

As the solution of LDE (5) associated to subinterval [¢;, ;1] is
t
y(t) =i+ [ " vee(F) + vee(Gi) (T — t)]dr, € [t tinl,  (16)
t;

then the approximate solution of DMRE (1) at t;;1 can be obtained as

Y;—l—l - matmxn(yi—i-l); (17)

where .
i1
Yir1 = i + / M [yec(Fy) + vee(Gi) (T — t)]dr. (18)
ti

Theorem 3 The matriz Y;y1, which appears in (17), can be computed as fol-
lows

Vi1 = Y + [F(AL) + HE (AL)][Fa (At)] (19)



where Y; = mat,n(Yi), Fl(é)(Ati) and FQ(;)(Ati) are (1,2) and (2,2) blocks of
matriz eCiAt
A F
On><m Bz

and HY)(At) s the (1,3) block of matriz P,

Ai Gz Omxn
Di = 0n><m Bz In ) (21)
Onxm Onxn Bz
F; = Aoy (t;) + Axa(t:)Y; — YiAn () — YA (8)Y,,
Gi = Ay (t;) + Asa ()Y — YA (8) — YiAw()Y],
A; = Ax(t;) — YiAa(t),
B; = A1 (t;) + A2(t))Y;.

Proof. If we define s = 7 —¢; and 0 = t — ¢; , vector y(t) in (16) can be
expressed as

9 0
y(t) = yi + /eJi(G_s)VeC(FZ')dS + /eji(g_s)givec(Gi)sds =
0

0
0 0

=Y +/e(In®Ai—BiT®Im)(9_s)VeC(E)ds +/e(In®Ai—BiT®Im)(9—s)VeC(Gi)sds _
0

0
0

0
=Y+ / (e*BiT(efs) @ =) )vec(F,)ds + / (673;(075) ® =) )vec(F})sds.
0 0

If property (4) of Section 1 is applied, Y (t) = mat,,«,(y(t)) is obtained as
0 0
Y(t) =Y +/ eA"(B*S)Ee’Bi(O*S)dS—i-/ A=) G e Bi0=9) 55, (22)
0 0

where
E = matmxn(fi>7 Gz = matmxn(gl)

In order to compute the first integral in (22), let us consider
A F

Ci - ’
O'rL><m Bz



and the exponential of matrix C;0,

FY0) F(6)
Opm  Fip (6)

ci0 __

Since
de“? — el
db
then
dFD @y ar® e i i
WO w0 A B | FY6) )
(i) ;
nxm dF?g(e) 0n><m Bz Onxm F2(2)(8)

AF(0) AFS(0) + FiFy ()

Equating blocks (1,1), (1,2) and (2,2) of both members of the previous equa-

tion and considering that
Ci0

€ = Im+n7

0=0
the following LDEs are obtained

Jais . A
) A FD6), PO =1,
do
dF (0 4 -
10 _ prge), mO)=1.
do
dFyy (6)

L = AFS0) + FFS0), F50) = Onsn

Solving (23) and (24), then

If we replace Fi)(6) = ¢ in (25), the following LDE is obtained

dF3)(9)

s = AFRO) + Fe. F(0) = O,

therefore
A 0
Fl(;)(ﬁ) :/ ei0=9) FreBisds.

0

(23)

(24)

(25)



In order to compute the second integral that appears in expression (22), let

Ai Gz Omxn
Di = 0n><m Bz In ’
Onxm Onxn Bz

and exponential of matrix D;6,

HY(0) HEY(0) HE(9)
Pl = | Opm H(0) HS(0) | - (26)

Since Do
de” D, oDt
d@ - i€ )
then
dH{Y(0) dH)(0) dH{:) (©)
do df df
0 aH)(0) dHS (0)
nxXm do de
dHL (0)
0'rL><7n Oan do

A Gy Open | | HE(0) HY(0) HE(9)

= | Opsm B Lo || Onsm HE(0) HS)(0)

Onsm Onscn Bi | | Onsem Onn H ()

AHD(0) AHS (0) + GHE(0) AHSE(0) + G HE(6)
Orrm B:H (6) BiH33 (0) + Hi (0)
Ornscrm Orscn B.H{ (0)

Equating the corresponding blocks of both members of the previous equation
and considering that

oDt _
0=0 — im+42n,
the following LDEs can be obtained
dH) (6 ; ;
61119() = AiH£1)<9)7 H1(1)(0> = I, (27)



dHSY (0)

S = BAHR6). HE(0)=1, (25)

dHé%(G) _pHOG), HOO) =1, (29
dHC%(Q) = AHD0) + GHY 0), HY0) = 0, (30)
) _ o) + 1Y), HEO) = 0 (31)
dHCflé;(Q) — AHD(0) + GHDO), HD0) = 0prn. (32)

The solutions of (27), (28) and (29) are

H)(0) = P,

Finally, replacing Héi)(é’) = eBi%9 in (32), the following equation can be ob-

tained

dH ) (6 ; ;
61139( ) = A HS(0) + Gie®0,  HIJ(0) = O,
whose solution is .
HE0) = [ e 0G e sds, (33)
0
Considering the previous expressions and Hz(é) (0) = 2(;)(0) = eBif

Y () = Yi + [F5(0) + H{ (0)][F35(0)]) "
If ¢ is replaced by t;,1 in the previous expression, we obtain
Yo = Y+ [F3 (At) + H(A6)][F (At)] (34)

where At; =t — t;. O

10



4.1 Algorithm based on Padé approximants with scale-squaring

The (s,t) Padé approximation to e is defined by

Rst - [Dst(A)]_let<A)u

where ( Bl
5 +t—k)ls!
Ny (A) = Ak =0 35
. = )15
5 —1D)¥(s+t—k)!ls!
Dy (A) = Ak = . 36

Non-singularity of Dy (A) is assured if s and ¢ are large enough or if the
eigenvalues of A are negative. The problem with this method is that it only
provides good approaches near the origin [21, p.573].

Scaling-squaring method is one of the most widely used methods for comput-
ing the matrix exponential [22,23] and avoids that problem by exploiting the
equality

oA (GA/zj)Qj .

A7

The idea is to choose j so that e can be reliably and efficiently computed,

\ 27
and then to form the matrix (eA/ 2]) by repeated squaring. One commonly

used criterion for choosing j is to select the smallest natural number such that
||A]|/27 < 1/2 |21, p. 573]. There are reasons for favoring the diagonal Padé
approximants (s = t), such as for example, their lower computational costs in
comparison to the non diagonal Padé approximants.

Algorithm 1 (exmdpa) computes the exponential of a matrix by means of a
scaling-squaring diagonal Padé approximation method.

C; At D; At

Since diagonal blocks (1,1) and (2,2) of matrices e and e are equal, it
is possible to obtain a block-oriented algorithm based on Algorithm 1 which
allows to compute simultaneously Fl(;)(Ati) and Hl(?(Ati) without explicitly
forming the exponential of matrices C; and D; in expressions (20) and (21).
This is done in Algorithm 3. Algorithm 3 (dauvdreplpa) is a double preci-
sion auxiliary algorithm that computes the approximate solution at t;,; of
time-varying DMRE (1) using a piecewise-linearized method based on Padé
approximants. Lines 4-7 of this algorithm avoid overflow problems by con-
trolling that the norms of At;C; or At;D; (see expressions (20) and (21)) are
lower than a prefixed constant M.The approximate computational cost of this

11



Algorithm 1 computes a matrix exponential by a scaling-squaring method
based on diagonal Padé approximants.
Function F' = exmdpa(A4, s)
Inputs: Matrix A € R™*"; order s € N of the diagonal Padé approxima-
tion of the exponential function
Output: Matrix F' = e? € R**"

1: Compute the vectors of coefficients p and ¢ (expressions (35) and (36)) of
the diagonal Padé approximants of the exponential function (py =1,y =
)
nor = [ Al|uc
J = max(0, 1+ [logy(nor)])

A= AJ2

X=A

N = ]n + plX

for k=2:sdo
X=XA
N=N +ka
D=D + (]kX

: end for

: Solve DF = N for F using Gaussian elimination

:fork=1:j5do

F = F?

: end for

S e e T o W St

algorithm is (2m® + 6m2n + 6mn? + 4n?)s + (2m® + 6m>n + 8mn? + 6n3)j +
2m® + 2m*n + Pn? flops.

Algorithm 2 (dgevdreplpa) solves, for double precision general matrices, time-
varying DMREs by a piecewise-linearized method based on Padé approxi-
mants. The approximate cost by iteration of this algorithm is 8m?n + 6mn? +
cost(data) + cost(datad) + cost(Algorithm 3) flops.

Algorithms 2 and 3 can easily be adapted for time-invariant DMREs : it is
sufficient to evaluate the coefficient matrices A;; once, consider Ay =0, and
therefore eliminate matrix G from these algorithms. The adapted algorithms
for time-invariant will be denoted as dauidreplpa and dgeidreplpa respec-
tively.

5 Numerical experiments

In this section the algorithms shown in the previous sections are compared
with the algorithms presented in [14]. The implementations were tested on

12



Algorithm 2 solves time-varying DMREs by means of a piecewise-linearized
method based on diagonal Padé approximants of the exponential function.
Function {Y;} = dgevdreplpa(data,datad, ty, Xo,ts, At, s)
Inputs: Function data(7) that computes the matrices Ay (7) € R™ ",
App(1) € R Ao (1) € R™™ and Agp(r) € R™™ (1 € R), of
time-varying DMRE (1); function datad(7) that computes the derivatives
A11(7'> € Rnxn, A12(T> S Rnxn’ Agl(T) € R™™ and A22(7—> e Rmxm (T c
R) of the above matrices; initial condition (g, Xo), to € R, X € R™*";
final time ¢y € R; step size At € R; order s € N of the diagonal Padé
approximation of the exponential function
Outputs: Solution matrices {Y;} (Y; € R™*") at to, to + At, to + 2At,. ..
1: Compute coefficient vectors p and ¢ of (35) and (36) (pg = go = 1 are not
computed)
20 1= [(ty —to)/At]
3: Yy =X,
4: fori=0tol—1do
5: [AH, Aug, Ao, A?2] = datad(t;)
Agy = Az — YiA1p
G = Ao + A,
G - G - Y;'All
(A1, Ay, Aoy, Ago] = data(t;)
10: Ay = Agy — Yi Ao
11: F = Ag + AxY;
12: F = F - Y;AH
13: A= A+ ApY;

14: Y11 = dauvdreplpa(Ag, A1, F,G,Y;, At,p, q) > Algorithm 3
15: ti+1 = t@ + At
16: end for

an Intel Core 2 Duo T9400 at 2.52 GHz with 4 GB main memory, using 7.7
(R2008b) MATLAB version. The implemented algorithms are available online
at [24].

To test the algorithms a set of six case studies were considered, all with well-
known solutions. For each case study, the values of parameters which offer
better accuracy and lower computational cost were determined. Three kinds
of tests were carried out varying At, ¢y and the dimension of the problem.

In all case studies, the following results are shown:

e Tables which contain the relative error

|X — X7
Er= 1" llo
1 X ] oo

where X* is the computed solution and X is the analytic solution.

13



Algorithm 3 computes the approximate solution of DMRE (1) at #;;.

W W W W W W W N DNDNDDNDDNDNDNNDNDNDDNRF = = = 9= ==

Function Y;;, = dauvdreplpa(A;, B;, Fi, G;,Yi, Ati, p, q)

Inputs: Matrices A; € R™*™ B; € R F;, € R™" G; € R™*™andY; €
R™*": step size At; € R; vectors p,q € R® which contain the coefficients
D1, P25 -y Ds, G1, G2, ---, Gs Of the (s, s) Padé approximation of the exponential
function

Output: Matrix Y;;; € R™™ of (34)

: M = log(realmax)/10 > realmaz is the largest positive float point

number
norA = ||A;||s; norB = ||Bi||so; norF = ||Fi||s
nor = At; max(norA + max(norF,norG),norB + 1)
if nor > M then
Y11 = dauvdreplce(A;, B, F;, G;,Y;, At;,p,q) > Algorithm 5 of [14]
return
end if
j = max(0, 1+ [logy(nor)]); t = 8%
Ay =1A;B; = tBi Iy = tF; Gy = tG;y
Xn=A; Xpp=G; Yo =F

0 Xoo = By; X13 = Opyxn; Xoz = tl,

0 Nip = I, + p1 X1 Nig = p1 Xqo;Mya = p1Yie

0 Niz = p1Xag; Nog = I, + p1Xog; Noz = p1Xos
s D=1y + i Xa1; Do = 1 X2; P12 = 1Yo

0 Dz = 1 Xq35 Dog = Iy + 1 X025 Dag = q1.X03
: for k=2 to s do

X = AiXu; Xig = AiXao + GiXog; Yig = AiYip + Fi X
X3 = A X3+ G X35 Xoz = B Xoz + 5Xo9; Xop = B X
N1y = Nit + prXit; Nig = Nig + ppXio; Mg = My + prYio
Niz = Niz + prXi3; Nog = Nog + prpXao; Nog = Nog + prXos
D1y = Dy + @1 X115 D1z = Dig + qpXa2; Pio = Prio + qiY12
D13 = D13+ qiX13; Doy = Doy + q1Xo2; Doz = Doz + q;, Xo3

: end for

: Solve Dq1Fyy = Nyp for Fiq using the LU decomposition

. Solve Doy Fyy = Nao for Fyy using the LU decomposition

: Solve Dq1Fio = Nig — D19 F5 for Fi3 LU decomposition

: Solve D11G12 = M12 - P12F22 for G12 U.Sil’lg the LU decomposition

: Solve D22F23 = N23 - D23F22 for F23 USiIlg the LU decomposition

: Solve D11F13 = N13 — D12F23 —D13F22 for F13 using the LU decomposition
: for k=1to j do

Fi3 = F11Fi3 + FioFos + FigFo

Fig = Fi1Fig + Fialy

G2 = F11G1a + GiaFo; Fog = FooFog + Fo3 by
Py = Fj; Fpp = F3)

: end for
: Solve Y1 Fy = G5 + Fi3 for Y, 1 using the LU decomposition

14



e Tables/graphics with execution times (Te) in seconds.
Below is a short description of compared algorithms:

e dgevdreplpa (Algorithm 2) and dgeidreplpa: They solve time-varying and
time-invariant DMREs by the piecewise-linearized method based on the
diagonal Padé approximants presented in this paper.

e dgevdreplce (Algorithm 7 of [14]) and dgeidreplce: They solve time-
varying and time-invariant DMREs by the piecewise-linearized method based
on the Conmutant Equation explained in Section 3.

5.1 Case Study 1

The first time-invariant DMRE is taken from a two-point boundary value
problem [25]. This DMRE is defined for ¢ > 0 by the coefficient matrices

0 0 0 1
Ay = . A=
—-100 -1 100 0
0 1 0 0
A21 = s A22 = )
10 0 —-10 -1
and the initial condition
0 0
X(0) =
-1 0

If ¢ is large, the solution of the previous DMRE is approximately equal to

1 0.11
0 —0.1

In this case study s=1 was used for dgeidreplpa and dgeidreplce. In the
only test done, final time ¢; = 30 was considered and At¢ was varied between
0.1, 0.05 and 0.01. Tables 1 and 2 show the results.

Considering the same step size, the conclusions for this case study are:

e Both functions have similar accuracy.

15



Table 1
Case study 1: Relative error considering ¢y = 30 and At variable.

Er At=0.1 At=0.05 At=0.01

dgeidreplpa 3.243e-14 7.760e-15 8.588e-16

dgeidreplce 3.180e-14 6.671e-15 8.618e-16

Table 2
Case study 1: Execution time considering ¢y = 30 and At variable.

Te At=0.1 At=0.05 At=0.01
dgeidreplpa 0.034 0.058 0.293

dgeidreplce  0.197 0.364 1.817

o Relative errors decreased as At decreased.
e dgeidreplpa has the shorter execution time.

5.2  Case Study 2

The second case study [26,7] consists of the following time-invariant DMRE
X(t) = Ag + ApX(t) — X (1) A1 — X (1) A X (), 0<t<ty,

where Ay = 0,, A1z = Agy = ad,, (a >0), Ay =0, and X, € R™*",

The exact solution is given by

X(t) = (a(Xg + L)e™ — a(Xo — L)e ) Ha(Xo + 1,)e® + a(Xo — I,)e ).

For this case study we considered s=1 both for dgeidreplpa and dgeidreplce.

Table 3 and Figure 1 show execution times for a = 100 (stiff problem),

At = 0.1, t; = 1 and the dimension of problem equal to 50, 100, 150 and
200. For two implementations, the relative errors were 0.

Considering the same step size, the conclusions for this case study are:

e Both functions achieved very high accuracy.
e dgeidreplce execution times are longer than dgeidreplpa execution times.

5.8 Case Study 3

The third case study [27] consists of the following time-invariant DMRE
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Table 3

Case study 2: Execution time considering At = 0.1, t; = 1 and n variable.

Te n=>50 n=100 n=150 n=200

dgeidreplpa 0.984  3.989 8.990 16.394

dgeidreplce 2941 11.709 26.293 47.282

50

*  dgeidreplpa
0O dgeidreplce

451

40

35F

30

251

Execution time

20

15

10

*

50 100 150 200
Dimension of problem

Fig. 1. Case study 2: Execution time considering At = 0.1, t; = 2 and variable
dimension of problem .

X(t) = aTope + Toe X (1) + X () Tor — X ()T X (1), >0,
X(tO) = XO:
where X (), Ty € R**?" and o € R™.

The matrices Tyr are generated recursively as follows:

-1 1
T2 = )
o 1
Tyr Ty |
Ty — S B )
OéTQk'fl T2k—1

The solution is given by

1
X(t) = Iy + 2 bty Ty,
w

17



Table 4
Case study 3: Relative error (Er) considering At = 0.1, ¢ty = 5 and m = n variable.

Er n=32 n—=64 n=128 n=256

dgeidreplpa 1.185e-16 1.999e-16 3.357e-18 7.297e-16

dgeidreplce 1.185e-16 1.999e-16 3.357e-18 7.297e-16

Table 5
Case study 3: Execution time (Te) considering At = 0.1, t; = 5 and m = n variable.

Te n=32 n=64 n=128 n=256

dgeidreplpa 4.894 18.221 67.976 247.246

dgeidreplce 4.925 18.023 67.663 248.415

250 T T T T %
*  dgeidreplpa
O dgeidreplce
200
2 1501
=
2
5
(5]
<
5 100t
®
50
®
0 B . . . .
0 50 100 150 200 250 300

Dimension of problem

Fig. 2. Case study 3: Execution time considering t; = 5, At = 0.1 and n variable.

k+1
2 .

where w = (a + 1)

The parameters of problem were o = 100 (stiff problem) and X (0) = I. The
order of Padé approximants for the two implementations was s = 2. In tests
t; = 5 was considered, varying the dimension of the problem between 32, 64,
128 and 256, and step sizes between 0.1, 0.05, 0.01, 0.005 and 0.001. Both
functions achieved smaller relative error for At = 0.1. Tables 4 and 5 and
Figure 2 show the results for At = 0.1. In this case study dgeidreplpa and
dgeidreplce achieved very high accuracy for At = 0.1 with similar execution
times.
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Table 6
Case study 4: Relative error (Er) with n =1, At = 0.1 and ¢; variable.

Er tf:10 tf:20 tf:30 tf=40 tf:50

dgevdreplpa 4.999e-7 2.500e-7 1.667e-7 1.250e-7 1.000e-7

dgevdreplce 4.999e-7 2.500e-7 1.667e-7 1.250e-7 1.000e-7

Table 7
Case study 4: Execution time (Te) with n =1, At = 0.1 and t; variable.

Te tf:10 tf=20 tf=30 tf:40 tf:50

dgevdreplpa 0.063 0.121 0.178 0.235 0.293

dgevdreplce 0.061 0.116 0.173 0.226 0.283

5.4  Case Study 4

This scalar time-varying DMRE is a widely used for testing stiff problems,
known as the “knee problem” (]28,7]), defined as

t 2
j?zl—*$+£,—1§t§1, r(—1)=-1, 0<e<<]l,
9 9

associated to the coefficient matrix

t t t/le —1/¢
A(L) — ai1(t)  aia(t) _ / / Con=m=1.

agq (t) agz(t) 0.5 0

The reduced solution x = t is stable before 0 and z = 0 is stable past it.

In the tests done e = 107> (stiff problem) and the same order of the diagonal
Padé approximants (s = 1) was considered. Both functions achieved smaller
relative error for At = 0.1. Tables 6 and 7 and Figure 3 show relative errors and
execution times for At = 0.1 and ¢ variable. In this case study, dgevdreplpa
and dgevdreplce achieved smaller relative error for At = 0.1, with similar
execution times.

5.5 Case study 5

This stiff time-varying DMRE [29,7] comes from a stiff two-point boundary
value problem. This DMRE is defined as

19



0.4

* |

dgevdreplpa
dgevdreplce| |

O

0.35

0.3

=T
=

o
N
[}
T
mES

Execution time
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Fig. 3. Case study 4: Execution time considering At = 0.001 and t; variable.

—t/2e 0 /e 0
An(t) = , Ap(t) = )
0 0 0 1/e
1/2 1 0 t/2¢
Ay (t) = . Ax(t) = )
0 1 0O 0

where t > —1, 0 < € << 1. The initial condition is

0 0
0 0

The solution has an initial layer and then it approaches

X(-1) =

—e/t (Ve+1)/(Ve—1)
0 Ve

For ¢t away from 0, there is a smooth transition around the origin and then

X(t) =

t/2 /e
0 Ve

—
~
N—
112

In the tests e = 107> (stiff problem), and the same order of the diagonal Padé
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Table 8
Case study 5: Relative error (Er) with n =2, At =0.1 and ¢; variable.

Er tp=10  tp=20 ;=30  t;=40  t;=50

dgevdreplpa 8.668e-20 1.776e-16 2.891e-20 2.168e-20 1.421e-16

dgevdreplce 8.668e-20 1.776e-16 2.891e-20 2.168e-20 1.421e-16

Table 9
Case study 5: Execution time (Te) with n = 2, At = 0.1 and ty variable.

Te tf:10 tf=20 tf=30 tf=40 tf:50

dgevdreplpa 0.178 0.343 0.508 0.672 0.835

dgevdreplce 0.177 0.342 0.502 0.667 0.829

0.9
*  dgevdreplpa %
0.8 O dgevdreplce
0.7
o
o 0.6
£
c
2 05f ol
3
(&
(3]
X
W gal
®

0.3F

0.2}

0.1 . . . . . . .

10 15 20 25 30 35 40 45 50
Time

Fig. 4. Case study 5: Execution time considering At = 0.1 and ¢y variable.

approximants (s = 1) was considered. In the tests t; was variable with step
size At = 0.1. Tables 8 and 9 and Figure 4 show that both implementations
achieved high accuracy with a similar execution time.

5.6 Case study 6

This equation corresponds to a time-varying DMRE [27] defined as
X(t) = =X (8)Tor(t) + Tore () X () — b()X2(t) — b(t) Lo, X (0) = I,

where X(t) € R2" and The € R?" are generated recursively as follows
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Table 10
Case study 6: Relative error (Er) considering n = 8, ty = 5 and At variable.

Er At=0.1  At=0.05 At=0.01 At=0.005 At=0.001

dgevdreplpa 1.209e-02 4.014e-03 1.958e-04 5.000e-05 2.034e-06

dgevdreplce 1.620e-02 4.134e-03 1.967e-04 5.006e-05 2.035e-06

Table 11
Case study 6: Execution time (Te) considering n = 8, ty = 5 and At variable.
Te At=0.1 At=0.05 At=0.01 At=0.005 At=0.001

dgevdreplpa  0.021 0.043 0.228 0.418 2.092
dgevdreplce  0.328 0.668 3.414 6.748 33.389

Table 12

Case Study 6: Relative error (Er) considering At = 0.01, ¢ty = 5 and n variable.

Er n==8 n=16 n=32 n=>64

dgevdreplpa 1.958e-04 1.959e-04 1.962e-04 1.970e-04

dgevdreplce 1.967e-04 1.983e-04 2.014e-04 2.068e-04

a(t)  b(t)
—b(t) a(?)
TQk - T2 ® ngfl + 12 ® T2k717 k Z 2,

where a(t) = cost and b(t) = sint. The analytic solution is

_ 1 +tan(cost —1)

X() = 1 —tan(cost — 1)

IQk.

In this case study an order of Padé approximants s = 2 was selected. Tables 10
and 11 show the results for n = m = 16 (k=4), t;=1 and At variable. Tables
12 and 13 and Figure 5 show the results for At=0.01, ¢y = 5 and dimension
of problem variable. The following conclusions can be emphasized:

e Considering the same step size, both implementations have similar accuracy,
but dgevdreplpa has the shorter execution time.

e For both implementations, relative error decreased as At decreased.

e As dimension of problem is increased dgevdreplce execution time increased
quicker than dgevdreplpa execution time: For n = 8 the execution time

L3433 ~ _ . 285.013 ~v
ratio is 5575 & 16.193 and for n = 64 is asl = 119.703.
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Table 13
Case Study 6: Execution time (Te) considering At = 0.01, t; = 5 and n variable.

Te n=8 n=16 n=32 n—=64

dgevdreplpa 0.212 0.311 0.621 2.381

dgevdreplce 3.433 19.593 54.235 285.013

300

m]
*  dgevdreplpa
250 O dgevdreplce
200
()
£
c
£ 150}
=)
Q
Q
X
i
100
50+ =
O
0 Q L ¥ L L% L L L X
0 10 20 30 40 50 60 70

Dimension of problem

Fig. 5. Case Study 6: Execution time considering ¢ty = 5, At=0.01 and variable
dimension of problem.

Table 14

Comparison of execution times for the six case studies: the symbols 4+, = and —
indicate longer, similar and shorter execution time. The symbols S and NS indicate
stiff and non-stiff problem.

Case Study 1:NS 28 3:S 4SS 5 S 6:NS

dgeidreplpa-dgevdreplpa + + = = &~ +

dgeidreplce-dgevdreplce — — =~ & >~ —

5.7 Summary of results

Table 14 show a comparison of execution times for the six case studies ana-
lyzed, when the implementations have similar accuracy. For each case study,
problem stiffness (S= stiff problem, NS=non-stiff problem) is indicated.

e In general, for the same step size, the relative errors of all implementations
were similar.

e In three case studies, dgeidreplpa-dgevdreplpa execution times were lower
than dgeidreplce-dgevdreplce execution times.
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e All implementations showed a good behavior in stiff problems.

6

Conclusions and future work

In this paper a method for solving DMREs has been developed. This method
is based on Theorem 3 in Section 4 which allows an efficient computation of
the integral that appears in the piecewise-linearized methods.

Two MATLAB implementations have been developed based on the piecewise-
linearized method developed in Section 4. In order to verify the benefits of
these implementations, numerous tests were made on six case studies, com-
paring, under equal conditions all implementations.

Possible future lines of research are:

To develop other methods to solve DMRESs based on the piecewise-linearized
approach. A possibility consists in computing the product of a matrix ex-
ponential by a vector using Krylov subspaces (this case will be suitable for
higher dimension problems).

To include adaptive selection of the step size in the algorithms developed
in this paper.

To adapt the implementations for special DMREs such as DMREs with
sparse coefficient matrices.
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