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Abstract

A spatial process observed over a lattice or a set of irregular regions is usually modeled using a
conditionally autoregressive (CAR) model. The neighborhoods within a CAR model are generally
formed deterministically using the inter-distances or boundaries between the regions. An extension
of CAR model is proposed in this article where the selection of the neighborhood depends on
unknown parameter(s). This extension is called a Stochastic Neighborhood CAR (SNCAR) model.
The resulting model shows flexibility in accurately estimating covariance structures for data
generated from a variety of spatial covariance models. Specific examples are illustrated using data
generated from some common spatial covariance functions as well as real data concerning radioactive
contamination of the soil in Switzerland after the Chernoby! accident.

1. Introduction

The accident that occurred at the Chernobyl nuclear power plant on April 26, 1986 was one of
the most serious nuclear power plant catastrophes in history. Discharge from the plant lasted
for ten days and deposited a variety of radioactive particles into the atmosphere. Predicting
and monitoring the pattern of contamination across Europe has been difficult, due to the variety
of radioactive particles, as well as the meteorological conditions. In the ensuing period data on
contamination has been collected across Europe. We analyze a subset of this data collected at
200 irregularly located sites across Switzerland. This data consists of observations of cesium
(137Cs) concentration per square meter measured in kBg/m? where 1 Bq = one radioactive
decay per second (Kanevski and Maignan, 2004). This concentration is of interest because it
is thought to be a good overall indicator of contamination levels.

Data of this type can be modeled using either a traditional geostatistical model where the spatial
dependence between observed concentrations is captured based on estimating parameters of a
weakly stationary isotropic covariance function. The covariance is defined as a function of
some measure of the separation between observations' locations. Commonly used covariance
weakly stationary functions are Exponential, Gaussian or more generally the Matern family
(Cressie, 1993). However, the use of such stationary isotropic covariance models may not be
appropriate for our motivation data set as we shall show in Section 4. Alternatively, a
conditionally autoregressive (CAR) model can also be used. In the CAR model spatial
dependence is expressed through the mean term by setting the expected value of observations
in a region to be a function of the adjacent areas' means (Besag, 1974). Traditionally
geostatistical models are considered more flexible in capturing the spatial dependence when a
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large number of observations can be measured at different sites. The disadvantage to these
models is in the computational burden involved as well as the limitation of the available models
for non-stationary covariance structures. CAR models are seen typically as too restrictive in
the range of spatial dependence that they will model successfully, though computationally they
offer an advantage over geostatistical models (Rue and Tjelmeland, 2002).

Due to potential non-standard features in the data such as anisotropy or non-stationarity it is
desirable to perform an analysis using a class of spatial models that are as flexible as possible.
The size of the dataset studied here, though not excessive lends itself to any effort to improve
computational efficiency, as is useful in general for spatial data analysis. In order to accomplish
these goals we extend the family of Gaussian—-Markov Random Fields (MRF) proposed by
Hrafnkelesson and Cressie (2003) for the regular lattice to the case of an irregular lattice and
allow for a stochastic variation of neighborhood for a CAR model. This model combines the
flexibility of a geostatistical model with the computational advantages of a CAR model. The
resulting model demonstrates good characteristics for fitting data from a variety of spatial
covariance models. In addition it is also computationally efficient and easy to implement for
large data sets.

In Section 2, we discuss some of the existing models and present our extension. In Section 3,
we present results based on measuring the Kullback—Liebler discrepancies between true data
generating distribution and the proposed model. We also use simulated data sets to compare
the performance of our proposed model to other existing models. In Section 4, we apply our
proposed model to the motivating data of cesium-137 (137Cs) contamination in Switzerland
and discuss the results. Finally we close with a discussion of the overall results and directions
for possible future work in Section 5.

2. Spatial models

Spatial data can be defined as observed over either specific sites or areas. In the first case,
analysis involves using a geostatistical model where the covariance is defined as a function of
some measure of the separation between the location of observations (Cressie, 1993). In the
case of areal data covariance is modeled typically as a function of the adjacency structure of
the areas, as in a CAR model, or in general as a Markov Random Field on a regular discrete
lattice. For point referenced data the observations are made on a continuous spatial region,
rather than a discrete grid. It has been demonstrated that the difference between these two
approaches is not as distinct as it may initially appear (Werner, 2004; Song et al., in press). We
demonstrate that the proposed Stochastic Neighborhood CAR (SNCAR) model can better
approximate some of the common geostatistical models as compared to regular CAR models.

In our application 137Cs concentration was measured at 200 sites. The locations of these sites
are irregularly located and are most likely not randomly selected. It is assumed that the
concentrations are highly correlated in space. This motivated the use of a spatial model. The
use of an MRF model is motivated by the desire to improve computational efficiency and to
explore the capabilities of anisotropy and non-stationarity in the proposed model.

2.1. Gaussian MRFs

We begin the development of our model by reviewing the definition of a Gaussian Markov
Random Field. For y = (y(s1), .., (Sn))’ an nx1 vector of observations at locations {sg, ...,
sn} from a spatial process the full conditional means and variances can be written as

E(rl{p(s;) 3 # ) =urte E, 1 {5 (31) -} £ "
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and

Var (y (s 1{y(s;) :j # i}) :(rz/j;ilc-ij. "

If we assume that each of these univariate full conditional distributions are normally distributed
then it follows from Brook's Lemma (Besag, 1974) that the joint distribution is an n-
dimensional multivariate normal distribution given by

v~V (D 50,

where p is a parameter describing the relative strength of spatial dependence, Cisann x n
matrix such that cjj = ¢ji and ¢;; = 0, and D is a diagonal matrix with diagonal entries

di=X"_; ¢;;. This form is most familiar as a CAR model, where C is commonly chosen as the
adjacency matrix with cj; = 1 if areas i and j are adjacent and O otherwise (Besag and
Kooperberg, 1995). In general this form is not strictly limited to the traditional CAR model
definition of adjacency in defining C. The matrix C can be defined in a variety of ways as long
as the resulting matrix, (D — pC) is positive definite (Banerjee et al., 2004) for a range of
parameter values and any number of sites/regions. As a result we define C using a similar
neighborhood measure proposed by Hrafnkelesson and Cressie (2003) for a Markov random
field. The resulting model can be used as an approximation of the geostatistical model over a
continuous spatial index, as the regions shrink to their centroids.

2.2. The SNCAR model

In this section we propose a neighborhood measure that defines the off diagonal elements of
the matrix C which are allowed to change with unknown parameter(s). A neighborhood
function can be defined in several different ways as long as the resulting matrix C is symmetric
and (D — pC) is positive definite. In particular when the observations are point referenced, it
is desirable to create a neighborhood measure based on djj, the intra-point distance for pairs of
locations or centroid of a pair of regions. In the case of data on a regular lattice the adjacency
function for a CAR model, given an upper limit d, is cjj = 1(0 < djj < dy) where I(-) denotes the
indicator function taking the value 1 if the condition within (*) is satisfied and taking the value
0 otherwise. For areal data the definition is

e 1 if regions i and j share a common boundary fori # j
Y71 0 otherwise. )

If the observed areas are on a regular lattice (4) is the same as cjj = 1(0 < djj < dy) where dy is
the largest distance between the centroid for locations that are considered adjacent. For an
irregular lattice, dy is chosen such that no row of C will have all 0 entries. Other choices are
also available for defining dy,, though caution should be exercised to maintain the positive
definiteness of the matrix D — pC. The result is a step function which coincides with the CAR
adjacency matrix definition of the neighborhood measure for regular grids. In general this
neighborhood function can be defined as

1 if 0<d;; < d),
ci=1 c(dyv) ifdi<dy<d..
0 otherwise, ©

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

White and Ghosh

Page 4

where c(djj,y) is some function such that c(djj,) < 1, which may depend on unknown
parameters . As in Hrafnkelesson and Cressie (2003), we employ the following function

¢ (du W) =d,-;w where w = —log(a)/log(d,) and « > 0 is the amount of spatial dependence present
when djj is equal to some upper limit dy; in this paper we set & = 0.05. The value dj is chosen
to ensure that the resulting matrix D — pC(y) is positive definite, and d; is chosen as an unknown
upper limit for adjacency to be estimated. The parameter d,, helps us to ensure that the resulting
precision matrix D — pC(y) is sparse, and d; ensures that it is not too sparse. Note that djj can
always be scaled such that the smallest non-zero value of djj, dy = 1 so that c(dij, ) is strictly

decreasing in djj, for i # j. The resulting spatial model has the form of a traditional CAR model
and if the parameter y is considered a random variable then the resulting model is a stochastic
neighborhood conditional autoregressive (SNCAR) model.

3. Performance of SNCAR model

In order to compare the performance of a given spatial model we use the Kullback-Liebler
discrepancy (KLD) of the proposed model to the true data generating distribution. Suppose
that data y is generated from a density f(y|Ag) and the proposed model is based on f(y|A), where
Ap and A denote the precision matrices under the true and proposed models, respectively. If
we assume that our data are generated from zero mean Gaussian distributions, then it easily
follows that —2 logf(y|A;) = n log(27) + yrAjy — log(JAjl) for j =0, 1 and hence the KLD between
f(y|Ap) and f(y|A) is given by

DAY =7 G1Av lop (4842 ay
=1|r(AA;") - loglAAG! - .

Now given a true precision matrix Ag and two competing models with precision matrices Aq
and A, we can find A; and A, that minimize D(A1]|Ag) and D(A|Ay), respectively. The model
with precision matrix A, is said to perform better than the model with precision matrix A, if
D(A1|Ap) < D(A5|Ag). Next we consider several choices for the true precision matrix Ag and
compare the performance of the SNCAR with another competing model. For all our
illustrations we use the centroid of the counties in Missouri as our choice for the sites sq, ...,
sn. The main difference between the hierarchical models for the CAR, exponential and SNCAR
models is in the spatial covariance (or equivalently the precision) matrix used and the associated
priors.

(a) The CAR model

The hierarchical model is specified as

Y16, p ~ N(0,80(D - pC)™"),
0o ~ InvGamma (a¢=0.1, bp=0.1),

and

p ~ Beta(2,1).

For the example here we have an adjacency matrix for Missouri based on (4). When the CAR
model is chosen as the data generating distribution we used p = (0.2, 0.5, 0.9) and ¢ = (0.1, 1,
10) which results into nine different CAR models. Notice that the CAR precision matrix is
given by A(dg, p) = (D — pC)/dy.
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(b) The Exponential model:
The hierarchical model is specified as

Yloo, ¢ ~ N (0,Z(0,¢)), where ;=5 exp (_¢dij),
¢~ U(0.01,41),

and

0o ~ InvGamma (ap=0.1, by=0.1).

The range (0.01, 41) for the uniform prior on ¢ is chosen based on prior beliefs about the
maximum and minimum correlation at the largest and smallest distances of the data. When the
Exponential model is chosen as the true data generating distribution we used ¢= (3, 0.31, 0.17)
and dg = (0.1, 1, 10) resulting into nine different true Exponential models. Notice that the
Exponential precision matrix is given by A(do, ¢) = 2(do, $) L.

(c) The SNCAR model:
The hierarchical model is specified as

Y160,0, A ~ N (0,60(D - pC @) ™"),

5() ~ InvGamma (a():O. 1 ’ b()ZO.l) )

A ~ Uniform (dj+€,10) where A=d, —d,,
p~ Beta(2,1)

and

Y= —log (@) /log (d;+A)

where d; is fixed at a suitable value so that the resulting precision matrix is positive definite
and y = —log(a)/ log(d,) with & = 0.05. The prior for 4 is chosen with e = 0.0001 and the upper
limit reflecting a reasonable belief about the maximum distance, in this case this upper limit
is approximately 1/3 the maximum distance between centroid. Notice that the SNCAR
precision matrix is given by A(do, p, w) = (D — pC(w))/og where y is a decreasing function of
A.

3.1. KLD comparison between SNCAR and competing models

We present the performance of the SNCAR when the true data arise either from a given CAR
model (as specified in (a)) or a given Exponential model (as specified in (b)). Specifically,
suppose Ag = Ag(dg, p) to be the precision matrix corresponding a given CAR model, let
A1(d0, p, w) represent the precision matrix of a SNCAR model as defined above. Let Ay(dp,
#) denote the precision matrix of an exponential covariance model with range ¢ and partial sill
8o. We use numerical optimization to obtain (i, 2, p) that minimizes D(A1(y, 62, p)|A) and
similarly obtain (dg, $) that minimizes D(Ax(do, #)|Ag). In Table 1, we report values of D
(A1(w, &% p)|Ag) and D(Ax(Jo, #)|Ag) when Ay is chosen as one of the nine CAR models with
true values dp = (0.1, 1, 10) and p = (0.3, 0.5, .02). We repeat a similar procedure when Ag is
chosen as one of the nine Exponential model with dp = (0.1, 1, 10) and ¢ = (3, 0.31, 0.19) and
report the minimized KLD values in Table 2. The minimized KLD indicates that the proposed
SNCAR models outperform both CAR and Exponential models when the models are
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misspecified as Exponential and CAR, respectively. These results indicate that if a maximum
likelihood procedure is used, then the proposed SNCAR model would provide a better fit when
the true precision matrix is misspecified.

3.2. Simulation study to compare the out-of-sample performance of the SNCAR model

Next in order to asses the predictive performance of the SNCAR model as compared to the
Exponential and CAR models we use data sets simulated from Exponential and CAR models.
For each of the previously stated covariance matrices (see (a) and (b) in Section 3) ten data
sets of size 115 are generated from each of nine CAR and nine Exponential models as the true
models. Thus, we have eighteen true models with ten replicated data sets for each. For each of
the 180 data sets we fit a CAR, Exponential and SNCAR models with priors as specified in
(a)—(c) and obtain posterior samples. For each of the 90 data sets generated from a CAR (or
Exponential) model, a random subset of 15 observations is withheld and their values are
predicted using the posterior predictive distribution under the assumed model. If yW denotes
the vector of 15 withheld values and if yP®d denotes the corresponding vector of 15 predicted
values, we measure the predictive performance by the sum of squared predictive errors (SSPE)
given by SSPE = |lyPred — yW||2, where || - || denotes the Euclidean norm. Notice that, if yo0s
denote the vector of observed 100 values that were used to fit the model then MSPE = E
[SSPE|y©0s] = tr(VW)+||uW—y%||2, where VW = Var[yP"ed|yobs] and ,W = E[yPred|yobs] denote the
predicitve variance and the mean of yP"ed given yobs, respectively. Notice that as the data sets
are generated from zero mean Gaussian distributions, both ¥ and y" are expected to be close
to zero vector and hence the dominating term of MSPE would be the tr(V), where tr() denotes
the trace of the matrix. Thus, the predictive performance of the models is in their ability to
predict the covariance structure of the withheld data. The difference is then entirely in the
estimation of the covariance matrices. In this predictive measure, it is easy to see that the
SNCAR model outperforms the other models for the misspecified data.

3.3. Performance of SNCAR based on comparing DIC

In addition to the predictive sum of squares and trace metric used to compare models under
misspecification we also calculated DIC and pp (Spiegelhalter et al., 2002) for each of the ten
replicates of the eighteen different models fit. The results are shown in Tables 5 and 6 and Figs.
4-9 (see Appendix). It is clearly evident that when the true model is a CAR and we fit SNCAR
and EXP models, the SNCAR provides a much better fit (in terms having lower DIC), in
comparison to the EXP model for all possible eighteen combinations of the parameter values.
In Table 5 we see by comparing the pp values, that the SNCAR model uses effectively more
parameters compared to the EXP model but in terms of DIC values the SNCAR model is
preferred, as evidenced by the lower DIC. Also from Table 6 it appears that in most cases
SNCAR is preferable to the CAR model when the data is generated from the EXP model.
Except for two cases when ¢ =3 and Jp = 0.1 and 1. In these two cases the spatial correlation
is rather weak (recall that ojj = o exp(—¢d;;)) and the observations are nearly white noise. In
all other scenarios, especially when the true spatial autocorrelation is comparatively strong,
the SNCAR outperforms the other two commonly used models in terms of DIC and the other
two measures that we described in the earlier two subsections.

The occurrence of negative pp values in several cases of the SNCAR and the exponential
models is a notable event. Negative values for deviance and DIC are not necessarily an
indication of possible problems with the model. Negative values for pp do merit further
attention. This subject has been addressed in Spiegelhalter et al. (2002) as well as in several
recent papers including Celeux et al. (2006) and Plummer (2006). In summary the causes of
negative pp can be the non-log concavity of the sampling distribution, or a posterior distribution
where the mean is a poor estimator. Several remedies for this, and other methods of model
selection have been proposed. However we have not explored such remedies in this article.
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From our extensive simulation study (consisting of 18 different scenarios with 10 replication
each), we can safely conclude that, in most practical cases, the proposed SNCAR model will
provide a better fit than the CAR or EXP model when the models are misspecified.

4. Application to the Swiss 137Cs soil contamination data

In this section we present analysis of the data set that motivated us to develop the SNCAR
model. This data was collected after the Chernobyl Nuclear Reactor accident at 200 locations
measuring cesium (137Cs) concentration per square meter (see Fig. 2). While the contamination
consists of several different radioactive isotopes, the concentration of radioactive cesium is an
important indicator of overall contamination. A spatial model of concentration is useful for
both prediction of concentration at unobserved locations as well as for inference about the
general distribution of contaminants across Switzerland. Before we fit the proposed SNCAR
model to this data set we performed some exploratory data analysis to check the validity of the
assumptions (e.g., Gaussianity, stationarity and isotropy).

4.1. Exploratory data analysis

Based on some preliminary analysis we find that log-normal distribution would be a suitable
family to model the observed concentrations. Let y; be the natural logarithm of the observed
level of 137Cs at site s; = (S3;, Spi), for i = 1, ..., n = 200, where s1; and s,; denote the latitude
and longitude of the ith location. Our preliminary analysis suggests that the following model
serves as good approximation for the concentration data:

Yi=Bo+B151i+B2 82 +zi+e;, (6)
where measurement errors ej's are independent of the spatial random effects z;'s and Sy, 51 and
[ are regression coefficients of the linear trend. The spatial random effect vector z = (z3, ...,
z,) is modeled using one of the three spatial models discussed earlier in Section 3. It is also

assumed that the measurement errors e;j's are independent and identically distributed (iid) with
mean 0 and variance J.

Further exploratory data analysis was carried out using the geoR package in R software. This

initial spatial analysis suggests that the underlying spatial correlations between the sites are
anisotropic. Hence, we transform the observed sites s;'s using the following transform

.o cos(6) —sin(6) 1 O
51=5i sin(0) cos () 0 n! @)

and use the modified measure of distance

di=lsi =) (si - 53). ®

The parameters 8 and # denote the angle and ratio respectively, that describe the anisotropy as
defined in Diggle and Ribeiro (2007). For all subsequent analysis we fix the angle (6) and ratio
(1) parameters at the maximum likelihood estimates @ = 0.55 and ; = 1.374, obtained using

geoR Ribeiro and Diggle (2001). Moreover, for numerical stability we have centered (by mean)

and scaled (by standard deviation) the response variables y;'s and also the site variables s}, and
s5,. Hence we can use the simplified model given by
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Yi=B1 51 tB2 85 tzite, ()

where the y's and s*'s have been suitably centered and scaled to achieve Z;y;=X;s};=Z;s%,=0

and Ziyiz:n — 1. Notice that the intercept is now dropped from the model as its estimate would
be essentially zero by using centered responses and predictors.

4.2. Results based on spatial analysis of Swiss data

We estimated the parameters of the model (9) with z distributed as one of the spatial models
(a)—(c) as described in Section 3. In addition we also fitted a model without the spatial effect
(i.e., setting zj = 0 in model (9)). In order to compare the four models first we use DIC
(Spiegelhalter et al., 2002). The DIC and pp values are presented in Table 7. Clearly the null
model having no spatial effects performs poorly and can be safely eliminated from further
considerations. Among the remaining three spatial models SNCAR has the lowest DIC value
along with the lowest pp value. This indicates that the proposed SNCAR model not only
provides a better fit to the data but it also used effectively fewer parameters. The SNCAR model
did take a longer time than the other two models to converge satisfactorily and was run for
50,000 iterations of burn-in, thereafter retaining 10,000 iterations for posterior inference. This
model will be the one discussed in the remainder of this section.

4.3. Parameter estimates based on the SNCAR model

In this section we present the analysis based on the proposed SNCAR model. The estimates of
the various model parameters are of interest in examining the results and better understanding
the model. The posterior distributions of the model parameters are summarized in Table 8 and
Fig. 1.

The density of p (in Fig. 1) is extremely skewed to the right (near unity) indicating the presence
of a strong spatial effect. The posterior densities (presented in Fig. 1) for dg, 1, and S, appear
reasonably smooth and unimodal. The posterior estimates of 51 and 8 in Table 8 indicate that
there is a significant linear trend with concentrations increasing in the southeastern direction
and that this trend is statistically significant. There is some roughness in the density estimates
for 4. The posterior correlation between the £'s is 0.44 and the posterior correlation between
A and 1 is 0.68. This is also possibly the cause of some variance inflation of the parameter
estimates as well as inflating the pp value. All the posterior estimates are based on 10,000
MCMC samples following 50,000 burn-ins obtained via WinBUGS (Lunn et al., 2000).

4.4. Mapping concentrations

In order to evaluate the model performance we employed several graphical plots. In Fig. 2, we
present the bubble plot of the observed concentrations and also the estimated concentrations
using the posterior predictive mean of the concentration. There appears to be a reasonable
similarity between the observed and predicted concentrations. Next to explore the uncertainty
of our predicted values we also present the standard errors of the predicted concentrations in
Fig. 3 as well as the coefficient of variation. The coefficient of variation (cv) is defined as

sd (yily®)

Cv;= 5
E (yily°*) (10)
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where sd(y;ly°?s) is the predictive standard error for the estimated concentration E(y;|y°).
Smaller values for the cv are more desirable and the value of the cv > 0.3 are considered
unreliable (Mendenhall and Sincich, 2003).

The bubble plot of the observed data and heatmap of the estimated concentrations show that
there is one region in the southeast corner that appears to have much higher concentrations
than the rest of the area. There is also little smoothing of the data by the model, as evidenced
by both the heatmap and the large pp. This may be due to this prominent anomaly. The large
pp Vvalue and the lack of smoothing typically indicate large prediction intervals that compromise
the models' predictive ability, and possibly the inferential value of the model as well.

The second set of heatmaps in Fig. 3 shows the standard errors of the estimated concentrations
and the coefficients of variation as well. The heatmap of the standard errors indicates that the
errors are largest in the regions surrounding the area of lower concentration and are smallest
in the areas of highest concentration. This is also expected as we have used a log-normal model
which allows the variance to vary with the mean. The heatmap of the cv values shows again
that they are lowest in the region of highest concentration, and they are smallest in the region
of lowest concentration immediately adjacent. The model in short works best at estimating
higher concentrations, which would be of primary interest in assessing health risks. One reason
for this result is that the locations where the concentrations are considered low also have a low
density of sites. This lack of information and sparseness of locations provide little information
for estimating a concentration at a specific site other than the single observation taken there.
Another source of variability could be measurement error when observing small values.

The results show that there appears to be an area in south-eastern Switzerland where the
concentration of 137Cs is higher than that in other areas. Geography may play a role in this as
this portion of Switzerland is separated by the Alps mountain range. Since the primary transport
mechanism for 137Cs is by wind patterns, geographic features such as mountain ranges are an
important consideration in interpreting the data. This may also account for the relatively large
pp of the model and the heavy tailed posterior density of 4.

5. Conclusions

The model results show a good overall fit to the data with standard errors for the fitted values
very reasonable. The overall performance of the SNCAR model based on simulated data as
well as the analysis of the 137Cs data show that it is more flexible in fitting various spatial data.
The SNCAR model has the flexibility of traditional geostatistical models while retaining the
computational advantages of a CAR model.

The region of higher concentration for the 137Cs data may indicate non-stationarity resulting
from geographic and meteorological factors. This is a possible cause of the heavy tailed
posterior density for 4. The overall results for the model were good and provide useful
information in assessing the underlying 137Cs exposure in Switzerland. Incorporation of other
predictors, such as altitude, wind speed etc. might improve the model fit.

In this paper we have explained a simple function for c(dj, y) as defined in (5). It would be of
interest to extend the scope of this function to estimate more complicated forms of the
neighborhood function. However in making such extensions cautions should be exercised so
as to keep the precision matrix positive definite. Our proposed SNCAR can also be used as a
prior within the generalized linear model (GLM) by using a suitable link function.
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Appendix

Appendix
See Figs. 4-9.
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Posterior density estimates of the parameters of SNCAR model fitted to 137Cs concentration
data.
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Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.

2

=
w
| 3
=
3

50

40

30

20

10

I (1] (]| |



1duasnuely Joyiny Vd-HIN 1duosnuey JoyIny vd-HIN

1duasnuely Joyiny vd-HIN

White and Ghosh

Y-coord

250

200

150

100

Page 13

Std. Errors for Estimated Conc. s Coefficient of Variation
250
© 200
o
¢
>
150
100
T T I T T | T
500 550 600 650 700 750 800 500 550 600 650 700 750 800
X-coord X-coord

Estimated Concentration vs. Coefficient of

Variation
o
(o]
<+ |
o o
o
o
@ _
o
&
~ | 8
- B
; -
g n ® @ O@O W@ O [e]e] @
T T T T T
0 10 20 30 40 50

Estimated Concentration

Fig. 3.
Standard errors and coefficients of variation of the log-concentrations.

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.

cv

0.4

0.3

0.2

0.1

0.0



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnue\ Joyiny Vd-HIN

White and Ghosh

Density

Density

Density

1.0

0.0

1.0

0.0

1.0

0.0

SS Predictive Error

62=0.1 and p=0.2

SS Predictive Error

6°=1 and p=0.2

SS Predictive Error

-2 0 2 4 6 8

6%=10 and p=0.2

Fig. 4.

Density of log(SSPE) for SNCAR (- — -) and Exponential (—) fit to CAR data.

Density

Density

Density

1.0

0.0

1.0

0.0

SS Predictive Error

6°=0.1 and p=0.5

SS Predictive Error

6°=1 and p=0.5

SS Predictive Error

-2 0 2 4 6 8

6°=10 and p=0.5

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.

Density

Density

Density

1.0

0.0

1.0

0.0

Page 14

SS Predictive Error

6°=0.1 and p=0.9

SS Predictive Error

o°=1 and p=0.9

SS Predictive Error

-2 0 2 4 6 8

6%=10 and p=0.9



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnue\ Joyiny Vd-HIN

White and Ghosh

Density

Density

Density

2.0

1.0

0.0

2.0

Covariance Trace

L L L
-2 0 2 4 6 8

6°=0.1 and p=0.2

Covariance Trace

n

o
- = n
b

0.0

1.0 20

0.0

[
[}

T 1T 1 T 1
-2 0 2 4 6 8

o?=1 and p=0.2

Covariance Trace

| I I I
2 4 6 8
6?=10 and p=0.2

Fig. 5.

Density

Density

Density

2.0

1.0

0.0

2.0

Covariance Trace

-2 0 2 4 6 8

6°=0.1 and p=0.5

Covariance Trace

h

2,
— \

0.0

1.0 2.0

0.0

4 '

!

\ -
T T T T 1
-2 0 2 4 6 8

o°=1 and p=0.5

Covariance Trace

I [
6 8

62=10 and p=0.5

Density

Density

Density

1.0 20

0.0

2.0

0.0

1.0 2.0

0.0

<
—
4
;o\

Page 15

Covariance Trace

-2 0 2 4 6 8

6°=0.1 and p=0.9

Covariance Trace

T T T 1
-2 0 2 4 6 8

o°=1 and p=0.9

Covariance Trace

| \
— : \
—_ - b T

L
-2 0 2

| I
4 6 8

6%=10 and p=0.9

Density of log (tr(V")) for SNCAR (- - -) and Exponential (—) fit to CAR data.

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



1duosnuey Joyiny vd-HIN 1duosnuey Joyiny vd-HIN

1duosnue\ Joyiny Vd-HIN

White and Ghosh

Density

Density

Density

1.0

0.0

1.0

0.0

1.0

0.0

SS Predictive Error

6°=0.1 and ¢=3

SS Predictive Error

1
6 8

o°=1and 0=3

SS Predictive Error

\
|
-2 0 2 4 6 8

62=10 and 0=3

Fig. 6.

Density of log(SSPE) for SNCAR (- —-) and CAR (—) fit to Exponential data.

Density

Density

Density

1.0

0.0

1.0

0.0

1.0

0.0

SS Predictive Error

-2 0 2 4 6 8

6°=0.1 and $=0.37

SS Predictive Error

’\
1
- \

I
_ _.J\\_g
I | | | |
-2 0 2 4 6

@ —

o°=1 and ¢=0.37

SS Predictive Error

~

— TE

1
- — S

| I D DR D
-2 0 2 4 6 8

6°=10 and ¢=0.37

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.

Density

Density

Density

1.0

0.0

1.0

0.0

1.0

0.0

Page 16

SS Predictive Error

6°=0.1 and 6=0.19

SS Predictive Error

U

:

o !
o =l

- -

1
-2 0

\ —
T
4

N —

o=1 and ¢=0.19

SS Predictive Error

-2 0 2 4 6 8

6?=10 and ¢=0.19



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnue\ Joyiny Vd-HIN

White and Ghosh

Density

Density

Density

2.0

1.0

0.0

2.0

1.0

0.0

2.0

1.0

0.0

Covariance Trace

6°=0.1 and ¢=3

Covariance Trace

-2 2 46 8 12

o%=1 and 6=3

Covariance Trace

T T T T 1
-2 2 4 6 8 12
6°=10 and ¢=3

Fig. 7.

Density

Density

Density

2.0

1.0

0.0

2.0

1.0

0.0

2.0

1.0

0.0

Covariance Trace

6°=0.1 and ¢=0.37

Covariance Trace

o°=1 and ¢=0.37

Covariance Trace

6°=10 and ¢=0.37

Density

Density

Density

1.0 2.0

0.0

2.0

1.0

0.0

2.0

1.0

0.0

Page 17

Covariance Trace

6°=0.1 and ¢=0.19

Covariance Trace

o°=1 and 6=0.19

Covariance Trace

6°=10 and ¢=0.19

Density of log (tr(V%)) for SNCAR (- — -) and CAR (—) fit to Exponential data.

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



White and Ghosh

DIC for CAR Data DIC for CAR Data
a G ==
Z o - ! S -1
II 8 _ 1 S - f—
T N 1 =
> = ! — I
= o I
z g] _ — 81 !
2 o | T T T
_z‘ Exp SNCAR Exp SNCAR
S 2 2
= ¢6“=0.1 and p=0.2 ¢°=0.1 and p=0.5
|
=
DIC for CAR Data DIC for CAR Data
=] I o =TI
o | T o =F 1
S - L S - i
Z o | : | 8 : 1
T S 1 _ —1— — b b
o = T 1 T 1
3‘; Exp  SNCAR Exp  SNCAR
= 2 F
=3 c“=1and p=0.2 ¢“=1 and p=0.5
<
S
c DIC for CAR Data DIC for CAR Data
3 w0
= O — o Lo - °
-gu- ¥ [} g : |
S d. _____ o - L— ;
NSRS e ; : E
g - R — - 7
< a — 1
| T ™ | T
> Exp SNCAR Exp SNCAR
T 62=10 and p=0.2 62=10 and p=0.5
>
g Fig. 8.
= Box Plot of DIC for SNCAR and Exponential fit to CAR data.
o
<
)
S
c
0
Q
=

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.

8500

6500

1100

800

395 410 425

Page 18

DIC for CAR Data

L1111 1

——
o
[ —l
R — [}
| |
Exp SNCAR

6°=0.1 and p=0.9

DIC for CAR Data

I

I

: 1

—

| PR
R — o

| I
Exp SNCAR
6°=1 and p=0.9

DIC for CAR Data

—

—

T
Exp

T
SNCAR

6°=10 and p=0.9




1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnue\ Joyiny Vd-HIN

White and Ghosh

DIC for Exponential Data

= -
o = I
S _|
o -1
-1 I : ]
§ i L_ﬁ__J
— —
T I
CAR SNCAR
6°=0.1 and ¢=3

DIC for Exponential Data

—_—
] 1

o

I
I
=t —
—e
| |
CAR  SNCAR

420 460

o°=1 and 0=3

DIC for Exponential Data

= =
S
a =t ——
s —
rs} —i
| |
CAR SNCAR
6°=10 and 0=3
Fig. 9.

DIC for Exponential Data

=T
o~
S |
o
2 — — T
B | —_—
o _| [ —
b T T
CAR SNCAR

6°=0.1 and 6=0.37

DIC for Exponential Data

=

T
PR

N [—
| |
CAR SNCAR

500 700

o°=1 and 0=0.37

DIC for Exponential Data

8

d | ——

-

O —

r\‘ T

2] =

3 —

I T

CAR SNCAR

6°=10 and ¢=0.37

Box Plot of DIC for SNCAR and CAR fit to Exponential data.

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.

Page 19

DIC for Exponential Data

4
(=]
o
wn
v e
_ S, -
o ]
o
(=}
m —I
I I
CAR SNCAR

6°=0.1 and ¢=0.19

DIC for Exponential Data

[]
S
[0} ] @
- —
HH
o
8— —

CAR SNCAR

o°=1 and 0=0.19

DIC for Exponential Data

400 550 700
I

CAR SNCAR

6°=10 and ¢=0.19



Page 20

White and Ghosh

99'v. 29'09 60 1799 2€'65 G0 £e'v9 1685 €0 00T

99y 05'S9 60 Ly"99 €519 G0 £e'v9 1709 €0 0T

99V €829 60 L¥"99 €519 G0 £e'v9 2709 €0 10
dx3 dVONS d dx3 HVONS d dx3 dVONS d O

[apow (Ow) YD any 01 dAIRe|al s|apowl (¢y) [enusuodxe pue (Tv) YONS au} J0 QTIX paziwiuiw ay L
T 9l|qel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



Page 21

White and Ghosh

€LY9 ¥9°T9 6T°0 1629 509 L£0 82°09 07’65 € 00T
€LY9 6519 6T°0 1629 509 LE0 82°09 62°6G € 0T
€L%9 09°T9 610 16'29 £9°09 LE0 82°09 82°6G € 10
dvo dVONS ¢ dvo dVONS 4 dvo dVONS ¢ O

j1opow (Oy) renusuodxa anil 01 aAle|al s|apow (¢y) ¥vD pue (Ty) ¥WONS aul JO @1 paziwiuiw ay
¢39l|qelL

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



Page 22

White and Ghosh

(02°98) (652°0) (56'%¢€) (855°0) (69°2¢) (2650)
€€ 66'€9 60 L6°0TT 8z0 S0 806 G2'8e €0 00T
(zTve) (852°0) (62¥°€) (195°0) (Tree) (525°0)
€9°TL TIEL 60 2.2 0T 2617 G0 9z'0T FASTA €0 0T
(szz2) (552°0) (v6€°0) (095°0) (8v€0) (1€5°0)
V16’7 8ey'T 60 602'T 2860 G0 9/0'T 926'0 €0 70
dx3 dVONS 4 dx3 HVONS d dx3 dVONS d O¢

[apow (O%) YD anu1 01 aAle|al sjapow (¢y) [enusuodxe pue (Tv) YwINS 8yl JO ((wA)41 uesw) pue 34SIA 8yL
€ 9l|gel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



Page 23

White and Ghosh

(c0g6t) (2v97) (zv6T89) (S¥¥°€) (562) (026'T)
91956 1'62C LT0 02175€2T 8°0€T LE0 8'/€9 §'.02 € 00T
(#2895T) (zzLy) (€566T) (060°€) (zT2e) (€L02)
/8652 €9'/2 LT0 12828 612 LE0 srey 18°0C € 0T
(¥971€) (¥69'7) (¥922) (825°€) (zT'T1) (S6T°2)
69T6Y 682°L LT0 9z.€T 60T°9 LE0 2622 10T € 10
yvo HVONS ¢ dvo YVONS ¢ dvo dVONS ¢ O¢

19pow (Ov) enusuodxa anJy 01 8AIR[al s|apow (Cv) YD pue () YWONS a8yl 4o ((wA)41 10 UBsIA) pue 34SIA 8yl
v 9lqel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



Page 24

White and Ghosh

(T901°6-) (0012°2) (0652°T-) (806°%) (9922°1-) (z8€2°9)
TLLTY 16'86€ 60 18'8TY 16801 G0 1LY 6221y €0 00T
(zv022) (Tes L) (zr1ee) (066'29) (892°01) (66T79)
0'850T 9'210T 60 6'EveT 6'TOET G0 L'v2eT 6'66TT €0 0T
(z'9912) (62°28¢) (206€9) (L9°evp) (281'69) (72°8€9)
858 9'6.9/ 60 1’9266 1'6.26 G0 81211 £000T €0 70
dx3 dVONS d dx3 dVONS d dx3 HVONS 4 O¢

[apow (Ow) YD anuy 01 aAleal sjapow (¢y) [enuauodxa pue (Ty) ¥wONS 8yl o (Ad) pue D1Q uesw ayL
g 9l|gel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



Page 25

White and Ghosh

(919°€€) 18°295 (5187°0) 8v°€2y 6T°0 (6£°2TT) 86092 (Tese’0-) 21657 L€0 (0997°2) 92°925 (€TS0°0-) §8°505 00T

(€6°'GET) ££'589 (T7€°2T) €9'159 6T0 (z1851) 2€'L2L (6211°8) 56'9.1 1€0 (9290°9) 200 (eveTT) €€°E9Y 0T

(g2zTT) 9'286E (T0°9ST) 9'5LT€E 6T°0 (L0°'6T8) 9°0€TE (£06°56) 'Se€T 1€0 (¥1€729) 6'256T (z6'v0T) 0'2602 TO
dvo HVONS ¢ dvo dVONS ¢ dvo dVONS O¢

NIH-PA Author Manuscript

1opow (Oy) renusuodxa anil 01 aAleal S|apow (¢y) YD pue (1) ¥WONS 8y Jo (dd) pue D1 uesw sy
9 9|gel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Comput Stat Data Anal. Author manuscript; available in PMC 2009 August 10.



1duasnue Joyiny vd-HIN 1duasnue Joyiny vd-HIN

1duosnue Joyiny vd-HIN

White and Ghosh Page 26
Table 7
DIC and pp for various models based on Swiss 137Cs data

Model DIC Pp
Null 690.232 2.021
CAR ~7.594 158.814
Exponential —272.257 165.199
SNCAR ~300.086 158.610
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