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Abstract

Let G be a graph, S be a set of vertices of G, and A\(S) be the maximum number
¢ of pairwise edge-disjoint trees T1,T5,---,Ty in G such that S C V(T;) for every
1 < i < 4. The generalized k-edge-connectivity \;(G) of G is defined as A\, (G) =
min{\(S)|S C V(G) and |S| = k}. Thus A\2(G) = A(G). In this paper, we consider
the Nordhaus-Gaddum-type results for the parameter \;(G). We determine sharp

upper and lower bounds of A\ (G) + Ap(G) and Mg (G) - A\ (G) for a graph G of order
n, as well as for a graph of order n and size m. Some graph classes attaining these
bounds are also given.
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1 Introduction

All graphs considered in this paper are undirected, finite and simple. We refer to the
book [4] for graph theoretical notation and terminology not described here. For a graph
G(V,E) and a set S C V of at least two vertices, an S-Steiner tree or an Steiner tree
connecting S (Shortly, a Steiner tree) is a subgraph T'(V’, E") of G which is a tree such that
S C V’'. Two Steiner trees T' and T” connecting S are edge-disjoint if E(T) N E(T') = @.
The Steiner Tree Packing Problem for a given graph G(V, E) and S C V(G) asks to find a
set of maximum number of edge-disjoint S-Steiner trees in G. This problem has obtained
wide attention and many results have been worked out, see [I8] 19, 20]. The problem for
S =V(Q) is called the Spanning Tree Packing Problem. For any graph G of order n, the
spanning tree packing number or ST P number, is the maximum number of edge-disjoint
spanning trees contained in G. For the ST P number, Palmer gave a good survey, see [17].

Recently, we introduced the concept of generalized edge-connectivity of a graph G in
[13]. For S C V(G), the generalized local edge-connectivity A(S) is the maximum number
of edge-disjoint trees in G connecting S. Then the generalized k-edge-connectivity A\, (G)
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of G is defined as A\, (G) = min{A(S) : S C V(G) and |S| = k}. Thus X\2(G) = A(G). Set
A(G) = 0 when G is disconnected. We call it the generalized k-edge-connectivity since
Chartrand et al. in [5] introduced the concept of generalized (vertex) connectivity in 1984.
There have been many results on the generalized connectivity, see [10] 1Tl 12 [13].

One can see that the Steiner Tree Packing Problem studies local properties of graphs,
but the generalized edge-connectivity focuses on global properties of graphs. Actually, the
ST P number of a graph G is just A\, (G).

In addition to being natural combinatorial measures, the Steiner Tree Packing Problem
and the generalized edge-connectivity can be motivated by their interesting interpretation
in practice as well as theoretical consideration. For the practical backgrounds, we refer to

7, 18, 5]

From a theoretical perspective, both extremes of this problem are fundamental theo-
rems in combinatorics. One extreme of the problem is when we have two terminals. In
this case internally (edge-)disjoint trees are just internally (edge-)disjoint paths between
the two terminals, and so the problem becomes the well-known Menger theorem. The
other extreme is when all the vertices are terminals. In this case internally disjoint trees
and edge-disjoint trees are just spanning trees of the graph, and so the problem becomes
the classical Nash-Williams-Tutte theorem.

Theorem 1. (Nash-Williams [T, Tutte [16]) A multigraph G contains a system of £
edge-disjoint spanning trees if and only if

|G/ 2| = «2] -1)

holds for every partition & of V(G), where |G/ 22| denotes the number of crossing edges
in G, i.e., edges between distinct parts of .

Corollary 1. Fvery 2¢-edge-connected graph contains a system of £ edge-disjoint spanning
trees.

Let G(n) denote the class of simple graphs of order n and G(n, m) the subclass of G(n)
having m edges. Give a graph theoretic parameter f(G) and a positive integer n, the

Nordhaus-Gaddum(N-G) Problem is to determine sharp bounds for: (1) f(G)+ f(G) and
(2) £(G)-f(G), as G ranges over the class G(n), and characterize the extremal graphs. The
Nordhaus-Gaddum type relations have received wide investigations. Recently, Aouchiche

and Hansen published a survey paper on this subject, see [3].

In this paper, we study A\;(G) + \p(G) and Ax(G) - A\p(G) for the parameter \i(G)
where G € G(n) and G € G(n, m).

2 Nordhaus-Gaddum-type results in G(n)

The following observation is easily seen.

Observation 1. (1) If G is a connected graph, then 1 < A\p(G) < A(G) < §(G);
(2) If H is a spanning subgraph of G, then \(H) < Mg (G).



(3) Let G be a connected graph with minimum degree 0. If G has two adjacent vertices
of degree 0, then \i(G) <0 — 1.

Alavi and Mitchem in [2] considered Nordhaus-Gaddum-type results for the connec-
tivity and edge-connectivity parameters. In [I3] we were concerned with analogous in-
equalities involving the generalized k-connectivity and generalized k-edge-connectivity.

We showed that 1 < A\(G) + A\p(G) < n—[k/2], but this is just a starting result and now
we will further study the Nordhaus-Guddum type relations.

To start with, let us recall the Harary graph H,, 4 on n vertices, which is constructed by
arranging the n vertices in circular order and spreading the d edges around the boundary in
a nice way, keeping the chords as short as possible. They have the maximum connectivity
for their size and k(Hy q) = AN(Hy q) = 6(Hy, q) = d. Palmer [17] gave the ST P number of
some special graph classes.

Lemma 1. [T7] (1) The ST P number of a complete bipartite graph Ky is L#bb_ﬂ
(2) The STP number of a Harary graph Hy, 4 is |d/2].

Corresponding to (1) of Observation [I we can obtain a sharp lower bound for the
generalized k-edge-connectivity by Corollary [l Actually, a connected graph G contains
|3A(G)] spanning trees. Each of them is also a Steiner tree connecting S. So the following
proposition is immediate.

Proposition 1. For a connected graph G of order n and 3 < k < n, \,(G) > [$A(G)].
Moreover, the lower bound is sharp.

In order to show the sharpness of this lower bound for & = n, we consider the Harary
graph H,, o,. Clearly, A\(G) = 2r. From (2) of Lemma [l H, 2, contains r spanning trees,
that is, A, (Hyp2r) = 7. S0 Ay (Hy2r) = [3A(G)]. For general k (3 < k < n), one can check
that the cycle C), can attain the lower bound since 2X\(Cy,) = 1 = A\, (Cy,).

The following proposition indicates that the monotone properties of Ag, that is, A, <
A1 <X < A3 < A is true for 2 < k < n.

Proposition 2. For two integers k and n with 2 < k <n —1, and a connected graph G,
Ak1(G) < Ak(G).

Proof. Assume 3 < k < n — 1. Set \yy1(G) = ¢. For each S C V(@) with |S| = k,
we let S = S U {u}, where u ¢ S. Since \gy1(G) = ¢, there exist ¢ edge-disjoint trees
connecting S’. These trees are also ¢ edge-disjoint trees connecting S. So A\x(G) > ¢ and
Me+1(G) < Ak(G). Combining this with (1) of Observation[I], we get that Ap11(G) < A (G)
for2<k<n-1. O

Now we give the lower bounds of A\x(G) + Ax(G) and A\i(G) - \e(G).

Lemma 2. Let G € G(n). Then
(1) A(G) + M(G) = 1

(2) M\e(G) - A\e(G) > 0.

Moreover, the two lower bounds are sharp.



Proof. (1) If \i(G) + A\e(G) = 0, then \x(G) = A\(G) = 0, that is, G and G are all

disconnected, which is impossible, and so \x(G) + \e(G) > 1.

(2) By definition, A\p(G) > 0 and A\x(G) > 0, and so A\ (G) - A\ (G) > 0. O

The following observation indicates the graphs attaining the lower bound of (1) in

Lemma 2

Observation 2. \i(G) - \p(G) = 0 if and only if G or G is disconnected.

In [I3] we obtained the exact value of the generalized k-edge-connectivity of a complete
graph K.

Lemma 3. [13/ For two integers n and k with 2 <k <n, \p(K,) =n — [k/2].

For a connected graph G of order n, we know that 1 < A\p(G) < \g(K,,) =n — [k/2].
In [I3] we characterized the graphs attaining the upper bound.

Lemma 4. [13] For a connected graph G of order n with 3 <k <n, \(G) =n — [5] if
and only if G = K,, for k even; G = K,, \ M for k odd, where M is an edge set such that
0<|M| <5

As we know, it is difficult to characterize the graphs with A\x(G) = 1, even with
A3(G) = 1. So we want to add some conditions to attack such a problem. Motivated by
such an idea, we hope to characterize the graphs with A\;(G) + A\(G) = 1. Actually, the
Norhaus-Gaddum-type problems also need to characterize the extremal graphs attaining

the bounds.

Before studying the lower bounds of A\i(G) + M\ (G) and \x(G) - \p(G), we give some
graph classes (Every element of each graph class has order n), which will be used later.

For n > 5, G! is a graph class as shown in Figure 1 (a) such that A\(G) = 1 and
da(v1)) = n —1for G € G}, where v; € V(G); G2 is a graph class as shown in Figure 1
(b) such that A(G) = 2 and dg(u1) =n — 1 for G € G2, where u; € V(G); G2 is a graph
class as shown in Figure 1 (¢) such that A\(G) = 2 and dg(v1) =n — 1 for G € G3, where
vy € V(G); G is a graph class as shown in Figure 1 (d) such that A\(G) = 2.

(a) G, (b) G (c) Gn (d) G,
Figure 1. Graphs for Proposition 3] (The degree of a black vertex is n — 1).

The following observation and lemma are some preparations for Proposition Bl

For n > 5, let KQL n_o and K;r :_2 be two graphs obtained from the complete bipartite
graph Ks ,_s by adding one and two edges on the part having n — 2 vertices, respectively.



Observation 3. (1) )\n(K;f:_z) > 2; (2) )\n_l(K;n_Q) > 2, An(Kin—Q) = 1; (3)
A—2(Kon—2) > 2, \p(K2pn—2) = Ap—1(Kap—2) = 1.

Proof. (1) As shown in Figure 2 (a), )\n(KZ:{_Q) > 2.

(2) As shown in Figure 2 (b), we have )‘nfl(K;:nd) > 2. Since |E(K;:n72)| =2(n—
2) +1, An(K;:n72) < LQ(%—#J, which implies that An(K;:n72) < 1. Since K;,—n72 is
connected, )\n(K;,%?) = 1.

(3) As shown in Figure 2 (c), it follows that A,_o(K2,—2) > 2. Let U = {uy,u2} and
W = {wy,ws, - ,wp_2} be two parts of the complete bipartite graph K5, 2. Choose
S = {uy,ug, wy,wy, -+ ,wy—3}. If there exists an S-tree containing vertex w,_z, then
this tree will use n — 1 edges of E(Kj3,_2), which implies that A,_1(K2,-2) < 1 since
|E(K2,—2)] = 2(n — 2). Suppose that there is no S-tree containing vertex ws. Pick
up a such tree, say 1. Then there exists a vertex of degree 2 in T, which implies that
there is no other S-tree in Ky,_2. So A\y_1(K2p,—2) < 1. Since K3, o is connected,
An—1(K2pn—2) = 1. From Proposition 2, A\, (Kz,—2) = 1. O

Wit1 Wp—3Wp—2 W1 Wy W

(b) K2+,n72

uy U2
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Figure 2. Graphs for Observation 21
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Lemma 5. Let G be a connected graph. If A(G) = 3 and there exists a vertex u € V(G)
such that dg(u) =n — 1, then \g(G) > 2 for 3 <k <n.

Proof. Let Gy, ,G, be the connected components of G \ u. Since A\(G) = 3, it follows
that §(G;) > 2 (1 <i<r). Let [V(Gi)| =n; (1 <i<r)and V(G;) = {vi1,via, -, Vin, }-
Then there exists an edge, without loss of generality, say e; = vj1v;2 € E(G;) such that
G;\ ¢; is connected for 1 <14 < r. Thus G;\ e; contains a spanning tree, say T; (1 <1i < 7).
The trees T = uvy; UTy Uuvgy UTo U - - Uuveg UT, and T = viyv12 Uuvig U+ - - U gy, U
V21V22 U uvgg U -+ - U uvgy, U+ Uvpvpg Uuvpg U - - Uuvyy,, are two spanning trees of G,
that is, A,,(G) > 2. Combining this with Proposition 2} A\x(G) > 2 for 3 < k < n. O



Proposition 3. \,(G) + M\.(G) = 1 if and only if G (symmetrically, G) satisfies one of
the following conditions:

(1) G e Gt or G e G%;

(2) G € G2 and there evists a component G; of G \ vi such that G; is a tree and
’V(Gz)’ < k;

(3) G e {K;:n72,K2,n72} fork =n andn > 5, or G € {P3,C3} fork =n =3, or
Ge{Cy,Ky\e} fork=n=4, or G=Kz3 fork=n=6, or G=Ky,_ o fork=n—1
andn>5, orG=Cy fork=n—1=3.

Proof. Necessity. Let G be a graph satisfying one of the conditions of (1), (2) and (3).
One can see that G is connected and its complement G is disconnected. Thus A\ (G) +
Me(G) = M\e(G) and A\ (G) > 1. We only need to show that A\x(G) < 1 for each graph G
satisfying one of the conditions of (1), (2) and (3). For G € G}, since §(G) = 1 we have
Me(G) < 1 by (1) of Observation Ml For G € G2, it follows that \x(G) < §(G) —1 =1
by (3) of Observation [ since dg(v1) = dg(v2) = §(G) = 2. Suppose G € G2 and there
exists a connected component G; of G \ v; such that Gj; is a tree and |V(G;)| < k. Set
V(G;) = {vi1,vi, "+ ,Vin, }. We choose S C V(@) such that V(G;)U{v1} =S C S. Then
|E(G[S])] = 2n; — 1. Since every spanning tree of G[S'] uses n; — 1 edges of E(G[Y’]),
there exists at most one spanning tree of G[S’], which implies that there is at most one
tree connecting S in G. So A\, (G) < 1. For G = K;n—Z’ An(G) =1 by (2) of Observation
Bl For G = Ky,_2, by (3) of Observation Bl we have A\, (K2 ,—2) = A\—1(K2pn-—2) = 1.
For G = K33, \(G) < {MJ = 2] = 1. For G € {P5,C3,Cy, Ky \ €}, one can check

that A\p(G) < 1 for k = nrz)rlk = n — 1. From these together with A\x(G) > 1, we have
Me(G) + M(G) = A(G) = 1.

Sufficiency. Suppose Ay (G)+Ap(G) = 1. Then A\ (G) = 1 and M\,(G) = 0, or A\t (G) = 1
and \x(G) = 0. By symmetry, without loss of generality, we let A\x(G) = 1 and A\, (G) = 0.
From these together with Proposition [l M(G) = 0 and 1 < A(G) < 3. So we have the

following three cases to consider.
Case 1. M\G) = 1.

For n = 3, one can check that G = Pj satisfies A\(G) = 1 but A(G) = 0. Now we assume
n > 4. Since A(G) = 1, there exists at least one cut edge in G, say e = ujv;. Let G1 and
G2 be two connected components of G \ e such that u; € V(Gy) and vy, € V(Gs). Set
V(G1) = {u1,ug, -+ ,up, } and V(Ga) = {v1,v2, -+ ,vn,}, where n; + no = n. Suppose
n; >2 (i =1,2). For any u;,u; € V(Gy), u; and u; are connected in G since there exists
a path u;vou; in G for any v;, vj € V(Gyq), v; and v; are connected in G since there exists
a path vyugv; in G for any u; € V(Gy) and vj € V(G2) (i # 1 or j # 1), vv; € E(G).
Clearly, the path ujvougvy connects u; and vy in G. So G is connected, a contradiction.
Thus n; = 1 or ng = 1. Without loss of generality, let ny = 1. Then V(G;) = {u1} and
V(Gq) = {v1,va, -+ ,vp_1}. Clearly, G is a graph obtained from G2 by attaching the edge
e = ujvy. Since uv; ¢ B(G) (1 <j<n—1), uyvj € E(G). If dg(v1) < n — 2, then there
exists one vertex v; such that vjv; € E(G), which results in A\(G) > 1, a contradiction.
So dg(v1) =n —1and G € G} (See Figure 1 (a)).

Case 2. \G) = 2.



For n = 3,4, the graph G € {Cs5, Cy, K4\ e} satisfies that A(G) = 2 and A(G) = 0. Since
)\3(03) = 1, )\3(04) = 1, )\4(04) = 1, )\3([(4 \ e) = 2 and )\4([(4 \ e) = 1, we have G = Cg
fork=n=3;Ge{Cy,Kg\e} for k=n=4; G=Cy for k=n—1=3. Now we assume
n > 5. Since A\(G) = 2, there exists an edge cut M such that |[M| = 2. Let G; and G2 be
two connected components of G\ M, V(G1) = {u1, -+ ,un, } and V(G2) = {v1, -+ ,vn, },
where ny + ny = n. Clearly, G[M] = 2K5 or G[M] = Ps.

At first, we consider the case G[M] = 2K,. Without loss of generality, let M =
{ujv1, ugve}. Since n > 5, n; > 3 or ny > 3. Without loss of generality, let ny > 3.
Clearly, any two vertices v;,v; € V(Ga) are connected in G since there exists a path
viuzvj in G. Furthermore, for any u; € V(Gy), uivy € E(G) or ujvs € E(G). So G is

connected and A(G) > 1, a contradiction.

Next, we consider the case G[M] = P;. Without loss of generality, let P = vjujvs be
the path of order 3. Since n > 5, there exist at least two vertices in G \ {uy,v1,ve}. If
ni > 2 and ny > 3, then we can check that G is connected, a contradiction. So we assume
that ny = 1 or ng = 2, that is, V(G2) = {v1,v2} or V(G1) = {u1 }.

For the former, V(G1) = {u1,ug, -+ ,upn—2}. Since A\(G) = 2, v € E(G). Clearly,
viug,vou; ¢ E(G) (2 < j < n —2), which implies that viu;,vou; € E(G). Therefore,
wu; ¢ E(G) (2 < j < n—2) since G is disconnected. Thus uju; € E(G) for each
j(2<j<n—2). Sodg(u1) =n—1and G € G2 (See Figure 1 (b)).

For the latter, let V(G2) = {v1,va, -+ ,v,—1}. First we consider the case vivy € E(G).

Since w1v; ¢ E(G) (3 < j < n—1), we have ujv; € E(G). If 3 < dg(v1) < n—2 and
3 < dg(va) < n—2, then there exist two vertices v; and v; such that viv;, vov; € E(G) (3 <
i,7 < mn — 1), which implies that G is connected, a contradiction. So dg(vi) =n — 1 or
dg(v2) = n— 1. Without loss of generality, let dg(v1) = n — 1. Thus G € G2 (See Figure 1
(¢)). Now we focus on the graph G\ v1. Let G1,Go,- -+ , G, be the connected components
of G\ v1 and V(G;) = {vi1,viz, - ,Vin, } (1 <4 <), where Y ;_;n; =n— 1. If there
exists some connected component G; such that G; = K», then G € G2 (See Figure 1 (b)).
So we assume n; > 3. Then we prove the following claim and get a contradiction.

Claim 1. For each connected component G; of G\ vy, if n; > k, or n; < k — 1 and
|E(G;)| > n;, then \p(G) > 2 for 3 <k <n.

Proof of Claim 1. For an arbitrary S C V(G) with |S| = k, we only prove A(S) > 2
for v1 ¢ S. The case for v; € S can be proved similarly. If there exists some connected
component G; such that S = V(G;), then n; = k and G; has a spanning tree, say T;. It is
also a Steiner tree connecting S. Since T} = v1v;1 Uv1v;2 - - - Uv1 vy, is another Steiner tree
connecting S and T;, T/ are two edge-disjoint trees, we have A(S) > 2. Let us assume now
S#V(G;) forn; >k (1 <i<r). Let S; =SNV(G;) (1 <i<r)and |S;| =k;. Clearly,
Uiy Si=Sand > ;_ ki = k. Thus S; C V(G;) for each connected component G; such
that n; > k, and S; C V(Gj) for each connected component G; such that n; < k —1
and |E(Gj)| > nj. We will show that there are two edge-disjoint Steiner trees connecting
SiU{v1 } in G[S;U{v1 }] for each i (1 <i <) so that we can combine these trees to form two
edge-disjoint Steiner trees connecting S in GG. Suppose that G; is a connected component
such that n; > k. Note that V(G;) = {vi1,via, -+, vin, }. Since S; C V(G;), there exists
a vertex, without loss of generality, say v;1, such that v;; ¢ S;. Clearly, G; contains a



spanning tree, say T7,. Thus T;; = vjv;; U T}; is a Steiner tree connecting S; U {v1} in
G[G; U {v1}]. Since Tjo = vivi2 U vivig U -+ - U 0104y, is another Steiner tree connecting
S;U{v1}. Clearly, T;; and Tj are edge-disjoint. Assume that G; is a connected component
such that n; < k—1and |E(G;)| > nj. Note that V(G;) = {vj1,vj2,* ,Vjn, }. Then there
exists an edge, without loss of generality, say e; = v;1vj2 € E(G;) such that G;\e; contains
a spanning tree of G5, say T;l. Thus T = vivj1 UTJ{1 and Tjo = vj1vj2Uv10j2U- - U010,
are two edge-disjoint Steiner trees connecting S;U{v1}. Now we combine these small trees
connecting S; U {v1} (1 < i < r) by the vertex v; to form two big trees connecting S.
Clearly, T1 =T11UTo1 U---UT. and Ty = T1o U T U---UT,o are our desired trees, that
is, A(S) > 2. From the arbitrariness of S, we have \i(G) > 2. O

By Claim 1, we know that G € G3 and there exists a connected component G; of
G\ {v1} such that n; <k —1 and G; is a tree.

We next consider the case viva ¢ E(G) (See Figure 1 (d)). Thus viva € E(G).
Since ujv; ¢ E(G) (3 < j < n—1), uv; € E(G), which results in vivj,vv; ¢ E(G)
since G is disconnected. Thus viv;,v2v; € E(G) for each j (3 < j < n—1). Le
R = {v;|3 <j <n-—1}. If |[E(G[R])] > 2, then G contains a subgraph K;:Lz’ which
implies that \,(G) > 2 by (1) of Observation Bl Combining this with Proposition [2]
A (G) > 2 for 3 < k < n, a contradiction. If |E(G[R])| < 2, then G = K3, 2 and
K{n_z. From Observation Bl and Proposition 2, we have )\k(K;n_Q) >2for3<k<n-1
and A\, (K2p,-—2) > 2 for 3 < k < n — 2, a contradiction. So G = K{n_z for k = n, or
G=Kyyofork=mn,orG=Kyy,_ofork=n—1.

Case 3. A\(G) = 3.

Forn =4, G = K4, A3(G) = A\(G) = 2 by LemmalfBl Then A\;(G) > 2, a contradiction.
Assume n > 5. Since A(G) = 3, there exists an edge cut M such that |M| = 3. Let Gy

Figure 3. Graphs for Case 3 of Proposition [Bl

and G2 be two connected components of G\ M, V(G1) = {uy,ua, -+ ,upn, } and V(G2)
{v1,v2, -+ ,Up, }, where ny + ny = n. Clearly, G[M] = P, or G[M| = P3 U K or G[M]
3Ky or G[M] = Kj,-3. For the former three cases, n;, > 3 (i = 1,2) and n >

since A(G) = 3. To shorten the discussion, we only prove A\(G) > 1 for G[M] =
and get a contradiction among the former three cases. Without loss of generality, let

I ool



G[M] = Py = ujviuguy. For any u;,uj € V(G1) (1 < i < ny), u; and u; are connected
in G since there exists a path wv3u; in G; for any v;,v; € V(G2) (1 < i < ng), v; and
v; are connected in G since there exists a path v;u3v; in G; for any u; € V(G1) and
v; € V(Go)(i # 3 and j # 3), u; and u; are connected in G since there exists a path
uvsuzvj in G. Since uzv; € E(G) (1 < j < ny) and vsu; € BE(G) (1 <i < my), G is
connected, a contradiction.

Now we consider the graph G such that G[M| = K ,_3. Assume n; > 2. If ny > 4,
then we can check that G is connected and get a contradiction. Therefore, ny = 3,
V(G2) = {v1,v9,v3} and V(Gy) = {u1,us- - ,up—3}. Since A(G) = 3, it follows that
V1V, vov3, v1v3 € E(G). Since viu; ¢ E(G) (1 < i <3, 2 < j < n—3), we have
viu; € E(G). If there exists some vertex u; (2 < j < n — 3) such that uju; € E(G), then
G is connected, a contradiction. So uju; € E(G) for 2 < j <n —3. Thus dg(u;) =n—1
(See Figure 3 (a)). From Lemma B A\;(G) > 2 for 3 < k < n since A(G) = 3, a
contradiction.

Let us now assume n; = 1. Then V(G;) = {u;} and V(G2) = {vi,va--- ,vp_1}.
If G[{v1,v2,v3}] = 3Ky or G[{v1,v2,v3}] = 2K; U K», then we have ujv; € E(G) since
uv; ¢ E(G) (4 < j < n—1). From this together with the fact that G is disconnected
and vivs,vav3 € E(G), viv; ¢ E(G) (1 <i <3, 4 < j <n—1), we have that v;v; €
E(G) (1 <i<3,4<j<n-—1). Thus G contains a complete bipartite graph K3, 3
as its subgraph (See Figure 3 (b) and (c)). From (1) of Lemmal \,(G) = L%J > 2
for n > 7, which implies \¢(G) > 2 for 3 < k < n and n > 7. Since \(G) = 3, n > 6.
So we only need to consider the case n = 6. Thus G = H; (1 < i < 4) (See Figure 4). If
G =H; (2<i<4),then \,(G) > 2 for k = n = 6 (See Figure 4 (b), (c),(d)). Therefore
M(G) > 2 for 3 <k <6. It G = Hy, then A\, (G) < [Z91) — |2 =1 for k = n = 6. For

=5, we can check that A\3(G) > A\y(G) > A5(G) > 2 (See Figure 4 (e)). So G = K3 3 for
=n=0.

>

(CL) H1 (b) HQ (C) H3 (d) H4 (6)
Figure 4. Graphs for Case 3 of Proposition [Bl

Suppose G[{v1,v2,v3}] = P3. Without loss of generality, let vive,vvs € E(G). If
3 < dg(vz2) < n—2 (See Figure 3 (d)), then there exists at least one vertex v; such
that vov; € E(G), which results in vjvj,v3v; € E(G) (4 < j < n — 1) since ujv; €
E(G) 4 <j<n-1), vs € E(G) and G is disconnected. Thus viv;,v3v; € E(G)
for each j (4 < j < n—1). Since d(vs) > 6(G) > ANG) = 3, we have vyvs € E(G) or
there exists some vertex v; (5 < j < n — 1) such that vgv; € E(G), which implies that G
contains a subgraph K;f;iQ and so A\, (G) > 2 by (1) of Observation Bl From Proposition
2 A\:(G) > 2 for 3 < k < n, a contradiction. If dg(va) =n —1 (See Figure 3 (e)), then
Ae(G) > 2 for 3 < k < n by Lemma (I since A(G) = 3, a contradiction.

Suppose G[{v1,v9,v3}] = K3. Without loss of generality, let vive, v1v3, v2v3 € E(G).



If dg(vi) =n—1ordg(ve) =n—1ordg(vs) =n—1 (See Figure 3 (f)), then by Lemma/Hl
Ae(G) > 2 for 3 < k < nsince A\(G) = 3, a contradiction. If 3 < dg(v;) <n—2(1 <i<3),
then G is connected, a contradiction. ]

We now investigate the upper bounds of A\i(G) + M\ (G) and M\ (G) - Au(G).

Lemma 6. Let G € G(n). Then
(1) M(G) + (@) < m — [k/2];
(2) Ae(G) - M(G) <[22,

Moreover, the two upper bounds are sharp.

Proof. (1) Since GUG = K, A\ (G) + M\(G) < M\i(K,,). Combining this with Lemma [3]
Me(G) + M (G) <n — 5.
(2) The conclusion holds by (1). O

Let us focus on (1) of Lemmal[G If one of G and G is disconnected, we can characterize
the graphs attaining the upper bound by Lemma (4l

Proposition 4. For any graph G of order n, if G is disconnected, then \p(G) + A\p(G) =
n— [g} if and only if G = K,, for k even; G = K, \ M for k odd, where M is an edge set
such that 0 < |M| < k52

If both G and G are all connected, we can obtain a structural property of the graphs

attaining the upper bound although it seems too difficult to characterize them.
Proposition 5. If A\y(G) + A\p(G) = n — [£], then A(G) —§(G) < [E] - 1.

Proof. Assume that A(G) — §(G) > [%1 Since \p(G) < 6(G) =n — 1 — A(G), \(G) +
M(G)<8G)+n—1-AG)<n—-1- [%], a contradiction. O

One can see that the graphs with A\, (G) + M\ (G) = n— [%] must have a uniform degree
distribution. Actually, we can construct a graph class to show that the two upper bounds

of Lemma [0l are tight for k = n.

Example 2. Let n,r be two positive integers such that n = 4r + 1. From (1) of
Lemma [ we know that the ST P number of the complete bipartite graph Ko, 9,41 is
|~2T-2|—T22TT:11)) 7| = r, that is, \,(Kar2,41) = 7. Let € be the set of the edges of these r
spanning trees in Ko, 9,11. Then there exist 2r(2r + 1) — 47?2 = 2r remaining edges in
Koy 9741 except the edges in €. Let M be the set of these 21 edges. Set G = Koy o,41 \ M.
Then A\, (G) = r, M C E(G) and G is a graph obtained from two cliques Ko, and Ka,,1 by
adding 2r edges in M between them, that is, one endpoint of each edge belongs to K», and
the other endpoint belongs to Ko, ;1. Note that E(G) = E(Ka,.)UMUFE(Ks.11). Now we
show that \,(G) > r. As we know, Ko, contains r Hamiltonian paths, say Pi, Py, --- , Py,
and so does Ko,y1, say Pj,Pj,---,P.. Pick up r edges from M, say ej,ea, -+ , €., let
T, = PbUP/ Ue(1 <i <r). Then Th,Ts,---,T, are r spanning trees in G, namely,

M (G) > 7. Since |E(GQ)| = (22r) + (27"“) + 2r = 472 4+ 2r and each spanning tree uses 4r
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edge_s7 these edges can form at most L#J = r spanning trees, that is, A\,(G) <. So
Mn(G) =1.

Clearly, A, (G) + A(G) = 2r = 251 = n — [27 and A, (G) - A, (G) = 72 = [=2/21]2
which implies that the upper bound of Lemma [0l is sharp.

Combining Lemmas 2] and [, we give our main result.

Theorem 2. Let G € G(n). Then
(1) 1< )\k(G) + )\k(@) <n-— U{:/Q-l ;
(2) 0 < M(G) - M(G) <[5

Moreover, the upper and lower bounds are sharp.

3 Nordhaus-Gaddum-type results in G(n,m)

Achthan et. al. [I] restricted their attention to the subclass of G(n,m) consisting
of graphs with exactly m edges. They investigated the edge-connectivity, diameter and
chromatic number parameters. For edge-connectivity A(G), they showed that A(G) +
AG) > maz{1,n—1—m}. In this section, we consider a similar problem on the generalized

edge-connectivity.

Lemma 7. If M is an edge set of the complete graph K, such that 0 < m < [§] where
|M| = m, then G = K,, \ M contains { edge-disjoint spanning trees, where { = min{n —
2m —1, lg _%J}

Proof. Let & =|JI_, V; be a partition of V(G) with |V;| =n; (1 <i < p), and &, be the
set of edges between distinct parts of & in G. It suffices to show that |E,| > (]2 — 1)
so that we can use Nash-Williams-Tutte Theorem.

The case p = 1 is trivial, thus we assume 2 < p < n. Then |§,| > (5) — X7, (%) —

(M| > (5) = >, () —m. We will show that (5) —>F, () —m > €(p — 1), that is,
@ —m—Lp—1)>>" (). We only need to prove that = (" U — p—1)>
max{>"_ (%)}. Since f(ni,ng,--- ,ny) = > | (5') achieves its maximum value when
ny=ng =---=np_1=1and n, =n—p+ 1, we need the inequality %—m—f(p—

1) > (3)(p—1) + (5%, that is, nn=l) oy — % > l(p—1). Actually, ¢ <

2
nn=D=(n—ptDn=p)=2m 3o,y required inequality, namely, (<n-—1- (p—*1 + pZm ). Since

2(p 1) 2 2
f(z) = £+ 22 achieves its maximum value maz{2m+ 3, 251 + 2} when 1 <z <n-—1,
we need < mm{n —2m—-1,% — —} Since this 1nequahty holds for 0 <m < [%], w
have |&,] > (5) = >0, (%) — |M| > {(p —1). From Theorem [I we know that G has E
edge-disjoint spanning trees. O

Lemma 8. Let G € G(n,m). Forn > 6, we have
(1) Me(G) + Ak(G) > L(n,m), where

o= ey

—
. ~.
K&

wI3
[,

o —
IN

IN —
3

V)
3
! 3
| E—
—
-~
<



(2) M(G) - M(G) > 0.

Proof. (1) Since at least one of G and G must be connected, we have A\.(G) + A\, (G)
L. For m < n—1, \(G) + M(G) > NG + [3MNG)] > [3(MG) + A(G) — 1)

|2 (maz{l,n — 1 —m} —1)] > [$(n —2—m)| by Proposition Ml So A\y(G) + A\(G)
maz{1l,[3(n — 2 —m)|}. In particular, for 0 < m < |2], we can give a better lower

bound of A\y(G) + M\e(G) by Lemma [ that is, M\g(G) + M\(G) = M(G) > M\(G) >

min{n —2m — 1, | % — 22|},

To show the sharpness of the above lower bound for [§] +1 < m < (g), we consider

(AVARAVARLY,

the graph G = K1 ,—2 U K;. Then m =n — 2 and G is a graph obtained from a complete
graph K, 1 by attaching a pendant edge. Clearly, \¢(G) = 0 and M\,(G) = 1. So
A(G) + Me(G) = 1 = max{1, [$(n — 2 —m)]}. To show the sharpness of the above lower
bound for 0 < m < |5, we consider the graph G = nK;. Thus m = 0 and G =K,.
Since A\ (G) + A (G) =0+ | 2] =min{n—2-0—1, % — 2% |}, that is, the lower bound
is sharp for k = n.

(2) The inequality follows from Theorem 21 O

It was pointed out by Harary [9] that given the number of vertices and edges of a
graph, the largest connectivity possible can also be read out of the inequality x(G) <
AMG) <4(G).

Theorem 3. [J] For each n,m with0 <n—1<m < (}),

K@) A6 < | 2],

n

where the mazimum are taken over all graphs G € G(n,m).

Now we will study a similar problem for the generalized edge-connectivity, which will
be used in (2) of Lemma [0

Corollary 2. For any graph G € G(n,m) and 3 < k < n, \(G) = 0 for m < n —1;
Me(G) < |22] form >n—1.

Proof. Let G € G(n,m). When 0 < m < n — 1, G must be disconnected and hence
Me(G) = 0. If m > n—1, \(G) < A(G) < [22] by (1) of Observation [ and Theorem
Bl O

Although the above bound of \i(G) is the same as A(G), the graphs attaining the
upper bound seems to be very rare. Actually, we can obtain some structural properties of
these graphs.

Proposition 6. For any G € G(n,m) and 3 < k < n, if \e(G) = [Z2] form > n — 1,
then

(1) 22 s not an integer;

(2) 8(G) = |52 ];

(3) for u,v € V(G) such that dg(u) = dg(v) = |22], uwv ¢ E(G).
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Proof. One can check that the conclusion holds for the case m = n — 1. Assume m > n.
We claim that 2m is not an integer. Otherwise, let r = 2m be an integer. We will show that
Me(G) <r—1==2—1 and get a contradiction. If G has at least one vertex v; such that
d(v;) > r, then, since the average degree of G is exactly r, there must be a vertex v; whose
degree d(v;) < r. From (1) of Observation [l we have A\;(G) < §(G) < d(v;) < r, that is,
M (G) < r —1. If, on the other hand, G is a regular graph, then by (3) of Observation [I]
M(G) <6(G) —1=7r—1. So (1) holds.

For a graph G such that 22 is not an integer, |22 | = \;(G) < §(G) < [Z2], that is,
§(G) =[22]. So (2) holds.

For u,v € V(G) such that dg(u) = dg(v) = [22], we claim that wv ¢ E(G). Other-
wise, uv € E(G). Since dg(u) = dg(v) = 6(G) = [22], \(G) < 6(G) — 1= |22] — 1 by
(3) of Observation [I], a contradiction. So (3) holds. O
Corollary 3. For any graph G of order n and size m, if QTm is an integer, then A\p(G) <

2m _
- 1.

Lemma 9. Let G € G(n,m). Then
(1) M\e(G) 4+ M\(G) < M(n,m), where

n—(%} if m>n—1,
or k is even and m = 0,
M(n,m) = or k is odd cmd()gmﬁ%,
n—[g]—l if kiseven and 1 <m<n-—1,

orkisoddand%§m<n—1.

(2) M(G) - M(G) < N(n,m), where

0 if0<m<n-—2 ,
N(n,m) =< (22 -1)(n—2—22) if m>n—1and 2m = 0(mod n),

|22 ) (n —2 — {QTmJ) otherwise.

n

Moreover, these upper bounds are sharp.

Proof. From Theorem 2] (1) holds for m > n — 1. We have given a graph class to show
that the upper bound is sharp. From Proposition B A\¢(G) + Ay (G) = \(G) = n — [£]
fork:evenandm:O,orkoddand0§m§%. Sofor kevenand 1 <m <n-—1,ork
odd and B2 <m <n —1, \e(G) + M\(G) <n —[5] - 1.

To prove the sharpness of the bound for k£ odd and % <m < n—1, we consider the
graph G = Kl,% U(n— %)Kl Now G is a graph obtained from the complete graph K,

by deleting all the edges of a star K| x+1. On one hand, by Lemma[] Me(G) <n— k+1 —1.
)

On the other hand, by Lemma @ we have A\x(G +¢) = n — &L for any e ¢ E(G), Wthh
implies that A\, (G) > n — 2L —1 (Note that A\,(H \ e) > A\g(H) — 1 for a connected graph
H, where e € E(H)). So )\k(G) + M (G) = \(G) = n — B — 1. By the same reason, for
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k even and 1 < m < n— 1 one can check that the graph G = Ky U (n — 2) K satisfies that
(@) + M(G) = M(G) 2n— & —1.

(2) First, if 0 < m < n — 2, then G € G(n,m) is disconnected. So A\;(G) - \i(G) = 0.
Next if 2Tm = r is an integer, then @ =n—1—ris also an integer. From Corollary
Bl we have A\(G) < 7 —1 and \(G) < n—2—7. So M(G) - \(G) < (r — 1)(n —
2—r) = (2 —1)(n — 2 — ). Finally, if 2m = nr + ¢ where 1 < ¢ < n — 1, then
A(G) > r+1. By (1) of Observation [, \y(G) < 6(G)=n—-1-A(G)<n—-2-r. So
M(G) Me(G) <r(n—2—r) = [Z2|(n—2 - [22]). O

To show the sharpness of the upper bound for m > n — 1 and 2m = 0 (mod n), we
consider the following example.

Example 3. Let G be a cycle C), = wjws - - - wwi(n > 9). Since QTm = 2 is an integer,
A3(G) = 22 — 1 = 1. It suffices to prove that \3(G) =n —2— 22 =n — 4.

Choose S = {z,y,z} C V(C),,) = V(G). We will show that A(S) > n—4. If d¢, (z,y) =
1 and dg¢, (y, z) = 1, without loss of generality, let N¢, (z) = {z1,y} and N¢, (2) = {y, 22},
then the trees T; = xw; U yw; U zw; together with 17 = xz U zx1 U x1y form n — 4 edge-
disjoint S-trees (See Figure 5 (a)), namely, A(S) > n — 4, where {wi,wa, -+ ,wp_5} =
V(G)\{,y, 2,21, 22}

If de, (z,y) = 2 and d¢, (y,z) = 1, without loss of generality, let N¢, (z) = {x1,91}
and N¢, (2) = {y1, 2} and Ng, (2) = {y, 22}, then the trees T; = zw; U yw; U zw; together
with 77 = xzy Uxz and Ty = 292 U 29y U 29y1 U y12z form n — 4 edge-disjoint S-trees (See
Figure 5 (b)), namely, A(S) > n—4, where {wy,ws, - ,wp—g} = V(G)\{z,y, z, 21,91, 22}

Figure 5. Graphs for Example 3.

If de, (z,y) > 3 and d¢, (y, z) = 1, without loss of generality, let N¢, (x) = {x1, 22}
and Ng, (z) = {y1,2} and N¢, (2) = {y, 22}, then the trees T; = zw; U yw; U zw; together
with 77 = zyUxz and To = zox U zoyU z9y1 Uy12z and T3 = zy1 Uyiz1 UzyUx 2z formn—4
edge-disjoint S-trees (See Figure 5 (c)), namely, A(S) > n—4, where {wy,wa, -+ ,w,_7} =
V(G)\ {x,y, z,x1,22,y1, 22}
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If de, (z,y) = 2 and d¢, (y,z) = 2, without loss of generality, let N¢, (z) = {x1,91}
and N¢, (2) = {y1,21} and Ng, (2) = {21, 22}, then the trees T; = zw; Uyw; U zw; together
with T} = zzUaxy and T = 220 Uyzo Uyz and T3 = x1y Ux12z U121 Uz form n — 4
edge-disjoint S-trees (See Figure 5 (d)), namely, A\(S) > n—4, where {wy,wa, -+ ,w,_7} =
V(G)\{z,y,2,21,91, 21, 22}

If de, (z,y) > 3 and d¢, (y, z) = 2, without loss of generality, let N¢, (x) = {x1, 22}
and N¢,(z2) = {y1,21} and N¢,(2) = {z1,22}, then the trees T; = zw; U yw; U zw;
together with 77 = xz U xy and Th = 220 U 20y Uyz and T3 = x1y U x12 U x1y1 U 2y and
Ty = xoy U oz Uxozy U z1z form n — 4 edge-disjoint S-trees (See Figure 5 (e)), namely,
A(S) > n — 4, where {wy,wa, -+ ,w,_s} = V(G) \ {z,v, z,21,22,Y1,Y2, 22}

Suppose that dc, (z,y) > 3 and dg,, (y, z) > 3, without loss of generality, let N¢, (z) =
{z1,22} and N¢, (2) = {y1,y2} and N¢, (2) = {21, 22}. Then the trees T; = zw; Uyw; U zw;
together with 77 = zz U xy and To = z29 U yzo Uyz and T3 = xz1 U yz; U ysz1 U yoz
and Ty = xyy Ux1z Uxy; Uyrze and T = zoy U 292z U xays U yoxr form n — 4 edge-
disjoint S-trees (See Figure 5 (f)), namely, A(S) > n — 4, where {wq,we, -+ ,w,_o} =
V(G)\A{z,y, 2,71, 22,Y1, Y2, 21, 22}

From the arbitrariness of S, we know that A3(G) > n — 4 by definition. Now we show
that A\3(G) < n —4 for G = C,. Choose S = {wy,wz, w3} C V(G) = V(C,). Then
wiw, € E(Cy,) and wyws € E(Cy). Thus |E(G[S])| =1 and |E5[S, S]| = 3(n — 3) — 2,
which implies that |E(G[S]) U E5[S, S]| = 3(n — 3) — 1 (See Figure 5 (g)). One can see
that each tree connecting S in G uses at least 3 edges from E(G[S])U Ex[S, S]. Therefore
A3(G) < % =n—3—1%, which results in A\3(G) < n—4 since A3(G) is an integer. So
M3(G) =n —4 and A3(G) - X3(G) = A3(Cy) - A3(Cr) =1+ (n —4) = (32 — 1)(n — 2 — 22).
The upper bound is sharp.

Form >n—1land 22 = r+{(1 < ¢ < n—1),let G = Py. Then A\3(G) =1 = 8] = | 22|
and A3(G) = A\3(Py) =1 =4-2—[8] = n—2—[22|. So \3(G)-\3(G) = | 22

Combining with Lemmas 8 and [0 we can obtain the following result.

Theorem 4. Let G € G(n,m). For n > 6, we have
(1) L(n,m) < M\(G) + M\e(G) < M(n,m);
(2) 0 < M\(G) - Me(G) < N(n,m),
where L(n,m), M(n,m), N(n,m) are defined in Lemmas[8 and[3.

Moreover, the upper and lower bounds are sharp.
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