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Abstract

A lucasene is a hexagon chain that is similar to a fibonaccene, an L-fence is a poset the Hasse diagram
of which is isomorphic to the directed inner dual graph of the corresponding lucasene. A new class of
cubes, which named after matchable Lucas cubes according to the number of its vertices (or elements),
are a series of directed or undirected Hasse diagrams of filter lattices of L-fences. The basic properties
and several classes of polynomials, e.g. rank generating functions, cube polynomials and degree sequence
polynomials, of matchable Lucas cubes are obtained. Some special conclusions on binomial coefficients
and Lucas triangle are given.
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1 Introduction

The Z-transformation graph (also called resonance graph) is introduced independently by Griindler [10],
Zhang et al. [37], Randié¢ [26] and Fournier [7], and widely studied by Zhang and Zhang [44], [45], Kalvazar et
al. [15, 16} [17], Lam and Zhang [20], Zhang et al. [38, 40} 42] and Zigert Pletersek [47, 48]. Recently, Zhang
et al. [41] introduced the concept of matchable distributive lattice and got some consequences on matchable
distributive lattices, Yao and Zhang [34] obtained some results on non-matchable distributive lattices with a
cut-element.

The Fibonacci cubes T, [12] are defined by Hsu, and Klavzar and Zigert Pletersek [16] found that the
Fibonacci cubes are the resonance graphs of fibonaccenes. The Lucas cubes or Lucas lattices A,, [24] [35] are
defined similarly. In addition, the rank gererating functions [25], the cube polynomials [I8] 28], the maximal
cube polynomials [23], the disjoint cube polynomials [9, 27] and the degree sequence polynomials [14] of
Fibonacci and Lucas cubes are studied. And Klavzar have a survey [I3] on Fibonacci cubes. In addition,
Yao and Zhang [34] obtained the matchabilities of Fibonacci and Lucas cubes.

The structure of this paper is as follows. The main concept in the paper, matchable Lucas cube, is intro-
duced by lucasene and L-fence. The basic properties of matchable Lucas cubes are obtained. In addition, the
rank generating functions, the cube polynomials, the maximal cube polynomials, the disjoint cube polynomi-
als, the degree spectrum polynomials and the indegree (or outdegree) spectrum polynomials are considered.
And the relation between rank generating functions and Chebyshev polynomials, and the relation between

(maximal) cube (or indegree sequence) polynomials and Lucas triangle are found.

*Corresponding author.
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2 Preliminaries

A set P equipped with a binary relation < satisfying reflexivity, antisymmetry and transitivity is said to be
a partially ordered set (poset for short). Given any poset P, the dual P* of P is formed by defining x < y
to hold in P* if and only if ¥y < z holds in P. A subposet S of P is a chain if any two elements of S are
comparable, and denoted by n if |S| = n [3]. Let © < y denote y covers x in P,ie.z <yand z < z <y
implies z =x. Forx € P,ta={yeP|lxz<y}and |z ={z€ P|z <z} ThesubsetS of the poset P is
called conver if a,b € S, c € P, and a < ¢ < b imply that c € S. Let P be a poset and F' C P. The subposet
F is a filter if, whenever x € F, y € P and x < y, we have y € F' [3]. The set of all filters of a poset P is
denoted by F(P), and carries the usual anti-inclusion order, forms a finite distributive lattice [3} [31] called
filter lattice. For a finite lattice L, we denote by 0, (resp. 11) the minimum (resp. maximum) element in L.

The symmetric difference of two finite sets A and B is defined as A® B := (AUB)\ (ANB). If M is
a perfect matching of a graph and C' is an M-alternating cycle of the graph, then the symmetric difference
of M and edge-set F(C) is another perfect matching of the graph, which is simply denoted by M & C. Let
G be a plane bipartite graph with a perfect matching, and the vertices of G are colored properly black and
white such that the two ends of every edge receive different colors. An M-alternating cycle of G is said to
be proper, if every edge of the cycle belonging to M goes from white end-vertex to black end-vertex by the
clockwise orientation of the cycle; otherwise improper [43]. An inner face of a graph is called a cell if its
boundary is a cycle, and we will say that the cycle is a cell too.

For some concepts and notations not explained in the paper, refer to [3, 8, [3T] for poset and lattice, [11 1]
for graph theory.

Zhang and Zhang [45] extended the concept of Z-transformation graph of a hexagonal system to plane
bipartite graphs.

Definition 2.1 ([45]) Let G be a plane bipartite graph. The Z-transformation graph Z(G) is defined on
M(G): My, My € M(G) are joined by an edge if and only if My @® Mz is a cell of G. And Z-transformation
digraph Z(G) is the orientation of Z(G): an edge M1 Ms of Z(G) is oriented from My to My if My & Mo

form a proper Mj-alternating (thus improper Ms-alternating) cell.

Let G be a bipartite graph, from Theorem 4.1.1 in [21], we have that G is elementary if and only if G
is connected and every edge of G lies in a perfect matching of G. Let G be a plane bipartite graph with a
perfect matching, a binary relation < on M(G) is defined as: for My, My € M(G), M1 < My if and only if

—

Z(@G) has a directed path from M3 to My [45]. In addition, Lam and Zhang [20] established the relationship

between finite distributive lattices and Z-transformation directed graphs.

Theorem 2.1 ([20]) If G is a plane elementary bipartite graph, then M(G) := (M(G), <) is a finite dis-

tributive lattice and its Hasse diagram is isomorphic to Z (@).

Recently, Zhang et al. [41] introduced the concept of matchable distributive lattice by Theorem 211

Definition 2.2 ([41]) A finite distributive lattice L is matchable if there is a plane weakly elementary bi-
partite graph G such that L =2 M(G); otherwise it is non-matchable.

The Lucas numbers is defined as follows: Lo =2, L1 = 1 and L, = L, 1 + L, o for n > 2. The

generating function of L,, is

o0 2_
o —Tr—



The Lucas triangle [I9] Y (or see A029635 in [29]) is shown in Table[I] and the entry in the n-th row and

k-th column of Lucas triangle is given by

Yo k) = (") + (") 2V k= 1)+ Y — 1, k),
k k-1
where 0 < k <n and (:1) =1.

Table 1: The first six rows of Lucas triangle Y

2

1 2

1 3 2

1 4 5 2
15 9 7 2
1 6 14 16 9 2

It is similar to Fibonacci numbers with binomial coefficients that Lucas numbers are given by Lucas
triangle [I9]. That is for n > 0,

> Y(n—kk) =Ly

k>0
Let G be a 2-connected outerplanar bipartite graph. Let P(G) denote the poset of G determined from
the directed inner dual graph of G [4I]. Moreover, Zhang et al. [4I] proved the follow Theorem

Theorem 2.2 ([41]) Let G be a 2-connected outerplanar bipartite graph, and let P(G) be the poset of G,
M(G) = F(P(G)).

Let L be a lattice and I is a interval of L, Day [] introduced a double structure L[I] := (L\ 1)U (I O2)
and defined z <y in L[I] if and only if one of the following hold:

(1) z,ye L\ T and z <y in L;

(2) z=(a,i),ye L\ T anda <y in L;

(3) ze L\I,y=(b,j)and x <bin L;

(4) = (a,i),y=(b,j) and a < bin L and i < j in 2.

We denote the distributive lattice L[K] by LH K [32] if L is a finite distributive lattice and interval K is a
cutting (sublattice) [32] of L, i.e. if L = | 15 U1 O [5,6]. Let P be a poset and & € P. Let P —z := P\ {x}
and Pxz:= P\ (T 2 U] z). Wang et al. obtained a decomposition for filter lattice.

Theorem 2.3 ([32]) If P is a poset and x € P, then
F(P)=F(P—xz)BF(Px*zx).

Let [z"]g(z) denote the coefficient of =™ in the power series expansion of g(x) [33]. A perfectly obvious

property of this symbol, which we will use repeatedly, is [z"]{z™g(x)} = [z"™]g(z).



3 Matchable Lucas cubes

3.1 Lucasenes

Definition 3.1 A lucasene is a hexagonal chain in which no three hexagons are linearly attached other than

ezxactly three hexagons are linearly attached at one end.

T1

€2

T3
T

T2

3

(a) Two lucasenes and its directed inner dual graph  (b) Two L-fences corresponding to [1(a)|

Figure 1: Two lucasenes with directed inner dual graph and two L-fences corresponding to them

Definition 3.2 An L-fence Z,, is a poset the Hasse diagram of which is isomorphic to the directed inner

dual graph of lucasene with n hexagons.

By Theorems [Z1] and [Z2] Theorem [31]is obvious.

Theorem 3.1 The Z-transformation directed graph of lucasene with n hexagons is isomorphic to the Hasse

diagram of the filter lattice of =,,.

It is similar to [3I, Exercise 1.35(e)] that |F(ZE,)| = L, for n > 2, therefore the matchable Lucas

distributive lattices and the matchable Lucas cubes are introduced.

Definition 3.3 The filter lattice F (=) of L-fence Z,, is called the n-th matchable Lucas distributive lattice,
denoted by Q,; and its undirected Hasse diagram is called the n-th matchable Lucas cube, denoted by ., too.

For convenience, the (directed) Hasse diagram of F(=,,) is denoted by €, too, and let |Q2g| = 1. The first

eight matchable Lucas cubes are shown in Figure

Figure 2: The first eight matchable Lucas cubes g, 1, ..., Q7

The structures of matchable Lucas cubes can be given as follows, as shown in Figures Bl and @l



Theorem 3.2 Let (), be the n-th matchable Lucas cube. For n > 4,
Qn = Qn—l H Qn—? = (Qn—2 s Qn—2) & Qn—?);

or forn > 3,
0, 2T, BT, 32T, B8, 3BT, 3.

Proof By Theorem 2.3] for poset Z,, as shown in Figure we have for n > 4,

F(Zn) =FECn —xp) BF(E, *2p) = F(Ep—1) BF(Z,-2)
=(F(En —2n) — 2n-1) BF(Ep — xn) * 2p_1)) BF(E, x2y) = (F(En—2) BF(En—2)) BF(E,_3);
by Theorem [Z2] combining Z,,_1 = E,, — x1 = E,, — x2 [25, 3], the directed inner dual graph of fibonaccene

with n hexagons and Z,, are isomorphic [34], and Fibonacci cubes are the resonance graphs of fibonaccences

[16], we also have for n > 3,

=(F(En—x1) —22) BF((Ep — 1) x22))) BF(En x21) = (F(Zn—2)" BF(Zn—3)) BF(Zp—3).

Therefore the structures of matchable Lucas cubes are obtained. O

Figure 4: The structure of €2, given by I';,

Proposition 3.3 The both height and diameter of Q, are n + 1 [39], and thus the radius is [“32]. In

addition, Q, is non-Eulerian and has a Hamiltonian path [16].



3.2 Rank generating functions

Let 7y, := 7:(2n) denote the number of elements of rank & in 2, and let Ry (z) := R(Qn,7) = 345 T kt"
be the rank generating function of €2, [3I, P291]. The first few of R, (x) is listed.

RQJJ =
Ri(x) =14z
Ry(z) =1+ 2 + 22

It is obvious that R, (x) is always a polynomial with degree n. By Corollary 4.2 in [32] and Theorem [3.2]
we have Propositions [3.4] and

Proposition 3.4 Forn > 3,
R.(z) = R(Tp_1,2) + 23 R(T,_3,2),
where R(T,,, x) is the rank generating function of Ty, [25, [31)].
Proposition 3.5 Forn >4
(ERn_ x+Rn— x), if 2 n,
ey  { R @+ Facale), 24
Rn—l(x) + $2Rn_2($), /Lf2 | n.

In other words, for m > 2,
R2m($) = R2m71(17) + $2R2m72(17);
Rom+1(z) = 2Rom () + Rom—1(x).
Let A, (z) = Rom(z) and let By, () = Ramy1(x). For m > 2, we have
Ap(x) = Bp1(x) + 224, 1 (),
B (x) = 2An(2) + Bp—1(2).

Note that R2(1) = 3 and Rs(1) = 4, by Proposition B thus for n > 2, R,(1) = L,; for m > 1,
A (1) = Loy, and By, (1) = Laoy,41. In addition, we have the recurrence relations of A,,(x) and B,,(x).

Proposition 3.6 Let A,,(z) = Ram(z) and let By, (x) = Rapmy1(x). Form > 3,
Ap(x) = 1+ 2+ 22 A0 _1(2) — 22 A, _2(2),
Bp(z) = (1+ 2+ 22)Bp_1(2) — 22 By_a(2).
Proof By Proposition B3] for m > 3,
Ap(2) = Bp1(z) + 22 A, 1 ()
=2 Am_1(2) + Bm_2(x) + 3 Ap_1(x)
=(x+2*)Am_1(x) + Ap_1(z) — 2% Ay _o(x)
=1 +z+2HA, 1(z) — 224, _o(x).

Likewise, the recurrence relation of B, (x) can be obtained. 0



Considering A,,(z) and By, (z) with 2 = 1 in Proposition B.6] we see a trivial result on L,: for n >
4, L, = 3Lp—2 — L,,—4. And we get the generating functions of A,,(z) and B,,(z) by Proposition B.6]

respectively.

Theorem 3.7 The generating functions of Ap,(z) and By, (x) are
2

1—2z
Ap(2)2™ =
Z (x)2 1— (14 z+4+22)z + 2222

m>0
and -
3z
B, = )
mz>0 (w)2 1— (1424 22)z+ 2222 e
respectively.
Proof By Proposition B.6,
Z Ap(z)2™ = Z A (1) 2™ + Ag(2)2% + Ay (2)2 + Ao ()
m>0 m>3
= Z (1 +z+22)An 1 (2) — 2% A _o(x))2™ + Ag(x)2? + Ay (2)z + Ao(z)
m>3
14z +22) ZA m_yz ZQZA 2™ 4 Ag(2)2% + Ay (x)z + Ao(x)
m>2 m>1
14z + 2?) ZA —x2z2ZAm(:v)zm+1—x22
m>0 m>0
The generating function of B,, can be proved similarly. O

It should be pointed out that A,,(z) and By, (z) could be given by Chebyshev polynomials. Chebyshev
polynomials Uy, (z) [22, B3] of the second kind are defined as following: Up(z) = 1, Ui(x) = 2z and U, (z) =
22Uy _1(x) — Up—2(zx) for n > 2. And the generating function of U,,(z) is

o0 . 1
2 U = g

Theorem 3.8 Form > 1,

2x

2
Am(x) — xm—2(1 —l—I)Um <m> —pm 5
x

1 2
2(1 +x + $2)Um71 (ﬂ> 9

and

1 2 1 2
Bon() = 2™ Uy, [ ZX 20 gty (222 EITY
2z 2x

Proof Combining the generating function of U,,(z) and Theorem [B7]

1—x2?
Ap(z) = [z"
(@) =1z ]1 —(I+z+4+22)z + 2222
m 1— 222
= [Z ] 1+$+LE2 2
1 — 208 (22) + (22)
1 1
= [z"] — 2"

1- 2H;—;x2(:17z) + (x2)? 1- 2H;—;x2(:17z) + (z2)?

— 2", <71 Rk x2> ™ Wy <71 et x2>

2z 2z
m— 1+ 2+ a7 — 1+ +a2
Thus B,,(z) is obtained by By, (z) = Apmt1(z) — 22 A,,(z) and a tedious calculations. O



Let ("k3) [2] denote the coefficient of z* in (1 + 2 4+ 22)™, namely

gy 2, _j
(/;>:jz_:; (k—j)(kj )

and see sequence A027907 in [29]. Using Kronecker delta function d, we have the coefficient r,, .
Theorem 3.9 For m > 0,

m/2] . . . .
_ m—7\[m—235;3 m—j—1 m—25;3 Y
ok = 2 (( j )( k2 )+( j-1 )(k—2j+1>)( i

Jj=0

[m/2] . , . :
_ m—73\(m—2j5;3 m—j7j—1\/m—-25—-1;3 Y
s =twsn+ 3 (") () + (")) e

Jj=0

and

Proof Consider the polynomials g, (z) defined by

n 1
Zgn(a:)z 11— (1 4z +22)z + 2222

n>0

such that

|n/2] .
gn(z) = Z (n i ])xzj(l +z+ xz)”72j(—1)j.
§=0

In addition, the coefficient of z* in g, (z) can be given by

[*]gn (z) = Li? (" j_ j) [P ](1 + &+ 22)" % (~1) = Li? (” J_ j) ("k__2§;_3) (—1)7.

Then, since A, (x) = gm(x) — zgm (), we have

ram g = [2*]Am (2) = [2*]gm (2) = [2° 7 ]gm—2(2)

- Lmz/zJ (m_j> (m — 2j;3)(_1)j B Lmiﬂ (m _9 _j) (m— 2 — 2j;3)(_1)j
= Ji k—2j = J k—25—1
m/2] . g [m/2] o o .
e 5
=0 J J = J J
m/2] . . . .
_ Z m—73\(m—2j5;3 n m—j7—1 m—25;3 (_1)3‘
= J k—2j j—1 kE—2j+1 '

Thus, 72,41,k is obtained from By, (z) = x + gy () + 23gm—1(z) in the same way.
The generating function of R, (z) is also a straightforward consequence of Theorem B.7l

Theorem 3.10 The generating function of R, (x) is

1+y+ a3y — ay?
R, "= .
;3 @)y 1—(1+z+22)y? +22y* +ay




Proof By the definition of A,,(x) and By, (z),

Z Ry (z)y" = Z A (2)y?™ + Z By (2)y?m

n>0 m>0 m>0
=Y An@y”" +y Y Bulz)y™"
m>0 m>0
1—ay? 1+ 23y?

1—(1+x+x2)y2+x2y4+y1—(1+x+x2)y2+x2y4+xy
14y +2y° —ay!

- 1—(1+x+w2)y2+x2y4+xy'

The proof is completed. O

Remark: Since the thoughts and methods used in the following five subsections are exactly the same as

those used in Subsection [3.2] we choose to list only the results and omit the proof process.

3.3 Cube polynomials

Let ¢k = qx(£2,) denote the number of k-dimensional induced hypercubes of ,,, and let ¢, = 0 if no
k-dimensional induced hypercubes of €2, exists. Since, for n > 2, the initial values and the recurrence relation
are same as in [I8] Section 5] and [28] for ¢ = 1, the results of ¢, i are same as ¢x(A,,) in [I8, Section 5] and
B in [28].

Proposition 3.11 The dimension of the maximum induced hypercube of Q,, is [ %].
Moreover, the number is equal to the number of mazimum in-degree (or out-degree) of 1, or the number

of mazimum anti-chain in =, .
Lemma 3.12 ([32]) Let L be a finite distributive lattice. If K is a cutting of L, then
ar(LBK) = qu(L) + g1 (K) + go—1(K).

It is evident that the recurrence relation of ¢, follows from Lemma [3.12].

Proposition 3.13 Forn >4,
dn,k = dn—1,k + dn—2k + qn—2k—1-

By induction, it is not difficult to show that the number of the maximum induced hypercubes of €2, is

2, if2|n,

In, 18] =
’ n, if 24 n.

Moreover, the number of vertices, edges, 4-cycles and 3-dimensional cubes of €, is expressed.
Theorem 3.14 The first four of qn i is obtained.
(1) Forn > 2,

dn,0 = Lnu

and

dn,1 = nanl;



(2) Forn >4,

1 1
Gno = gnFn,P, + E(n —3)nLy,_o;

(8) Forn > 6,
2 1 1
U3 = = Fus + %(n —5)nLy_4+ %(nQ —9n +20)nF,_3.

Let
Qn(x) = Z Qn,kxk

k>0

be the cube polynomial of ,,. We list the first few of @, (x) as follows.

Qo(z) =1

Qi(z) =2+

Q2(z) =3+ 2z

Q3(r) =4+ 3z

Qu(z) =7+ 8z + 222
Qs(z) = 11 + 15z + 522

It is easy to show the recurrence relation of @, (z) from Proposition B.I5]

Proposition 3.15 Forn >4,
Qn(z) = Qn-1(z) + (1 + 2)Qn—2(z).

From Proposition 315 again, a result on @, (z) is obtained easily.

Theorem 3.16 Forn > 2,

1+v5+4z\"  [(1-V5+dz\"
Q@)= |——F— ) +|——— | -
2 2
Proposition 3.17 For n > 2, the root of Qn(x) is
2k—1)mw
54 tan? AU o )
4 )

Tn,k = —
where k=1,2,...,[n/2].

Since the roots of a polynomial are all negative reals is log-concave and a positive log-concave sequence

is unimodal [2, [30] 33], the follow corollary is immediate.

Corollary 3.18 For all n > 2, the sequences of coefficients of Q. (x) is log-concave and unimodal.

The Jacobsthal-Lucas numbers J,, (see A014551 in [29]) are defined by the recurrence relation: Jy = 2,
Ji=1and J, = Jy—1 + 2J,—2 for n > 2. By Proposition B.I5] the relation of between @, (x) and L,, or
Jp, is immediate. For n > 2, Q,(0) = L,, and Q,(1) = J,. In addition, the generating function of Q,(x) is

proved.

Theorem 3.19 The generating function of Qn(z)

n __ 2_y
HZZOQn(x)y - 1—y—(x+1)y2+(1+$)y_1'

10



The cube polynomial can be deduced from the generating function of @, ().
Proposition 3.20 Forn > 2,
.. ; n—j n—j3j—1 )
Qo) =S v =gy =3 (") 4 ("I aar
720 izo NN Y J
The number of induced k-dimensional cubes of €2, is follows immediately.

Corollary 3.21 Forn > 2,

o Ere ()55 0

Remark: In Klavzar and Mollard [I8], n — a — 1 is printed incorrectly as n —a + 1 in Theorem 3.2 and

n—1i—1asn—1i+ 1 in Corollary 3.3.

By Corollary B.21] and
Ln-n)r2) i1 Lntn)/2) iy
ey (") X (2)

j=0 j=1

we obtained again Part (1) of Theorem B.14
As a consequence of Corollary 4.10 in [32], it is clear that the follow corollary.

Corollary 3.22 Forn > 2,

/2 N k
kzzog (( J >+( j—1 )) (k)(_l) =1.

Dy T k
kzzojzzk (< j >+< il )) <k>k(—1) —n.

Using Kronecker delta function again, we give another generating function.
Theorem 3.23 For k > 1 is fized, the generating function of qn i is

n (2 B y)ka
Dty = ey Yk
= (I-y—-v?)

3.4 Maximal cube polynomials

Let Ay := hi(2,) be the number of maximal k-dimensional cubes in €, let hy = 0 if no maximal k-
dimensional induced cube of €, exists, and let Hy, () = >~ hn, #Z¥ be the maximal cube polynomial of €,,.
Observe that although the recurrence relation is same as that of gn,k in [23], the initial values are different,
our results are different from those in [23].

Combining 2,1 C Q,, Theorem and Figure Bl indicate that the recurrence relation of hy, j.

Proposition 3.24 Forn > 4,
P = hn—ok—1+hpn_3 k1.

11



We list the first few of H,(z) as follows.

Ho(z) =1
Hi(z) ==z
Hy(z) =2z
Hs(z) = 3z
Hy(z) = z + 22°
Hs(r) = 5a?

And, from Proposition [3.24] the recurrence relation of H, () is given easily.

Proposition 3.25 Forn > 5,
H,(z) =xH,_o(x) + xH,_3(x).

The (1, 2, 3)-Padovan numbers p/, is defined as: pj = 1, p} = 2, pb = 3 and p}, = pl,_, + p},_5 for n > 3.
It is not difficult to verify that for n > 1, H,(1) = pl,_;.
Furthermore, we obtain the generating functions of H,(x) and p/, by Proposition B.25

Theorem 3.26 The generating function of H,(x) is

Hy(z)y" = ———— 2 —(1—a)y—1;
nE:O (2)y =221 y) (1—-a)y

and the generating function of pl, is

i on 142y 429
n=0 " L-y?—y*

Expanding the right side of > ., Hy,(z)y" into formal power series, we have result of h, by Lucas

triangle.

Proposition 3.27 Forn > 2,

k k+1
b e = (3k—n)+<3k—n+1> =Y(k+1,3k+1—n).

From another point of view, using Kronecker delta function, we get directly the generating function of
P -

Proposition 3.28 For k > 1,

S g™ = (P14 ) 2+ y) +yon

n>0
And by Proposition 327, the number of terms of H,(z) is determined easily.

Proposition 3.29 Let n =6m +b and 0 < b < 5. The number of terms of H,(x) is

m+2, ifb=4;

m+ 1, otherwise.

12



3.5 Disjoint cube polynomials

Let sp i = sp(2,) denote the maximum number of disjoint k-dimensional cubes in Q,. Let s, = 0 if

no k-dimensional induced hypercubes of ,, exists. And let S,(z) = Ekzo sn.x7® be the disjoint cube

polynomial.
Let
0, if3|mn,
1, otherwise.
And let

-1, ifn=0,
M = 1, ifn= 1,
0, otherwise.

Combining Theorem and Figure B using 6,, and 7, we obtain the recurrence relation of s, similar
to qx(n) in [9]. The results in [9 27] are only on Fibonacci cubes, and there is no recurrence relations and

generating functions in [27].

Proposition 3.30 Forn >0,

and

More general, for n > 4 and k > 2,
Snk = Sn—2,k—1 + Sn—3.k-
We have the maximum number of maximum disjoint cubes by Propositions B.11] and
Corollary 3.31 The mazimum number of mazimum disjoint cubes is 1 (2| n) or2 (24n) for n > 2.

The first few of Sy, () is listed as follows.

So(z) =1
Si(z)=1+=

So(z) =2+

Ss3(x) =242z
Sy(x) =4+ 3z + 22
Ss(z) = 6 + bz + 227

Note that 2 | L3, (for m > 0), we have Theorem B.32 immediately by Proposition B30

Theorem 3.32 Forn >4,

Ln72 - 971 Ln - Ln73

Sp(x) = xSp_2(x) + Sp—s(z) + 5 T — Np_3T + 5

Combining Theorem B:32]and the generating functions of Ly, 8, and 7, the generating function of S, (z)

can be obtained by a tedious calculations.
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Theorem 3.33 The generating function of S, (x) is

n_ 1—(B—2)y®+ (2 - 2)ys + ay® i
HZZOSn(JJ)y - (1_y_y2)(1_y3)(1—117y2—y3) + 2y.

By the generating function of 6, (x), we obtain ), ., $,,1y"; moreover, we have the following theorem.

Theorem 3.34 For k > 1 is a fized integer, the generating function of sy j is

n>0n,]€y_2 1_y3 1_y_y2 1_y3 ykl'

3.6 Degree sequences polynomials

Let dp 1, := di.(Q2,) denote the number of vertices of degree k in Q,,, i.e. dyx = [{v € V(Qy) | degg (v) =k},
and let d,, ;, = 0 if no vertex of degree k in (2, exists. In fact, although the recurrence relation is same as that
of 4,1 in [14], the initial values are different, thus our results are different from those in [I4]. The following

proposition can be shown by inducing on |V (€2,)].

Proposition 3.35 The minimum and mazimum degree of Q, are §(Q,) = L"T'HJ and A(Q,) = n—1
(n > 3), respectively. Thus, the both connectivity and edge connectivity of Qy, is | “41] [36].

Moreover, form > 1,

7m(7g+3) ifn=3m-—1;

dps,) = ym+1,  if n=3m;
1, ifn=3m+1.
And for n > 5, d, a(q,) = 2-

By the convex expansion for finite distributive lattices in [32], we have a lemma on degree.

Lemma 3.36 ([32]) Let L be a finite distributive lattice. If K is a cutting of L, then
diy(LBRK)BK) =dp(LBK) + dp_2(K).
Combining Theorem B.2] and Lemma [3.36] we get the relation of ,, and I',, on degree.

Proposition 3.37 Forn > 3,
dn,k = dk(rn—l) + dkfz(rnfg).

Lemma 3.38 ([14]) The number of vertices of degree k of Ty, is

B0 )

j=0
Hence, a formula of d,, j follows immediately.

Proposition 3.39 For n > 2, the number of vertices of degree k of 1, is

k . . .
Jj+1 n—25—1 n—25—3
dpn i = .
¢ jz_;(n—k—j) (2005
On the other hand, we have the recurrence relation of d,, j, illustrated in Figure

14



Figure 5: Illustrating the recurrence relation of d, j

Proposition 3.40 Forn > 5,

dpj =dn—2k-1+dn-1,k—1 — dn-3 k-2 + dn_3 k1.

Let
D, (x) = Z dnykxk

k>0

be the degree sequence polynomial of €2,, and we list the first few of D, (x).

Dy(z) =1

Dy(x) =2z

Dy(z) = 2z + 2°

Ds(x) = 22 + 222

Dy(z) = x + 32° + 32°
()

In addition, the recurrence relation of D, (z) is a straightforward consequence.
Proposition 3.41 Forn > 5,
Dy (x) = 2Dy _1(x) + 2Dp_o(x) + (x — 2*) D, _3(2).
Therefore, the generating function of D, (z) is obtained.

Theorem 3.42 The generating function of D, (x) is given by

(I =2y +y) (14 2%y?)

T%%Dn(x)y" - (—ay) (1= 2y?) — oy’

+ (22 — 1)y.

Similar to [14], from Theorem B:42] using the expansion

-2 ()

jzn

we give a proof of Proposition [3.39

15



Proof (of Proposition [3.39) Consider the formal power series expansion of

o) = T =
we obtain
(4]l (o) = g G ()
Note that L4y oy . )
A= 29)(0 —22) —2g® z.y) +yf(@y) —ayf(z,y),
we have
I T =
- Yy (e, y) + 2l F () — [ F ()
= 1 (TS 5 i [ BRI B of (ki [ RPNy
—: (PSP [P ES ol Gy [ RS
()

J

In addition, we have

g LTy —ay)aty? 1+y—ay S (n-2j-3\( j+1
T e e Y ](1_@)(1_@2)_@3—;O(k_j_g)(n_k_j)'

Hence, Proposition [3.39 holds for n > 2. 0

And since dy, ), > 0 for k € {{| 2], ..., n — 1}, the following corollary holds.

Corollary 3.43 The degree spectrum of €, is continuous.

3.7 Indegree and outdegree sequence polynomial

Let d, denote the number of vertices of indegree k in €),, or the number of anti-chains with exactly k
elements in =Z,,, or the number of elements covered exactly by k elements in F(Z,). From the structure of

Q,, as shown in Figure Bl and Theorem 4.7 [32], it is not difficult to obtain the recurrence relation of d, 1
Proposition 3.44 Forn >0, d, o =1; and forn >4, k > 1,
Aok =0y 1+ dy o4 1
Moreover, we have the following corollary.

Corollary 3.45 For k>0 andn > 2k + 3,



Let

Dy (z)=1
Di(x)=1+4=x

D, (x)=1+2x

Dy (z) =1+ 3z

Dy (z) =1+ 4x + 227
D (z) = 1+ 5z + 5a?

It follows that the recurrence relation of D, (z) from Proposition B.44

Proposition 3.46 Forn > 4,
D, (z) = D;—l(x) + xD;_Q(x)

On the other hand, we have two propositions on the cube polynomials.

Proposition 3.47 By the relation of degree and edge in a graph,
OD,(x) ) oD, (x)

R Pt AL P PR
ox . ox . In.1

x x

Proposition 3.48 ([32]) Forn >0,
D, () =Qn(xz—1).
Combining Proposition .48 and results on cube polynomials, it is obvious that hold.

Theorem 3.49 The generating function of D, (x) is

2_
Y Dyt = L ay— 1.
n>0 l—y—zy

Proposition 3.50 Forn > 2,

—k —k—-1
o= () (747,

Corollary 3.51 The mazimum indegree of 0, is |n/2|, and the indegree spectrum of 1, is continuous.

We can obtain another formula on D;; (z) by Proposition [3.40
Proposition 3.52 Forn > 1,
_ 1+ VT+dz\" | (1-VI+dz\"
D, ()= (L) (I EE
2 2
Theorem 3.53 The roots of D, (x) is

2 (2k—1)7
2n

4 )

1+ tan
r=—

forn > 2, where 1 < k <n.
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Corollary 3.54 For all n > 2, the sequences of coefficients of D, (x) is log-concave and unimodal.

We also obtain another generating function of d_,.

Theorem 3.55 For k > 1 is fized, the generating function of d._ ;. is

2k
_ Yy (2 —y)
Zd W= gt T YOk
n, _ —+1
= (1-y)

The results on outdegree are exactly same as indegree [32], thus they are not listed here.

4 Summary

By the consequences on A,, [41], We have the following relation of the matchable Lucas cube ,, and the
Lucas cube A,, for n > 2.

Theorem 4.1 The number of induced cubes of Ay, and €y, is same, but structure is different. In other word,
for m > 1, As,, can be orientated as the Hasse digram of a finite distributive lattice that is not isomorphic

to Qom, but Aoymy1 can not be a Hasse digram of a finite distributive lattice.
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