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THE MINOR MINIMAL INTRINSICALLY CHIRAL
GRAPHS
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ABSTRACT. Molecular chirality is actively researched in a variety of ar-
eas of biology, including biochemistry, physiology, pharmacology, etc.,
and today many chiral compounds are widely known to exhibit bio-
logical properties. The molecular structure is represented by a graph
structure. Therefore, the study of the mirror symmetry of a graph is
important in the natural sciences. A graph G is said to be intrinsically
chiral if no embedding of G is ambient isotopic to its mirror image.

In this paper, we find two minor minimal intrinsically chiral graphs
I'; and I's. Furthermore, we classify all intrinsically chiral graphs with
at most eleven edges.

1. INTRODUCTION

In this paper, we will take an embedded graph to mean a graph embedded
in $3. Conway and Gordon [2] showed that every embedding of the complete
graph Kg contains a non-splittable link and every embedding of K7 contains
a non-trivial knot. These properties are called intrinsic properties of the
graph. We say that Kg is intrinsically linked and K7 is intrinsically knotted.
A graph H is a minor of another graph G if it can be obtained by contracting
edges in a subgraph of G. If an intrinsically linked graph G has no proper
minor that is intrinsically linked, we say G is minor minimal intrinsically
linked. A minor minimal intrinsically knotted graph is also defined similarly.
Robertson and Seymour’s [11] Graph Minor Theorem implies that there are
only finitely many minor minimal intrinsically knotted graphs.

The study of spatial graph theory is closely related to not only the intrin-
sic properties of graphs, but also the symmetry of non-rigid molecules. In
chemistry, it is important to predict chemical properties in order to know
whether a molecule is different from its mirror image. A molecule is said to
be chemically chiral if it cannot convert itself into its mirror image, other-
wise it is said to be chemically achiral. In spatial graph theory, molecular
structures are interpreted as graphs embedded in S®. An embedding of a
graph G in S? is topologically achiral if it is ambient isotopic to its mirror
image, otherwise it is topologically chiral. A graph G is intrinsically chiral if
every embedding of G in S? is topologically chiral, otherwise it is achirally
embeddable.

A Mobius ladder, denoted by M, is the graph consisting of a simple
closed curve K with 2n vertices, together with n additional edges a1, ..., ay,
such that if the vertices on K are consecutively labeled 1,2,3,...,2n then
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FiGUurE 1. A standard embedding of M,

the vertices of each edge a; are i and i + n. We say K is the loop of M,
and aq,...,a, are the rungs of M,. We also say that M, is standardly
embedded in S3, if M, is embedded as in Figure 1 or its mirror image.
Simon [13] showed that for every standard embedding of M,,, there is no
orientation reversing diffeomorphism h of S® with h(M,) = M,, and h(K) =
K when n > 4. The condition h(K) = K is required for the chemical
motivation, because a loop K represents a molecular chain and it is different
from the rungs which represent molecular bonds. Flapan [3] showed that
every embedding of M,, for n > 3 odd, there is no orientation reversing
diffeomorphism h of S® with h(M,) = M, and h(K) = K. By using this
result, Flapan and Weaver [5] showed that the complete graphs Ky, 13 with
n > 1 are intrinsically chiral, and all other complete graphs K, are achirally
embeddable. Flapan and Fletcher [4] classified which complete multipartite
graphs admit topologically achiral embeddings.

FIGURE 2. Two minor minimal intrinsically chiral graphs I'7
and I'g

In spatial graph theory, classifying all minor minimal intrinsically linked
or knotted graphs is an essential problem, and is the focus of active re-
search [1, 6, 7, 8,9, 10, 12]. Similar with minor minimal intrinsically knotted
or linked, we can define minor minimal intrinsically chiral. If a graph G is
intrinsically chiral and has no proper minor that is intrinsically chiral, we
say G is minor minimal intrinsically chiral.

A graph property P is minor-closed if every minor of a graph in P is
also in P. It is important to classify the complete minor minimal family of
graphs which does not have the minor-closed property, since this family is
useful to determine if other graphs have the property or not. By Wagner’s
Theorem [14], planar is a minor-closed property and the complete minor
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minimal family of non-planar graphs consists of K5 and K3 3. This implies
that a graph G has K5 or K33 as minor if and only if G is non-planar. Note
that linklessly embeddable and knotlessly embeddable properties are minor-
closed. By Flapan and Weaver [5], achirally embeddable is not minor-closed,
since Ky is achirally embeddable but K7 is not.

Although achirally embeddable is not a minor-closed property it is still
useful to find minor minimal intrinsically chiral graphs as they give a warrant
that certain graphs are achirally embeddable: If a graph has no minor that is
minor minimal intrinsically chiral, then that graph is achirally embeddable.
On the other hand, every intirinsically chiral graph has a minor that is
minor minimal intrinsically chiral. Our overall goal is to classify the minor
minimal intrinsically chiral graphs. Let I'y be a graph which consists of seven
vertices and twelve edges, and I's be a graph which consists of eight vertices
and eleven edges as drawn in Figure 2. Our main theorem is as follows.

Theorem 1. The graphs I'y and I's are minor minimal intrinsically chiral.

To show the main theorem, we first find the minimum number of vertices
and edges for a simple graph to be intrinsically chiral.

Theorem 2. If a simple graph G is intrinsically chiral, then G has at least
seven vertices and at least eleven edges.

In Section 4, we show that the two graphs I'y and I's are intrinsically
chiral, and they satisfy the minimum conditions of vertices and edges for
intrinsic chirality, respectively. Since I's has two degree 2 vertices, we also
find such conditions for a simple graph which consists of vertices with degree
3 or more.

Theorem 3. If a simple graph G is intrinsically chiral which consists of
vertices with degree 3 or more, then G has at least seven vertices and at
least twelve edges.

In the next section we introduce some terminology and outline the strat-
egy of our proof.

2. TERMINOLOGY

A simple graph is a graph containing no loops and multiple edges. Let
G = (V, E) denote a simple graph, where V' and E are the sets of vertices
and edges, respectively. The degree of a vertex v in G is the number of
edges incident to v, denoted by deg(v). The minimum degree of G, denoted
by 6(G), is the minimum degree among all vertices of G. Let |G| and ||G]|
denote the number of vertices and edges of G, respectively. If G is a discon-
nected intrinsically chiral graph, then it must have a component which is
intrinsically chiral. This means that it has an intrinsically chiral graph as
minor, and so G is not MMIC. Therefore, this paper deals only with simple
connected graphs because the purpose of this paper is to find the minimum
conditions of vertices and edges for a simple graph to be intrinsically chiral.

Suppose that an embedding of the graph G is symmetrical on the left and
right with respect to a plane M. Let h be a reflection through M. Then h is
an orientation reversing homeomorphism which sends a such embedding of
G to itself. Hence this embedding is topologically achiral. This means that G
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is not intrinsically chiral. We call M a mirror plane. Note that every planar
graph has a topologically achiral embedding, since it can lie on the mirror
plane.

Mirror planes

FI1GURE 3. Mirror symmetry embeddings of K5 and Kjg

Flapan and Weaver [5] showed that each of the complete graphs K5 and
K has a topologically achiral embedding. Both of them have embeddings
which are symmetrical about a mirror plane M as drawn in Figure 3. By
using this property, we can show that K5 and Kg are not intrinsically chiral.
This property will frequently be used in the rest of the paper.

It is also important to show that the given graph is intrinsically chiral.
We use following proposition, which is shown by Flapan [3], to determine
the intrinsic chirality of the given graph.

Proposition 4. Let M, be a Mdbius ladder which is embedded in S® with
loop K, where n > 3 is an odd number. Then there is no diffeomorphism h :
S3 — S3 which is orientation reversing with h(M,) = M,, and h(K) = K.

In Section 4, we consider a graph automorphism in order to apply this
propositions to show that I'; and I's are intrinsically chiral. A graph auto-
morphism of G is a permutation ¢ on the set of vertices V' that satisfies the
property that {u;,u;} € F if and only if {¢(u;), ¢(u;)} € E.

3. PROOF OF THEOREM 2

Let G be a simple graph. It sufficient to show that if |G| < 6 or ||G|| < 10
then G is achirally embeddable. First, we consider the case that |G| < 6.
By using the complement graph of G, we classify all non-planar graphs. A
graph H is said to be the complement of a graph G if H has the same set
of vertices with G and has the complement set of edges of G. By following
lemma, every graph in this case, is achirally embeddable.

Lemma 5. Fvery graph with at most 6 vertices is achirally embeddable.

Proof. If G has at most 5 vertices, then G is either a planar graph or the
complete graph Kjs. Since K5 and any planar graph are achirally embed-
dable, G is not intrinsically chiral.

It remains to consider that G has 6 vertices. Now we classify every non-
planar graph with 6 vertices by deleting edges from Kg. There are 14 non-
planar graphs which are subgraphs of Kg. Figure 4 represents the comple-
ment graph of non-planar subgraphs of Kg. In this figure, we find all such
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FIGURE 4. The complement graphs of non-planar subgraphs
of KG

non-planar graphs by adding a removed edge from Kg repeatedly. Note that
the graph obtained from a planar graph is also planar. So if we obtain a pla-
nar graph in this process then we do not consider it. Since each of them has
a topologically achiral embedding as drawn in Figure 5, G is not intrinsically
chiral. (]

We can determine G is planar or not by the relation between ||G|| and
|G|. For example, if a connected graph G satisfies ||G||— |G| = —1, then G is
tree, and so it is planar. The following lemma helps us to prove Theorem 2.

Lemma 6. Let G be a connected graph. If ||G|| — |G| < 2, then G is planar.

Proof. Suppose for the contradiction that G is non-planar. Then we can
obtain K33 or K5 from G by a sequence of edge deletion or edge contraction.
Note that ||G|| — |G| is decreased after using an edge deletion, and is not
changed after using an edge contraction. Thus ||G|| — |G| > 3, because
|| K33|| — |K33] =3 and ||K5|| — |K5| = 5. This contradicts the assumption.

U
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3

F1cUre 5. Topologically achiral embeddings of non-planar
subgraphs of Kjg

Now, we consider the case that ||G|| < 10. By following lemma, every
graph in this case is achirally embeddable.
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Lemma 7. Fvery graph with at most 10 edges is achirally embeddable.

Proof. Suppose that G has at most 10 edges and contains K5 or K33 as a
minor. By Lemma 5 and 6, we may assume that G is a non-planar graph
with 7 vertices and 10 edges. Since ||G|| — |G| = 3, K33 may be obtained by
a single edge contraction of G. This implies that G is either E or E’ which
are achirally embeddable as drawn in Figure 6. Therefore, G is achirally
embeddable. O

! .

FIGURE 6. Topologically achiral embeddings of E and E’

By the above lemmas, for G to be an intrinsically chiral graph, it must
have at least 7 vertices and 11 edges.

4. THE MINIMUM CONDITION OF |G| AND ||G]]

This section presents two intrinsically chiral graphs I'y and I's that are
related to the minimum number of vertices or edges for intrinsic chirality.
This implies that they are minor minimal intrinsically chiral graphs. To
show these graphs are intrinsically chiral, we use Proposition 4 for M3 as
drawn in Figure 7. This proposition implies that no orientation reversing
diffeomorphism sends the loop of M3 to itself. By using this result, we prove
following propositions.

FIGURE 7. The mobius ladder Mj3

Proposition 8. The graph 'y is an intrinsically chiral graph.

Proof. Let h : S3 — 83 be a homeomorphism such that h(I'7) = I';. The
homeomorphism h induces an automorphism on the vertices of I'7. I'7 con-
sists of three degree 4 vertices v, as and by, and four degree 3 vertices aq,
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b1, asz and bs. More precisely, a; and b; are adjacent to two degree 4 vertices
and one degree 3 vertex, and as and b3 are adjacent to one degree 4 vertex
and two degree 3 vertices. This means that h does not send {aj,b1} into
{as, bs}. Furthermore v, as and by are adjacent to two degree 4 vertices and
two degree 3 vertices. In detail, v is adjacent to two degree 3 vertices a; and
b1, and as is adjacent to two degree 3 vertices a; and as. This implies that
h does not send v into ag, since h(ay) # as and h(by) # as. Similarly, h does
not send v into by. Thus we have that

{a1, b1} =25 {a1, b1}
{az, bo} —5 {az, by}
{as, b3} N {as, bs}

{v} 15 {0}

Let K = ajasasbibabsa; be a cycle of I';. Then we have

alagagblbgbgal if h(al) = ai,

h b1bab =
(a1a2a3 2 3@1) {blebgalagagbl if h(al) = bl.

Thus h(K) = K in I';.

M3 is obtained from I'7 by deleting two edges e,q, and e, and removing a
vertex v by edge contraction. Hence the homeomorphism h satisfies h(M3) =
M3 and h(K) = K. By Proposition 4, h can not be an orientation reversing
homeomorphism. Therefore, I'; is intrinsically chiral. O

Together with Proposition 8, Theorem 2 establishes the minimum con-
dition of vertices and edges for any simple graph to be intrinsically chiral.
Note that I'7 has twelve edges. This is the minimum condition of edges for
intrinsic chirality of graphs which consists of vertices with degree 3 or more.
Theorem 3 explicitly shows that the minimum condition of edges for such
graph.

Proof of Theorem 3. By Theorem 2, we only need to consider the cases that
G has 11 edges and 7 or more vertices. If G has 8 or more vertices then
G has at least 12 edges, since §(G) > 3. So we may assume that G has 7
vertices, and so G consists of a degree 4 vertex and six degree 3 vertices. Let
u be a degree 4 vertex, and vy, ...,vg be degree 3 vertices such that vy, vo,
vs, and vy are adjacent to u. If vs is adjacent to vg, then there are two edges
between v1,...,vs. Assume that vy is adjacent to vy and vs. Then there is
the unique graph as drawn in Figure 8 (a), and it is planar. Assume that
v1 is adjacent to ve, and vs is adjacent to vs. Then there are exactly two
graphs as drawn in Figure 8 (b) and (c), and both graphs are planar. If v
is not adjacent to wvg, then there is the unique graph which is non-planar
as drawn in Figure 8 (d), and it is achirally embeddable. Therefore if G is
intrinsically chiral then it has at least twelve edges. (]

The graph I'; satisfies the minimum condition of vertices for any simple
graph. The graph I'g satisfies the minimum condition of edges for any simple
graph, and it is the unique intrinsically chiral graph among all simple graphs
with 11 edges.
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FIGURE 8. 4 cases of G when (|G|, ||G]]) = (7,11)

Proposition 9. The graph T's is an intrinsically chiral graph. Furthermore,
any other simple connected graph with at most 11 edges is achirally embed-
dable.

Proof. First, we show that I'g is an intrinsically chiral graph. Suppose that
there is a homeomorphism h : S3 — S3 such that h(I'g) = I's. Similar with
the proof of Proposition 8, we have the following:

h
Case 1. a3 — aq or by

{a1, b} 25 {a1, b1}

{as, bo} = {as, by}

{as, b3} = {as, b3}
{vr} = {vi}

{2} 2 {2}

h
Case 2. a3 — as or by

{a1, b1} =5 {as, by}

{az, bo} 5 {ai1, b1}

{as, b3} = {as, b3}
{v1} = {v2}

{2} 2 {v1}
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Let K = ajasasbibabsa; be a cycle of I's. Then we have

a1a2a3b1b2b3a1 if h(al) = ai,
h( bibob ) b1b2b3a1a2a3b1 if h(al) = bl,
aiasa, al) =
172 PRt azaibsbobiazas if h(ay) = as,
(

bgblagagalbgbg if h a1> = bg.

Thus h(K) = K in I's. By Proposition 4, h can not be an orientation
reversing homeomorphism. Therefore I'g is intrinsically chiral.

F F
> B

1 !
FIGURE 9. Topologically achiral embeddings of F' and F’

Now suppose that G is an intrinsically chiral graph with at most 11 edges,
and w is a vertex with minimal degree of G. By lemma 5, 6 and 7, G has
7 or 8 vertices and 11 edges. By Theorem 3, if G has at most 11 edges and
consists of vertices with degree 3 or more, then it can not be intrinsically
chiral. So w must be a degree 1 or 2 vertex.

We first consider the case that G has 7 vertices. Suppose that w is a
degree 1 vertex. Then G\ w consists of six vertices and ten edges. Since G is
non-planar, G \ w is the graph F' as drawn in Figure 9. In this case, we can
put w and the corresponding edges on the mirror plane of an embedding of
F. Hence w is a degree 2 vertex. Since G is non-planar, G is either the graph
obtained from F' by a subdivision of an edge, say e;, or the graph F’. In
former case, we can obtain an embedding of F' such that e; is on the mirror
plane. From this embedding, we can obtain G by a subdivision of e, so it
is achirally embeddable. In latter case, F’ is achirally embeddable as drawn
in Figure 9, so G can not be intrinsically chiral.

Now we consider the case that G has 8 vertices. Since ||G|| — |G| = 3,
we may obtain K33 from G by using edge contractions twice, by Lemma 6.
This means that we may obtain E or E’ as drawn in Figure 6, from G by
contracting an edge adjacent to w. If deg(w) = 1 then G is obtained from
E or E', as drawn in Figure 6, by adding a vertex w and its incident edge.
We can put w and the corresponding edges on the mirror plane of both
embeddings of E and E’. If deg(w) = 2 then G is obtained from K33 by
twice of subdivisions of edges. If G is obtained from K3 3 by two subdivisions
of one edge, say ez, of K33, then we can obtain an embedding of K33 such
that es is on the mirror plane. From this embedding, we can obtain G by two
subdivisions of es, so it is achirally embeddable. So G is obtained from K3 3
by two subdivisions of two edges, say e3 and e4. If e3 and e4 has a common
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vertex then we can obtain an embedding of K33 such that both edges es3
and e4 are on the mirror plane. From this embedding, we can obtain G by
each subdivision of es and ey, so it is achirally embeddable. Otherwise, G
is the graph I'y, and it is the unique intrinsically chiral graph among the
graphs with at most 11 edges. U

Proof of Theorem 1. First consider the minor graphs of I'7. Since edge con-
tractions and deletions are independent of the order of application, we can
divide these graphs into three types by how many contractions we can get
from G. Since the minor graphs obtained from I'; by using edge contractions
more than once are Ky or planar, they are achirally embeddable. Since the
minor graphs obtained from I'; by only using edge deletions are simple, they
are also achirally embeddable by Proposition 9. So it remains to consider
the non-simple minor graphs which are obtained from I'; by using an edge
contraction once. By the symmetry of edges of I'7, there are four types of
edges, €ya;s €vass €aras A0d €q,p, Where I'y becomes non-simple when using
an edge contraction. The graphs obtained from I'7 by using an edge contrac-
tion at €yqy, €ayas OF €ayp, are planar. The graph obtained from I'z by using
an edge contraction at e,q, is not planar, but it is achirally embeddable.
Moreover subgraphs of this graph are also achirally embeddable. So I'; is a
minor minimal intrinsically chiral graph.

Since I's contains no triangle, the graph obtained from I's by a contraction
is still simple. The graphs obtained from I's by using edge contractions more
than one are K33 of planar. So they are achirally embeddable. This implies
that I's does not have any non-simple minor which is intrinsically chiral.
Therefore, I'g is a minor minimal intrinsically chiral graph by Proposition 9.

O
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