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Abstract

A star k-coloring of a graph G is a proper (vertex) k-coloring of G such that the vertices
on a path of length three receive at least three colors. Given a graph G, its star chromatic
number, denoted xs(G), is the minimum integer k for which G admits a star k-coloring.
Studying star coloring of sparse graphs is an active area of research, especially in terms of
the maximum average degree of a graph; the mazimum average degree, denoted mad(G),

of a graph G is max{ﬁﬁ%ﬂ‘ :HC G}. It is known that for a graph G, if mad(G) < %,

then x,(G) < 6 [18], and if mad(G) < £ and its girth is at least 6, then y(G) < 5 [7].
We improve both results by showing that for a graph G, if mad(G) < %, then ys(G) < 5.
As an immediate corollary, we obtain that a planar graph with girth at least 8 has a star
5-coloring, improving the best known girth condition for a planar graph to have a star
5-coloring [18}[21].

1 Introduction

All graphs in this paper are simple. Given a graph G, a proper k-coloring of G is a partition of its
vertex set V(G) into k parts such that there is no edge with both endpoints in the same part. In other
words, each color class induces an empty graph.

As a generalization of proper coloring, Griinbaum [14] introduced the notion of acyclic coloring,
which is a proper coloring satisfying the additional constraint that the vertices on a cycle (of any
length) receive at least three colors. In other words, the union of two color classes induces an acyclic
graph. One of the most interesting results regarding acyclic coloring is the result by Borodin [4], which
states that every planar graph admits an acyclic coloring with five colors. This resolved a conjecture
in the initial paper [14] of Griinbaum where he showed that five colors is necessary to acyclically
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color certain planar graphs; Kostochka and Mel'nikov [17] even constructed a bipartite planar graph
requiring five colors when acyclically colored. In contrast, the famous Four Color Theorem [2,[3] states
that every planar graph has a proper 4-coloring.

In [14], Griinbaum also raised the question of proper coloring with the additional constraint that
the vertices on a path of length three receive at least three colors. In other words, the union of two
color classes induces a star forest. Although Griinbaum gave no specific name for this type of coloring,
this coloring is now known as star coloring, ever since the term was first coined by Albertson et al. [1].
To be precise, a star k-coloring of a graph G is a proper k-coloring of G where the vertices on a path of
length three receive at least three colors. The star chromatic number of a graph G, denoted xs(G), is
the minimum k for which G admits a star k-coloring. Since a star forest is also an acyclic graph, star
coloring is a strengthening of acyclic coloring. Acyclic coloring and star coloring have been an active
area of research, and we direct the readers to a thorough survey by Borodin [5] for the rich literature.
There is also an edge-coloring analogue for star coloring; for recent progress on star edge-coloring
subcubic graphs, see [12}/15,(19}20].

In this paper, we are interested in star colorings of sparse graphs, where sparsity is measured in
terms of the maximum average degree. The maximum average degree of a graph G, denoted mad(G), is

2|E(H
the maximum of the average degrees of all its subgraphs, that is, mad(G) = max {]‘V((H))]’ HCG }
Since a planar graph G with girth at least g satisfies mad(G) < %, a result regarding graphs with

bounded maximum average degree implies that planar graphs with certain girth conditions can reach
the same conclusion, see [11].

Griinbaum proved that planar graphs are star 2304-colorable in [14] back in 1973, and after 45
years the best result so far is by Albertson et al. [1] where they showed that all planar graphs are star
20-colorable. They also constructed a planar graph that requires at least ten colors to be star colored,
and for a given girth g, they constructed a planar graph with girth g that requires at least four colors
to be star colored. Moreover, they investigated the star chromatic number for planar graphs with
certain girth constraints, where they proved that a planar graph G with girth at least 5 and 7 satisfies
Xs(G) < 16 and xs(G) < 9, respectively, improving upon some bounds in [13]. Timmons [21] and
Kiindgen and Timmons [18] continued the study as they obtained results that imply a planar graph
is star 4-, 5-, 6-, 7-, 8-colorable if its girth is at least 14, 9, 8, 7, 6, respectively. Sufficient conditions
on girth to guarantee that a planar graph is star 4-colorable have received much attention due to its
relation to the Four Color Theorem [2,3]. In particular, Bu et al. |[7] improved the girth constraint to
13, and Brandt et al. [6] has the current best bound showing that a planar graph with girth at least
10 has a star 4-coloring.

Lower bounds on the girth constraints have also been investigated. In particular, a planar graph
with girth 7 and 5 that requires 5 and 6 colors to be star colored has been constructed in [21] and [18§],
respectively. See Table [1I| for a summary of lower and upper bounds on the star chromatic number of
a planar graph with a given girth constraint.

gith | 3 | 4 | 5 | 6 | 7 | 8 | 9 |>10]
upper bound || 20 [1] | 20 [1] | 16 [1] | 8 [18] | 7 [18] | 6 [18] | 5 [21] 4[6W

lower bound || 10 [1] | 10 [1] | 6 [18] | 5 [21] | 5 [21] | 4 [1] 4 1] | 4 [1]
Table 1: Table of best known results.

Various results above are also true for the maximum average degree setting [6,/18,21] and the
list version setting [7,[8,/10,|18]. Researchers have also investigated star coloring for bipartite planar



graphs [16] and subcubic graphs [9/10]. In particular, we explicitly state the following two theorems:

Theorem 1.1 ( [7]). For a graph G, if mad(G) < % and its girth is at least 6, then G is star
H-colorable.

Theorem 1.2 ( [18]). For a graph G, if mad(G) < §, then G is star 6-colorable.

Our main theorem improves both aforementioned theorems. Note that Theorems and imply
that a planar graph with girth at least 8 and 9 has a star coloring with 6 and 5 colors, respectively.
Likewise, as a direct consequence of our main result, we improve the best known girth condition for a
planar graph to be star 5-colorable. We now present our main result and its direct consequence:

Theorem 1.3. For a graph G, if mad(G) < %, then G is star 5-colorable.
Corollary 1.4. A planar graph with girth at least 8 is star 5-colorable.

We actually prove a stronger statement, guaranteeing a certain partition of the vertices that implies
the existence of a star 5-coloring. For a positive integer k, a k-independent set of a graph G is a subset
S of V(G) such that a pair of vertices in S has distance at least k + 1 in G. For two disjoint sets
A and B, let AU B denote the disjoint union of A and B. We say a graph G has an FZZ-partition
Ful,Ulg, if F,1,,1g is a partition of V(G), each of I, and Ig induces a 2-independent set, and F
induces a forest. Since a forest is star 3-colorable (by picking a root and coloring the vertices according
to the distance to the root modulo three), if a graph G has an FZZ-partition F U I, Ll Ig, then G is
star 5-colorable; use three colors on F', one color on I, and one color on Ig. The above idea of using
a 2-independent set first appeared in Albertson et al. [1]. Hence, in order to prove Theorem it is
sufficient to show the following Theorem [1.5

Theorem 1.5. For a graph G, if mad(G) < %, then G has an FIL-partition.

The paper is organized as follows. The proof of Theorem is split into Sections and [
Section [2] lays out the discharging rules and reducible configurations. Sections [3| and [] provide the
proofs of the reducible configurations. We conclude with questions and tightness bounds in Section

We list some important definitions used in this paper. We use [n] to denote the set {1,...,n}. Let
G be a graph. For S C V(G), let G — S denote the graph obtained from G by deleting the vertices
in S. If S = {z}, then we denote G — S by G — z. Likewise, in order to improve the readability of
the paper, we often drop the braces and commas to denote a set and use ‘+’ for the set operation
‘U’. For instance, given A C V(G) and z,y,z € V(G), we use A+ 2 —y and A — z + zy to denote
(AU{x}) \ {y} and (A\ {z}) U{x,y}, respectively.

A dT-vertex, d-vertex, d” -vertex is a vertex of degree at least d, exactly d, at most d, respectively.
Given a vertex x, a neighbor of x with degree at least d, exactly d, at most d is called a d™-neighbor, d-
neighbor, d—-neighbor, respectively. For S C V(G), a vertex in a set S is called an S-vertez. Similarly,
we say u is an S-neighbor of a vertex v if u € Ng(v)NS. A pendent k-cycle is a cycle of length k where
all its vertices except one vertex = are 2-vertices; we also say this cycle is at the vertex x. A 3-cycle is
also called a triangle.

We finish this section with observations, which is frequently used in the proof.

Lemma 1.6. Let H be a graph with an FIZ-partition F'U 1, U Ig.
(i) If H has an induced subgraph isomorphic to Jy in Figure|l| and v* € I, then wy € Ig.

(ii) If H has an induced subgraph isomorphic to Jo in Figure|l), then v* € F.
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Figure 1: The graphs J; and Js.

Proof. To show (i), suppose to the contrary that wy ¢ I3. Then wy € F, and so one vertex from each
pendent triangle at w; is in Ig, which is a contradiction since I is a 2-independent set. To show (ii),
suppose to the contrary that v* ¢ F, say I,. By (i), w1 € I, and again by (i), wa € I,, which is a
contradiction since I, is a 2-independent set. O

In order to check the maximum average degree of a graph, we often use the potential function. For
a graph H, let py : 2VH) — 7 be the function such that py(A) = 4|A| — 3|E(H[A])| for A € V(H),
called the potential function for H. We use the following, which is straightforward from the definition:

pr(A) >0 for all A C V(H) if and only if mad(H) < %
For I C V(H), let

pia(D) = min{pp(K) | T < K € V(H)}.
For brevity, we often drop the braces and commas to denote pj;(A), such as pj;(ab) instead of
pj;({a,b}). An easy counting argument shows that for subsets A and B of V(H), pu(A) + pu(B) >
pa(AUB) + pg (AN B). This further implies the following;:

pr(A) + p(B) = pp (AU B) + py (AN B). (1.1)

For a graph H with mad(H) < % and disjoint subsets S,T of V(H), if T contains all vertices not in
S that are adjacent to an S-vertex, then since py (S UT) > 0, we have

pr_s(T) > —4-|S| + 3 - (the number of edges in H incident with an S-vertex). (1.2)

Finally, for graphs H and J with mad(H), mad(J) < %, let H' be the graph obtained from H by
attaching J to a vertex, that is, identifying a vertex v of H and a vertex w of J. If p};(v) > k >0
and p%(w) > 4 — k, then attaching J decreases the potential by at most k, and so mad(H’) < %.
Throughout the paper, we often attach a pendent triangle, Ji, and Js, which decreases the potential
by at most 1, 1, and 2, respectively.

2 Discharging Procedure

Throughout the figures in the paper, the degree of a solid (black) vertex is the number of incident
edges drawn in the figure, whereas a hollow (white) vertex means a 2*-vertex. For a graph H, let
V*(H) be the set of vertices of H except the 2-vertices on a pendent cycle. Suppose to the contrary
that a counterexample G exists to Theorem namely, mad(G) < % but G has no FZZ-partition.
Choose GG to be a minimum counterexample with respect to



(1) [V*(G)| is minimum, (2) |V(G)| is minimum.

We provide a list of subgraphs where each subgraph does not appear in G; each subgraph is also
referred to as a reducible configuration. We first define the following sets, see Figure

Wy = {x € V(Q):zis a 2-vertex not on a pendent triangle}

W3 = {x € V(G):zis a 3-vertex with two 2-neighbors}

Wy, = {x€V(G):zis a4-vertex on one pendent triangle}

W5 = {xz€V(G): xis a 5-vertex on two pendent triangles}

Vi = {ze€V(G):xisa k-vertex not in Wy} (k€ {3,4,5,6}).

For brevity, we use W;;, Wik, and Wazss to denote W; UW;, W; UW; U Wy, and Wo U W3 U W4 U Wi,
respectively.

in Wy
in Wy in Wjs

Figure 2: An illustration of a vertex in W3, Wy, and Ws.

The following is a list of reducible configurations. We will use [C1]-[C10] to show that every
vertex has final charge exactly % after applying our discharging rules. The configurations [C'1]-[C'5]
are utilized in the final step to reach a contradiction. We postpone the proofs to Sections [3] and [
[C1] (Lemma 3. D A 17 -vertex.

[C2] (Lemma [3.5) Two adjacent 2-vertices not on a pendent triangle.

[C3] (Lemma E ) A 3-vertex with only 2-neighbors.

[C4] (Lemma[3.2) A 3-vertex on a pendent triangle.

[C5] (Lemma [3.4) Two adjacent Ws-vertices.

[C6] (Lemma [3.8) A 3-vertex with a 2-neighbor and a Ws-neighbor.

[C7] (Lemma[3.9) A 3-vertex with two Ws-neighbors.

[C8] (Lemma[3.7) A Wy-vertex with a Wagss-neighbor.

[C9] (Lemma[3.6) A Ws-vertex with either a 3-neighbor or a Was-neighbor.
[C10] (Lemma[3.10) A 7-vertex on three pendent triangles with a Wags-neighbor.

[C'1] (Lemma[4.1)) A cycle consisting of Wag-vertices.
[C'2] (Lemmald.6) A cycle consisting of (V3 U Wy)-vertices where every V-vertex has a Wag-neighbor.

[C'3] (Lemma A Vy-vertex with all Wass-neighbors that has either two Wj-neighbors or two
Ws-neighbors.

[C'4] (Lemma A 5-vertex on one pendent triangle with three Wags-neighbors where two are
Ws-neighbors.



[C'5] (Lemma A 6-vertex on two pendent triangles with a Whgs-neighbor and a different Wos-
neighbor.

We will use the discharging method. For each vertex v of G, let the initial charge u(v) of v be its
degree, namely, ;(v) = deg(v). Note that the average initial charge (over all vertices) is at most 5
since mad(G) < %. Next, we distribute the charge according to the following discharging rules, which
are designed so that the total charge is preserved, to obtain the final charge p*(v) at each vertex v.
See Figure

Discharging Rules

R1 A 3"-vertex sends charge
R2 A 3"-vertex sends charge
R3 A 3*-vertex sends charge
R4 A 4"-vertex sends charge

to each of its 2-neighbors on a pendent cycle.
to each of its Wa-neighbors.
to each of its W3-neighbors.

Wl Wl Wl wiNd

to each of its Ws-neighbors.

R1 R2 R3 R4

Figure 3: An illustration of the discharging rules.

First, we will show that the final charge at each vertex is at least %. Let u be a k-vertex of G, and
label the neighbors w1, ..., u; of u in such a way that degg(ui) < -+ < degg(ug). By [CL], k& > 2.
Note that W3 is the set of all 3-vertices with exactly two 2-neighbors by [, and moreover Wj is an
independent set by [ Also, by [, all pendent cycles of GG are triangles, and a 2-vertex with a
2-neighbor is on a pendent triangle.

(1) Assume degq(u) = 2. Note that a 2-vertex does not send any charge by the discharging rules. If
u is on a pendent triangle, then it has a 3T-neighbor, which sends charge % to u by R1. Thus,
the final charge p*(u) of u is at least 2 + % = %. If v is not on a pendent triangle, then both

neighbors of u are 3™-vertices by [, sopu*(u) =242 % = % by R2.

(2) Assume degg(u) = 3. By [03], u has at most two 2-neighbors, so the neighbor ug is a 37 -vertex.
Also, u is not on a pendent triangle by [, so u sends charge % to each Whs-neighbor.

(2-1) Suppose u has exactly two 2-neighbors u; and ug, that is, u € W3. So u sends charge %
to each of u; and ug by R2. By [, uz € W3 and so u does not send any charge to us.
However, by R3 us sends charge % to u. Hence p*(u) =3 —2- % + % = %.

(2-2) Suppose u has exactly one 2-neighbor w;. So w sends charge % to u; by R2. By [qu],
ug, u3 & W3, and so u does not send any charge to us, us. Hence, p*(u) = 3 — % = %.

(2-3) Suppose u has no 2-neighbors. So u sends charge only to W3-neighbors. By [, u has at

most one Wj3-neighbor. Thus, it sends charge at most % by R3, and so p*(u) > 3 — % = %.



(3) Assume degg(u) = 4. If uw is on two pendent triangles, then the entire graph is formed by
identifying two triangles at one vertex, which has an FZZ-partition. If u € Wy, then by [,
u sends charge only to neighbors on the pendent triangle. Thus, u sends charge % to each of its
2-neighbors on the pendent triangle by R1, so, pu*(u) =4 — 2 - % = %. If w is not on a pendent
triangle, then it sends charge at most % to each of its neighbors by R2-R4, so p*(u) > 4—4% = %.

(4) Assume degg(u) = 5. If u € Wi, then by [(J9], the neighbor us is a 4™-vertex, which is not in
Ws. By R4, us sends charge % to u. Since us € W5, u sends no charge to us. By R1, u sends
charge % to each of its 2-neighbors on a pendent triangle, hence, pu*(u) = 5 —4 - % + % = %.
If w is on exactly one pendent triangle, then u sends charge % to each of its 2-neighbors on a
pendent triangle by R1 and sends charge at most 1 to each of the other neighbors by R2-R4,

so u*(u) >5—-2- 7—3 8 Ifunotonapendenttrlangle then p*(u )25—5~%:§>%.

(5) Assume degq(u) > 6. Suppose u is on exactly k& pendent triangles. If degs(u) = 2k, then the
entire graph is formed by identifying k triangles at one vertex, which has an ]-'II—partltlon Thus,
degg(u) > 2h-+1, and so u* () > dege(u)— (2K)-2 — (deg(u) —2k) - § = 29BGL=2k > desgu)+l]
So p*(u) >3 > & when degg(u) > 8.

(5-1) Suppose degq(u) = 7. By [C10], u is on at most two pendent triangles or u has a neighbor
who does not receive charge from u, so p*(u) > 5.

(5-2) Suppose degq(u) = 6. If u is on at most one pendent triangles sop*(u) >6—2-2—-4.1 =
2 > 8 If u is on two pendent triangles, then p*(u) >6—4-% —2-1 =3

From (1)-(5), we conclude that the final charge of every vertex is at least 8. If there is a vertex
whose final charge is more than , then the average charge is more than & 5, which is a contradiction.
Hence, every vertex has final Charge exactly 3, which further implies the following [P1]-[P5].

[P1] By (5), there is no 7t-vertex. Moreover, every 6-vertex v is on exactly two pendent triangles
and has two Wass-neighbors. Together with [C, v has two Wj3-neighbors.

[P2] By (4), every Vs-vertex v is on exactly one pendent triangle and has three Wags-neighbors.
Moreover, by [C, v has at most one Ws-neighbor.

[P3] By (3), every Vj-vertex v has only Wags-neighbors. Moreover, by [C, v has at most one
Ws-neighbor and at most one Wa-neighbor.

[P4] By (4), [d8], [P[1], [P2], and [P3], every Wy-vertex v has two V3-neighbors.

[P5] By (2), every Vi-vertex v has exactly one Was-neighbor. Moreover, by [(9], [PfL], [P2], and
[,, the other two neighbors of v are in V3 U Wy.

If V53U Wy # 0, then [Pd] and [P5] imply that G[V3 U W,] is 2-regular. Yet, this contradicts [C]2], so
Vs UWy = 0. Hence, V(G) = T U Wass U Vy+, where Vy+ = V3 U V5 U Vg and T denotes the set of all
2-vertices on pendent triangles of G. Note that by [PfL], [Pj2], and [Pf3], V,+ is an independent set.

By [03], [d5], and [Cf1], G[Wa3] is the union of vertex-disjoint paths. Let Z be the set of isolated
vertices of G[Was] and let Fyy be the set of non-isolated vertices of G[Was3]. Note that by the definition
of Wa, Z C W,

In the following, we will reach a contradiction by finding an FZZ-partition of G. We partition
each of Vy+, W5, and T as in the following (1)-(3). See Figure [4] for an illustration.



(1) Partition V,+ into X LY, UYp. Let

X = {z €V+ |z has two Ws-neighbors},
Y = {y€V,;+ |y has at most one Ws-neighbor}.

Note that X C V5 by [P[1], [P2], and [P[3]. Let Y' = {y € Y | y has a Z-neighbor}. [P]1], [P2], and
[ also imply that every Y’-vertex has exactly one Z-neighbor, and every (Y \ Y’)-vertex has only
(Fp U W5)-neighbors. Since V,+ is an independent set, a Y’-vertex has degree one in G[Y' U Z]. Since
each Z-vertex is a 2-vertex, each component of G[Y' U Z] is a path of length at most two. Moreover,
each Y’-vertex is an endpoint of some nontrivial component of G[Y' U Z], which implies that each
component of G[Y'U Z] contains at most two Y’-vertices. Partition Y’ into two sets Y. and Y} so that
for every component C' of G[Y' U Z], [CNY]| <1 for every v € {a,3}. Now let Y, =Y, U (Y \Y’)
and Y = Y} so that X LY, U Y} is a partition of Vy+.

(2) Partition W5 into Wx U W, LI Wj3. The following three sets partition Wi, since each Ws-vertex has
exactly one neighbor in X UY:

Wx = {w € W5 | w has an X-neighbor},
Wo = {w e Ws|w has a Yz-neighbor},
W3z = {w e W;s|w has a Y,-neighbor}.

(3) Partition 7" into T'x U T;, U T3. Choose a 2-vertex from each pendent triangle at a (Wx UX)-vertex,
and partition the chosen 2-vertices into two sets Ti, and T3 so that each of Ti, and T} is a 2-independent
set. This is possible since a 2-vertex on a pendent triangle at an X-vertex and a 2-vertex on a pendent
triangle at a Wx-vertex have distance at least three. Let Tx =T\ (T U Tp).

We will now show that F'U I, Ll Ig is an FZZ-partition of G, where
F=WyUXUWxUTx, I, =Y, UW,UT,, I/@}:YﬁUWﬁUTﬁ.

Consider F. Since Wa3 is the disjoint union of paths and X has at most one Was-neighbor, Was U X
induces a forest. Moreover, each pendent triangle containing a T’x-vertex also contains a vertex not
in F'. Hence, F induces a forest.



Suppose that there are two vertices u,v € I, U Ig with distance at most two. By the definition of
T, and T, if u € T,, (resp. Tp), then v & I, (resp. v & Ig). Suppose that u,v € Y UW,UWj. Since u
and v have distance at most two, at least one of v and v are in Y. Suppose that u,v € Y. Since every
vertex in Fy U W5 has at most one V,+-neighbor, it follows that u,v € Y’ and they have a common
Z-neighbor, which implies u, v are in the same component of G[Y U Z]. By way of construction, either
ueY, and v € Yé, orveY! and u € Yé. Lastly, suppose u € W, UWp and v € Y. Since u and v
have distance at most two, u and v are adjacent. By the definition of W, and W3, u and v are not in
the same I, for some v € {a, 5}.

Hence, we have shown that F'U I, U Ig is an F1Z-partition of G, which is the final contradiction.

3 Reducible Configurations [C1]-[C10]

In this section, we prove that [(f1]-[(fLO] cannot exist in G. Recall that the induction is on (1)
|[V*(G)|, the number of vertices of G except the 2-vertices on pendent cycles, and (2) |V(G)|, the
number of vertices of G.

In all lemmas and claims, we often end up with an FZZ-partition of G, which is a contradiction.

Lemma 3.1. In G, there is no 1~ -vertez. [C1]

Proof. If G has a 1™ -vertex z, then by the minimality of G, G — x has an FIZ-partition F'U I, U Ig,
which implies that (F'+ x) U I, U I is an FZZ-partition of G. O

Lemma 3.2. In G, there is no 3-vertex that either has only 2-neighbors or is on a pendent triangle.
(3], 4]

Proof. Let v1, v, v3 be the neighbors of a 3-vertex v. Suppose to the contrary that v has only 2-
neighbors. Let for each i € [3], let z; be the neighbor of v; other than v. Note that z; = zj for some
i # j is possible, but it does not affect the following argument. Let S = {v,v1,v2,v3} and H = G — S.
By the minimality of G, H has an FZZ-partition F' U I, U Ig. If neither (F'+ .S —v) U (Io+v) U Ig
nor (F'+ S8 —wv)UI,U(Ig+v) is an FZZ-partition of G, then z; € I, and z; € Ig for some 4, j € [3].
Now, (F' 4+ S) U I, U Iz is an FZZ-partition of G.

Suppose to the contrary that v is on a pendent triangle vvive. Let S = {vj,v9} and H =G — S.
By the minimality of G, H has an FZZ-partition F LI 1, UIz. If v € I,UIg, then (F 4+ viv) Ul, U 1g
is an FZZ-partition of G. So assume v € F, and now either (F' 4 vy) U (I +v2) U Ig or (F 4 v1) U
I, U (Ig 4 v2) is an FIZ-partition of G. O

Lemma 3.3. In G, the following statements hold:

(i) There is no triangle x1x923 such that x3 € Wy, x1,x9 are 3-vertices, and for each i € [2], the
neighbor of x; other than x1, xo is either a 3~ -vertex or a Wy-verter.

(ii) There is no 4-cycle x1xow3x4 Such that xo € Wa, x1,x3 € W3, and x4 is a 3~ -vertex.

Proof. Suppose to the contrary that such a cycle exists. We use the labels as in Figure [5]

(i) Let S = {z1,29, 23} and H = G— 5. Since p};(z1)+pj5;(22) > pl(2122) >= —4-3+3-5 =3 by
and (1.2)), without loss of generality assume p¥;(21) > 2. Then mad(H') < %, where H' is the graph
obtained from H by attaching J to z1. Since |V*(H')| < |[V*(G)|, by the minimality of G, H' has an
FII-partition F' UL, UIL. Let F'=F'NV(H) I, =1I,NV(H), and Ig = I;NV(H). By Lemma



ty ta 23 3
U1 U2
U1
EMK v, vh
Z1 Tl i) ) Z1 X1 i) z9

Figure 5: An illustration for Lemma

(i), z1 € F. If 29 € F, then either (F + z129) U Iy U (Ig+x3) or (F + x122) U (Io +23) U Ig is an
FITI-partition of G. Thus, {21, 20} C F. If z; € Wy, then we may assume that to € I,, and then either
(F + zox3)U(Io + 1)U lg or (F + z129) U (I + 23)Ulg is an FZZ-partition of G. If z; is a 3-vertex,
then either (F + x1x2) U (Jo + x3) U Ig, (F + xox3) U1y U (g + 1), or (F 4+ xox3) U (Io +21) U lg is
an FZZ-partition of G.

(i) Let S = {x1,22,23,24,v1,v3}. By the minimality of G, there is an FZZ-partition F' U I, U Ig
of G—=S. If 21 € F, then (F+ S —x123) U (Io+21)U(Ig+x3), (F+S—21)U [y +21)UIg, or
(F+8S—x1)UlyU(Ig+ 1) is an FIZ-partition of G. Thus, 21,23 € F, and now (F' + S —x2) U
(Io + x2) U Ig is an FZZ-partition of G. O

Lemma 3.4. In G, there are no two adjacent Ws-vertices. [

Proof. Suppose to the contrary that x,y € W3 are adjacent. We use the labels as in the left figure of
Figure @ Note that z1, z2,y1,y2 are distinct by Lemma (i). It might happen that z; = z; for some
i # j, nonetheless the following arguments are still valid. Let H = G—S where S = {x,y, z1, z2, Y3, Y4}
By the minimality of G, H has an FZZ-partition FUI,UIg. If 21, 29, 23,24 ¢ F', then (F' + S)UI,UIg
is an FZZ-partition of G. Suppose that at least one z; is in F. Without loss of generality, we may
assume 21, 22 & I. Since (F + S —z) U (I + x) U Ig is not an FZZ-partition of G, 23,24 € F. Then
(F+S—zy)U (o +2)U (g +y) is an FZZ-partition of G. O

21 1 Y3 Z3

>ﬂf Y i z uu v v

Z2 T2 Ya 24 G

G

Figure 6: An illustration for Lemmas and

Lemma 3.5. In G, there are no two adjacent 2-vertices not on a pendent triangle. [

Proof. Let u and v be adjacent 2-vertices not on a pendent triangle, and use the labels as in the right
figure of Figure [0l Let H = G — {u,v}. Since pj;(v/) + pj;(v') > 1 by and (1.2)), without loss of
generality, we may assume pj;(u') > 1. Now consider the graph H’ obtained by attaching a pendent
triangle w/'zy to u/. Then mad(H') < §. Since |[V*(H')| < |[V*(G)|, by the minimality of G, H' has
an FIZ-partition F' U I, U Ij. Let F'=F' NV(H), I, = [, NV (H), and Ig = [5 NV (H). If either
u & Forv ¢F, then (F+5) UI, UIg is an FZZ-partition of G. If v/,v’" € F, then without loss of
generality we may assume x € I,. Now, (F' 4+ v) U (I +u) U Ig is an FZZ-partition of G. O

Lemma 3.6. In G, there is no Ws-vertex with either a 3-neighbor or a Was-neighbor. [qgl]
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Proof. For v € W5, let vt1ty and vtgty be the two pendent triangles at v, and let v1 be the neighbor
of v that is not on a pendent triangle. Suppose to the contrary that v; is either a 3-vertex or a
Wos-vertex. If v1 € Wi, then the entire graph G is a subgraph of the graph Js in Figure [1l Yet, Jo
has an FZZ-partition, and therefore G has an FZZ-partition.

Assume v is a 37-vertex. Let H = G — {t1,1l2,t3,t4,v}. By the minimality of G, H has an
FITI-partition FUI,Ulg. If v; € F, then (F + vtit3) U (1o + t2) U (Ig + t4) is an FZZ-partition of G.
If v1 ¢ F and we cannot move v; to F', then the neighbors of v; in H are in F.. Without of generality
assume v € Io. Now (F + titatsts) U Iy U (Ig + v) is an FZZ-partition of G. O

Lemma 3.7. In G, there is no vertex v € Wy with a Wasyes-neighbor. [

Proof. Suppose to the contrary there is a vertex v € Wy with a Wasss-neighbor. We use the labels as
in Figure[7]

ty t3 11 to Y2 tq ta tq to

T2 22 T2

y
Figure 7: An illustration for Lemma

Assume vy € Was. Let H = G — {t1,t2}. By the minimality of G, H has an FZZ-partition
Ful,Ulg. Since (F + tita) U1, 15 is not an FIZ-partition of G, we have v € F'. Also, since neither
(F +to)U(Io +t1)UIg nor (F +t2)UI,L(Ig + t1) is an FZZ-partition of G, without loss of generality,
we may assume vy € I, and vy € Ig. If vy € Wy, then (F 4 vite) U (Io —v1 +t1) U Ig is an FIZ-
partition of G. If v; € Wy, then we may assume t3,t4 € F, and so (F + vty — t4)U([o — v1 + t1ta)U1g
is an FZZ-partition of G. If v; € W5, then we may assume {z1,x2,y1,y2} C F and so G has an FZZ-
partition (F + vito — ZL‘QyQ) (] (I(’)[ +t1xo — Ul) U (Ié + yg).

Now suppose v; € Ws. Let S = {v,vy1,t1,t2, 21,22} and let H =G — S.

Claim 3.7.1. For every FII-partition F'U I, U1Ig of H, 21,20 € F and vy ¢ F.

Proof. If vy € F, then (F + S — t1)U(Io + t1)Ulg, (F + S — tiv1)U(lq + v1)U(Ig +t1), or (F 4+ S — tyv)U
(Io +t1) U (Ig 4+ v1) is an FIZ-partition of G. Thus vy € F, and we may assume vg € Ig. If z; & I
for some i, then (F'+ S —t1) U (Io + t1) U Ig is an FZZ-partition of G. O

Suppose that pj;(v2) > 2. Let H' be the graph obtained from H by identifying ve and v* in the
graph Jo in Figure Then mad(H’) < §. Since [V*(H')| < |V*(G)|, by the minimality of G, H' has
an FZZ-partition, which also gives an FZZ-partition F'LI I, U Iz of H. Now, va € F' by Claim m
but this contradicts Lemma [1.6] (ii). Hence, p};(v2) < 1. By and (L.2),

pir(z1) + ol (22) + 1 > pig(21) + piy(22) + pir(v2) > pfg(212002) > —4-643-9 = 3.

Thus, we may assume that p};(z1) > 1. Let H' be the graph obtained from H by attaching a pendent
triangle to z;. Then mad(H') < §. Since |[V*(H')| < |V*(G)|, by the minimality of G, H' has
an FZIZ-partition, which also gives an FZZ-partition F U I, U Iz of H. Thus, by Claim we
may assume vy € Iz and 21,22 € F. By considering the pendent triangle of H' at z;, we know either
(F+8S—tiz)U(lq +tiz1)UIgor (F+ S —tiz)U(Iy +t1)U(Ig + 21) is an FZZ-partition of G. [

>
8
3
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Lemma 3.8. In G, there is no 3-vertex with a 2-neighbor and a Ws-neighbor. [qE[]

Proof. Suppose to the contrary that v is a 3-vertex with a 2-neighbor and a Wj3-neighbor. We use the
labels as in Figure [8] Note that it is easy to check x1, xo are distinct from vs. Let H = G — S, where
S - {Uu v1,02,21, :CQ}'

z2 )

Figure 8: An illustration for Lemma

Claim 3.8.1. For every F1ZI-partition of F'U I, U Ig of H, we know z3 € F. Moreover, if zo € I,
(resp. Ig), then one of z1 and zy is in F' and the other is in Ig (resp. I, ).

Proof. If z3 € F, then (F + S)UI,Ulg, (F'+ S —v)U(Io +vi)UIg, or (F+ S —v)UlU(Ig+ v1) is
an FZZ-partition of G. Hence, z3 € F'. Now, assume 2y € I,. Since neither (F' + .5 — vy)Ul, (g + v1)
nor (F' 4 S) U I, UIg is an FIZ-partition of G, one of z; and 2z is in F' and the other is in I. O

Claim 3.8.2. The following statements hold:

(i) Let H' be the graph obtained from H by attaching a pendent triangle T to zy. If H' has an
FII-partition F' UI!, L Ié, then zo & F'.

(i) Let H' be the graph obtained from H by adding an edge z;zj for some i,j € {1,2,3}. If H' has
an FIZ-partition F' U I, U Iy, then z € F'.

Proof. For an FIZ-partition F'UI, Ul of H',let F' = F'NV(H), I, = I[NV (H), and Iz = I;NV (H).
Since F'U I, U Ig is also an FIZ-partition of H, Claim implies z3 € F.

(i) Suppose to the contrary that zp € F. Without loss of generality, we may assume a 2-vertex on T’
belongs to I;,. Thus, either (F'+ 8 —v) U (I, +v) U Iz or (F+ 8 —wvi) U (Io +v) U (I +v1) is an
FIT-partition of G.

(ii) Suppose to the contrary that zg & F, say zop € I,. By Claim without loss of generality, assume
z1 € Fand zp € Ig. If z;2; = 2129, then (F + S — 1)Ul U(Ig + 1) is an FZZ-partition of G. If z;2; =
2123, then (F' + S)UI,Ulg is an FZZ-partition of G. If 2z;2; = 2923, then (F + 5 — v) Ul U (I3 + v2)
is an FZZ-partition of G. O

Let Z = {z0, 21,22, 23}. By (1.2)), p5;(Z2) > —4-54+3-8=4.
Claim 3.8.3. The following statements hold:

(a) gy () = 1 fori € {0,3}.
(b) pi(zizj) > 2 fori,j € {0,1,2,3} withi# j.
Proof. Instead of proving (a) and (b) separately, we show the following (1)-(4):

(1) py(z3) < 1. (2) pu(20) <1, (3) py(ziziz2) <3 forie{0,3}, (4) pi(zizoz3) <3 forie {1,2}.
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We argue it is sufficient to show (1)-(4). From (3) and (L.1)), pj;(23) +3 > p}(23) + pjy(202122) >
pi(Z) > 4. Thus pj;(z3) > 1, which implies pj;(23) = 1 by (1). Similarly, (2) and (3) imply
pi(z0) = 1. Hence, (1), (2), and (3) imply (a). We now show how (3) and (4) imply (b). Note that
(3) and (4) are equivalent to pj;(2izj2x) < 3 for three distinct ¢, j, k € {0,1,2,3}. Fori,j € {0,1, 2,3},
by (3) and (4), since implies

pr(2i2i)+6 = pp(zizj) o (Z2\{zi)+pu(Z\{2}) = pu(2i2)+0u(Z2)+01u(Z\{2, 2}) = 201 (Z) = 8,

we know pj;(2i2;) > 2. Hence, it is sufficient to show (1)-(4).

In each case, we will define a graph H’' from H so that mad(H') < § and |[V*(H')| < [V*(G)|. By
the minimality of G, H' has an FIZ-partition ' U I, UIj;. Let F'= F'NV(H), I = 1, NV (H), and
Iy = I; NV (H). Claim implies 23 € F.

(1) Suppose to the contrary that p};(z3) > 2. Let H' be the graph obtained from H by attaching
two pendent triangles to z3. Since pj;(23) > 2, mad(G’) < 5. Note that, since z3 € F, z3 has only
F-neighbors in H. Assume zy € F. If 21,29 & I, then (F + S —vjv2) U (In +v1) U (Ig +v2) is an
FITI-partition of G. Otherwise, either (F'4+ S —wv2) U I, U (Ig+v2) or (F + 5 —vive) U (1o + v2) U
(Ig +v1) is an FIZ-partition of G. Without loss of generality, assume zyp € I,. By Claim m
(F+ S —wp) U, U (Ig+ vg) is an FIZ-partition of G.

(2) Suppose to the contrary that p};(z0) > 2. Let H' be the graph obtained from H by attaching
Ji and a pendent triangle to zg. Note that mad(H’) < & since p};(z0) > 2. By Claimm (i), z0 € F.
Without loss of generality, assume 2y € I,. By Claim z1 € F and 2z € Ig. Also, 2y has a
I-neighbor by Lemma (i). Thus, (F+ S —v)Ul, U (Ig+v) is an FIZ-partition of G.

(3) Suppose to the contrary that p};(ziz122) > 4 for some i € {0,3}. By (1), (2), and (LI,
1+ p3(z122) > piy(2i) + pi(z122) > 4, s0 pjy(z122) > 3. Therefore,

Pr(zi) =1, pu(2122) 2 3, pp(ziz122) = 4. (3.1)

Let H' be the graph obtained from H by attaching one pendent triangle T to z; and adding an edge
z122. Note that by (3.1), mad(H') < §. By Claim (i) and (ii), it must be that i = 3.

If zop € F, then we may assume a 2-vertex of T" belongs to I!,. Furthermore, if (F + S — vjv9) U
(I + v2)U(Ig + v1) is not an FZZ-partition of G, then either (F + S — vox1)U(Iy + v2)U (15 + 1) or
(F + S —vawa)U(Io + v2)U(I5 + x2) is an FIZ-partition of G. Now, without loss of generality, assume
29 € I,. By Claim (ii), we may assume z; € F' and 29 € Ig. Now, (F + S — 1)U I, U (Ig + 1)
is an FZZ-partition of G.

(4) Without loss of generality, suppose to the contrary that pj;(z02z123) > 4. Since implies
pi(20) + pi(z123) > pi(z02123) > 4, together with (a) (which is true since (1), (2), and (3) are
proved), we know pj;(z123) > 3. Therefore,

pi(z0) = 1, p(z123) > 3, pi(202123) > 4. (3.2)

Note that by (3.2)), mad(H') < %, where H’ is the graph obtained from H by attaching one pendent
triangle to zp and adding an edge z123. By the minimality of G, H' has an FZZ-partition, which is a
contradiction by Claim [3.8.2] (i) and (ii). O

By Claim 3.8.3| (a) and (L)), we have p};(z02122) > p}y(Z) —pi;(23) > 3. In addition, for i € {1,2},
since pj;(zi) + 1 = pj;(zi) + pir(20) > piy(202i) > 2, we have pj;(2;) > 1. Therefore, by Claim [3.8.3]

pr(20) = 1, p(21) = 1, pp(22) > 1, pp(2021) = 2, ppy(2022) = 2, ppy(2122) = 2, ppy(202122) = 3.
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Then mad(H') < %, where H' is the graph obtained from H by attaching a pendent triangle to each
of 29, 21, 2z2. Since |[V*(H')| < |V*(G)|, by the minimality of G, H' has an FZZ-partition, which also
gives an FZIZ-partition F' U I, U Ig of H. By Claim (i), z0 & F. Together with Claim
we may assume 2o € I, 21 € Ig, and 29 € F. By considering the pendent triangle at zo, either
(F+8S—x)U(Iy+a2)Ulgor (F+S—x9) UI,U(Ig+ x2) is an FII-partition of G. O

Lemma 3.9. In G, there is no 3-vertex with two W3-neighbors. [

Proof. Suppose to the contrary that there is a 3-vertex v with two Ws-neighbors. We use the labels as
in Figure@ By Lemma (ii), all z;’s are distinct. Let H = G—S where S = {v, v1,v2, z1, T2, T3, T4}

z2 T2 T4 Z4

Figure 9: An illustration for Lemma

Claim 3.9.1. For every FIZ-partition F'U 1, U Ig of H, the following statements hold:

(i) if zo € F, then exactly one of z1, zo is in F', exactly one of z3,z4 is in F, and {z1, 22, 23, 24} N1, =
0 for some v € {a, 5}.

(ii) if 20 € Iy for some v € {a, B} and {z1, 22, 23,24} ¢ F', then exactly one of z1, 23 is in F, exactly
one of z3,z4 is in F, and {z1, 22, 23, 24} N I, = 0.

Proof. (i) Assume zg € F. If 21,20 € F, then (F 4+ S — v2)U(Io + v2)Ulg, (F + 8 — vo)UIL(I5 + v2),
or (F+S)UlI,UlIg is an FZZ-partition of G. If 21,20 € F, then (F + S5 —wvi) U (Io+v1) U I,
(F+ 8 —wvwe) U(Io+vi)U g+ wv2), or (F4 S —viv2)U (o +v2) U (Ig+v1) is an FII-partition
of G. Thus exactly one of z; and 29 is in F. By symmetry, exactly one of z3 and z4 is in F. Now,
if {z1,20,23,24} NI, # 0 for each v € {«, B}, then either (F + 5 —viv2) U (Io +v1) U (Ig + v2) or
(F+ 8 —wvivg) U Iy +v2) U (Ig +v1) is an FZZ-partition of G.

(ii) Without loss of generality, assume zo € I,. If 21,29 € F, then |{z3,2z4} N F| < 1,s0 (F+ S —wv1)U
I, U (Ig +v1) is an FZZ-partition of G. If 21,20 € F, then either (F 4 S) U I, UIgor (F 4 S —vy) U
I, U (Ig+v9) is an FIZ-partition of G. Thus, exactly one of 21,29 is in F. By symmetry, exactly
one of z3 and zy is in F. If {21, 29, 23,24} N I # 0, then either (F 4+ S —wv1) U I, U (Ig+v;) or
(F+ 8 —wg) U, U (Ig+ vg) is an FIZ-partition of G. O

In the proof of each of the following cases, we will define a graph H’ by modifying H so that
mad(H') < § and |V*(H')| < [V*(G)|. By the minimality of G, H' has an FZZ-partition F’ LI}, U Ip.
Let = F'NV(H), o = 1,NV(H), and Iz = I;NV(H). Then we can apply Claim Note that
by , we know p};(Z) > —4-7+3-11 =5, where Z = {2, 21, 22, 23, 24}

Claim 3.9.2. p};(z122) = pj;(2324) = 2 and p3;(20) = 1.
Proof. By (1.1)), since p3;(z122) + pjy(2324) +p3(20) > p3(Z) > 5, it is sufficient to show p3;(2122) < 2,
pi(z324) < 2, and pjy(20) < 1.

Suppose to contrary that p};(z122) > 3. Let H' be the graph obtained from H by adding an
edge z12z2. Note that since pj;(z122) > 3, mad(H') < %. If z9 € F, then by Claim m (i), we may
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assume that 21,23 € F and 29,24 € I,, and therefore (F + S —zjv2) U (Io +21) U (Ig + v2) is an
FIZ-partition of G. Suppose that zg € F, say zp € Iy. If {21, 22, 23,23} ¢ F, then by Claimm (i),
we may assume that 21,23 € F, 22,24 € I3, and therefore (F + .5 —x1) U I, U (Ig + x1) is an FIZ-
partition of G. If {21, 29, 23,23} C F, then (F + .5 —wv2) U I, U (Ig+ v2) is an FZZ-partition of G.
Therefore, pj;(2122) < 2, and by symmetry, pj;(2324) < 2.

In the following, we will show p};(20) < 1 in two steps. First we show pj;(20) < 2, and then
show pj;(z0) # 2. Suppose to the contrary that pj;(z9) > 3. Let H’ be the graph obtained from
H by attaching Jo and one pendent triangle to zg. See the left figure of Figure Note that
mad(H') < § since p};(z0) > 3. By Lemma (i), we know zg € F. So Claim (i) applies, and
moreover, by considering the pendent triangle at zp, we know that either (F +.5 —v) U I, U (Ig + v)
or (F+S—v)U(Iy+v)Ulgis an FII-partition of G. Hence, p};(29) < 2.

Now suppose that p};(20) = 2. By (L)),

pr(202122) + p(20) + pr(202324) + prr(20)
pu(Z) +3ppy(20) 25+3-2=11,

pr(2021) + pr(2022) + pr(2023) + p(2024) >
>

so without loss of generality, we may assume p};(z021) > 3. Since p};(z0) + pj;(21) > pi;(2021) by (1.1)
and we already have pj;(29) < 2, it follows that pj;(21) > 1. Hence,

pr(20) = 2, p(21) > 1, piy(2021) > 3. (3.3)

Let H' be the graph obtained from H by attaching J; and one pendent triangle Ty to zg, and attaching
one pendent triangle 77 to z1. See the middle figure of Figure Note that by , mad(H') < %.
If zp € F, then by considering Tp, Claim (i) implies that either (F + .S —v) U (Io+v) U Ig
or (F+S—v)UlI,U(Ig+v)is an FIZ-partition of G. Suppose that zg & F, say z9 € I,. By
Lemma (i), the neighbor of zo in Ji is in 5. If {21,20,23,24} ¢ F, then by Claim (i),
(F+S—wv)Ul,U(Ig+v) is an FIZ-partition of G. If {21, 29, 23, 24} C F, then by considering T7,
either (F'+ .8 — x1v2) U (Io + 1) U (Ig +v2) or (F 4+ S — xyv2) U1, U (Ig + x1v2) is an FIZ-partition

of G. Thus, p};(20) # 2 and so pj;(20) < 1. O
21 20 z3 21 20 z3 21 yZ() z3
T T Ji
>0 = =] To o< =] . o=
Jo T
>ZOQ f %% f 22 ITz 21%

Figure 10: An illustration for Lemma

Claim 3.9.3. Either pj;(z1) = 0 or pj;(22) =0, and also either pj;(z3) = 0 or pj;(z4) = 0.

Proof. Suppose to the contrary that pj;(z1) > 1 and pj(22) > 1. Note that pj;(2122) = 2 by

Claim Let H' be the graph obtained from H by attaching one pendent triangle to each of
z1 and zp. See the right figure of Figure Note that since pj;(z1), pi;(22) > 1, and pj;(2122) = 2,
mad(H') < 8. If 29 € F, then by Claim (i) we may assume that 21,23 € F and 29,24 € I, and
therefore either (F' 4+ S — x1v2) U (o + 1)U (g +v2) or (F 4+ S — z1v2) Ul U (Ig + x1v2) is an FIZ-
partition of G. Suppose that zo & F, say 20 € Io. If {21, 22, 23,23} ¢ F, then by Claim [3.9.1] (ii), we
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may assume 21 € F, and therefore either (F' + S — 21)U([o + x1)UIg or (F+ S —x)Ul,U(Ig + x1)
is an FZZ-partition of G. If {z1, 22, 23, 23} C F', then either (F'+ .S — z1v2) U (I + 1) U (Ig + v2) or
(F+ 8 —x1v2) U1y U (Ig + x1v2) is an FIZ-partition of G. Hence, either pj;(21) = 0 or pj;(22) = 0,
and by symmetry, either pj;(23) = 0 or pj;(z4) = 0. O

By Claim we may assume that pj;(z1) = pj;(23) = 0. Let H' be the graph obtained from
H by adding a path of length two between zo and zy, and for each of zo and z4, attach one pendent
triangle Ty and T}, respectively. Note that mad(H’) < £, since adding a path of length two decreases
the potential by 2, and the following inequalities, Wthh follow from Claim |3.9.2] “ 2| and .

(22) = P (21) + pp (22
(24) = P (23) + ppr (24
(2224) + 1 = py(2224)
If 29,24 ¢ F, then we may assume 23 € I, and 24 € Ig since zp and z4 have distance two in H !
Therefore, (F + S —wvive) U (In+wv2) U (Ig+v1), (F+S—wv)Ul,U(Ig+wv1), or (F+S—wv2) U
(Io +v2) U Ig is an FZZ-partition of G. Suppose that zo € F. Without loss of generality, we may
assume a 2-vertex on T, belongs to I, where F” U I}, U I} is an FTIZ-partition of H'. If 29 € F, then
by Claim [3.9.1] (i), either (F + S — zovp) U (1o + 22) U (Ig + v2) or (F + 5 — zova) U (In + x2v2) U g
is an FZZ-partition of G. Suppose that zy & F. If {z1,22,23,24} ¢ F, then by Claim (ii),
(F+ 8 —x2)U(Iy + x2) Ulgis an FIZ-partition of G. If {z1, 22, 23,24} C F, then (F + .5 — xov2) U
(Io + x2) U (Ig + v2) is an FIZ-partition of G. O

P (2122) =
P (2324) =
(21) + PH(Zs) + pir(20) > pp(Z) > 5.

S
I\/ I\/

)
)
+

DD
m*m*m*

PH

Lemma 3.10. In G, there is no T-vertex on three pendent triangles with a Wass-neighbor. [C10]

Proof. Let v be a 7-vertex on three pendent triangles where vy is the neighbor of v not on a pendent
triangle. If v; € Wi, then G is a graph with twelve vertices, and it is easy to find an FZZ-partition of
G. Suppose v1 € Was, which implies that v is a 37 -vertex. We use the labels as in Figure

¥ W

Figure 11: An illustration for Lemma 3

Let S = {t1,...,t6} and let H := G — (SU{v}). By (L.1) and (1.2)), pj;(v1) > —4-7+3-10 =2,
Then mad(H') < %, where H' be the graph obtained from H by attaching two pendent triangles to
v1. Since |V*(H')| < |[V*(G)|, by the minimality of G, H' has an FZZ-partition, which also gives an
FII-partition FUI,UIgof H. If vy € I,, then since (F' 4+ S + v1)U (o — vy +v)U g is not an FIZ-
partition of G, we know 21, 22 € F. Now, (F + S)UI,U(Ig +v) is an FZZ-partition of G. If v; € F,
then by considering two pendent triangles of H', we have z1, 22 € F, and so (F 4+ S)U (I, +v) U g is
an FZZ-partition of G. O
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4 Reducible Configurations [C'1]-[C'5]

Lemma 4.1. The subgraph of G induced by Was is a forest. [C

Proof. Suppose to the contrary that there is a cycle C' consisting of Was-vertices. By [ and [, C
is an even cycle such that a Ws3-vertex and a Wa-vertex appear alternatively. Let C : ujviuovs . .. upvk
(k > 2) where u; € Wy and v; € W3. Let z; be the neighbor of v; not on C, and let Z = {z1,..., z}.
Let H=G —V(C). Since |V*(H)| < |[V*(G)|, by the minimality of G, H has an FZZ-partition.

Claim 4.1.1. For every FIZ-partition F U I, Iz of H, either Z C F or ZNF = {.

Proof. Let ZNF = {2z, %y, ..., 2i, } where i; < --- < i;. Suppose to the contrary that 1 <t <k — 1.
Without loss of generality, assume z; € I, and ¢; = 1 so that z;;, = 21 € F. If t = 1, then
(F+V(C)—u)ulaU(Ig + up) is an FZZ-partition of G. Now assume ¢ > 2. Add u; to Ig. For each
s € {2,3,...,t}, add wu;, to either I, or Ig one by one according to the following rule: add w;, to I,
and Ig if either w;,_1 or z;,_1 is in Ig and I,, respectively. Note that both w;,_1 € I, 2;,—1 € Ig and
u;,—1 € Ig, z;,—1 € I, cannot happen since u;,_1 is added to either I, or Ig if and only if z;, 1 € F'.
Also, since t < k—1, u;, and u; has distance at least three. Now add all vertices in V/(C)\{us,, ..., ui, }
to F', which results in an FZZ-partition of G. O

Claim 4.1.2. Let H' be a graph with an FII-partition F' LI, L Ij.
(i) If H' is the graph obtained from H by attaching a pendent triangle T to some z;, then ZNF' = .
(ii) If H' is the graph obtained from H by attaching Jy in Figure|l| to some z;, then Z C F'.

Proof. Let F'U I, U I be a restriction of F U I, U I to V(H), which is an FZZ-partition of H. By
Claim [4.1.1] either Z C F or ZN F = (). Hence, either Z C F' or ZNF' = 0.

(i) Suppose to the contrary that Z N F' # (), so Z C F’'. Without loss of generality, let z; = 21
and assume a 2-vertex on T belongs to I/,. Let Uy = {u; | iisodd ,3 < i < k} and Uz = {u; |
iis even ,4 <i < k}. Then (F + vous... v +uiuz) U (Io + Ur) U (Ig + Uz + v1) is an FZZ-partition
of G.

(ii) Suppose to the contrary that Z ¢ F’, so ZNF' = (). Without loss of generality assume 21 € I/,. By
Lemma (i), the center of J is in I, so G has an FIZ-partition (F + V(C) — v1)UlU(Ig +v1). O

(Case 1) Suppose pj;(2;) > 2 for some i. Let H” be the graph obtained from H by attaching a pendent
triangle 7" and the graph J; in Figureto zi. Then mad(H”) < §. Since |V*(H")| < [V*(G)|, by the
minimality of G, H” has an FZZ-partition. Note that we may apply both Claim (i) and (ii) to
H" and conclude both ZNF' = () and Z C F, which is a contradiction.

(Case 2) Suppose pj;(2i) < 1foralli € [k]. By (1.1 and (L.2)), Zle py(zi) > p3(Z) > —4-2k+3-3k >
k, and so pj;(z;) =1 for all <. Then we have pj;(2122) > 2, since

Pi(z122) + k= 2 = pi(z122) + Y pir(21) > pir(Z) > k.
>3

Let H” be the graph obtained from G by attaching a pendent triangle T' to z; and attaching the
graph Jp in Figureto 7. As in the previous case, mad(H"”) < &. Since [V*(H")| < [V*(G)], by the
minimality of G, H” has an FZZ-partition. Note that we may apply both Claim (i) and (ii) to
H" and conclude both Z N F’ = () and Z C F, which is a contradiction. O
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The following lemma implies [C.
Lemma 4.2. In G, there is no Vy-vertex v satisfying one of the following:
(i) v has two Ws-neighbors.
(ii) v has three Wa-neighbors and the last neighbor is in Wass.
(iii) v has two Wa-neighbors and the other two neighbors are in Wass.

Proof. Let uq,uo, us, us be neighbors of a vertex v € V.
(i) Suppose to the contrary that uy,us € Ws. Let S = Nglui] U Nglug] and H = G — S. Let H'
be the graph obtained from H by adding an edge uszus. By (L.1) and (L.2)), we have p};(uszus) >
—4-1143-16 = 4, and so mad(H’) < §. Since |V*(H’)| < |V*(G)|, by the minimality of G, H' has an
FIZ-partition F U I, U Ig, which is also an FZZ-partition of H. From each w; where ¢ € [2], let ¢;, ¢}
be 2-vertices from different pendent triangles on u;. Now, (F + S — t1t\tath) U (1o + tite) U (Ig + t)th)
is an FZZ-partition of G.
(ii) Suppose to the contrary that wuq,us,us € Wy and ugy € Wags. We use the labels as in Figure
Let H =G — S, where

{v,u1,u2,us} U Nglug] if uqy € Wjs

S = < {v,u1,u2, us, x4, 24} if ug € W3
{U,ul,UQ,U3,U4} if uy € Wi

By the minimality of G, H has an FZZ-partition F L I, U Ig. If uy € W5, then since (F' + S —tt') U

ul 21 uy 21 ul 21

Figure 12: An illustration of Lemma (ii).

(In +t)U(Ig + t') is not an FZZ-partition of G, at least two z;’s are in F. Then either (F' + S — vuy) U
(Io +v)U (Ig+uyg) or (F+ S8 —vug)U (I +us) U (Ig+v) is an FZZ-partition of G.

Suppose that ug € W3. If at most one of 21, 29, 23 is in F, then (F + 5 —u4) U Iy U (15 + wa),
(F+S—u)U (o +us)UlIg, or (F+S)UI,Ulgisan FIZ-partition of G. If two of 21, 22, 23 are in
F,then (F+S—v)U(ly+v)Ulg, (F+S—v)Ul,U(g+v), (F+S5—vus)U Iy +v)U(Ig+ us),
or (FF 4+ 5 —wvus) U (Io +us) U (Ig + v) is an FIZ-partition of G.

Now suppose that uy € Ws.

Claim 4.2.1. For every FIZ-partition F'U 1, UIg of H, exactly two of z;’s are in F.

Proof. If at most one z; is in F', then G has an FZZ-partition (F' + S) U I, U Ig. If at least three 2/s
are in F', then either (F + S —v)U (I +v)Ulgor (F+ S —v)UI,U(Ig+ v) is an FZZ-partition of
G. O
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By (1.2), we have p};(21222324) > 4.
Claim 4.2.2. (a) pj;(2) <2 for every i € [4] where i # j.

(b) piy(zizj) < 3 for every i,j € [4] where i # j.
(c) If pj(zizj) = 3 for i,j € [4] where i # j, then py(zizjz) = 3 for every k € [4]\ {4, j}.

(d) There are no distinct i, j, k € [4] such that attaching a pendent triangle at each of z;, z;, zx, results
in a graph H' satisfying mad(H') < %.

Proof. In the proof of each case, we define a graph H' by modifying H so that mad(H') < % and

[V*(H")| < [V*(G)]. By the minimality of G, H' has an FZZ-partition F'UI,UI};. Let F' = F'NV(H),
Iy=1I,NV(H), and Is = I, V(H).

(a) Suppose to the contrary that p§;(z1) > 3. Let H' be the graph obtained from H by attaching
Jy and a pendent triangle to z;. Note that since pj;(z1) > 3 we know mad(H’) < 3. By Lemma
(ii), z1 € F. By considering a pendent triangle 71, together with Claim either (F + S —up) U
(Io +ur)Ulgor (F+S—u)Uly,U(Ig+ up) is an FIZ-partition of G.

(b) Suppose to the contrary that pj;(z324) > 4. Since pj;(23) + pi;(za) > piy(z324) by (L.I), we
may assume that pj;(z3) > 2. Let H' be the graph obtained from H by adding an edge z3z4 and
attaching Ji to z3. Since pj;(2324) > 4 and p};(23) > 2, we know mad(H’) < %. Suppose z3 € F. By
Claim exactly one of 21, 22,24 isin F. If z4 € F', then (F 4+ S)UI,UIg is an FZZ-partition of G.
If z4 & F, then either (F' + .S — ug)U(Io +uz)Ulgor (F + .S — ug)UIl,U(Ig + u3) is an FZZ-partition
of G. Now suppose z3 € F, say z3 € I,. By Lemma (i), by considering the center of Jj, we know
z4 € F. Now, G has an FZZ-partition (F + S — ug) U (Io + ua) U I5.

(¢) Suppose to the contrary that p}; (2324) = 3 and pj;(z12324) > 4. By (L.1)), pj;(21) + pjy(2324) >
pi(z12324) > 4 and so pj;(z1) > 1. Let H' be the graph obtained from H by adding a pendent
triangle T at z; and an edge z3z4. If 24 € F, then since (F' + 5) U I, U Ig is not an FZZ-partition
of G, we may assume 23 € I,. Now, (F + S —uy) U (Io+us) U Ig is an FIZ-partition of G. If
23,24 € F, then 2 € F. By considering a pendent triangle T, either (F' + .S —uy) U (Io + u1) U g or
(F+S—w)Ul,U(lg+wu)is an FZZ-partition of G.

(d) Suppose to the contrary that attaching a pendent triangle T; to each of z1, 29, z3 results in a
graph H' satisfying mad(H') < %. By Claim we may assume z; € F' and a 2-vertex on 7] is in
I,. Now, (F'+ S —wuy) U (Io +u1) U Ig is an FIZ-partition of G. O

If p};(zi) = 0 for two integers i € [4], say pj;(z1) = pj;(22) = 0, then by and (L.2)), p};(21) +
pi(22) + pi(z3za) > piy(z1222324) > 4. This implies pj;(2324) > 4, which is a contradiction to
Claim [£.2.2](b). Hence, we may assume that p};(z;) > 1fori € [3]. If pj;(2122), py (2223), pi(2123) < 1,
then 3 > pj;(z122) + piy(2223) + pl;(2123) > 2pj;(212223), which implies pj;(212223) = 1. Therefore
pi;(z1) > 3, which is a contradiction to Claim [£.2.2] (a). Hence, we may assume pj;(z122) > 2. If

pir(z12223) < 2, then by (L.1)

Pr(z12224) > pp(21222324) + ppr(2122) — ppr(212223) > 6 — 2 =4,

pr(z124), pr(2224) > ppr(24) > ph(z1222324) — ppy(212223) > 2.

Thus, attaching one pendent triangle at each z; for i € {1,2,4} results in a graph H' with mad(H') < %,
which is a contradiction to Claim [£.2.2) (d). Hence, p};(212223) > 3. Note that by (L)

P (2223) + pi(2123) = pi(212223) + pp(23) =23+ 1 =14. (4.1)
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If p};(z223) = 2, then pj(z123) > 2 by (4.1). Thus, attaching one pendent triangle at each z; for
i € {1,2,3} results in a graph H’ with mad(H') < &, which is a contradiction to Claim (d).
Hence pj;(2223) # 2, and by symmetry, pj;(2123) # 2 We may assume pj;(2223) = 1. Note that
pi(z12324) > pj(2123) = 3 where the second equality is from and Claim (b). Together
with Claim [4.2.2) (d), we have pj;(z12223) = 3, and therefore by

pr(za) > pr(z1222324) — ppr(2z12223) > 1
pr(z124) > p(z1222324) — ppr(2223) > 3,
P (z324) > py(z1202324) + piy(23) — ph(z12223) > 4+1 -3 =2.

Thus, attaching one pendent triangle at each z; for i € {1,3,4} results in a graph H’ satisfying
mad(H’) < §, which is a contradiction to Claim m (d).

(iii) Suppose to the contrary that uy,us € Wy and us, uqy € Wass. By (i) and (ii), we may assume that
us € W3 and uy € Ws5. We use the labels as in Figure |13 u Let S = Ng|[v] U Ng[ug] U Nglug]. By the
minimality of G, H = G — S has an FZZ-partition. Let Z be the set of all z;’s and z’s.

u 21

Figure 13: An illustration for Lemma (iii).

Claim 4.2.3. For every FIZL-partition H U I, Ulg of H, Z C F.

Proof. Suppose to the contrary that Z ¢ F. Suppose ugq € Ws. If 29 € F, say z1 € I,, then
since neither (F' 4+ S — usuq) U (I + u3) U (Ig + ug) nor (F + S —ugug) U (Lo +ua) U (Ig + u3) is an
FI1Z-partition of G, we may assume z3 € I, and z5 € Ig. Yet, (F+ S —tt') U (Io+1t)U (Ig+1t)
is an FZZ-partition of G. Therefore, 21,20 € F, and since Z ¢ F, we know {z3,24} ¢ F. Now,
(F+ S —vug) U (o +v)U(Ig + ug) is an FIZ-partition of G.

Suppose that ug € Ws. If 23 ¢ F, then we may assume z3 € [,. Since neither (F + S —v) U
(Io +v) U Ig nor (F+ S —vug) U (Lo +v) U (Ig +us) is an FIZ-partition of G, we may assume
21 € I,. Similarly, we conclude zp € Ig. Now, (F +S5)U I, Ulg, (F+S—uy) U (ly+us)UIg, or
(F+ S —ws)UI,U(Ig+ uq) is an FIZ-partition of G. Therefore, z3, 25, 24, 24 € F'. Since Z ¢ F, we
know {z1, 22} ¢ F. Now, (F + 5 —ugus) U (Io +u3) U (Ig 4+ us) is an FIZ-partition of G. O

Note that by (1.2)), if us € W5, then p}(Z) > —4-11+ 316 = 4 = |Z|, and if usy € W3, then
pi(Z) > —4-9+314=6=|Z].

Suppose pj;(z122) > 3. Let H' be the graph obtained from H by adding an edge z1z2. Then
mad(H') < §. Since |V*(H')| < [V*(G)|, by the minimality of G, H' has an FZZ-partition, which
also gives an FZZ-partition F Ll I, U Ig of H. By Claim 2.3} Z C F, so G has an FZZ-partition
(F+ S —wugug) U (I +u3) U (Ig + ug).
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Now suppose pj;(z122) < 2. Then Z pu(z) > |Z] — 2, since py(z122) + Z pu(z) > |Z]
2€Z\{z1,22} 2€Z\{z1,22}

by . Without loss of generality assume pj;(z3) > 1. Let H' be the graph obtained from H by

attaching a pendent triangle T to z3. Then mad(H’) < 8. Since |V*(H')| < [V*(G)|, by the minimality

of G, H' has an FZZ-partition, which also gives an FZZ-partition FF'UI,UIg of H. By Claim we

have Z C F. By considering the pendent triangle T', either (F' 4+ S — vusxz) U (Io + x3us) U (Ig + v)

or (F 4+ S —vugxs) U (Io +v) U (Ig + x3us) is an FZZ-partition of G. O

Lemma 4.3. In G, there is no 6-vertex on two pendent triangles with a Wags-neighbor and a different
Was-neighbor. [C

Proof. Suppose to the contrary that there is a 6-vertex v on exactly two pendent triangles with a
Wos-neighbor u; and a different Wass-neighbor us. If ug € W5, then by considering an FZZ-partition
of G — (Ng[v] U Ng[ug]), it is easy to find an FZZ-partition of G. Assume up € Waz. We use the
labels as in Figure

123

Ul z1

ty

t4

ts Uz o= ts (e =

23 23

Figure 14: An illustration of Lemma

If uy € Wo, then let S = Ng[v], and if u; € Wp, then let S = Ng[v] U Ng[ui]. By the minimality
of G, H =G — S has an FZZ-partition. When uy is a 2-vertex, we ignore z3 in Claim [£.3.1]

Claim 4.3.1. For every FIZ-partition F'UI,Ulg of H, {22,223} C F.

Proof. Suppose to the contrary that {z9,23} ¢ F. Without loss of generality, assume zy € I,. If
uy € Ws, then (F + S — titsziz3) U (Io + tiz1) U (Ig + taxs) is an FZZ-partition of G. If u; € Wy,
then since (F' 4+ S — tit3) U (I + t1) U (Ig + t3) is not an FIZ-partition of G, we conclude 21, 23 € F.
Now, (FF 4+ S —v)U I, U (Ig +v) is an FIZ-partition of G. O

Suppose up € Wy. Let F'U I, U Iz be an FIZ-partition of H. By Claim »w € F. If
uy € Ws, then (F + 5 —vu) U (In +ui) U (Ig +v) is an FZZ-partition of G. If uy € W, then either
(F+S—v)U{a+v)Ulgor (F+S—v)Ul,U(Ig+wv) is an FIZ-partition of G.

Suppose ug € Ws3. By , if ui € Wy then pj;(2223) > 3, and if u1 € W5 then pj;(2023) > 4.
Let H’' be the graph obtained from H by adding an edge 2223. Then mad(H') < 3. Since [V*(H')| <
|[V*(G)], by the minimality of G, H' has an FZZ-partition F LI, U I, which is also an FZZ-partition
of H. By Claim[4.3.1] 29,23 € F. If u; € Wo, then either (F +5 —v)U ([, +v)Ulgor (F+ S5 —wv)U
I, U (Ig +v) is an FZZ-partition of G. If uy € W5, then (F + 5 —vuy) U (Io +v) U (Ig +uq) is an
FIT-partition of G. O

Lemma 4.4. In G, there is no 5-vertex v on one pendent triangle with three Wass-neighbors where
two are Wa-neighbors. [CH]
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Proof. Let v be a 5-vertex on one pendent triangle with three Wass-neighbors where two are Wa-
neighbors. We use the labels as in Figure Let H =G — S, where

{’U,tl,tg,ﬂl,’dg,’dg}UNG(Ug) if us € W5
S = {v,t1,t2, ur,us,u3} if ug € W
{v,t1,t2,u1, ug, x3, 24} if uz € Ws.

By the minimality of G, H has an FZZ-partition 'L I, U Ig. If uz € W5, then since neither

ul 21

Figure 15: An illustration for Lemma

(F+ S —wvuz)U(lo +v)U(Ig +u3) nor (F+ S —vuz)U(Io +uz)U(Ig + v) is an FZZ-partition of G,
we have 21,29 ¢ F. Thus, G has an FZZ-partition (F + S — t1tt') U (Lo +t) U (Ig + t't1). If ug € W,
then since neither (F' + S —v) U (Io +v)UIg, nor (F + S —wv)UI,U(Ig+v) is an FII-partition of
G, we have z1, 29 € F. Thus, G has an FZZ-partition (F + S —t1) U (Io +t1) U I.

Now suppose that uz € W3. If z; € F for some i € [2], then we may assume that z;, 2o & I, and
so either (F 4+ S —v)U Iy +v)Ulgor (F+ .S —wvuz)U (o +v)U(Ig+ uz) is an FZZ-partition of G.
If 21,20 € F, then either (F—l- S — tl) (] (Ia +t1) ] IB or (F+ S — t1U3) U (Ia +t1) (] (IB +U3) is an
FITI-partition of G. O

Lemma 4.5. In G, there is no Ws-vertex u with a 3-neighbor such that a 2-neighbor of u has only
37 -neighbors.

Proof. Suppose to the contrary that there is a vertex u € W3 with a 3-neighbor z; and a 2-neighbor x>
with only 37 -vertices. We use the label as in Figure By Lemmas and all z;’s are distinct.
Let S = {u,z2,23}, and H =G — S.

Figure 16: An illustration for Lemma

Claim 4.5.1. For every FIZL-partition F'Ul,UIg of H, 21,23 € F' and 23 ¢ F.

Proof. 1f at most one z; is in F, then (F + S)U I, U1Ig is an FZZ-partition of G. Suppose that Z C F.
Since neither (F' + xox3) U (Io +u) U Ig nor (F + xox3) U I, U (Ig + u) is an FZZ-partition of G, we
may assume vy € I, and v} € Ig. Since (F' + S)UI, U Iz is not an FZZ-partition of G, either vy or v
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is in F. Now, either (F' 4 ux3)U (Io + x2) UIg or (F 4+ uxs)UI, U (Ig + x2) is an FZZ-partition of G.
Hence, exactly two of z;’s are in F'. Suppose to contrary that z; € F'. Since none of (F + S)U I, U 1g,
(F +ux3) U (In +x2) U g, or (F 4 wux3) U, U (Ig+ x2) is an FIZ-partition of G, we may assume
that z1 € I, va € Ig, and vy € F. Since (F + zox3) U I, U (Ig + u) is not an FZZ-partition of G,
either vy or v} is in Ig. Now, (F + zjzox3) U (In + u — 21) U Ig is an FZZ-partition of G. O

Suppose pj;(z2) > 2. Let H' be the graph obtained from H by attaching J> to z2. Since |V*(H')| <
[V*(G)], by the minimality of G, H' has an FIZ-partition ' U I}, U I5. By Lemma (ii), 20 € F’,
which is a contradiction to Claim Hence, pj;(22) < 1.

Since pj;(21) + pjr(22) + pjr(23) > 3 by and (L.2), we have p}(21) + pj(23) > 2. Suppose
pi;(z3) > 1. Let H' be the graph obtained from H by attaching a pendent triangle 7" to z3. Then
H'’ has an FIZ-partition, which also gives an FZZ-partition F U I, LIz of H. By Claim
z3 € F. By considering a 2-vertex of T' not in F, we know either (F + uxs) U (Io + x3) U Ig or
(F +uxe) Uy U (Ig 4 x3) is an FIZ-partition of G. Hence, p};(23) = 0, and therefore pj;(21) > 2.

Now, let H' be the graph obtained from H by attaching two pendent triangles T} and T5 to z;. Then
H’ has an FIZ-partition, which also gives an FZZ-partition F'U I, U I of H. By Claim 2 € F.
By considering 2-vertices on T1,T», we know that v1,v] € F. Hence, either (F + zox3) U (1o +u) U I3
or (F + zoxs) U I, U (Ig +u) is an FZZ-partition of G. O

Lemma 4.6. In G, there is no cycle C consisting of (V3 U Wy)-vertices such that every Vs-vertex on
C has a Waz-neighbor. [C

Proof. Suppose to the contrary that there is such a cycle C' : ujug ... u. For j € {2,3}, let
X; ={u € V(C)N V3 | the neighbor of u not on C is a Wj-vertex}.

We use the labels as in the left figure of Figure in particular, we label the neighbors of (X5 U X3)-
vertices and their neighbors. We first consider the case where all of the v;’s, t;’s, and ¢;’s are distinct.
The other case when some vertices are identical is presented afterwards.

Figure 17: An illustration for Lemma

Suppose that all of the v;’s, t;’s, and t.’s are distinct. Let V' be the set of all v;’s, T' be the set of
all t;’s and t;’s, and Z be the set of all z;’s and z/’s. Let S =V(C)UV UT and H =G — S.

Claim 4.6.1. Ifk =5, then V(C) ¢ X».
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Proof. Suppose to the contrary that £ = 5 and V(C) = X,. Since ), pj(2z) > —10-4 + 15 -
3 =05 by and , we may assume pj;(z1) > 1. Let H' be the graph obtained from H by
attaching a pendent triangle T} to z;. By the minimality of G, H' has an FZZ-partition, which also
gives an FIZ-partition F'U I, U Ig of H. If Z C F, then by considering a 2-vertex on 77, either
(F+ 8 —viugua) U (1o +u2) U (Ig + viug) or (F + .S —viugua) U (I + viug) U (Ig + ug) is an FLI-
partition of G. If z; ¢ F for some 4, then it is easy to find a partition Yy, Y7, Y2 of V(C) \ {u;} such
that (F +V 4+ w; + Yo) U (In + Y1) U (Ig + Y2) is an FZZ-partition of G. O

By the minimality of G, H has an FZZ-partition F'U I, LI I3. For j € {2,3}, let X]F = {u; € Xj |
2,z € F}, and let Xjaﬁ = X; \XJF

Claim 4.6.2. There exists an i € [k] such that u; € X3 U Wy,

Proof. Suppose to the contrary that for every i, u; € Xo U X?B. If £ < 4, then it is not hard to find
a partition Y7, Y2, Y3 of V/(C) such that (F +7 +V 4+ Y1) U (Io + Y2) U (L5 + Y3) is an FZZ-partition
of G. Assume k > 5.

If u; € XS’B for every i, then we may assume 2y € I,, and so (F + .S —uy) U I, U (Ig 4+ u1) is an
FII-partition of G. Hence, u; ¢ Xgﬂ for some i, so u; € XfUX?’B. We have two cases: (1) u; € XS’B
and u; € X4 U Xgﬁ for some i, j, and (2) u; € X7 UX?B for every 1.

(Case 1) Without loss of generality, assume uj € X5 P and uy € xXfuxyg P We first find a partition

of V(G) by performing the following algorithm. First, add all vertices of XQO‘B UT UV to F, and add
uy to I. For i € [k — 2], if uy,...,u; are determined, but w;41 is not yet, then do the following:

If u; ¢ F', then add w;11 to F. Otherwise, for v € {«, B} satisfying u;—1 & I, add u;41 to I,.

Note that by the algorithm, u,us € F. Since the resulting partition F' U I, U Iz is not an F1Z-
partition of G, uy_1 € I, and therefore uy_o € F. Since (F + up—1) U (Io —up—1) U Ig must not
be an FIZ-partition of G, uj_» € X4 U X?ﬂ. Also, since F'U (Io — up—1) U (Ig + up—1) is not an
FZI1-partition of G, this implies uy_3 € Ig, and therefore u,_4 € F. Note that this implies k& > 6.
Now, (F — up—2 + ug—1) U (Io — up—1 + ug—2) U Ig is an FIZ-partition of G.

(Case 2) Suppose u; € X&' UX:?B for every j. If k = 5, then by Claim we may assume that uj €
X?B, and therefore (F' 4+ S — uguq) U (1o + u2) U(Ig + ua), (F + S — viugua) U (1o + u2) U(Ig + viug),
or (F'4 8 —viugus) U (1o + viug) U (Ig + ug) is an FZZ-partition of G.

Assume k # 5. For a € {0,1,2}, let Y, = {u; | i = a (mod 3)}. Then (F+T+V +Y,) U
(Io + Y1) U (Ig + Y2) is an FZZ-partition of G where Yy, Y1,Y5 is a partition of V(C') defined as the
following: (i) if K = 0 (mod 3), then no modifications to the Y,’s; (ii) if K = 1 (mod 3), then modify
the Y,’s so that the last three vertices satisfy ug_o,ur € Yp and ui_1 € Yo; (iii) if £ = 2 (mod 3),
then modify the Y,’s so that the last seven vertices satisfy ug_g, ur_4, Ug_o, ur € Yy, up_3 € Y7, and
Up—1, Ug—5 € Yo. ]

If u; € X UWj for every i, then (F + T + V(C) —u1) U (Io + V) U (I5 + uy) is an FZZ-partition
of GG. Hence, we assume that u; & X:f U Wy for some i. Together with Claim we may assume
up € Xo U X?B and u; € X;f U Wy. For simplicity, let @ = {v; € V | u; € Xf U Wy}. We find an
FITZ-partition of G by performing the following algorithm.

Step 1. Add v; to I, add uq,us to F, and add all undetermined vertices in S — (Q U Xf U Xgofﬁ) to F.
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Step 2. If vertices in {u; | j <i}U{v; | j <i} are determined, but either u; 11 € XJ"U Xg‘ﬁ or vit1 € Q
is not determined, then do the following: For v;1 € @, add v;41 to exactly one of I, or Ig that
does not contain u;. For u;41 € Xf U X??‘ﬁ, as long as u; € F and there is v € {a, 8} such that
{ui—1,us,v;i} NI, =0, add wiq1 to I,. Otherwise, add w;t1 to F.

Note that the resulting partition F' U I, U Iz obtained by the algorithm is not an FZZ-partition of
G the problem arises because of uy. If neither F' L1, L Ig nor F'U (Io —vi) U (Ig+v1) is an FIZ-
partition of G, then uy, € F and [{vg,up—1} NF| > 1. If FUI,UIg is not an FZZ-partition of G, then
{v2,us}NF| > 1. Then since neither (F — u1)Ul,U(Ig 4 uy) nor (F —up)U(Iy — v1 +ur)U(Ig 4 v1)
is an FZZ-partition of G, we obtain [{va,us} N F| = [{vg,ux—1} N F| = 1. If vp, € F, then either
(F—wu) U [a+vk) U (Ig—vp+ur) or (F—wup)U [y —vivy) U (Ig + vgur) is an FZZ-partition of
G. Thus, vy € F, up_1 € F, and up € X&' U X;‘ﬁ. This also implies that u, 1 € XI" U Xg"g
and vy € F. If neither (F' —uy) U (Io —v1 +ug) U (Ig+v1) nor (F —uy) U Iy U (Ig +ug) is an
FII-partition of G, then uy_o ¢ F. Now, either (F + up_1 — ug) U (Io — viug—1 +u) U (Ig +v1) or
(F +up—1 —up) U Iy U (Ig + uy) is an FIZZ-partition of G.

Now we consider the case where some vertices v;’s, t;’s, and t.’s are not distinct. We mimic the
previous case when they are all distinct, but we use a different cycle to proceed with the argument.
By Lemma for u; € X3, we know ¢; & {v;,t;} for some j # i. By Lemma (i), v; # vi+1. Hence,
there are two different indices i and j where u;, u; € X2, v; = v;, and the distance between u; and u;
along C' is at least 2. Take such ¢ and j so that the distance between u; and u; along C' is minimum,
and consider the cycle w;u;41...u;jvj; we abuse notation and relabel this cycle as D : ujug...uy
(4 < ¢ < k) where u; is a 2-vertex. Namely, all vertices in V(D) \ {u1} are in V3 U Wy, a vertex in
(V(D) N V) \ {ug,ur} has a Waz-neighbor, and the neighbors of up and uy not on D are in V3 U Wy.
Let 29 and zy be the neighbor of us and wuy, respectively, not on D. See the right figure of Figure
for an illustration. Redefine the following sets: V = {v; | u; € V(D)}, T = {t;,¢t; | u; € V(D)},
Z ={z,z | u € V(D)}. Also, restrict X; to be X; N V(D). Note that by the choice of D, all of the
v;’s, t;’s, and t}’s are distinct.

Let S = V(D)UV UT. By the minimality of G, the graph H = G — S has an FZZ-partition
FUl Ul Forje{2,3},let X = {u; € Xj | 2,2 € F}, and let Xj‘ﬁ = X;\ XJ". For simplicity, let
Q= {v; €V |u; € XY UW,}. We attempt to find an FZZ-partition of G by performing the following
algorithm.

Step 1. Add wy,ug,up to F. If zo & F, then us € F. (If z5 € F, then leave ug undetermined.) Add all
undetermined vertices in S — (Q U X4 U X?B) to F.

Step 2. Same as Step 2 of the previous case.

Let F'U I, U g be a resulting partition by the algorithm. Note that we had a choice to choose either
I, or Ig when we determined u; or v; for the very first instance of Step 2. Hence, the algorithm can
also produce the partition F'LI I, U Iy where I, = (1o — S)U(IgNS) and Iy = (Ig — S)U (I, N S). If
2y € I and z has both an I,-neighbor and an Ig-neighbor, then, since z;, € V3U Wy, either FFUI, L 1g,
(F—u)U Iy +ur)Ulg, or (F—up) Ul U(Ig+ up) is an FZZ-partition of G. Suppose that zp € F'
and z; has no Ig-neighbor. Since neither (F' — ug) U Io U (Ig + ug) nor (F' —ug) U I, U (15 + up) is an
FIZ-partition of G, we have {wg_1,v—1,u—2} NIo # 0 and {up—1,ve—1,up—2} NIg # 0. fuyy ¢ F,
then vy_; € F, and so uy_y ¢ F. This implies that either (F 4+ wp—1 —ug) U (Lo —up—1) U (Ig + up)
or (F+wup_1—ug) U, —up_q)U (Ié + uy) is an FZZ-partition of G. If uy_y € F', then since neither
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F'UlyUlgnor F'UI, U TG is an FIZ-partition of G, we know us, 22 € F. Now, either (F' —uy) U
(Io +u1) Ulg or (F'—wup) U (I}, +u1) U Ij is an FIZ-partition of G.

Suppose that z, ¢ F, and without loss of generality assume z; € I,. Moreover, we may assume
that all neighbors of zp are in F'. Otherwise, it is the case where zy, € Wy, which is already covered
by the case where 2, € F has neighbors in Ig and I,. Since neither I U I, U Ig nor F'U I, U I} is an
FITI-partition of G, uy—1 € F and |[{vg_1,us—2} N F| > 1. Now, either (F —wuy) U Iy U (Ig+ ug) or
(F' —ug) U I, U (I + ug) is an FIZ-partition of G. O

5 Remarks

There is a natural generalization of FZZ-partitions. For a nonnegative integer k, we say a graph G
has an FZ-partition F' U I; U --- U I if F\I4,..., I} is a partition of V(G) such that G[F] is a forest
and each I; is a 2-independent set. As explained in the introduction, a graph with an FZg-partition
can be star (k 4 3)-colored. Let h and f be functions such that

h(k) = inf{mad(G) : G has no FZIj-partition} f(k) = inf{mad(G) : xs(G) > k}.

Since a forest is star 3-colorable, for an integer k, h(k + 3) < f(k).

Determining the exact values of f(k) and h(k) is a difficult, yet interesting problem. From [6,[7],
we know f(1) = 1,f(2) = 2, f(3) = 2, and 5 < f(4) < 2. Our main result implies f(5) > 5. As
stated in [7], determining the exact value of f(k) for k£ > 4 remains an intriguing question.

Question 1 ( [7]). What is the exact value of f(k) for k > 47

The motivation of FZ-partitions comes from star colorings, but it is interesting in its own right.
It is easy to see that a graph G has an FZy-partition if and only if G is a forest. Since a forest has
maximum average degree less than 2, it follows that h(0) = 2. Since a graph H with mad(H) = %
where H has no FZ;-partition was constructed in [7], we know h(1) < 5. Yet, Brandt et al. [6] proved
that a graph G with mad(G) < 5 has an FZ;-partition, so the value of h(1) is determined, namely,
h(1) = 3. In this term, our main result is equivalent to h(2) > £. We explicitly ask the question of
determining the value of h(k) for k > 2.

Question 2. What is the exact value of h(k) for k > 27

_ 4+k
==,

Sls

It is tempting to guess h(k) yet we provide a construction that shows h(2) < 72 < 3.

Construction 5.1. For a positive integer n, let G5, be the graph obtained from a 5n-cycle vy, . . ., Usn—1
by attaching two pendent triangles to v; where i (mod 5) € {1,2,3}. It is not hard to see that
mad(Gs,) = %. Now suppose to the contrary that Gs, has an FZZ-partition F' U I, LU Iz. By
Lemma we know that if ¢ # 2 (mod 5) then the vertex v; of G, is in F. This also forces vs;j12 to

be in F', which is a contradiction since F' is a forest. Hence, G5, has no FZZ-partition.

As the above infinite family of graphs exhibit h(2) < 19, we seek the exact value of h(2).

. . . . 46
Question 3. What is the value h(2)? In particular, is h(2) = 377

As layed out in Table |1} a planar graph with girth at least 10 is star 4-colorable [6], which is sharp
in the sense that the number of colors cannot be reduced [1]. The main result in this paper implies
that a planar graph with girth at least 8 is star 5-colorable. It is also known that there exists a planar
graph with girth 7 that is not star 4-colorable [21]. Regarding star 5-colorings, the only remaining
case in terms of girth is to determine whether planar graphs with girth 7 are star 5-colorable or not.
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Figure 18: The graphs G5, G1o, and G1s.

Question 4. Does there exist a planar graph with girth 8 that is not star 4-colorable or is every planar
graph with girth at least 7 star 5-colorable?
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