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Abstract

Let na(k,d) be the minimum length of a linear [n, £, d] code over GF(4) for given values of k
and d. For codes of dimension five, we compute the exact values of n4(5,d) for 75 previously
open cases. Additionally, we show that n4(6, 14)=24, ns(7,9)=18, and n4(7,10)=20. Moreover,
we classify optimal quaternary codes for some values of n and k.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

A central problem in coding theory is to optimize the parameters of error-correcting
codes, in particular, linear codes. A g-ary linear [n, k,d; q] code is a k-dimensional linear
subspace of Fj with minimum distance d. Here by Fj we denote the vector space of
dimension n over the Galois field F, = GF(g). The minimum distance of a code is the
minimum Hamming distance between two vectors, i.e., the number of coordinates in
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which they differ. For linear codes, we consider the problem of optimizing one of the
parameters n, k, d for given values of the other two. Two versions are:

Problem 1. Find d,(n, k), the largest value of d for which there exists an [n,k, d;q]
code.

Problem 2. Find n,(k,d), the smallest value of n for which there exists an [n,k,d; q]
code.

A code which achieves one of these two values is called optimal. Note that a code
can be optimal in the sense that its minimum distance is maximal for the given length
and dimension, or that its length is minimal for the given dimension and minimum
distance.

Bounds for d,(n, k) have been published in Brouwer’s tables [7]. In this paper, we
concentrate on the second problem. A lower bound on n,(k d) is the Griesmer bound
[18,32] given by

k—1
nkd) =Y [dlg')=: g (k.d). (1)
0

=

For fixed k£ and sufficiently large d, the lower bound is achieved, i.e., there is a constant
Dy(k) such that n,(k,d) = g,(k,d) for d = Do(k) [1].

Until now, the following exact values for the function n,(k,d) have been known:
Bouyukliev, et al. completed the problem for n,(k,d) when & < 8 [5]. Landjev solved
the last unknown cases for ¢ =3 and k£ =5 [24]. The quaternary case was considered,
e.g., in [2,9,14,15,17,21,23,25,26]. Recent results on n4(5,d) can be found in [25,28].

In this paper, we investigate quaternary linear codes. We found 25 new codes and
proved the non-existence of four codes, using different approaches. Our main tools are
an algorithm for the construction of codes using their residual codes, the dual transform
of linear codes, and a heuristic algorithm. Our results give 75 new exact values for
n4(5,d). Additionally, we present some new results on the classification of optimal
linear codes over GF(4) (see also the results related to geometrical constructions [21],
near-MDS-codes [11], and the results of [22,29]).

2. Our tools
2.1. Q-EXTENSION

The program Q-EXTENSION contains two main approaches to construct new codes
from a given code. The first one is based on puncturing, the second one on shortening.
While in general the dimension of a code is unchanged by puncturing, this is not true
if all non-zero positions of a codeword are deleted. Let G be a generator matrix of
a linear [n,k,d;q] code C. Then the residual code Res(C,c) of C with respect to a
codeword c is the code generated by the restriction of G to the columns where ¢
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has a zero entry. A lower bound on the minimum distance of the residual code is
given by

Lemma 1 (Dodunekov [13]). Suppose C is an [n,k,d]-code over GF(q) and suppose
c € C has weight w, where d > w(q—1)/q. Then Res(C,c) is an [n—w,k —1,d']-code
with d' = d —w+ [w/q].

Inverting this operation, we search for an [n,k,d] code on the basis of an [n—w, k —
1,d’] code (its residual code) or an [n — i,k,d'] code (punctured code). Starting from
the code [3,2,2], we obtain for example the codes [8,3,5] and then [28,4,20].

The second approach increases both the length and the dimension of the code, i.e.,
we construct an [n+ i,k +i,d] or an [n+i+ 1,k +i,d] code starting from an [n,k,d’]
code. If G is a generator matrix for an [n,k,d'] code, the generator matrix of the new
code is of the form

*],'
or
G|0

where /; denotes an i x i identity matrix and by 1; we denote a column vector with i
ones. We take the matrix G in systematic form, thus we can fix k£ additional columns.
More information on this topic can be found in [6].

2.2. Heuristic search for good linear codes

Let %k, be the set of all column vectors a = (ay,as, ..., a;)' € [F’; such that either
ag=lora =ay=---=a;—; =0, ;=1 for some integer i in {2,3, ..., k}, where
k=3 and [FI(; is the vector space of dimension k over F,. Then &, consists of all
(¢* — 1)/(g — 1) normalized non-zero vectors in [Ff; and the vectors in &, can be
regarded as (¢ — 1)/(¢ — 1) points in a finite projective geometry PG(k — 1,q).

A linear code is called projective if no two columns of a generator matrix are linearly
dependent. We consider the columns of the generator matrix of a projective code as a
subset of % ,. For any n-element subset of ¥ , there is a projective [n, ko, d; q] code
(ko < k) with a generator matrix containing these elements as columns. On the other
hand, for a code C we denote by 7(C) the set of the columns of the generator matrix
of C, considered as elements of .’ ,. Then the problem to construct a projective linear
[n,k,d; q] code (if such a code exists) can be stated in the following way:

Find n elements of ¥, such that the corresponding k& X n matrix generates an
[n,k,d; q] code.

We use the following notations:

(1) Each n-element subset S of %, is called a solution.
(2) The substitution of a given element of a solution S by another element of %, \ S
is called an elementary transformation.
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(3) The neighborhood N(S) of a solution S is the set of all solutions S’ that can be
obtained from S by an elementary transformation.
(4) We define the evaluation function by

f(8)= dmin(S)qk = Adpin (S),

where dpnin(S) is the minimum distance of the corresponding code and A4, (S) is
the number of codewords of minimum weight in the corresponding code.

The problem to construct an [n, k,d; q] code (if such a code exists) can be reformu-
lated as the following combinatorial optimization problem:

max{ f(S),S C Skq,|S| =n}.

To find a solution of this problem, we use the following heuristic algorithm (similar
local optimization algorithms have been used e.g. in [19,20,30,31]):

variables
S,S’: solution;
Number_of Descents: integer;
begin
Get_Initial_Solution(S);
for Number_of Descents:= 1 to CONST1 do
while exists 8’ in N(S) such that f(S’) > f(S) do
S:=9;
end while;
if dmin(S) = dtarget then
Output_Solution(S)
else
S:= Add Noise(S);
end if;
end for;
end.

The initial solution S can be chosen in several ways

(1) By using a code C’ with parameters [n — I,k,d — 0; q] where 0 < [. In this case /
elements from % ,, not belonging to 7(C’) are randomly added to 7(C’).

(2) By using a code C’ with parameters [n+ I,k,d + [ — 1;¢q]. In this case / elements
of T(C") are randomly deleted.

The function Add_Noise(S) replaces m (1 < m < CONST) random elements of S by
m other, randomly chosen elements of %, \ S.

This algorithm can not only be used to construct optimal projective codes. If n > g*~!,
we just take several copies of the set ./ ,. For all codes in this paper constructed by
this method, the set %, is taken twice.

Some other codes were found by random search using the computer algebra system
MAGMA [3].
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2.3. Dual transform

Below we describe a construction by Brouwer and van Eupen [8], which in some
cases produces optimal codes. Let ¥ be a projective [n,k,d;q] code with non-zero
weights wy,wy, ..., wy and let & be a subcode of dimension & — 1. By B;,(Z), we
denote the number of codewords in & of weight i divided by ¢ — 1. Let further ny be
the number of coordinate positions where not all codewords of & are zero. One has

S ) k=1 _q
Y
i=1 q—1

and

s qk72 -1
> (1 —w)BAZ) = ng ——.
i=1 q-1
Since ¥ is projective, we have ng =n — 1 for n subcodes of ¥ and ny = n for the
remaining (¢~' — 1)/(¢ — 1) — n subcodes of dimension k — 1. It follows that for an

arbitrary choice of o and f the sum

k—l_l

D (o + B = 24" P+ T
i=1

does not depend on &, but only on ng5 and hence it takes only two values. We fix
o and f in such a way that aw; + f are all non-negative integers. Then consider the
multiset 2 of n-tuples defined in the following way: for each one-dimensional space
(c) € € with wt(c)=w take aw+ f§ copies of the vector ¢. Fixing a generator matrix of
C, every such vector can be considered as a point in the projective space PG(k —1,q).
Each hyperplane in PG(k — 1,¢q) corresponds to a k — 1 dimensional subspace & of
and contains »_;_, (aw; + $)Bi(Z) points of Z.

Let Gy be a k x || matrix having the vectors of 2 as its columns and consider
the code €, generated by the rows of G4. Obviously, its length is

V== 3 ) A - p L g,
= = Wi - n,
i=1 g-1 g-1 !
where (4o, A4, ..., A,) is the weight distribution of €. Its dimension is K < k. It fol-
lows that €4 is a two-weight code of minimum distance
qk—l —1
D= |%| - ﬁ 71 - qk—ZmaX(an’ O((l’l - 1)):
q—
with non-zero weights
EA 2

=|Z| - and  u=v+ag" 2

Generalizations of this construction can be found in [12].
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3. New bounds for ny(k, d)

Using the program Q-EXTENSION, we have proved the non-existence of several
codes with given parameters and in this way we have found new lower bounds for the
function n4(k,d). Most of the lower bounds in this section are known from [7,28].

Theorem 2. 14(5,17) =27 and n4(5,21) = 32.

Proof. The Griesmer bound yields n4(5,17) = g4(5,17) =26. There exist exactly four
non-equivalent [9,4,5] codes over GF(4). Using Q-EXTENSION we prove that none
of those codes can be extended to a [26,5,17;4] code, but a code [27,5,17;4] exists.
Hence n4(5,17) = 27.

The Griesmer bound yields 7n4(5,21) = g4(5,21) = 31. There exist exactly two
inequivalent [10,4,6;4] codes. Using Q-EXTENSION we see that neither of
them can be extended to a [31,5,21;4] code, but a code [32,5,21;4] exists. Hence
n4(5,21)=32. [

Theorem 3. 714(6,14) = 24.

Proof. The Griesmer bound yields n4(6,14) > g4(6,14) = 22. The residue code of a
code [22,6, 14;4] would be a code [8, 5,4;4] which does not exist. Hence n4(6, 14) > 23.
There exist exactly 19 optimal [9,5,4] codes over GF(4). Using Q-EXTENSION we
obtain that none of these codes can be extended to a [23,6,14;4] code, and hence
n4(6,14) =24, as a code [24,6, 14;4] exists. [

Theorem 4. 7n4(7,9) =18 and n4(7,10) = 20.

Proof. The Griesmer bound yields 74(7,9) = g4(7,9) = 17. The residue code of a
code [17,7,9;4] would be an MDS code [8,6,3;4]. Its dual would be an MDS code
[8,2,7;4] which does not exist as g4(2,7)=9. Hence n4(7,9) > 18. The dual distance
(the minimum distance of the dual code) of an [18,7,9;4] code must be at least
4 because a code with parameters [15,5,9;4] does not exist. There exist exactly 4
optimal [9,6,3;4] codes with dual distance 4 and 13 optimal [9,6,3;4] codes with
dual distance d > 5. None of the codes with dual distance 4 can be extended to an
[18,7,9;4] code, but the extension of a code with dual distance 5 yields an [18,7,9; 4]
code with generator matrix

130121231010000000
133203320031200000
303332320310100000
131030320010011000
130001110020230300
301202120000230010
302110010030220003
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(Here and throughout the paper we use {0,1,2,3} to denote the elements of F4.) Its
weight enumerator is 1 + 393z% + 66620 + 124521 4 2193212 4 3315213 + 3597214 +
2799215 + 1554216 + 504217 + 117213,

For n4(7,10), the Griesmer bound yields n4(7,10) > g4(7,10) = 18, but via the
residue code, we get n4(7,10) > 19. Using Q-EXTENSION we obtain exactly three
non-equivalent [18,6,10;4] codes, but none of these codes can be extended to a
[19,7,10;4] code, therefore n4(7,10) = 20, as a [20,7,10;4] code exists. [

The results in Theorem 5 are obtained by the heuristic search described in Section
2.2, in combination with previously known lower bounds.

Theorem 5. 74(5,24) = 35, n4(5,50) = 70, n4(5,74) = 102, n4(5,156) = 210,
na(5,164) =221, ny(5, 168) =226, ns(5,172) =231, na(5,260) = 349, ny(5,264)= 354,
14(5,268) =359, n4(5,300) =402, n4(5,316) =423, n4(5,356) =477, ns(5,360)= 482,
and ny(5,364) = 487.

Proof. There exist codes with parameters: [35,5,24], [70,5,50], [102,5,74], [210,5,
156], [221,5,164], [226,5,168], [231,5,172], [349,5,260], [354,5,264], [359,5,268],
[402,5,300], [423,5,316], [477,5,356], [482,5,360], [487,5,364].

The weight enumerators of the codes are shown in Table 1, and generator matrices
are given in Appendix A. [

The following results are obtained by the dual transform described in Section 2.3, again
in combination with previously known lower bounds.

Theorem 6. n4(5,144) = 194, ny(5,160) = 215, n4(5,176) = 236, n4(5,272) = 364,
14(5,288) < 386, n4(5,304) = 407, and ns(5,320) = 428.

Table 1
Weight enumerators of the codes in Theorem 5

Code Weight enumerator

[35,5,24] 1+ 50422 + 456228 + 63232

70,5,50 1 4462250 + 315252 4 15256 4- 210258 + 21260

[

[102,5,74] 1+ 48927 + 306270 + 15280 + 162282 + 30284 + 212

156 160 172

[210,5,156] 1 4 870z 4 63z'°0 4-90z'74,

221,5,164 1+ 7682104 + 1712168 4- 92172 4 757180

[

226,5,168 1+ 8252108 41202172 4- 32176 4 757184

[

231,5,172 1 + 8852172 + 632176 4+ 752188

[

349, 5,260 1 4 7652260 4 1682264 4- 97268 4 787276 4 37280
[

[354,5,264] 1+ 8192264 4 1202268 4 32272 4 81280
[359,5,268] 1 4 8792268 4 632272 4 812284

[402,5,300] 1 + 8672390 4 577304 4 937316 4 7320
423,5,316 1 + 8792316 4 632320 1 787332 4 35348

[

477,5,356 1 + 7742356 4 1532360 97304 4 697372 1 187376
[

[482,5,360] 1 + 8252360 1 1082364 4 32368 4 757376 4 127380

[487,5,364] 1 + 8792364 4 572368 4 812380 4 67384
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Proof. There exist projective [35,5,24;4] and [38,5,24;4] codes with weights 24, 28,
32 and generator matrices

02332211332200113300112211313000000
12332200223333220022330023112200000
32202101131321021103301011022031000
02110033110022331122330011313000220
32323021202332213113233001133030201

20220000110113311111333222331100000000
22222111003220033333111000113320000000
20313133101003211122320032233221210000
20102011210110322200032012030310103330
00033223023320332123303032011133101302

Their weight enumerators are:

1 + 504z%* + 4562 + 63232
1 + 1442%* 4 600z%® + 27922

Let a = i and f§ = —6. Using dual transform, we obtain a two-weight codes with

parameters [194,5, 144;4] and [386,5,288;4], respectively.
There exist projective [30,5,20;4] and [33,5,20;4] codes with weights 20, 24, 28
and generator matrices
000000000011122222222333333333
000001223301200111223001112233
000130231201033013013021221302
011010110101023333332232222323

202000011201310313303133023230

102101123100133302021122330000000
122110030233311120203300112000000
003101033001103213002103123221000
202132120130220302303131202110330
203101212220003013303003011010102
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Their weight enumerators are:

1 + 423220 4 555224 + 4578
1 + 99220 4+ 627%* 4 297228

Let o = }1 and f = —5. Using dual transform, we obtain a two-weight codes with
parameters [215,5,160;4] and [407,5,304; 4], respectively.

There exist projective [25,5,16;4], [27,5,16;4], and [28,5, 16; 4] codes with weights
16, 20, 24 and generator matrices

2101232330203322022200000 120130120233111130013000000
3131012123222110201000000 333122003133301021103000000
0301322313001300231131000 101030033131011031002111000
2301010112021100022220220 022300030133301033032200130
1101320020023130332100102 002333331001301030001130203

3310312310000031131231000000
0032320311122100332031000000
1320301231201300011000321000
1200012132302100000132030310
3320111102012220120303310201

Their weight enumerators are:

1 + 3452'% 4 648270 + 30224
1+ 1172'% + 7202%° + 1862**
1+ 572" + 648220 + 3187%

Let a:% and f=—4. Using dual transform, we obtain two-weight codes with parameters
[236,5,172;4], [364,5,272;4], [428,5,320; 4],respectively. [

Remark 7. There exist codes with parameters [210,5,156;4], [215,5,160;4], and
[256,5,192;4]. Pasting these codes together, we obtain codes with parameters
[466,5,348;4] and [471,5,352;4].

Remark 8. Obviously, if a code with parameters [n, k, d] does not exist, then there are
no codes with parameters [n+ 1,k,d + 1] and [n+ 1,k + 1,d]. Using Theorems 2 and
3 we obtain

n4(5,18)=28, n4(6,15)=25, n4(6,17)=28, n4(6,18) = 29, ns(7,14) = 25, ny(7,17)
> 29, n4(8,14) = 26, n4(8,15) = 27, na(9,14) = 27, n4(9,15) = 28, ny(10,14) > 28,
and n4(10,15) > 29.
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All the bounds derived from Theorem 5 and Theorem 6 are summarized in Table 2.
Furthermore, the following results have been included:

Remark 9. In [10], Dissett has shown that there exists a two-weight projective code
with parameters [99,5,72] and weights w; = 72 and w, = 80.

Remark 10. Recently in [26,16] some new bounds for n4(5,d) have been found.

Table 2

Values and bounds comparing the Griesmer bound ¢4(5,d) and n4(5,d). Entries in boldface are given in
this paper. For missing entries, n4(5,d) = ga(5,d)

d 94(5,d)  m(5,d) d 94(5,d)  na(5.d) d 94(5.d)  na(5.d)
1 5 5 57 78 79-81 113 153 154-155
2 6 6 58 79 80-82 114 154 155-156
3 7 8 59 80 81-83 115 155 156157
4 8 9 60 81 82-84 116 156 157-158
5 10 10 61 83 84-85 117 158 159-160
6 11 11 62 84 85-86 118 159 160-161
7 12 13 63 85 87 119 160 161-162
8 13 14 64 86 88 120 161 162-163
9 15 16 65 90 90-91 121 163 164

10 16 17 66 91 91-92 122 164 165
11 17 19 67 92 92-93 123 165 166-167
12 18 20 68 93 93-94 124 166 167-168
13 20 21 69 95 95-96 125 168 169
14 21 22 70 96 96-97 126 169 170
15 22 23 71 97 98 127 170 171
16 23 24 72 98 99 128 171 172
17 26 27 73 100 101 129 175 175-176
18 27 28 74 101 102 130 176 176-177
19 28 29 75 102 103-104 131 177 177-178
20 29 30 76 103 104-105 132 178 178-179
21 31 32 71 105 106 133 180 180181
22 32 33 78 106 107 134 181 181-182
23 33 34 79 107 108 135 182 182183
24 34 35 80 108 109 136 183 183-184
25 36 37 81 111 111-112 137 185 185186
26 37 38 82 112 112-113 138 186 186187
27 38 39 83 113 113-114 139 187 188
28 39 40 84 114 114-115 140 188 189
29 41 42 85 116 117 141 190 191
30 42 43 86 117 118 142 191 192
31 43 44-45 87 118 119 143 192 193
32 44 46 88 119 120 144 193 194
33 47 48 89 121 122-123 145 196 197
34 48 49 90 122 123-124 146 197 198
35 49 50 91 123 124125 147 198 199
36 50 51 92 124 125-126 148 199 200
37 52 53-54 93 126 127-128 149 201 202
38 53 54-55 94 127 128-129 150 202 203
39 54 55-56 95 128 129-130 151 203 204
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Table 2 (continued)
d 94(5,d) n4(5,d) d g4(5,d) n4(5,d) d g4(5,d) n4(5,d)

40 55 56-57 96 129 130-131 152 204 205

41 57 58-59 97 132 133-134 153 206 207

42 58 59-60 98 133 134-135 154 207 208

43 59 60-61 99 134 135-136 155 208 209

44 60 61-62 100 135 136-137 156 209 210

45 62 63-64 101 137 138 157 211 212

46 63 64-65 102 138 139-140 158 212 213

47 64 65-66 103 139 140-141 159 213 214

48 65 66-67 104 140 141-142 160 214 215

49 68 69 105 142 143-144 161 217 218

50 69 70 106 143 144-145 162 218 219

51 70 71-72 107 144 145-146 163 219 220

52 71 72-73 108 145 146-147 164 220 221

53 73 74 109 147 148-149 165 222 223

54 74 75 110 148 149-150 166 223 224

55 75 76 111 149 150-151 167 224 225

56 76 77 112 150 151-152 168 225 226
169 227 228 257 346 346 313 419 420
170 228 229 258 347 347 314 420 421
171 229 230 259 348 348 315 421 422
172 230 231 260 349 349 316 422 423
173 232 233 261 351 351 317 424 425
174 233 234 262 352 352 318 425 426
175 234 235 263 353 353 319 426 427
176 235 236 264 354 354 320 427 428
177 238 239 265 356 356 321 431 431-432
178 239 240 266 357 357 322 432 432-433
179 240 241 267 358 358 323 433 433-434
180 241 242 268 359 359 324 434 434-435
181 243 244 269 361 361 325 436 436-437
182 244 245 270 362 362 326 437 437-438
183 245 246 271 363 363 327 438 438-439
184 246 247 272 364 304 328 439 439-440
185 248 249 273 367 367-368 329 441 441-442
186 249 250 274 368 368-369 330 442 442-443
187 250 251 275 369 369-370 331 443 443-444
188 251 252 276 370 370-371 332 444 444445
189 253 253 277 372 372-373 333 446 446-447
190 254 254 278 373 373-374 334 447 447-448
191 255 255 279 374 374-375 335 448 448-449
192 256 256 280 375 375-376 336 449 449-450
193 260 260 281 377 377-378 337 452 452-453
194 261 261 282 378 378-379 338 453 453-454
195 262 262 283 379 379-380 339 454 454-455
196 263 263 284 380 380-381 340 455 455-456
197 265 265 285 382 382-383 341 457 457-458
198 266 266 286 383 383-384 342 458 458-459
199 267 267 287 384 384-385 343 459 459-460
200 268 268 288 385 385-386 344 460 460—-461
201 270 270 289 388 388-389 345 462 462-463
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Table 2 (continued)

d 94(5,d)  m(5,d) d 94(5,d)  n(5,d) d 94(5,d)  ny(5,d)
202 271 271 290 389 389-390 346 463 463-464
203 272 272 291 390 390-391 347 464 465
204 273 273 292 391 391-392 348 465 466
205 275 276 293 393 393-394 349 467 468
206 276 277 294 394 394-395 350 468 469
207 277 278 295 395 395-396 351 469 470
208 278 279 296 396 396-397 352 470 471
209 281 281 297 398 398-399 353 473 473-474
210 282 282 298 399 399-400 354 474 474475
211 283 283 299 400 401 355 475 476
212 284 284 300 401 402 356 476 477
213 286 286 301 403 403-404 357 478 479
214 287 287 302 404 404405 358 479 480
215 288 289 303 405 406 359 480 481
216 289 290 304 406 407 360 481 482
217 291 292 305 409 410 361 483 484
218 292 293 306 410 411 362 484 485
219 293 294 307 411 412 363 485 486
220 294 295 308 412 413 364 486 487
221 296 297 309 414 415 365 488 489
222 297 298 310 415 416 366 489 490
223 298 299 311 416 417 367 490 491
224 299 300 312 417 418 368 491 492

Remark 11. Ward has shown in [33] that there are no codes [98,5,72;4] and
[119,5,88;4]. Hence n4(72,5) =99 and n4(88,5) = 120.

Remark 12. Maruta has shown in [27] that there are no codes [116,5,85;4] and
[187,5,139;4]. Hence n4(85,5) =117 and n4(139,5) = 188.

Remark 13. It turned out that there is an error in the table of [4] which gives
d4(190,5) = 141. Landjev and Maruta have shown in [25] that there is no code
[190,5,141;4]. Hence n4(141,5) = 191.

Remark 14. All new codes from Theorems 5 and 6 are Hermitian self-orthogonal.

4. Classification results

Finally, we present some classification results for codes [n,k,d;4] with n <35
and &k < 6. First we note that codes with parameters [16,3,12;4], [20,3,15;4], and
[21,3,16; 4] are McDonald codes, so each of them is unique. Our new classification re-
sults have been obtained by Q-EXTENSION. We summarize them together with known
results, including references, in Table 3. Note that we only count codes with dual dis-
tance greater than one, i.e., there is no position in the code that is constantly zero.
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Table 3
Bounds for da4(n,k) for k =3,4,5,6 and the number of inequivalent codes for some optimal codes. Note
that we only count codes with dual distance greater than one

qg=4 k=3 k=4 k=5 k=6

n d Number d Number d Number d Number
3 1

4 2 1 1

5 3 1 2 1 1

6 4 1 2 8 2 1 1

7 4 7 3 10 2 11 2 1
8 5 3 4 16 3 13 2 16
9 6 3 [11] 5 4 4 19 3 17
10 6 45 6 2 [11] 5 4 4 23
11 7 25 6 841 6 1 [11] 5 1 [11]
12 8 16 7 275 6 19181 6 1 [11]
13 9 4 8 30 7 452 6

14 10 2 9 1 8 6 7 14
15 11 1 10 1 8 8 3
16 12 1 MD 11 1 9 8

17 12 12 12 1 BCH 10 9

18 13 2 12 20 10 10

19 14 1 12 11 10

20 15 1 MD 13 12 11

21 16 1 MD 14 13 12

22 16 6 15 15 14 12-13

23 16 498 16 3 15 2 13

24 17 102 16 16 1 [22] 14

25 18 27 17 16 15

26 19 5 18 48 16 16

27 20 2 19 2 17 16

28 20 217 20 1 18 17

29 21 38 20 19 17-18

30 22 13 21 6 20 18-19

31 23 3 22 1 20 19-20

32 24 2 22 21 20

33 24 79 23 22 20-21

34 25 11 24 23 21-22

35 26 5 24 24 22-23

Additionally, in Appendix A.2 we list all weight enumerators for the cases when
there are no more than 12 different enumerators. If inequivalent codes have the same
weight enumerator, we also list the number of such codes.

For the new code [236,5,176;4] obtained by dual transform, we have obtained the
following partial classification results:

Remark 15. There exist exactly 31 inequivalent codes [25, 5, 16;4] and weights 16, 20,
and 24. Their weight enumerators are 1 + 345y'¢ + 648)?° + 30?* for 29 codes and
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1 + 357! + 624120 4 42%* for the two remaining codes. Using the dual transform,
one obtains codes [236,5,176;4] with weight enumerators 1 + 948'76 4 75192 and
1+ 95176 4+ 69192 4 31298 respectively.
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Appendix A

A.1. Generator matrices for some codes

Let %k, be the set of all column vectors a = (ay,ay, ..., ar) € [F’; such that either
aj=loray=ay=---=a;_1=0, a;=1 for some integer i in {2,3, ..., k}, where k > 3.
Let the vectors from %, be arranged in lexicographic order. A generator matrix of a
projective code can be represented by a binary vector of length (¢* — 1)/(g — 1) with
1 indicating the presence, and 0 the absence, of a vector of % ,. This binary vector
is then broken into blocks of length 4, each of which is represented by a hexadecimal
symbol from {0,1, ..., 9,a,b,c,d,e,f}. If it is necessary the last block is beforehand
completed by zeroes.

Example. If ¢ =4 and k =3 the set %, looks like this
000001111111111111111
011110000111122223333

101230123012301230123

Then the code [15,3,10;4] with generator matrix
000011111111111
011100111222333
101223012123013

is represented in the following way:

1111/0001[1111]0011]|1110]1(2) = £1£3e81¢).
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If the code is not projective, e.g., when n > (¢* — 1)/(g — 1), we take several copies
of %14 and encode the set of columns by the corresponding number of such strings.

[35,5,24]
c4020401000003000810440000081220008008000000004004020104002008020880000000160008400420

[70,5,50]
c40004120022000009090480182522c¢180021121214082c¢810221800080321020018420403085026013088

[102,5,74]
d6081¢22448212d042251¢13044223058b281bc408108560a0b22¢a3220428c0551a40529100480da00040

[194,5,144]
002800020337ad51de32f4ac8029b23cf63b88f0a10c59f32d19ea3edabd3fcf7bd3£2d3b06d99fa78bbf8
00000002000000000800100000000004020000000000001000000800000100020102200200208120100308

[210,5,156]
d72£9c2972f7c89f2b2edc9f0833d9dc358df210835e763bf9ebf269b42d923deeb6f8bb32afebf1dalb98
00080020008000000008000000308800000020000010200000010000000800002000000000000020000000

[211,5,154]
cd6c977d979fe59fd2fe6d983e29393560ecc3c3dd9f77e9bbdebffOb746bbed8d36bc6bfbf76f5d9a4a50

[215,5,160]
e7bd750813af99ef3b6bddb3b53bc4e83943e9f3dedb3b51aeb6865ae9f5eb3693983f7d1eb6bd0ba95ab0
00000000020000200000408021020000000000000800200000000002810000000000020000000800000000

[216,5,158]
cd6c977d979febbfd2fe6d983e293d3560ecc3e3dd9f77e9bb4ebffOb747bbed8d36bc6bfbf76f5d9a4ab8

[221,5,162]
d56c977db79febbfd2fe6d983e293d3562ecc3e3dd9f77e9bbdeff£9b747bbed8d3ebc6bfbf76£5d9ab1e8

[236,5,176]
d7£8£57£f£1902f3fcfad6ffbelc5da6bbffaf53c9eebff6fb761cdeabldbfbaffdbd43df7636d549ecfb38
00004000000000200004080000000000000000000000000010000000000220000000008000000000008200

[349, 5,260]
3177f9effffefOffbfbffbffbbefeb6ffffbdf3fffbfbfffbfffbfbf7d3bffffffffffbffa7f7fbffbedfb8
000000000042200080008000008a800280000110030020582ab88000010b984e801c506600531010200c00

[354,5,264]
ef7dbefffffffefffbfbffede8ffdffbf7efbblbebffabbfdbfff5ffdefffffebffffbfbbeffffffef7ff8
022000000080302e0009a02020085002e0ab0000082000001820001000130804b908001022013116004188

[359,5,268]
3977f9effffefOffbfbffbffb7efeb6ffffbdf3fffbfbfffffffbfbf7dbbffffffffffbffa7f7fbffbffff8
000000000042200080028000008a800280000110030020582ab88000010b984e801c506600531010201c80

[364,5,272]
dffeffffdffefeffdfffdfdfcff8f7fffbffbf7fbdfffbbaff7fffff7ff3ffff7d6dfffffe673feffffff8
12068000030094000051808401401004c251804d1000020092208d280020040¢c210120810c000604800828
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[386,5,288]
25cb19d7bffefbfffcfbf3bbbbffffbfffffbfdffffffffbfffffffelafffffffbbbbff772fffffff7bdf8
000000040d181930ac43801328e8500480201015684b0b1bd96884402867490ac00080000023bc1c903020

[402, 5,300]
33ef8bbfff7f7bfffbfdfffb6ffefdffffffbdfffffffffff8fbfb3fffafffffffofffffffffefefbbfef8
000081004a500062e3100000022a4808400b3949512f59afc02a18000002542851370030492700ab81bab8

[407,5,304]
b3eabb3dfefdfffff7edfbdfeffffdfbf7dfffffffffffffff7ffb7Efffffffffbbffefffbfffffbfbf7£8
000800350040094911059800ca500808c05188142b31a9eb2022a8010b3b21e1ab3b380080100448c21560

[423,5,316]
bbfdfb3ffb7fffffbff7fbffbbffffbffefffb7bfbffffffffffffbffbfffffffffffbffdfffffffffF7b8
0000202010189822883088100218121180a28149a3b8a2738185a80d0abb09bb0136286189a1b2712a13220

[428,5,320]
fffefffdfbfffff7ffffcfffffeeffffbffffffffdfffffffffffff7bfffdfffoffefff7ff7offfffff££8
18c8b488680064825d9e0221300ee8050108a90c483931982000084481c98649862c4701644112221e6010

[472,5,351]
Sffefffffffdfffffbfdfffffffffff7fffofffffff7fffffffffbfffffffffffffffffefffdffffbbfff0
02b000000185£f87b8028b001e07b2ae2c800805029b7e9b7fb75033b897ebbal5a05bb507095da5fb88cal

[477,5,355]
SffffffffffAfffffbfAfffffffffff7fffofffffff7fffffffffbfffffffffffffffffefffffffffbfff0
02b000000185£f87b8028b001e07b2ae2c800805029b7e9b7fb75033b897ebbal5a05bbd07095da5fb89cal

[482,5,359]
5o 5 5 A o o o o o 0 0 0 o o o o oo oo o i o i i i A i
0000008b162adb7£99f1£93022028a5da929d812a4180e17292b58083042e123f1df02939873af79f2df68

Let

0 1 1 1 1 0o 1 1 1 1 1 1 1 1 1
1 1 1 2 3 111 1 2 2 2 2 3 3
Gi=12 1 3 1 2|,G=(3 0 1 3 1 2 2 3 0 2
2 3 1 1 2 0 0 22 0 1 2 1 1 2
2 1 1 1 2 310 0 0 0 O 1 1 3

0 0 0 0 1

1 1 1 1 3

and G;=|1 1 1 3 3

2 2 3 1 3

1 3 0 1 3

Then we obtain generator matrices of non-projective codes with parameters [221, 5, 164],
[226,5,168], [231,5,172], [477,5,356], [482,5,360], [487,5,364] concatenating the
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generator matrices of the codes [211,5,154], [216,5,158], [221,5,162], [472,5,351],
[477,5,355], [482,5,359] given above and the matrices G,, G,, Gy, Gy, Gy, Gj, re-
spectively.

A.2. Weight enumerators for the classification results

In the following, we list all weight enumerators for codes [n,k, d;4] with n < 34
and k& < 6 for the cases when there are no more than 12 different enumerators. If
inequivalent codes have the same weight enumerator, we also list the number of such
codes.

[7,3,4]
1 4+ 9z% +362° + 62° + 1277
1+ 122* + 2725 4 152 4 927
1 + 15z* + 182 + 24z + 627 (two codes)
1+ 15z* + 302° + 1827
1 4+ 21z* + 122° 4 182° 4 1227
1 4 21z% + 422°

[8,3,5]
1 + 182° +302° + 627 + 928
1+ 212° +212° + 1527 + 628
1 + 24z% + 122° 4 2427 + 328

[13,3,9]
1 +272° 421210 4 9211 4 6212
1 +212° + 3620 4 3212 4- 3213
1 +24z° + 27210 4 9711 4 313
1 4302° + 12210 4 18211 4 3212

[14,3,10]
1 433210 4 24711 4 3712 4 3,14
1+ 42210 421212

[15,3,11]
1 4+ 452" 4+ 15212 43215

[17,3,12]
1 4 4822 4 15210
1+ 3322 4+ 30z
1 + 15z'2 445213 4 3217
1 +36z'2 42424 4 3216
1+ 12212 448213 4+ 3210
1+ 39z'2 + 1824 + 6210
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1+ 2122 + 24213 + 1821
142722 + 18213 + 1221 + 6213
1433212 + 1228 + 62" + 1225
1427212 421213 4+ 12214 4 3217
14+ 182'2 33213 49214 4 3215
1 42422 424213 4 12214 4 3216

[18,3,13]
1 424213 4+ 362'% + 3210
1 427213 427214 49213

[19,3,14]
1 + 36z + 24715 4+ 3216

[22,3,16]
1 + 51210 4 12220
1 + 39216 424218
1 + 15216 4 48217
1 + 42216 4 18218 4 3720
1 + 4520 4 15218 4 3222
1 4 272" 424217 4 12218

[26,3,19]
1 4+422"9 4+ 12220 4 623 + 3%
1 +332"9 4+ 18220 4 3221 + 9222
1 4+ 362" + 9220 4 12221 + 6222
1 4392'9 4+ 15220 4 923
1 +30z" + 15220 4 1822

[27,3,20]
1 4 54220 4 9%
1 + 45220 4+ 18222

[30,3,22]
1 + 36222 4 18223 + 3224 + 6277
1 + 33222 42125 4 322 + 3226 4 3277
1 433222 4 24223 4 3224 4 3230
1 + 30222 4 24z + 322 + 622° (two codes)
1 + 33222 4 2428 4 3226 4 3,28
1 + 45222 4 15224 4+ 3230
1+ 42222 + 15224 + 622
1 442222 4 182%* + 3228
1 439222 4+ 2122 4+ 32%
1+ 30222 + 1828 + 922 + 622
142722 427223 4+ 9%
1 + 36222 4 27z%
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[31,3,23]
1 + 45223 4 12224 4 3227 4 3228
1 + 4523 4 152 4 323!
1 + 42z 4 152 4 6277

[32,3,24]
1 4 57z% + 6228
1 4+ 60z%* + 3232

[34,3,25]
1 +30z%° + 122%6 4 182%7 4 3228
1 42727 42120 + 9277 4 6228
1 +212% 4 362%0 + 3228 4 322
1+ 24z% +272% 4+ 9277 + 3%
1 4 3622 + 6220 + 1227 4+ 9228
1 4 24235 4 332%0 4 3228 4 3530
1+ 3325 4 12220 + 12277 4 328 4 32%°
1 42725 + 24226 4+ 9227 4 3730
1 4 3622 4+ 9226 4 12277 4 3228 4 3230
1+ 27225 + 27226 4 6227 + 323!
1 + 24z% 4 362% 4 322

[35,3,26]
1 4+ 362%0 + 21227 4 3228 4 3231
1 4 33220 4 24727 4 3228 4 3730
1+ 362% + 24277 + 3732
1 + 45220 4 15228 43230
1+ 422% + 2128

[7,4,3]
1 4923 + 69z* + 54z° 4 90z° + 33Z7
1+ 1223 4 57z% + 722° + 7825 + 3627
1+ 152° + 45z + 902° + 662° + 3927 (two codes)
1+ 1523 4 57z% + 542° + 102z° + 2727
1 + 1823 +45z% + 722° 4+ 902° + 3027
1 42123 +21z* 4 1262° + 4220 4 4527
1 4+ 2123 4+ 33z* + 90z° + 782° + 3377
1 4 2423 +33z% + 7225 4+ 1022° + 2427
1+ 332% +33z% + 662° + 7828 + 4577

[8,4,4]
1 + 182* +962° + 24z° 4+ 9627 + 2128
1+ 24z* + 7225 4 602° 4 7227 + 2728 (three codes)
1+ 27z* + 60z° + 782° + 60z7 + 3028 (three codes)
1 +30z* + 4825 4 962° + 4827 + 33z% (three codes)
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1 4+ 30z* + 60z° + 60z° + 8427 + 2128
1 +33z% + 482 + 782° 4 7227 + 2428
1 + 36z* 4+ 362° 4+ 962° + 60z7 4 2728
1 +39z% 4+ 362° + 782° + 8427 + 1828
1 +42z* + 168z° + 4528

1 + 54z*% + 2425 + 7226 4+ 7227 + 3328

[9,4,5]
1 +422° + 842% + 362" 4 7528 + 182°
1 + 452% + 722° 4 5427 + 6328 4 212°
1 +482° + 60z + 7227 4 5128 4 242° (two codes)

[14,4,9]
1 4 662° + 99210 4 36211 4 3212 - 42213 4 9714

[15,4,10]
1499210 + 90z + 15212 4 45214 4 6215

[16,4,11]
1 + 144z'"" + 60z'2 + 48215 4 3216

[22,4,15]
1 4 10225 + 51210 + 54217 4+ 18217 4 12220 4 1822!
14+ 11121 + 42210 4+ 36217 + 18218 + 27219 4 3220 4 1822!
1 +108z" 4 45210 + 39217 4 15218 + 302! 4 15221 + 3222 (two codes)
1 + 120z + 512 + 722" 4 122%° (two codes)
1 496z 4+ 51216 4+ 60z'7 + 2420 + 1222° + 122! (two codes)
1+ 105215 4 42216 + 42217 4+ 182'8 + 33219 + 3220 4 1222 (two codes)
1 +102z" + 45216 + 45217 415218 + 36219 4 922! + 3222
1 4 108z" + 632'0 + 84219
1 4+ 105z"% + 5721 + 9217 4+ 362'8 + 27219 4 18220 4 322!
1+ 10825 4 39216 4 362!7 + 24z'8 + 362'7 + 1222!
1 +90z'% + 63216 + 54217 430217 + 182%!

[23.4,16]
1 + 153210 4 54218 4 30220 4 18222
14 17126 4 84220
1+ 1472'% 4 602! + 36220 + 122%

[26,4,18]
1 4 962'"8 4+ 6929 + 24220 + 24721 4 12222 + 2122 4 3224 4 627
1 4+93218 472219 4+ 27220 4 21221 + 15222 + 1822 + 9%
1 490z'8 4+ 72219 4+ 27220 4 42221 4 18224 + 622°
1+90z"8 + 812" + 18220 4 24221 4 18222 4 9223 4 922% + 6% (two codes)
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1493218 + 75219 + 21220 + 24221 4 15222 + 1525 + 622 + 622

1 493218 4 84z 4 12220 + 48222 + 12223 + 32%* 4 32%° (ten codes)
1+ 962" + 7821 + 15220 4 45222 4 1823 + 3226 (eighteen codes)
1+ 120z'® + 87220 4 33272 4 122%* + 322° (five codes)

1+ 1172"8 496220 + 24272 4 152%* + 32%° (two codes)

1 +1232"8 4 8122° + 33272 4 182%* (three codes)

1 + 120z'® 4+ 9022 4 24272 4 21z (four codes)

[27,4,19]
1 + 135219 4 54220 4 54233 4+ 9224 + 3227 (two codes)

[28,4,20]
1 + 189220 + 63224 4 3228

[30,4,21]
1 4 93221 4+ 662722 + 3623 + 332%* + 6220 4 12227 + 6228 + 3%
1 + 84z%! + 84222 + 3623 + 15224 + 1225 + 12227 + 12228
1 499221 4+ 42222 4 6925 + 182%* + 21227 + 3228 4 3229
1 + 872%" 4 78222 + 3623 4 2122 + 622 + 6220 + 12277 + 6228 + 32%
1+ 105221 4 36272 + 6023 + 27224 4 24727 + 32%°
1 + 9622 4+ 45272 4 7223 + 1522 + 24277 4 3230

[31,4,22]
1+ 14122 + 87224 4+ 24728 4 3230

[7,5,2]
1 + 3322 + 60z + 195z* + 2402° + 3152° + 180z’
1 +30z% + 7523 4+ 165z* + 2702° + 300z° + 183z’
1 4+ 2122 + 4823 + 1712* + 3122° + 3512° + 12027
1 + 1822 + 6323 + 141z* + 3422 + 33620 + 12327
1 +272% + 3023 + 1832* 4 3242° + 3332° + 1262’
1 + 6z% + 752° + 165z* + 318z° + 3242° + 13527
1 + 922 + 6023 + 195z* 4 28825 4 33926 + 13227
1 + 1222 + 5723 + 1772 + 330z° + 30626 + 14127
1+ 1522 + 4223 + 2072* + 300z° + 3212° + 13877
1 + 922 + 7223 + 1472* + 360z° + 291z + 14477
1 + 1822 + 3923 + 189z* + 342z + 2882% + 1477

[8,5,3]
1+ 2423 +102z* +1922° + 3362° + 26427 + 105z% (three codes)
1+ 2723 4+ 87z% + 22225 + 306z° + 27927 + 10228
1 + 2123 +105z* + 210z° + 294z° + 29727 + 9628
1 + 182% + 120z* + 180z° + 3242° + 28227 4 9928
1 + 2423 +90z* + 240z° 4 264z° + 31227 + 9328
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1 +30z% + 72z% + 2522° 4 2762° + 29427 + 9928

1 +30z° + 84z% +204z° 4 348z° + 24627 + 11128
1 43923 4+ 75z* 4+ 1982° + 330z° + 29127 + 9028

1 + 3323 4+ 69z* + 23425 + 3182° + 26127 + 108z°
1 44223 + 72z* + 180z° + 3722° + 25827 + 9928

1 +24z2% + 114z* + 144z° + 408z° + 21627 + 11728

[9,5,4]
1 + 48z* + 1382 + 2282° 4+ 27627 + 26728 + 662° (two codes)
1 + 54z% +1202° + 240z° + 28827 + 24928 4 722° (four codes)
1 +51z% +1352° +2102° + 31827 + 234z% + 752° (three codes)
1 +57z% +1172° +2222° + 33027 + 2162% + 812° (two codes)
1 + 45z* + 1532° 4 198z° + 30627 + 2522% + 69z°
1 + 60z* + 10227 4 252z° + 30027 + 231z% + 78z°
1 + 72z* +90z° + 2282° + 32427 + 24328 + 662°
1+ 63z% +992° + 23426 + 34227 + 19828 + 872°
1 +42z* + 1682° + 168z° + 33627 + 23728 4 722°
1 + 54z* + 13227 4 192z° + 36027 + 201z° + 84z°
1 + 78z% + 722° + 240z° 4 33627 + 22528 + 722°
1 + 66z* + 72z° 4+ 3122° 4+ 24027 + 26128 + 722°

[10,5,5]
1 +962° + 1502 + 24027 + 25528 + 240z° + 42210
1 4 932% + 1652° + 21027 4 28528 + 2252° + 45210
1 4 902° + 180z° + 18027 + 31528 + 210z° 4 48z'° (two codes)

[14,5,8]
1+ 15328 + 1442° 4+ 1922'0 + 19221 + 270212 + 48213 + 24714
1 + 14728 + 1562° + 1982'0 + 1682'" 4 27622 + 60z'3 4 182
1 + 18928 + 4202'° + 3782'2 4 362'* (four codes)

[23,5,15]
1 + 342z"5 + 17121 4 420z'° 4 84z%° + 622 (two codes)

[14,6,7]

1+ 16827 + 38728 + 5162° + 750210 + 1152211 + 75622 + 276213 + 90214

1 + 17727 + 36028 4 525z° + 795210 + 1107z + 747212 + 303213 + 81z

1 + 18027 + 35428 4 510z° + 8552'% + 1032z + 78922 + 294213 + 81z

1 +192z7 +303z% + 588z° + 810z'° + 1032z'" + 7922'2 4 300z'3 + 7824

1 + 19827 4+ 29728 + 5462° + 90020 4 1002z!! + 72622 + 36623 + 60z'4

1 + 20427 + 24928 4 684z° + 720210 + 1092z + 75022 + 324213 + 72214
(two codes)

1 +210z7 + 25228 4 588z° + 945210 + 882z!'! + 81922 + 33623 + 63214

1 +216z7 + 18928 + 840z° + 42021 + 1512z" + 3782'2 4 50423 + 3624
(six codes)
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[15,6,8]
1 + 40528 + 1260z'0 + 1890z'2 + 540z'* (three codes)
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