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EXTENSIONS OF BOOLEAN ISOMETRIES

ANTONIO AVILES

ABSTRACT. We study when a map between two subsets of a Boolean domain
W can be extended to an automorphism of W. Under many hypotheses, if
the underlying Boolean algebra is complete or if the sets are finite or Boolean
domains, the necessary and sufficient condition is that it preserves the Boolean
distance between every couple of points.

1. INTRODUCTION

Boolean domains and Boolean transformations are the Boolean analogues of
algebraic varieties and morphisms of algebraic varieties. We fix once and for all a
Boolean algebra B. A Boolean function f : B™ — B is a function which admits
a polynomial expression in terms of the operations and elements of B, such as for
instance f(x1,22) = (21 V 22) A a, where a is a fixed element of B. A Boolean
domain (over B) is a subset V' C B™ which is the set of solutions to a Boolean
equation, namely

V={(z1,...,2n) € B": f(x1,...,2,) = 0},

for some Boolean function f : B® — B. If U C B™ and V C B™ are Boolean
domains, a map F' : U — V is a Boolean transformation if there are Boolean
functions Fi,..., F,, : B®™ — B such that

F(z) = (Fi(x),..., Fn(z))

for all x € U. A Boolean isomorphism is a bijective Boolean transformation (its
inverse map is, in fact, a Boolean transformation too). Two Boolean domains are
isomorphic if there exists a Boolean isomorphism between them. We must mention
the books [8] and [J] as reference treaties about Boolean functions and equations.

In this paper, we consider the problem of when a given bijection between two
subsets of a Boolean domain W can be extended to a Boolean isomorphism from
the whole W onto itself. One main result is the following:

Theorem 1. Let U,V,W C B™ be Boolean domains with U UV C W and let
F :U — V be a Boolean isomorphism. Then, F is the restriction of some Boolean
isomorphism F' : W — W.

A Boolean domain U C B™ can always be considered as a Boolean metric space
with the metric d(z,y) = Vi, (z; & y;). A Boolean metric space (over B) is a
set X together with a symmetric map d : X x X — B satisfying the following
two properties: d(z,y) = 0 if and only if © = y, and d(z,2) < d(z,y) V d(y, 2)
for all z,y,z € X. This constitutes a category with maps f : X — Y which are
contractive, that is, d(f(x), f(y)) < d(z,y) for all z,y € X. When this inequality
is an equality and f is bijective, then f is called an isometry. This concept was
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early studied in a series of works like [2], [3], [], [5] and [6]. In [I] the close
relation between the metric and the algebraic structure of Boolean domains, in
a more general context, is investigated. The Boolean transformations between
Boolean domains coincide with the contractive maps and the Boolean isomorphisms
with the isometries. Also, the category of Boolean domains and transformations
is equivalent to the category of CFG-spaces (a subclass of Boolean metric spaces,
whose definition is recalled below) and contractive maps and therefore Theorem [II
is equivalent to the following:

Theorem 2. Let U, V,W be CFG-spaces with U UV C W and let FF: U — V be
an isometry. Then, F is the restriction of some isometry F' : W — W.

A direct consequence of this theorem, together with [I, Theorem 1.15] is that the
necessary and sufficient condition for a bijection between finite subsets of a Boolean
domain W to be extended to a Boolean isomorphism of W is to be an isometry
between these two finite sets.

It turns out in fact, that when B is a complete Boolean algebra, then U and V'
need not be assumed CFG-spaces:

Theorem 3. Suppose that B is complete. Let W be a CFG-space, U,V subsets
of W and F : U — V an isometry. Then, F is the restriction of some isometry
F'-wW—Ww.

If A is a p-ring for some prime number p (that is, a ring in which 2? = z and
px = 0 for all z) then A happens to be a Boolean metric space over its ring of idem-
potents with distance d(z,y) = (z — y)P~!. These spaces were investigated in the
papers [10] and [7] which study, among others, problems of extension of isometries.
Namely, [10, theorem 5] is the same statement as our Theorem [B but only for the
particular case in which W is a p-ring.

The statement of Theorem[3also holds for contractive maps instead of isometries:

Theorem 4. Suppose that B is complete. Let W be a CFG-space, U,V subsets
of W and F : U — V a contractive map. Then, F is the restriction of some
contractive map F' : W — W.

We give examples that the hypothesis of completeness cannot be weakened in
Theorems [l and @l

2. NOTATIONS

The operations in Boolean algebras will be denoted as a Vb and a A b for the
supremum and infimum and a \ b for the difference, 0 and 1 denote the lowest and
greatest element, @ = 1\ a is the complement and a Ab = (a\ b) V (b\ a) is the
symmetric difference which allows to consider B as a ring with sum A and product
A. Elements ag, ..., a, of B are disjoint if a; A a; = 0 whenever ¢ # j and they are
a partition if moreover ag V- --Va, = 1. The lattice order of B is denoted as a < b.

With respect to Boolean metric spaces, the distance will be always denoted by
d. The product space of the Boolean metric spaces X and Y is X x Y with the
metric

d((z,y), (2',y")) = d(z,2") v d(y,y).
We will work in pointed Boolean metric spaces, that is, metric spaces X in which
a point 0 € X has been fixed. Formally,
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Definition 5. A pointed Boolean metric space is a couple (X,0) where X is a
Boolean metric space with metric d and 0 is an element of X. A contractive map
between two pointed spaces f : (X,0) — (X',0") is a contractive map f : X — X'
such that f(0) =0'.

In such spaces we will also use the notation |z| = d(z,0). There is no deep differ-
ence in dealing with pointed spaces but it will be convenient for technical reasons.
We shall make use of several tools in this context, as convexity and orthogonality,
developed in [1], that are explained below.

Let ag,...,a, be a partition of B and xy,...,x, be elements of the metric
space X. An element x € X is said to be a convexr combination of xg,..., x,
with coefficients ag,...,a, if a; A d(z,z;) = 0 for all i. In this case we write

agTo + -+ apnxT, = T.

It turns out that X can be always embedded into a module over B considered
as a ring (sending the fixed element 0 to the zero of the module) in such a way that
these convex combinations correspond exactly with the usual linear combinations,
cf. [I Theorem 1.6] and [I, Proposition 1.11]. This means that the notation is
coherent and all the usual properties of sum and multiplication by scalars apply.
When (X,0) is a pointed metric space then we may suppress the term correspond-
ing to 0 in notation o0+ ayx1 + - + apxy, = a121 + - - - + apxy, where ay, ..., a,
are just disjoint. We also recall that, in product spaces, convex combinations can
be calculated coordinatewise.

A set S C X is a system of generators of X, shortly X = conv(S), if any
element of X can be expressed as a convex combination of elements of S with some
coefficients. We mention the fact that if two contractive maps coincide on a system
of generators, then they are equal.

A metric space X is a CFG-space if it verifies the following two properties:

(1) Tt is convez, that is, for any o, ..., 2, € X and any partition ay, ..., a, of
B, the convex combination x = agxg + - - - + a, T, is an element of X.
(2) Tt is finitely generated, that is, there is a finite system of generators of X.

We also mention the fact that X is a CFG-space if and only if it is isometric to
a Boolean domain, as it follows from [I, Theorem 3.8].

The elements z and y of the pointed space (X,0) are orthogonal (z L y) if
d(z,y) = |z| V |y|. For a subset U C (X,0) with 0 € U we set

Ut={yeX:z LyVeecU}.

It turns out that U+ is a CGF-space provided U is [I, Proposition 2.11]. The
relation of this concept of orthogonality with the extension of isometries is the
following statement:

Proposition 6. Let U, X,Y be CFG-spaces with 0 € U C X and f : (U,0) —
(Y,0') and g : (U+,0) — (Y,0') be isometries. Then, there is a unique isometry
fLlg:(X,0) — (Y,0) which extends both f and g.

This is the content of Proposition 2.12 in [I] except that there it is written
contractive map instead of isometry. However, it is straightforward to check in that
proof, that if f and g are assumed to be isometries, then f 1 g that is obtained is
again an isometry.
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3. THE FIRST EXTENSION THEOREM

In this section we will prove Theorem [2] What we will really prove instead of it
will be the following statement about orthogonal spaces:

Theorem 7. Let (X,0) be a pointed CFG-space and Uy,Us CFG-subspaces of X
with 0 € Uy NUs. If Uy is isometric to Us, then Uf- s 1sometric to UQJ-.

Let us see, first, that Theorem [ follows from Theorem [[l For this, apart
from Proposition [ we need another result [I. Theorem 4.6], that CFG-spaces
are homogeneous, that is, if X is a CFG-space and x,y € X, there is an isometry
¢ : X — X such that ¢(z) = y. Let U, V, W and F be as in the hypotheses of
Theorem 2l and, by homogeneity, fix 0 € U and an isometry ¢ : W — W such that
@(F(0)) = 0. We apply Theorem[[lto X =W, U; = U, Us = ¢(V) and we obtain
that U+ and ¢(V)* are isometric. Again, by homogeneity, we find an isometry
g: (U+,0) — (¢(V)*,0). Finally, the map F' = ¢~ o ((¢po F) L g) is the desired
isometry.

Before passing to the proof of Theorem [, we must recall the criteria of isometry
and the concept of base developed in [1].

For a space X and an integer k > 0, we define an element

ar(X) = sup{ /\ d(ui,uj) : ug,...,ux € X}

0<i<j<k

This supremum exists and is indeed attained whenever X is either finite or a CFG-
space. In the latter case in addition, there exists kg with a(X) = 0 for all k& > kg
and ai(X) > agy1(X) for all k. Another property is that if A is a system of
generators of X, X = conv(A), then ar(A) = ar(X) for all k. The importance
of these functions is that they determine the isometry classes of CFG-spaces: two
CFG-spaces X and Y are isometric if and only if ay(X) = ay(Y) for all k, cf. [T}
§4].

Another result that we need is the existence of bases: Any pointed CFG-space
(X,0) has a base, that is, a set {z1,...,2,} such that

(1) X =conv(0,z1,...,2n),
(2) z; L x; for any i # j,
(3) OZZ(X) = |I1| > 0 for i = 1,...,n.

We point out that condition (1) above implies that a;(X) = 0 for ¢ > n. The
following lemma investigates the relation between the functions ax(U), ax(UL)
and ag(X) when U is a CFG-subspace of X. It will be useful now to convene that
ap(Y) =1 for any space Y.

Lemma 8. Let (X,0) be a CFG-space and U a CFG-subspace with 0 € U. Then,
for alln e N,
an(X) = \/ @i (U) A ap_i(UL).
=0

PROOF: Take bases By = {z1,...,2,} and B2 = {y1,...,ys} of (U,0) and
(U*,0), respectively and define B = By U Ba U {0}. From [I, Proposition 2.11] we
have X = conv(U UU") and hence X = conv(B) and a,,(X) = a,(B). Now the
result follows by applying the definition of the function «,, to that set, having in
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mind the relations

(1) |z1] > |22 > -+ -,
(2) ly1] > [y2| > -,
(3) d(xi, x5) = |2 V |25] = [Tminig |,
(4) d(yir y5) = |yl V1951 = [Ymini.p)-

Namely, for a subset A of B we define
o) =N\ duw),
u,vEA,uFv
so that a;,(B) is the supremum of all ¢(A) when A runs over all subsets of B of
cardinality n + 1. Whenever n — s < i < r, we can consider the set
A ={0,21,...,Zi, Y1, s Yn—i}

of cardinality n + 1, so that a,,(X) > ¢(4;) and by the relations mentioned above,
it is easily calculated that ¢(A;) = |zi| A |yn—i| = a;(U) A ap—i(UL). When
n—s < < r does not hold, then ;(U)Aa,—;(U+) = 0. This proves that a,(X) >
Vi @i(U) A ayn—i(UL). For the other inequality, we take an arbitrary subset A of
B of cardinality n+ 1 and we shall prove that ¢(A4) < /7, & (U) Aay,—;(U*). For
such an A, we find i; < --- < iy and j; < --- < j, such that

ANB, = {{Eil,...,,Tit},

AQBQ = {yjl,...,yju}.

Now, if 0 € A then ¢t 4+ u = n and using relations (1) — (4) above
$(A) < d(0,2,) Ad(0,y;,) = |zi| Alyj.| < 2o Alyul = e(U) Ay (U).
On the other hand, if 0 &€ A, then u+t =n + 1 and calculating again,
ift,u=2 @A) < d@i,y;,)Nd@i,vi,_,) ANdY5, Yj._.)
(il Vg5, 1) Alaiey A Ty, |
= (s | Ay DV (i Ayl
(

< (@ Alyu—1]) V (Jze—1] Alyul),
ift= l,u > 15 ¢(A) < d(xil’yju) A d(yj'ujyjufl)
(2o | VY5, 1) Ay |
= (lzi | Ay ) V)
< (lzaf A fyu—10) V |yl

= (1(U) N a1 (U)) V (a0 (U) A e (U)),
and the other cases are checked similarly. [J
PROOF OF THEOREMI[Z} For every i € N, we set
a; = Oéi(Ul) = Oéi(Ug), bl = Oéi(X), Ty = al(Uf‘), S; = OéZ(U2J')

What we must prove is that r; = s; for every i. Let d be the greatest integer with
aq4(X) > 0. Clearly, r; = s; = 0 for all i > d and by Lemma [§ both (ri);-’lzl and
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(s:)L, are solutions to the following system of equations in the variables z1, . .., 74
(5) x> > xg,

n
(6) \ (an—i Ni) = b, n=1,...,d+1,

i=0

where zg = ag = 1 and x44; = 0 are constants.

Hence, we must see that this system of equations has a unique solution, under
the hypotheses that by > --- > bg11 =0, a1 > -+ > ag+1 = 0 and a; < b; for all
i. We need, therefore, a criterion to ensure the uniqueness of solutions of a certain
system of Boolean equations, which is provided by the following lemma:

Lemma 9. Let Y be a CFG-space and {yo,...,yn} a system of generators of Y
such that d(y;,y;) =1 for alli # j. Let f : Y — B be a contractive function such
that f(yi) V f(y;) = 1 for all i # j. If the equation f(x) = 0 has a solution for
x €Y, then this solution is unique.

PROOF: Notice that, even if ¢ = j we always have d(y;,y;) < f(y:) V f(y;) for
all i,5 = 0,...,n. The set of all couples (y;,y;) is a system of generators of the
product space Y x Y. We consider the function h(z,y) = d(z,y) \ (f(z) V f(v))
onY x Y. First, we notice that h is contractive. The map (x,y) — f(z) V f(y)
is contractive since it is the composition of contractive maps (z,y) — (f(z), f(v))
and (a,b) — aVb. The map (z,y) — d(z,y) is also contractive, cf. property (3”)
after [I, Definition 1.1]. Hence h is contractive since it is a Boolean operation of
two contractive maps. On the other hand, h is equal to zero on the system of
generators {(y;, y;)} and therefore, it is constant equal to zero on all Y x Y. Hence,
if f(x)=f(y) =0, thend(z,y) =0and x =y. O

Back to the proof of Theorem [7] we shall apply Lemma [ to
Y ={(z1,...,24) € B" 11 >+ > 14},

which is a metric space with the usual metric d(z,z’) = \/le(xl- Azl Tt is
checked in [I] that in these metric spaces, convex combinations are calculated simply
coordinatewise in the natural way. It is straightforward to check that in fact, Y is
a CFG-space with the set of generators
yo = (0,0,...,0,0),
y1 = (1,0,...,0,0),
ya—1 = (1,1,...,1,0),
ya=(1,1,...,1,1).

Namely, if ¢ = (¢1,- -+ , ¢q) then ¢ = (c1\c2)y1+(c2\e3)y2+- - -+caya+(1\V ¢)yo.
After [I, Theorem 3.8], the contractive functions from Y to B are exactly the
Boolean functions. We will finish the proof provided we can apply Lemma [0 to the
Boolean function f(x) = VZJ;11 n(z), where

fn(xla- .. ;Id) = bn A <\/ Qp—i /\Il> .

=0
It remains to check that f(y;)V f(yx) = 1 whenever j,k =0,...,d, j # k. First,
we calculate the value of the f,,(y;)’s. For notational simplicity we convene that
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fn(yj) = b, A \/ Ap—i N\ (yj)z =b, A (an_o Van,-1V---V an_j)
=0

= an—; Dby if j <my

fn(y]) = bnA\/an—z/\(y])z:bnAG/O:bnAl
=0

= b, if j >n.

The value of the f(y;)’s is then

flyo) = (a1 Ab1)V(ag Aba) V.-V (ag Abg) VO0;

flyr) = Ev(alAbz)\/"'\/(ad_lﬁbd)\/ad;

f(yg) = E\/E\/ (al A b3) \VARERV, (ad_g A bd) V aqg—1;

flyp)) = bive-b; V(e Abjpa) V-V (aa—j Aba) Vag—ji1;
f(yd_l) = E\/ - Vbg_1V (a1 A bd) V asg;

flyg)) = biV---VbgVay.

We can simplify since by > by > --- > by:

f(yo) = (a1Abl)\/(agAbg)\/---\/(adAbd);

fly) = Ev(al Aby) VeV (ag—1 ANbg) Vag;

f(yg) = E V (a1 A bg) V.-V (ad,Q AN bd) Vag—1;

fly)) = bjV(ar Abjpa) V-V (ag—j Aba) Vag—jir;
fWa—1) = ba—1V (a1 Abg)V ag;

flya) = baVa.

Now, we fix 4, j and a; > --- > a4. We must see that for any (by...,bq) €
Y, f(yi) vV f(y;) = 1. Again, the function ¢(b) which associates to each b =
(b1,...,bq) € Y the corresponding value of ¢(b) = f(yi;) V f(y;) is a Boolean
function, and in order to see that ¢ is constant equal to one on Y it is enough to
check that ¢(yx) =1 for k=0,...,d. For (b1,...,bq) = yr we obtain:



8 ANTONIO AVILES

fwo) = (@ A)V---V(ag A1) VagV---Vag;
fly) = (@ A1)V---V(ag1 AL)VapV---Vag
f(ya) = (Glﬁl)\/--~\/(ak,jAl)\/akfjJrl\/...\/adijJrl;
flyp—1) = (@ A1) VayV---Vag_ pio;
f(yk) = CL1\/CL2\/"'\/CLd,k+1;
fre1) = flypse) == flya) = 1.

Now, it is clear that f(y;) V f(y;) = 1 for i # j because if i < j then ajx_;41 <
f(y;) and agp—;41 A1 < f(y;). This finishes the proof of Theorem[7] and hence, also
the proofs of Theorems[2and[Il O

4. THE SECOND EXTENSION THEOREM

In this section we prove Theorems [Bland @l Hence, we assume from now on that
our fixed Boolean algebra B is complete, that is, that whenever S is a subset of B
there exists s = \/ .S € B the supremum of S. We recall that the distributivity law
still holds in the infinite case: x A\/{y; : i € I} = \/{z Ay, : i € I} whenever z € B
and y; € B for all ¢ € I.

Lemma 10. Let X be a metric space over B and {f; : X — B}icsr a family of
contractive maps. Then, the pointwise supremum \/ f; is again a contractive map.

PROOF: Recall that the metric on B is given by d(z,y) = = A y and hence
f + X — B is contractive if and only if f(z) A f(y) < d(x,y) for all z,y € X.
Moreover, this can be rewritten as

d(z,y) A fly) < f(z) < fy) vd(z,y)

for all x,y € X. With this characterization and using the infinite distributivity
law, the proof of the lemma becomes apparent. [J

Lemma 11. Let X be a CFG space over the complete Boolean algebra B and let
{Ki}ier be a family of CFG-subspaces of X. Then (\; K; is a CFG-space.

PROOF: By [1, Lemma 3.5] a subspace K C X is a CFG-space if and only
if there exists f : X — B contractive with K = f~1({0}). This together with
Lemma [0 proves the Lemma. [

By Lemma [[1] given a subset U of a CFG-space X, we can consider Conv(U)
the least CFG-space that contains U, obtained as the intersection of all CFG-
subspaces that contain U. Any nonprincipal I ideal of B is an example in which
I = conv(I) # Conv(I) since I is convex but not a CFG-space.

Theorem 12. Let X and Y be CFG-spaces over the complete Boolean algebra B
and let f : U — V be a contractive map between two arbitrary subsets U C X and
V C Y. Then there is a unique contractive map Conv(f) : Conv(U) — Conv(V)
that extends f. In addition, if f is an isometry, so is Conv(f).
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Notice that TheoremBlis a direct consequence of Theorem[I2]above together with
Theorem [2] while Theorem M follows from Theorem [[2] and [I Proposition 2.12].

PROOF OF THEOREM 2 First, we check that Conv(f), provided it exists, is
uniquely determined. Suppose that g, h : Conv(U) — Conv(V) are two contrac-
tive extensions of f. Then the set

K ={z € Conv(U) : d(g(z), h(z)) = 0}

is, by [I, Lemma 3.5] a CFG-space which contains U, hence Conv(U) C K and
g=h.

For the existence of Conuv(f), we prove first a particular case, namely, that any
contractive function f : U — B extends to a contractive map G : Conv(U) — B.
For every u € U we consider the contractive map g, : Conv(U) — B given by

gu() = f(u) \ d(u, z)

and we set G = \/{gy : v € U}. On the one hand, for any u € U, f(u) = gy,(u) <
G(u). On the other hand for any u,v € U, f(u) A f(v) < d(u,v) and hence
f) > fu)\d(u,v) = gu(v), so taking suprema over U, also f(v) > G(v). Now we
pass to the general case and we use the fact that Y can be viewed as a subspace of
B" for some natural number n. Extending coordinate by coordinate, we know that
there is a contractive map h : Conv(U) — B™ which extends f. It remains to show
that the range of h verifies h(Conv(U)) C Conv(V) C Y. Again, by [Il, Lemma 3.5]
there is a contractive map s : B" — B such that Conv(V) = s71({0}). Notice
that for every u € U, h(u) € V. C Conv(V) = s1({0}) so s(h(u)) = 0. Therefore
the composed map so h : Conv(U) — B is a contractive map which extends the
constant map ¢ : U — B, ¢(u) = 0. By the uniqueness of extensions to Conv(U)
that we have already proved, we obtain that soh = 0, so h(Conv(U)) C s71({0}) =
Conv(V).

With respect to the last assertion of the theorem, if f is an isometry then f=!:
V — U is a contractive map and Conv(f~') must be a contractive inverse map
for Conv(f) (since the compositions in both senses are contractive extensions of
the identity maps in Conv(U) and Conv(V)). This implies that Conv(f) is an
isometry. O

We finish by presenting an example which shows that the hypotheses of Theo-
rems [2 and [B] cannot be essentially weakened.

Assuming that B is not complete we construct a CFG space X and an isometry
f U — V between subsets of X which cannot be extended to any contractive
map F': X — X. Take S a subset of B which does not have a supremum and set

I={aeB:3a1,...,an€S:a<a1V---Vay};

the ideal generated by S which neither has a supremum. Namely, if  were the
supremum of I, then it would be also the supremum of S because S and I have the
same upper bounds: if y is an upper bound of S and a € I, thena <a; V---Va,
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for some elements a; € S, so that a; < y for all ¢ and finally a < y. Set

J = {a€eB:ahz=0Vx eI},
I+J = {alAb:aecl,beJ},

X = {(z,y) e B*:xAy=0},

V = {(zr,y)eX:xel,yeJ},

U = {(»0)eX:zel+J}

Observe that X is a CFG-space since it is a Boolean domain, in fact X = conv{(0,0), (0, 1), (1,0)}.
The isometry is f = g~ !, the inverse map of g : V. — U given by g(x,y) =

(x Ay,0). Namely g is an isometry because it is clearly onto and for any x,2’ € T

and y,y" € J,

dlg(z,y),9(="y)) = zhylLa' Ay =@L)A(yLy);
d((z,y),(2,y) = (xAa")V(yAy)
and the two expressions are equal because © A x’ € I and y Ay’ € J, so they are
disjoint.
Suppose that we could extend f to some contractive map F : X — X. We

claim that if F(1,0) = (a,b) then a is the supremum of I, which is a contradiction.
Namely, for every x € I,

(z Aa)Vb=d((z,0),(a,b)) = d(F(z,0), F(1,0)) <d((x,0),(1,0)) ==
so that < a and analogously for every y € J,

(y A b) Va= d((O,y), (a7 b)) = d(F(y7 0)7 F(lv O)) < d((yu 0)7 (17 O)) =y
and y < b. This means that a is an upper bound of I and b an upper bound of J.
If ¢ is now an arbitrary upper bound of I then¢ € J,so¢<b,soaAc<aAb=0
and a < c.

Observe that the space X in the example is “two-dimensional”. In fact the
case X = B is special and even if B is not complete, arbitrary isometries between
subsets can be always extended. This is because if f : U — V is an isometry
between U,V C B then f(z) A f(y) =x Ay for all 2,y € U and this implies that
the function = A f(z) is constant equal to some a € B, and then F(z) = a Az is
an isometry of B that extends F'. However, this particularity does not apply when
we consider extensions of contractive maps instead of isometries. Take for instance
two infinite sets M C Q and B the Boolean algebra of the finite or cofinite subsets
of Q and U C B the family of the finite subsets of 2. Then the contractive map
f:U — U given by f(x) = M N2 cannot be contractively extended to B.

REFERENCES

[1] A. Avilés. Boolean Metric Spaces and Boolean Algebraic Varieties. Comm. Algebra. 2004,
32, 1805-1822.

[2] Blumenthal, L. M. Boolean Geometry I. Rend. Circ. Mat. Palermo. 1952, 1, 343-360.

[3] Blumenthal, L. M. Penning C.J. Boolean Geometry II. Rend. Circ. Mat. Palermo. 1961, 10,
175-192.

[4] Ells, D. Autometrized Boolean algebras I. Fundamental distance-theoretic properties of B.
Canadian J. Math. 1951, 3, 87-93.

[5] Ellis, D. Sprinkle, H.D. Topology of B-metric spaces. Compositio Math. 1956, 12, 250-262.

[6] Melter, R. A. Boolean valued rings and Boolean metric spaces. Arch. Math. 1964, 15, 354-363.

[7]  Melter, R. A. Contributions to Boolean geometry of p-rings. Pacific J. Math. 1964, 14, 995-
1017.



EXTENSIONS OF BOOLEAN ISOMETRIES 11

[8] Rudeanu, S. Boolean Functions and Equations. North-Holland, Amsterdam, 1974.

[9] Rudeanu, S. Lattice Functions and Equations. Springer, London, 2001.

[10] Zemmer, J.L. Some remarks on p-rings and their Boolean geometry. Pacific J. Math. 1956,
6, 193-208.

DEPARTAMENTO DE MATEMATICAS. UNIVERSIDAD DE MURCIA. 30100 MURCIA, SPAIN. AVILESLOQUM.ES



	1. Introduction
	2. Notations
	3. The first extension theorem
	4. The second extension theorem
	References

