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Abstract

Let Cy, be the largest number of vertices in a Cayley graph of degree d and
diameter k. We show that Cyz > (d — 3)* and Cys > 25(41)° for any
d > 8, and Cyy > 32(%2)? for any d > 10. For sufficiently large d our graphs

are the largest known Cayley graphs of degree d and diameters 3, 4 and 5.
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A Cayley graph C(G, X) is specified by a group G and a unit-free gen-
erating set X for this group such that X = X~!. The vertices of C(G, X)
are the elements of G and there is an edge between two vertices u and v in
C(G, X) if and only if there is a generator a € X such that v = ua.

The degree-diameter problem for Cayley graphs is to determine the largest
number of vertices in Cayley graphs of given degree and diameter. Let Cy
be the largest order of a Cayley graph of degree d and diameter k. The
number of vertices in a graph of maximum degree d and diameter k can not
exceed the Moore bound Myy, = 1 +d+d(d—1)+ ... +d(d— 1)1 In
[1] and [2] Bannai and Ito improved the upper bound and showed that for
any d,k > 3 there are no graphs of order greater than M, — 2, therefore
Car < Mgy, — 2 for such d and k. Since the Moore graphs of diameter 2 and
degree 3 or 7, and the potential Moore graph(s) of diameter 2 and degree 57
are non-Cayley (see [3]), Cayley graphs of order equal to the Moore bound
exist only in the trivial cases when d =2 or k£ = 1.

We focus on constructions of Cayley graphs of small diameter. The case
k = 2 and d — oo has been widely studied. The best known construction
of diameter 2 was recently found by Siagiova and Sirai [8] who showed that
Ca2 > d? — 6\/§d% for an infinite set of degrees d. Macbeth et. al. [7]
presented large Cayley graphs giving the bound Cyj > k(d%?’)k for any di-
ameter k£ > 3 and degree d > 5. Let us also mention the Faber-Moore-Chen
graphs [4] of odd degree d > 5, diameter k, such that 3 < k < %, and order
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(£3)1/(4£2 — k)!. These graphs are vertex-transitive and in [7] it is proved
that for any k£ > 4 and sufficiently large d the Faber-Moore-Chen graphs are
not Cayley. Large Cayley graphs of given degree d and diameter k, where
both d and k are small, were obtained by use of computers, see [5] and [6].

For diameters 3, 4 and 5 we present Cayley graphs which yield the bounds
Cas > 2(d —3)* and Cys > 25(%47)° for any d > 8, and Cyy > 32(%42)*
for any d > 10, improving thus the corresponding bounds of [7] for large
d. Particularly for diameter 3 we improve the lower bound considerably. It
can be easily checked that the graphs of Faber, Moore and Chen are smaller
than our graphs for diameter 3 and large degree, and they are larger than
our graphs for diameters 4 and 5. However, for £ = 4 and d > 21, and for
k =5 and d > 23, the Faber-Moore-Chen graphs are non-Cayley. To the best
of our knowledge, for sufficiently large d there is no construction of Cayley
graphs of degree d and diameter 3, 4 or 5 of order greater than the order of
our graphs.

Now we describe the groups G which we use to produce large Cayley
graphs. Let H be a group of order m > 2 with unit element e. We denote
by H* the product H x H x ... x H, where H appears k times. Let a be the
automorphism of the group H* which shifts coordinates by one to the right,
that is, a(xy1, 29, ..., x) = (Tg, 1, T2, ..., xk_1). The cyclic group of order p
will be denoted by Z,.

We study the semidirect products G = H* x Z,, where p is a multiple of
k, with multiplication given by

(2, y) (@', y) = (v (2"),y +y), (1)

where a¥ is the composition of o with itself y times, x,2’ € H* and v,y €
Z,. Elements of G will be written in the form (xy,x9,...,2;y), where
T1,T2,...,7 € H and y € Z,,.

We consider generating sets X which consist of classes of elements of the
form (z1,xs,...,2k;y) where z;, 1 < i < k, is either e or g for any g € H.
In the case of diameters 3 and 5 we found generating sets for large Cayley
graphs using four such classes, whereas for diameter 4 we needed five classes.
In our search for relatively small generating sets (to result in large Cayley
graphs in terms of their degree) it proved efficient to consider generating
sets containing (k + 1)-tuples as above with at most two non-identity entries
among the first k£ coordinates; increasing this number did not yield better
graphs.



We now state and prove our main result.

Theorem 1.
(i) Cy3 > 1—36d3 for d > 8 such that d is a multiple of 4.

(i) Cua > 32(£)* for d > 10 such that d is a multiple of 5.
(iii) Cys > 25(%)® for d > 8 such that d is a multiple of 4.

Proof. We use the group G with multiplication (1) defined earlier.
(i) Let G = H3 x Zyp and X = {ay,dy, by, by | for any g,¢', h,h' € H} where
a; = (g,g,e 1), ay = (g e,9;—=1), by = (h,e,e;8) and by = (el e;4).
Since a,' = a,-1 and b,' = by-1, we have X = X~!. The Cayley graph
C(G,X) is of degree d = |X| = 4m, m > 2 and order |G| = 12m?® =
12(4)3 = Zd3.

We show that the diameter of C'(G, X) is at most 3, which is equivalent
to showing that each element of GG can be obtained as a product of at most
3 generators of X. For any x1, 29, x5 € H we have

xl,xg,xg;()) = (11, €, e‘8)(z3,e,e' 8) (e, €, €;8),
T3, e, e;8) (w3, 3, €5 1) (e, 7o, €;4),
r1,e, 1 —1) (29, €, 29; —1) (e, x5 w23, €;4),

-1

x3,e,x3;—1)(e, x5 w125 e 4)(x9, o, €5 1),

= (
= (
= (m175 " e, e;8) (w3, €, €5 8)($g,e T9; —1),
= (
= (1, €, ¢€; 8)(z3m21,e e;8)(xa, o, €5 1),

= (zox3 ", woxy ', ;1) (w3, w3, ;1) (€, w375 11, €5 4).

It is easy to see that if (1, x9, z3;y) = abc, where a,b,c € X and 0 < y < 6,
then

-1 -1 -1 e ) — 11 -1
(l’y (mod 3)+1’my+1 (mod 3)+1° xy+2 (mod 3)+1? y) =c b a.

Note that the diameter of C'(G, X)) cannot be smaller than 3, because the
order is greater than the Moore bound for diameter 2.

(ii) Let G' = H* x Z3y and X' = {a,, ay, by, by, cj | for any g, ¢, h, W, j €
H}, where a, = (g,e,e,e;1), ag = (e,e,e,g';—1), by = (e, h, h,e;7), by =
(e,e,h',h';—T) and cj = (e,j,€,€;16). Clearly, X = X" since a;" = Gy
b,' = by and c;7 = cj-1. The Cayley graph C(G’, X’) has degree d =
| X'| = 5m and order G’ = 32m* = 32(%)*.

We show that every element of G’ can be expressed as a product of 4
generators of X'. For any x1, 29, 23,24 € H we have
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(1’1, T2, T3, T4, O) = bxzaa:4:p3 lxgbe 3 aﬂ»’l’
(@1, 22, 3,743 1) = by 1€, 1y bey Gy,
(21, T2, T3, 74;2) = Oy Cag Oy Cayy

(m LE2,$3,$4,3> = Clwl%—lmllcmgbmlbm;
(1, To, 3, Ta34) = Qgy Ay Ay

(21, T2, T3, 24;5) = Coswsay'a; 1b:173bx1w 1y,
(21, T2, T3, 24;6) = - 1aa¢3bxlax2,

('T T2, T3, T4; 7) = Cqy bzsamlazglxy

(1, T2, T3, T4; 8) = Cuy ) Cppy=1 sy

(37 x2,$3,$4,9) = ngxglazzigxsaxla

(x To, X3, T4; 1 ) - bw3a$4a$1aag;1x27

(l’ T2, T3, T4, 11) - szax1x716x4a$3’

(@1, 2, @3, 43 12) = byy Gy boy Gy
(l‘ T2, T3, T4; 3) = Qg Cpy U3 Ay s

(w1, @2, w3, 045 14) = ay ,1bay Gy, Do,
(zla Lo, X3, T4; 15) = Cx2x§1x46904aw1 bxilxg’
(.Tl, T2, X3, T4, 16) = ax1$3$21a12b$4$51bx3-

Elements of G’ with the last coordinate y, where 17 < y < 31, can be
obtained as inverses of the above ones, therefore the diameter of C(G’, X’)
is at most 4. It is easy to show that, for example, no element of G’ with the
last coordinate 4 can be obtained as a product of at most 3 elements of X”,
hence the diameter of C'(G’, X’) cannot be smaller than 4.

(iii) Let G” = H® X Zas and X" = {a,, Gy, by, by | for any g, ¢, h, i/ € H}
where a, = (g,€e,e,e,e;1), ay = (e,e,e,e,g's—1), b, = (h,e,e, h,e;—4) and
by = (e,e, ' e, h';4). The Cayley graph C(G”, X") is of degree d = |X"| =
4m and order |G"| = 25m® = 25(4)°.

In order to prove that the diameter of C'(G”, X"”) is at most 5, it suffices
to show that any element (x1, z9, x3, 24, 25;y) of G, where 0 < y < 12, can
be obtained as a product of 5 generators of X”. It can be checked that

('rla X2, T3, T4, X5, O) == a’zlaxgaz3z_law4bw57

($1,$2,$3,$4,x5, ) b$3 4T, 1b$2ax 1:1:5a$17

(.CE To,T3,T4,Ts; 2) = bz4x21& zy o 1ax5bx2bx3a
(.T T2,T3, Ty, Ts, 3) = b$5aff3 T4To x5ba€5 x2)
($1,l’2,$3,$4,$5,4) = b b xgxflbmlaxglxy



l’l,x2,$3,$4,$5, _a'x1ax2aw3az4ax5a

L1, Xg, X3, T4, Ts; >_bf€3 2 :c21:c4x 1a, xsbfcl’
X1, To, T3, Ty, Ts; ) ) 1ax5bx2axd,

zlmzx T4T
acoacQ 3:4 x1x31bx3w;1x4b$4b$26$4_1$17

T, To, T3, Ty, T5;9) = amsbmb a llx !

X1 $2,$3,$4,x57

(
(
(
(
(
(
(1
(

X1, Ta, T3, Ty, T5; 10) = by, by b P T
, T, T3, Tq, Ts; 11) = by b, %2 Max Ly Oy
T1, To, T3, Ty, T5;12) = a —1b, 1y byl

x3 "

Hence, Cy5 > 25(4)® for any d > 8 such that d is a multiple of 4. O

By adding new elements to the generating sets, we get Cayley graphs of
any degree d > 10 if k =4, and d > 8 if k =3 or 5.

Theorem 2

(i) Cas > =(d — 3)? for any d > 8.
(i) Cuaq > 32(42)* for any d > 10.
(iii) Cys > 25(E1)° for any d > 8.

Proof. We use the notation of the proof of Theorem 1.

(i) By Theorem 1, Cy3 > £d® for d = 4m, where m > 2. Let u be
an element of G such that u ¢ X and u # u™'. Let X; = X U {v}, Xy =
XU{u,u™'} and X3 = XU{u,u"!, v} where v = (e, e, e,6). Then the Cayley
graph C(G, X;) has degree d = |X;| = 4m + 4, diameter at most k = 3 and
order |G| = 12m? d—1)®, where i = 1,2,3. Hence Cy3 > £(d — 3)? for
any d > 8.

(ii) We know that Cys > 32(¢)* for d = 5m, m > 2. Let w;, i =
1,2,3,4, be non-involuntary elements of G’ such that u; ¢ X’. Let X! = X'U
{ug, ... upuyt, ... u; '} where i = 1,2,3,4. The Cayley graph C(G’ )
has degree d = |X]| = bm + 2i and order |G'| = 32m* = 32(%2)% It
remains to show that Cyy > 32(%2)? for d = 11 and 13. However, if m = 2,
then G’ has an involution which is not in X’. By using this involution, we
can obtain Cayley graphs of order 32(%)4 = 2% and degree 11 or 13.

(iii) Let m > 2 be even. Then the order of H is even and G” must contain
an involution, say v, other than the identity. Let X = X" U {’U} and X! =
X" U v, ug, . ugupt, o up ) for i = 1,2,3, where uy # u;tu; ¢ X7
The graph C(G", X!"), i =0,1,2,3, is of degree |XZ”| = 4m+22+ 1, diameter
at most k = 5 and order |G| = 25m® = 25(4&2=1)5,
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Since for any m > 2 we can obtain a Cayley graph of degree 4m + 2 and
order 25(%2)% by adjoining u; and uy' to X”, we have Cy5 > 25(%%)° for
any d > 8 as desired. O
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