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Abstract

We construct several classes of completely regular codes with different parame-
ters, but identical intersection array. Given a prime power ¢ and any two natural
numbers a, b, we construct completely transitive codes over different fields with
covering radius p = min{a, b} and identical intersection array, specifically, one
code over F,- for each divisor r of a or b. As a corollary, for any prime power
q, we show that distance regular bilinear forms graphs can be obtained as coset
graphs from several completely regular codes with different parameters.
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1. Introduction

Let IFy be a finite field of the order ¢ and F; =T, \ {0}. A g-ary linear code
C of length n is a k-dimensional subspace of Fy. Given any vector v € Fy,
its distance to the code C is d(v,C) = minkec{d(v,x)}, the minimum distance
of the code is d = minyec{d(v,C\{v})} and the covering radius of the code
C is p(C) = maxyerp{d(v,C)}. We say that C is a [n,k,d; plq code. The
Hamming weight wt(v) of a vector v € Fy'wt() is the number of its nonzero
entries, i.e. wt(v) = d(v,0). Let D =C +x be a coset of C, where + means
the component-wise addition in F,. The weight wt(D) of D is the minimum
weight of the vectors in D. The weight distribution of D is the the (n+ 1)-tuple
(wg, w1, ..., wy) of nonnegative integers, where w; is the number of codewords
of D of weight ¢

For a given g-ary code C' with covering radius p = p(C) define

Cli) = {xelFy: dxC)=i}, i=12,..,p.
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Say that two vectors x and y are neighbors if d(x,y) = 1. For two vectors
x = (#1,...,2,) and y = (y1,...,¥yn) over F, denote by (x,y) their inner
product over Fy, i.e.

<X7Y> =T1Y1+ ...+ TnYn.

The linear code C+ = {v | (v,x) = 0 for all x € C} is the dual code of C. Let
s(C) be the outer distance of C, i.e. the number of different nonzero weights of
codewords in the dual code C*.

Definition 1.1. [[] A g-ary code C with covering radius p is called completely
regular if the weight distribution of any coset D of C' is uniquely defined by the
minimum weight of D.

An equivalent definition of completely regular codes is due to Neumaier [2].

Definition 1.2. [2] A g-ary code C is completely regular, if for alll > 0 every
vector x € C(l) has the same number ¢; of neighbors in C(I — 1) and the same
number by of neighbors in C(l + 1). Define aj = (¢ — 1)n — by — ¢; and set
co = b, = 0. Denote by {bo,...,by_1;¢1,...,¢,} the intersection array of C.

Let M be a monomial matrix, i.e. a matrix with exactly one nonzero entry
in each row and column. If ¢ is a prime, then Aut(C) counsist of all monomial
(n x n)-matrices M over Fy such that cM € C for all c € C. If ¢ is a power of a
prime number, then Aut(C) also contains any field automorphism of Fy (which
can be seen as maps of Fy into itself by acting on each of the coordinates)
preserving C. The group Aut(C) acts on the set of cosets of C' in the following
way: for all 0 € Aut(C') and for every vector v € Fy we have (v+C)7 = v7 +C.

Definition 1.3. [3, 4] Let C be a linear code over F, with covering radius p.
Then C is completely transitive if Aut(C) has p+ 1 orbits in its action on the
cosets of C.

Since two cosets in the same orbit should have the same weight distribution,
it is clear, that any completely transitive code is completely regular.

Definition 1.4. [5] Let C be a g-ary code of length n and let p be its covering
radius. We say that C' is uniformly packed in the wide sense if there exist
rational numbers og, ..., a, such that for any v € Fg

Zak fk(v) = 1, (1)
k=0

where fi(v) is the number of codewords at distance k from v.

Completely regular and completely transitive codes are classical subjects in
algebraic coding theory, which are closely connected with graph theory, combi-
natorial designs and algebraic combinatorics. Existence, construction and enu-
meration of all such codes are open hard problems (see [(, [, 8, 2] and references
there).



In this paper we extend our previous construction [J] connecting it with [10]
and, as a result, we obtain, for any prime power ¢, several different infinite
classes of completely regular codes with different parameters n,k,q and with
identical intersection arrays. This gives different presentations, as coset graphs,
of distance-regular bilinear form graphs.

Under the same conditions, an explicit construction of an infinite family of
g-ary uniformly packed codes (in the wide sense) with covering radius p, which
are not completely regular, is also given.

2. Preliminary results

Lemma 2.1. [2] Let C be a linear completely regular code with intersection
array {bo,...,bp—1;¢1,...,¢,}, and let p; be the number of cosets of C' of weight
i. Then

Mi—1bi—1 = pic;.

Definition 2.2. For two matrices A = [a, ] and B = [b; ;] over Fy define a
new matriz H which is the Kronecker product H = A® B, where H is obtained
by replacing any element a, s in A by the matriz a, sB.

Consider the matrix H = A® B and let C, C'4 and Cp be the codes over F,
which have, respectively, H, A and B as parity check matrices. Assume that A
and B have size m, X ng, and m; X ny, respectively. Clearly, the codewords in
code C' are presented as matrices [c] of size ny X ng:

C1,1 e Cln, C1
C2.1 . C2n, Co

[c] = . . . = . = [cWc® ... c(”“)} , (2)
Cnp,l -+- Cnyong Cn,

where ¢; j = a, ;bs i, ¢, is the rth row vector of the matrix C' and c® is its (th
column.
The following result was obtained in [9].

Theorem 2.3. Let C(H) be the [n, k,d; pl, code with parity check matriz H =
A ® B where A and B are parity check matrices of Hamming [ng, kq, 3|4 and
[, kb, 3]q codes, Ca and Cp, respectively, where n, = (¢"* —1)/(¢ — 1) >
3, np=(¢g"™ —1)/(qg—1) >3, ko =n4—mqa, kp =np —myp and where

n=mngny, k=n—mgmp, d=3, p=min{mg,my}.

Then the code C is completely transitive and, therefore, completely reqular with
covering radius p = min{mg, mp} and intersection numbers

(g™ —q¢") (g™ — ¢)

by = C0=0,....p—1,

(¢—1) g

v 3)
céqu1'q ; E:l, P

qg—1



Definition 2.4. Let C be the [n, k, d; p], code with parity check matriz H where
1<k<n-1andd>3. Denote by C, the [n,k,d|; code over Fyr with the
same parity check matriz H. Say that code C.. is obtained by lifting C' to Fyr.

In [IL0] we proved the following result

Theorem 2.5. Let C.(HY,) be the [n,n —m,3;ply code of length n = (¢™ —

1)/(g—1) over the field Fyr obtained by lifting a g-ary perfect [n,n—m, 3], code

C(HE) with parity check matriz HY,. Then, the code C.(HE,) is completely

reqular with covering radius p = min{m,r} and intersection numbers given by
) taking mg, = m and my, = 7.

3. Extending the Kronecker product construction

Recall that by C'(H) we denote the code defined by the parity check matrix
H, by HY, we denote the parity check matrix of the g-ary Hamming [n,n —
m, 3;1]4 code C = C(HY) of length n = (¢™ —1)/(¢ — 1), and by C,.(HZ,) we
denote the code (of the same length n = (¢"™ — 1)/(¢ — 1)) obtained by lifting
C(HY,) to the field Fr.

Considering the above Kronecker construction (Theorem @) we could see
that the alphabets of both matrices A = [a; ;] and B should be compatible to
each other in the sense that the multiplication a; ;B can be carried out. To
have this compatibility it is enough that, say, the matrix A is over Fy« and B
is over IFy. First, we consider the covering radius of the resulting codes.

Lemma 3.1. Let C(HY, ) and C(HY,,) be two Hamming codes with parameters
[Nas Mg —Mq, 3]quw and [ny, np, —my, 3], respectively, where ng = (¢* ™ —1)/(q"* —
1), np=(¢"™ —1)/(qg—1), q is a prime power, mq, mpy > 2, and u > 1. Then
the code C with parity check matriz H = Hg;; ® HJ, , the Kronecker product of
Hﬁ:ﬂ and HY

t.s has covering radius p = min{umg, mp}.

PROOF. Assume that the matrices H, H,‘?,:a, and HY, have columns h;, a;, and
b, respectively, i.e.
H=[hy|-|h,], H = lan]lan,], Hi, = [bi--[by,].
We have to prove that any column vector x € (Fqu)™«™ can be presented as a
linear combination of not more than p columns of H.
By construction the column h; is
hi = [ay b7, az;b7, .. am, ;bs ],

where i = 1,...,n, n = ngnp, 5 = 1,...,ny s = 1,...,n and ()7 means
transposition. By definition, the matrix H, contains as column vectors any
vector y € (F,)™® over the ground field Fy, up to multiplication by scalars of
F,. Vectors x are arbitrary vectors over the extended field F;« and each one
can be presented as a linear combination of u or less vectors from HJ, . Hence



for any choice of x = (x1,...,X;,,) we can always take not more than um,
columns of H to have m, equalities of the type

u
X; = E O(Sbis, 1=1,...,mg, OéiEFqu,
s=1

implying that
p < umg.

From the other side, by permuting the rows of H, the column h; can be presented
(with other index, say, i') as follows:

hzj; = [bl,saj, bgvsaj, ey bmb,saj].
and with the same argumentation as before we obtain
p < my.

Since in both cases the bounds can be reached by appropriate choices of vector
X, we obtain the result. O

We also give several simple facts from [J, (], which will be used in the proof
of the forthcoming theorem. As we said before (P), any codeword ¢ € C(H),
where H = A ® B, can be seen as a (np X n,)-matrix [c].

For any vector v of length n = n; X n, presented as a (n, X n,)-matrix [v]
define its syndrome which, in a matrix representation, is a (mjp x m,) matrix

Sv=[(A®B)v'] = Blv]A".

If we compute the syndrome of a codeword [c] of the code C(H) we obtain
Se = [(A® B)c!] = B[c]AT =0].

Fix a 1 — 1 mapping v from F . to (F,)* writing for any element a € Fyu its
F,-presentation v(a):

u—1
I/(a) = [ao,al, .. .7CLu,1] — a= Zaiyi7
i=0
where vg,v1,...,vy—1 is a fixed basis in Fgu over F,. Finally, extend the
map v to vectors v = (v1,...,v,) € (Fgu)™ by the obvious way: v(v) =

()| - [(va)].

Definition 3.2. Given a vector v € (Fgu)", with syndrome Sy, which is a
(my x mg) matric over Fgu denote by vy, the (my X (umy)) matriz obtained from
Sy using the map v in its rows.

We need the following results.



Lemma 3.3. Let x,y € (Fqu)™ be two vectors with syndromes Sx and Sy and
corresponding matrices vx and vy, respectively. Then, for any non singular
my X my matric K over Fy, the two equalities

(v)TK = 1/5 and (Sx)TK = Sg

are valid (or do not valid), simultaneously.

PrOOF. Straightforward.

Lemma 3.4. If v € C(¢), then rank(vy) = £.

PRrROOF. The proof is similar to the case of codes over the same alphabet [J].

Lemma 3.5. Let C = C(H) be a code with parity check matriz H = H,’{:a QHL .
Let p; be the number of cosets in C(i). Then

= Qi(g™)Qi(g"™)
' Qi(q") ’

where Qi (¢7) = (¢7 — 1)(¢7 —q)--- (¢ — ¢"~1).

PrOOF. From Lemma @ for all vectors v € C(¢) we have rank(ry,) = £. All
vectors in the same coset C' + v have the same syndrome v,,. Therefore, the
number of different cosets in C'(7) is equal to the number of different syndromes
and so the number of different (m; x (umg)) matrices over F, of rank i. This
number is well known [[11] and gives the statement.

The following theorem generalizes the results of [d, [10].

Theorem 3.6. Let C’(H,‘{:a) and C(HY,) be two Hamming codes with param-
eters [Ng, Mg — Mg, 3|qu and [y, ny, — my, 3]4, Tespectively, where n, = (¢“™ —
D/~ 1), m = (g™~ 1)/(g~ 1), g i aprime power, ma,my > 2, and
u>1.

(i) The code C with parity check matriz H = H,q,:a ® HY

s the Kronecker

product of Hgfa and HY, , is a completely transitive, and so completely
regular, [n,k,d; plqu code with parameters

n=ngny, k=n—mgmp, d=3, p=min{umg, mp}. (4)
(ii) The code C has the intersection numbers:

("™ —q") (g™ — ")

by = (=0,1,...,p—1,

(¢-1) ’
and .
-1
c = qe71‘17, £=1,2,...,p.
qg—1



(iii) The lifted code Cp,(HE,,. ) is a completely regular code with the same
intersection array as C.

PROOF. The proof follows from similar arguments which we used in the two
previous papers [9, [10].

First, from Lemma B.1|, we have that p = min{m;, umg}.

The next step is to prove that the code C = C(A®B) is completely transitive.
Here we use Lemma @ in order to guaranty the existence of the invertible
my X my, matrix K over Fy such that the equality STK = Sg holds where Sy
and Sy are the syndromes of vectors x and y over Fgu.

Denote by C4 and Cp the codes over Fy«, with parity check matrices A and
B, respectively.

To prove that C is a completely transitive code it is enough to show that
starting from two vectors x,y € C(£), 1 < ¢ < p, there exists a monomial
matrix ¢ € Aut(C) such that xp € y + C or, in terms of syndromes,

Sxp = [(A® B)(xp)"] = [(A® B)(y)"] = Sy.

Let ¢1 be any monomial (n, X n,) matrix and ¢, be any monomial (n, X ny)
matrix. It is well known [[12] that

(Ag1) ® (Bo2) = (A® B)(¢1 @ ¢2)

and ¢ ® ¢ is a monomial (ngnp X Nenp) matrix.

Note that if ¢ € Aut(C) then HpT is a parity check matrix for C' when H
is. Therefore, taking the specific case where ¢7 € Aut(C4) and ¢ € Aut(Cp)
we conclude that (¢7 @ ¢2)T € Aut(C), or the same ¢ ® ¢ € Aut(C).

The two given vectors x,y belong to C(¢) and, from Lemma @, rank(Sx) =
rank(Sy) = ¢, where Sx and Sy are the syndrome of x and y, respectively.
To prove that C is a completely transitive code we show that there exists a
monomial matrix ¢ € Aut(Cp) such that

(A B)y! = (A® Bp)x?
(A® B)((In, ® ¢)x")

where I,,, is the n, X n, identity matrix.

Since ¢ < p < my, it is straightforward to find an invertible (m; x my,) matrix
K over F, such that v K = 1/5. By Lemma we conclude that ST K = Sg.
Since B is the parity check matrix of a Hamming code, the matrix K7 B is
again a parity check matrix for a Hamming code and K7B = B¢ for some
monomial matrix ¢. Moreover, if Gp is the corresponding generator matrix for
this Hamming code, i.e. BG% = [0], then (B¢)GL = (KTB)GE = [0] and so
¢ € Aut(Cp).

Finally, we have

(A B)y" = S, =K"S,=K"(B[x]AT)
Bo[x]AT = (A ® Bg)x”
= (A®B)((I,, ® ¢)x").



Since the code C' is completely transitive we conclude that C' is completely
regular with the parameters (@) This gives (i).

Now we have to write down the expressions for all intersection numbers. In
this case we use the same approach as in [[L0]. We begin computing by, so the
number of vectors in C(1) which are at distance one from one given vector in
C. Without loss of generality (since C is a linear code) we can fix the zero
codeword 0 in C' and count how many different vectors of weight one there are
in C(1). The answer is immediately

(¢"™ —1)(¢™ — 1)
(¢—1) '
Since the code C' has minimum distance d > 2, we have ¢; = 1.

In general, let 1 < i < p— 1. Take a (um, X my)-matrix E of rank i, over
F,, and compute the value b; as the number of different (um, x my)-matrices
E, over F,, of rank i + 1 < p, such that £ — F has only one nonzero row. This
value is well known ([L1, 10]):

bp = n(q¢"—-1) =

(quma _ qz)(qmb _ qv)

(¢—1)
Now, using the expressions for b;_1, p; and p;—1 from Lemmas Ell and @, we
obtain

b =

Cpicabia o (¢ -1)
i = —( T
i q—1
i.e., we have (ii).

The last statement (iii) follows directly from Theorem @ o

Remark 3.7. We have to remark here that in the statement (iii) we can not
choose the code Cp,, (H;Inua) (instead of C,y,, (H{,, )), which seems to be natural.
We emphasize that the codes C,, (HE,, ) and Cy,, (HZ, ) are not only differ-
ent completely regular codes, but the corresponding coset graphs are distance-
regular graphs with different intersection arrays. So, the code Cy,, (HZ,,, ) suits
to the codes from (i) in the sense that it has the same intersection array. For
example, the code Cy (H§2) induces a distance-regular graph with intersection
array {315,240; 1,20} and the code Cy(HZ) gives a distance-regular graph with
intersection array {189,124;1,6}. To reach these results in both cases we use
the same Theorem .5

Remark 3.8. The above Theorem @ can not be extended to the more general
case when the alphabets F,o and F,» of component codes C4 and Cp, respec-
tively, neither Fya is a subfield of Fg» or vice versa Fy v is a subfield of Fga. We
illustrate it by considering the smallest nontrivial example. Take two Hamming
codes, the [5,3,3;1]4 code Cy over Fy2 with parity check matrix H2227 and the
[9,7,3;1]s code Cp over Fys with parity check matrix H223. Then the resulting
[45,41,3:3]g4 code C = C(HZ" ® HZ’) over Fas is not even uniformly packed
in the wide sense, since it has the covering radius p = 3 and the outer distance
s = 7, which can be checked by considering the parity check matrix of C.



4. Completely regular codes with different parameters, but the same
intersection array

In [10, Theo. 2.11] it is proved that by lifting a g-ary Hamming code C(HY,)
to Fy= we obtain a completely regular code Cy(HY,) which is not necessarily
isomorphic to the code Cy,(HY). However, both codes Cs(HY,) and C,,(HY)
have the same intersection array. As we saw above, the code obtained by the
Kronecker product construction, or our extension for the case when the compo-
nent codes have different alphabets, can have the same intersection array. The
next statements are the main results of our paper.

Theorem 4.1. Let q be any prime power and let a, b, u be any natural numbers.
Then:

1) There exist the following completely regular codes with different parameters
[n, k,d; plgr, where d =3 and p = min{ua, b}:
(i) Cua(HY) over Fyua withn = LSS N S

4717
(ii) Cy(HZ,) over Fp withn = qqil, k=n—uaq;
(iii) C(Hy ® HZ,) over Fy withn = % X qull, k =n — bua;
(iv) C(H{ ® HI") over Fyo withn = % X q;::ll, k=n—bu;
(v) C(H{ ® HI") over Fyu withn = % X qqui__ll, k=mn—ba;
2) All codes above have the same intersection numbers
b £ ua 14 14
¢ —q)q" —q 1, ¢ 1
bg:( (q)il) ),Z:O,...,pfl, Cg:q€1oq_1,€:1,...,p.
3) All codes above coming from Kronecker constructions are completely transi-
tive.

PROOF. The first two codes are obtained by the known lifting construction of

the corresponding perfect codes and they all come from Theorem . The
third code is obtained by the known Kronecker product construction (both
components have the same alphabet) and come from Theorem P.3. The two

last codes are obtained by the Kronecker construction when the two component
codes have different alphabets (¢ and, ¢* or ¢*)) and come from Theorem

For every code we find the covering radius and compute the intersection
array using the corresponding expressions given in the quoted theorems. All
these codes have covering radius p = min{ua, b}.

Complete transitivity of all codes coming from Kronecker constructions fol-
lows from Theorem and Theorem B.6. a

It is easy to see that the number of different completely transitive (and,
therefore, completely regular) codes with different parameters and the same in-
tersection array is growing when n is growing and ¢ is fixed. To be more specific
we summarize the results in the following Corollary, which comes straightfor-
wardly from the above Theorem

Denote by 7(n) the number of divisors of n.



Corollary 4.2. Given a prime power q choose any two natural numbers a,b > 1.
For each divisor r of a or b the following T(a)+7(b) different codes with identical
intersection array and covering radius p = min{a, b}, are constructed:

(i) Completely transitive codes C'(qur ® H}) over Fgr, for any proper divisor
r of a and 7 = a.

(ii) Completely transitive codes C(HYI ® H,—‘,]T) over Fyr, for any proper divisor
r of b and r7 = .

(iii) Completely regular codes Co(Hy') over Fga and Cy(HZ) over Fp.

a

5. Uniformly packed codes

Recall that a trivial repetition g-ary code of length n is a perfect code if and
only if ¢ = 2 and n is odd. Denote by R = [I,,_1|—1T] the parity check matrix
of the repetition g-ary code of length n . The following statement generalizes
the corresponding result of [d].

Theorem 5.1. Let C(HY,) be the q“-ary (perfect) Hamming [n, k, 3; 1]qu code
of length ny = (¢"™ —1)/(¢* — 1) and C(R],) be the repetition q-ary code of
length ny,, where q is a prime power, u > 1, m > 2, 4 <np < (¢“ — 1)ng + 1.

e The code C = C(HY ® R} ) is a q"-ary uniformly packed (in the wide
sense) [n, k,d; plgu code with parameters

n=ngmy, k=n—m(my—1), d=3, p=mnp—1. (5)

e The code C' is not completely reqular.

PrOOF. First, we find the outer distance of code C. Using [9, Lemma 4] we
see that any linear combination of rows of Hg: has weight either ¢*(™—1) or
zero. By the same arguments used in [§, Theo. 3] (any row of the parity check
matrix of C'(RY,) adds one more value to the weight of C*) we conclude that
s(C) =np — 1.

Now, about the covering radius of code C, we claim that for the case n;, <
(¢* — )ng + 1 we have p =n; — 1.

Since p(C) < s(C) [4], it is enough to show that p(C) > n, — 1. Take
an arbitrary column vector x = (x1,Xa,... 7xnb,l)T where x; is a vector of
length m over Fyu. Present this vector as a linear combination of columns of
HY ® R], . For any vector x; there is a column of HY' which differs from x;
by a scalar. Choose as vectors xi,Xg,...,Xy,—1 all possible different vectors of
length m over Fgu. This vector can be presented as a linear combination, at
least, of nj — 1 columns of HY, ® R} . Hence, p > np — 1 as we wanted.

Since (¢ — 1)ng + 1 = ¢"™ for the case when ny, > (¢* — 1)n, + 2, we can
not choose all vectors x; such that they are different. So, if ny = (¢* — 1)n, +2,
for example, then two subvectors x; and, say, x; should be the same. Now
take as columns of HY ® R4, the column h = (hy,... h,,_1)" with the same

10



subcolumns h; = h;. As a result we obtain p = n, — 2, but s = n; — 1, implying
that the resulting code is not uniformly packed [13].

To complete the proof we have to show that C' is not completely regular. It is
enough to find an specific counterexample. Take ¢ = 2,u =1, m = 3,n, = 4 and
consider as C(HY') the Hamming [7,4, 3; 1], code and as C(R},) the repetition
[4,1,4;1]3] code. The resulting [28,19, 3; 3]2 code is not completely regular [9].
O

6. Coset distance-regular graphs

Following [], we give some facts on distance-regular graphs. Let I" be a finite
connected simple graph (i.e., undirected, without loops and multiple edges). Let
d(7, §) be the distance between two vertices v and 4 (i.e., the number of edges in
the minimal path between v and ¢). The diameter D of T is its largest distance.
Two vertices v and § from I' are neighbors if d(v,d) = 1. Define

Ti(y) = (§€T: d(7,8) = i}

An automorphism of a graph I' is a permutation 7 of the vertex set of I' such
that, for all v, € T" we have d(v,d) = 1 if and only if d(7y,md) = 1. Let T
be the graph with the same vertices of T', where an edge (v, ) is defined when
the vertices v,6 are at distance i in I'. Clearly, I'y = I". A graph is called
complete (or a clique) if any two of its vertices are adjacent. A connected graph
I' with diameter D > 3 is called antipodal if the graph I'p is a disjoint union of
cliques [g].

Definition 6.1. [6] A simple connected graph T is called distance-regular if it
is regular of valency k, and if for any two vertices v,d € I' at distance i apart,
there are precisely c; neighbors of 6 in T';_1(vy) and b; neighbors of 6 in Tiy1(7).
Furthermore, this graph is called distance-transitive, if for any pair of vertices
v,0 at distance d(v,d) there is an automorphism w from Aut(I') which moves
this pair (v,0) to any other given pair v, of vertices at the same distance

d(v,6) = d(v',0").

The sequence {bg,b1,...,bp_1;¢1,¢2,...,¢p}, where D is the diameter of
[, is called the intersection array of I'. The numbers ¢;, b;, and a;, where a; =
k—b;—c;, are called intersection numbers. Clearly by =k, bp =co =0, c¢; = 1.

Let C be a linear completely regular code with covering radius p and inter-
section array {bo,...,by,—1;¢c1,...¢,}. Let {B} be the set of cosets of C. Define
the graph I'c, which is called the coset graph of C, taking all different cosets
B = C + x as vertices, with two vertices v = v(B) and +' = v(B’) adjacent if
and only if the cosets B and B’ contain neighbor vectors, i.e., there are v € B
and v’ € B’ such that d(v,v’) = 1.

Lemma 6.2. [§, 14] Let C be a linear completely regular code with covering
radius p and intersection array {bo,...,by—1;¢1,...cp} and let T'c be the coset
graph of C. Then U'c is distance-regular of diameter D = p with the same
intersection array. If C is completely transitive, then U'c is distance-transitive.
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From all different completely transitive codes described above in Theorem

, we obtain distance-transitive graphs with classical parameters (see [0]).
These graphs have ¢“®® vertices, diameter D = min{ua,b}, and intersection
array given by

U D (Ui DN et
(¢—1) ’ q—1’
where 0 <[ < D.

Notice that bilinear forms graphs [§, Sec. 9.5] have the same parameters
and are distance-transitive too. These graphs are uniquely defined by their pa-
rameters (see [6, Sec. 9.5]). Therefore, all graphs coming from the completely
regular and completely transitive codes described in Theorem W.1] are bilinear
forms graphs. We did not find in the literature (in particular in [L5], where the
association schemes, formed by bilinear forms, have been introduced), the de-
scription of these graphs, as many different coset graphs of different completely
regular codes. It is also known that these graphs are not antipodal and do not
have antipodal covers (see [f, Sec. 9.5]). This can also be easily seen from the

proof of Lemma B.1. Indeed, a given vector x € C(p) has many neighbors in
C(p).

Theorem 6.3. Let C1, Co, .... Ck be a family of linear completely transitive
codes constructed by Theorem and letT'c,, I'c,, ..., I'c, be their correspond-

ing coset graphs. Then:

(i) Any graph T, is a distance-transitive graph, induced by bilinear forms.
(i) If any two codes C; and C; have the same intersection array, then the
graphs U'c, and U'c, are isomorphic.
(iii) If the graph T'c, has ¢™ wvertices, where m is not a prime, then it can
be presented as a coset graph by several different ways, depending on the
number of factors of m.

PrOOF. The proofs are straightforward. Given a completely transitive code C;,
constructed by Theorem @, we conclude that the corresponding coset graph
is distance-transitive with the same intersection array (Lemma @) Then, by
using [B, Sec. 9.5], we conclude that this graph is uniquely defined by their
parameters and, therefore, it is induced by bilinear forms. Since two codes
C; and C; with the same intersection arrays induce two coset graphs with the
same parameters, we conclude that the corresponding graphs I'c, and I'c, are
isomorphic. The last statement follows from Theorem {.1|, since it gives codes
with the same intersection array. a

7. Conclusions

In the current paper we use the Kronecker product construction [9] for the
case when component codes have different alphabets and connect the result-
ing completely regular codes with codes obtained by lifting g-ary perfect codes.

12



This gives several different infinite classes of completely regular codes with dif-
ferent parameters and with identical intersection arrays. Given a prime power
q and any two natural numbers a,b, we construct completely transitive codes
over different fields with covering radius p = min{a, b} and identical intersec-
tion array, specifically, one code over F,~ for each divisor r of a or b. We prove
that the corresponding induced distance-regular coset graphs are equivalent.
In other words, the large class of distance-regular graphs, induced by bilinear
forms [L5], can be obtained as coset graphs from different non-isomorphic com-
pletely regular codes (either obtained by the Kronecker product construction
from perfect codes over different alphabets, or obtained by lifting perfect codes
[10]). Similar results are obtained for uniformly packed codes in the wide sense.
Under the same conditions, explicit construction of an infinite family of g-ary
uniformly packed codes (in the wide sense) with covering radius p, which are
not completely regular, is also given.

Finally, an open question arises: are bilinear forms graphs the only distance-
transitive graphs which have such many different presentations as coset graphs?
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