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Abstract

Let I be a graph and let G be a group of automorphisms of I'. The graph I' is
called G-normal if G is normal in the automorphism group of I'. Let T" be a finite
non-abelian simple group and let G = T* with { > 1. In this paper we prove that if
every connected pentavalent symmetric T-vertex-transitive graph is T-normal, then
every connected pentavalent symmetric G-vertex-transitive graph is G-normal. This
result, among others, implies that every connected pentavalent symmetric G-vertex-
transitive graph is G-normal except 1" is one of 57 simple groups. Furthermore, every
connected pentavalent symmetric G-regular graph is G-normal except T is one of
20 simple groups, and every connected pentavalent G-symmetric graph is G-normal
except T is one of 17 simple groups.
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1 Introduction

Throughout this paper, all groups and graphs are finite, and all graphs are simple and
undirected. Denote by Z,,, D,,, A, and S,, the cyclic group of order n, the dihedral group
of order 2n, the alternating group and the symmetric group of degree n, respectively. Let
G be a permutation group on a set 2 and let o € €. Denote by G, the stabilizer of «
in GG, that is, the subgroup of G fixing the point a. We say that G is semiregular on 2
if G, =1 for every a € €, and regular if it is semiregular and transitive. For a graph I,
we denote its vertex set and automorphism group by V(I') and Aut(I"), respectively. The
graph I is said to be G-vertez-transitive or G-regular for G < Aut(I") if G acts transitively
or regularly on V(I') respectively, and G-symmetric if G acts transitively on the arc set
of I' (an arc is an ordered pair of adjacent vertices). In particular, " is vertez-transitive
or symmetric if it is Aut(I")-vertex-transitive or Aut(I')-symmetric, respectively. A graph
' is said to be G-normal for G < Aut(I") if G is normal in Aut(T").
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For a non-abelian simple group 7', T-vertex-transitive graphs have received wide at-
tentions, specially for the two extreme cases: T-symmetric graphs and T-regular graphs.
It was shown in [2] that a connected pentavalent symmetric T-vertex-transitive graph I'
is either T-normal or Aut(I") contains a non-abelian simple normal subgroup L such that
T < L and (T, L) is one of 58 possible pairs of non-abelian simple groups.

A T-regular graph is also called a Cayley graph over T, and the Cayley graph is called
normal if it is T-normal. Investigation of Cayley graphs over a non-abelian simple group is
currently a hot topic in algebraic graph theory. One of the most remarkable achievements
is the complete classification of connected trivalent symmetric non-normal Cayley graphs
over non-abelian simple groups. This work was began in 1996 by Li [12], and he proved
that a connected trivalent symmetric Cayley graph I' over a non-abelian simple group T’
is either normal or T' = A5, A7, PSL(2, 11), MH, An, A15, MQg, A23 or A47. In 2005, Xu
et al [I6] proved that either I' is normal or T' = A7, and two years later, Xu et al [17]
further showed that if T"= A4; and I' is not normal, then I" must be 5-arc-transitive and
up to isomorphism there are exactly two such graphs. Du et al [2] showed that a connected
pentavalent symmetric Cayley graph I' over T is either normal, or Aut(I") contains a non-
abelian simple normal subgroup L such that 7' < L and (T, L) is one of 13 possible pairs
of non-abelian simple groups.

For T-symmetric graphs, Fang and Praeger [, [5] classified such graphs when 7' is a
Suzuki or Ree simple group acting transitively on the set of 2-arcs of the graphs. For a
connected cubic T-symmetric graph I, it was proved by Li [12] that either I' is T-normal
or (T, Aut(F)) = (A7,A8), (A7, Sg), (A7,2.A8), (A15,A16) or (GL(4, 2),AGL(4, 2)) Fang
et al [3] proved that none of the above five pairs can happen, that is, 7" is always normal in
Aut(T"). Du et al [2] showed that a connected pentavalent T-symmetric graph I' is either
T-normal or Aut(I') contains a non-abelian simple normal subgroup L such that 7" < L
and (7', L) is one of 17 possible pairs of non-abelian simple groups.

Let G be the characteristically simple group 7" with { > 1. In this paper, we extend
the above results on connected pentavalent T-vertex graphs to G-vertex graphs.

Theorem 1.1 Let T be a non-abelian simple group and let G = T" with | > 1. Assume
that every connected pentavalent symmetric T-vertex-transitive graph is T-normal. Then
every connected pentavalent symmetric G-vertex-transitive graph is G-normal.

In 2011, Hua et al [I0] proved that if every connected cubic symmetric T-vertex-
transitive graph is T-normal, then every connected cubic symmetric G-vertex-transitive
graph is G-normal. By Theorem [ Tland [2, Theorem 1.1], we have the following corollaries.

Corollary 1.2 Let T be a non-abelian simple group and let G = T' with | > 1. Then

every connected pentavalent symmetric G-vertex-transitive graph is G-normal except for
T = PSL(2,8), Q5 (2) or A,y withn >6 and n | 2°-32-5.

Corollary 1.3 Let T be a non-abelian simple group and let G = T' with | > 1. Then
every connected pentavalent G-symmetric graph is G-normal except for T = A,_1 with
n=2-3,22.3,2% 2%.3,25,22.32 24.3,23.3%2 2°.3,2%.32,26.3,25.32,27.3, 26.32,
27.32, 28.32% or 29.32,



Corollary 1.4 Let T be a non-abelian simple group and let G = T" with 1 > 1. Then every
connected pentavalent symmetric G-reqular graph is G-normal except for T = PSL(2,8),
Qg (2) or A,y withn=2-3,2% 3% 2.5,2%.3,22.5,2%.3,23.5,2.3.5,2%.5,2%.3.5,
24.32.5,20.3.5,2°.32.5,27.3.5,20.32.5,27.32.5 or29.32.5.

2 Preliminaries

In this section, we describe some preliminary results which will be used later. The first
one is the vertex stabilizers of connected pentavalent symmetric graphs. By [7, Theorem
1.1], we have the following proposition.

Proposition 2.1 Let I be a connected pentavalent G-symmetric graph with v € V(T).
Then Gv = Z5, D5, DIO; Fgo, Fy XZQ, Fy XZ4, A5, 55, A4 X A5, S4 X 55, (A4 X A5) NZQ,
ASL(2,4), AGL(2,4), AXL(2,4), ATL(2,4) or Z5 x TL(2,4), where Fy is the Frobenius
group of order 20, Ay X Zy = Sy and A5 x Zy = Ss. In particular, |G,| =5, 2-5, 22 -5,
22.5,2%.5,24.5,22.3.5,23.3.5,24.32.5,20.32.5,25.32.5,20.3.5,20.32.5,
27.3.5,27-32.5 or 29-3%2.5.5, respectively.

Connected pentavalent symmetric graphs admitting vertex-transitive non-abelian sim-
ple groups were classified in [2].

Proposition 2.2 [2, Theorem 1.1] Let T be a non-abelian simple group and I' a con-
nected pentavalent symmetric T-vertex-transitive graph. Then either T < Aut(I'), or
T = Q5 (2), PSL(2,8) or A,—y withn >6 andn | 2°-3%-5.

The following is straightforward (also see the short proof of [2, Lemma 3.2]).

Proposition 2.3 Let I be a connected pentavalent symmetric G-vertex-transitive graph
with v € V(I') and let A = Awt(I"). If H < A and GH < A, then |H|/|H NG| =
((GH),|/|G,| | 2°-3%-5, and if T is further G-symmetric then |H|/|H NG| | 2° - 32.

The following proposition follows the classification of three-factor simple groups.

Proposition 2.4 [I1, Theorem I | Let G be a non-abelian simple {2,3,5}-group. Then
G = A5, AG or PSU(4, 2)

By Guralnick [8, Theorem 1], we have the following proposition.

Proposition 2.5 Let G be a non-abelian simple group with a subgroup H such that |G :
H| = p® with p a prime and a > 1. Then

(1) G=A, and H = A, with n = p%;
(2) G =PSL(2,11) and H = A5 with |G : H| = 11;



(3) G = M23 and H = M22 with ‘G : H‘ = 23, or G = M11 and H = M10 with
|G : H| =11;

(4) G =PSU(4,2) = PSp(4,3) and H is the parabolic subgroup of index 27;
(5) G = PSL(n,q) and H is the stabilizer of a line or hyperplane with |G : H| =
(" —1)/(g—1) =p".
By [13] Theorem 1] and Proposition 25, we have the following proposition.

Proposition 2.6 Let G be a non-abelian simple group and H a mazimal subgroup of G
such that |G H| =2°-3*>6 with0<a <9 and0<b<2. Then G, H and |G : H| are
listed in Table D

G H |G : H| G H |G : H|
M, | PSL(Z,11)| 22-3 M M 223
Moy Mo 233 | PSU(3,3) | PSL(2,7) 2% 37
Ay S 2737 | PSU(4,2) Se 27 32

PSP(6, 2) Sg 22 . 32 M12 PSL<2, 11) 24 . 32
PSL(Q, 8) D7 22 . 32 PSL(B, 3) Zlg D Zg 2t 32
PSL(2,9) A 23 | PSL2.p) | Zy % Ly | p+1=2"3
PSL(2,8) | ZExZ; | 32 A, A n=203

Table 1: Non-abelian simple group pairs of index 2° - 3°

Let G be a group. The inner automorphism group Inn(G) of G is the group of auto-
morphisms of GG induced by conjugate action of elements in G, which is a normal subgroup
in the automorphism group Aut(G) of G. The quotient group Aut(G)/Inn(G) is called
the outer automorphism group of G. By the classification of finite simple groups, we have
the following proposition, which is the famous Schreier conjecture.

Proposition 2.7 [6, Theorem 1.64] Every finite simple group has a solvable outer auto-
morphism group.

Baddeley and Praeger [I] considered almost simple groups containing a direct product
of at least two isomorphic non-abelian simple groups.

Proposition 2.8 [I, Theorem 1.4] Let H be an almost simple group, that is, S < H <
Aut(S) for a non-abelian simple group S, and suppose that H = AB, where A is a proper

subgroup of H not containing S, and B = T" for a non-abelian simple group T and integer
k>2. Then S= A, and ANS = A,_1, wheren=|H : A| =1|5: AnS| > 10.

Let T" be a graph and N < Aut(I"). The quotient graph T'y of T relative to N is defined
as the graph with vertices the orbits of N on V(I') and with two orbits adjacent if there
is an edge in I' between these two orbits.

Proposition 2.9 [14] Theorem 9] Let I' be a connected G-symmetric graph of prime va-
lency, and let N < G have at least three orbits on V(I'). Then N is the kernel of G
on V(I'y), and semireqular on V(I'). Furthermore, 'y is G/N-symmetric with G/N <
Aut(FN)



3 Proof of Theorem [1.1]

Let T be a non-abelian simple group and let G = T' with [ > 1. Let I' be a connected
pentavalent symmetric G-vertex-transitive graph with v € V(I') and let A = Aut(I"). We
make the following assumption throughout this section.

Assumption: Every connected pentavalent symmetric 7T-vertex-transitive graph is 7-
normal.

Since the complete graph Kg of order 6 has automorphism group Sg and is As-
symmetric, we have T" # As; by Assumption. Since G is vertex-transitive and has no
subgroup of index 2, I' is not bipartite.

To prove Theorem [[.1] we apply induction on [. It suffices to show that G contains a
minimal normal subgroup of A, and this is done in Lemmas Bl and B2l when rad(A) = 1,
where rad(A) is the largest solvable normal subgroup of A. For rad(A) # 1, we need the
fact rad(A)G = rad(A) x G, which is proved in Lemmas B3 and B.4l

Lemma 3.1 Let I' be X-symmetric with G < X, and let X have a minimal normal
subgroup that is a direct product of T'. Then G contains a minimal normal subgroup of X.

Proof: By Assumption, if [ = 1 then G < A and the lemma is true. Assume [ > 2.

Let N be a minimal normal subgroup of X such that N = T™ for a positive integer
m. Since NNG <G, we have NNG =T" withn <mandn <I[. Set D = NG. By
Proposition 23, |N|/IN N G| = |T|"™" = |D|/|G| = |D,|/|G.| | 2°-3%-5. Since T is
non-abelian simple, we have either m —n =1 or m = n.

Suppose m —n = 1. Then |T| | 2° - 3%+ 5, and by Proposition 24, T = Ag as T # As.
Thus, |G| = |4e|', |D| = |A6/"*! and |D,|/|G,| = |Ag|, implying 5 | |D,| and 51 |G,|. It
follows that I' is D-symmetric, but not G-symmetric.

Let D = D/Gp, G = G/Gp and N = NGp/Gp, where Gp is the largest normal
subgroup of D contained in G. Then D = GN. Since I' is D-symmetric, D, is primitive
on the set of 5 neighbours of v in I', and since Gp < D, we have either (Gp), = 1 or
5 } |(Gp)y|. Thus, (Gp), = 1 because I is not G-symmetric. If G = Gp, then G, = 1 and
|D,| = |T| = 2% -3%-5, contrary to Proposition 21l Thus, G/Gp = T" with I’ > 1.

If Gp is transitive on V(I'), then |G,| = |G,|/|(Gp)s| = |G|/|Gp| = |T|". Since
T = Ag, we have 5 ‘ |G|, a contradiction. If Gp has two orbits on V(I"), then I" is bipartite,
which is impossible. Thus, Gp has at least three orbits on V(I'). By Proposition 2Z9] ',
is a connected pentavalent G /G p-vertex-transitive and D /G p-symmetric graph. If I’ = 1,
by Proposition 2.2, G/Gp < D/Gp, that is, G < D, which is also impossible as 0therw1se
G,=1and |D,| =|T|=2% 3%.5 Thus, G = G/GD = T" with I’ > 2 and |D| = |T|'*
as |D : G| |D:G|=1T).

Let M be a maximal subgroup of D containing G. Then G < M and |T|" < M| <
|T|l *+1. Consider the right multiplication of D on [D : M|, the set of right cosets of M in
D. Then D/Mjp is a primitive permutation group on [D M] and D/MD < S||, where
Mp is the largest normal subgroup of D contained in M. Since |D : M| | |T| = |Ag|, the
primitive group D/Mp has degree dividing 360.



Let L be a minimal normal subgroup of D. Then LN N = L or 1. For the former,
L < N, and for the latter, L = L/LNN =~ NL/N < D/N = G/GN N. In both cases, L
is a direct product of T', and hence soc(D) = T* for a positive integer k, where soc(D) is
the product of all minimal normal subgroups of D, that is, the socle of D.

Assume Mp # 1. Then D has a minimal normal subgroup contained in Mp, say K.
Then K<soc(D) =Tk If K £ G, then [T|"* = |D| > |M| > |GK| = |G|(|K|/|KNG]|) >
|G||T| = |T|"*', a contradiction. Thus, KX < G, and we may assume K = K/Gp, where
Gp < K <G. Since K <D, we have K <D, and hence K < Gp. It follows that K = G
and K = 1, a contradiction.

Thus, Mp = 1 and so D is a primitive group on [D : M] of degree dividing |T'| = 360.

Since soc(D) = A’g , we have k < 2 by [15] Section 7], and the primitivity implies
that |D| < \Aut(soc( ))| < 32|T'|2, which is impossible because |D| = |T|"+! > |T|3.
It follows that m — n = 0 and hence N < @, as required. O

Remark: It is easy to check that Lemma [3.1lis also true if Assumption is replaced by the
conditions that [ > 2 and T' # As;.

Lemma 3.2 Let G < X such that rad(X) = 1 and I' is X -symmetric. Then X has a
manimal normal subgroup that is a direct product of T

Proof: Suppose to the contrary that every minimal normal subgroup of X is not a direct
product of 7. Then G = T" 4 X, and by Assumption, | > 2.

Let L be the socle of X, the product of all minimal normal subgroups of X. Since
rad(X) =1, we have L = 5] x- - - x S; with ¢ a positive integer, and S; 2 T is a non-abelian
simple group for each 1 < i <t. Furthermore, LNG =T" with0 <r <las LNGIG.
By Proposition 23} |L|/|L NG| = [(GL),|/|G,| | 2°-3?-5.

For convenience, write LNG =T" =17 x---xT,. Let P; be the projection from LNG
to S; for a given 1 <4 <, that is, Pi(z) = z; for any © = 21 -- -2y € L NG with z; € S;
(1 <i <t). Then P; is a homomorphism from L NG to S; and hence (LN G)/K; = I,
where K is the kernel of P; and I; < S; is the image of L NG under P;. Since K; JLNG,
we have (LN G)/K; =2 T = I;. Clearly, K1 < Sy x ---x S;and K1 N---NK, = 1.
It follows 7" = LNG = (LNG)/(Ki1nN---NK) S(LNG)/Ky x -+ x (LNG) K =
Trox oo x Trt =1y x -+ x I, and hence (|Sy : Ii| -+ [Sy : L|) | [L: (LN G)| | 2°-3%-5.

Assume t > 5. Then at least four |S; : I;| are divisors of 29 - 3%, say |S; : I;| = 2% - 3%
with 2 < i < 5. Since T # As, Proposition 2.6 implies 2% - 3% > 23 and |Sy : |-+ |S; :
Ll > 2% 154 |S; : L], then |S; : I}| > 2% and |S; : I1]---|S; : I] > 2'. Since
(IS1: Lh| -+ [Se : L)) | 29325, we have 2'% < 2°-32.5, a contradiction. Thus, 5 | |S; : I1].
If |Sy : I1] # 5 then |S; : I;| > 2-5 and hence 213 -5 < 29.32.5 a contradiction. It follows
|Sy : I1| = 5, which is also impossible by Proposition This yields ¢t < 4.

Let C = Cx(L) be the centralizer of L in X. Then C N L = 1 and hence C' =1
because L contains every minimal normal subgroup of X. Thus, X = X/C < Aut(L) and
G/GNL=GL/L < X/L < Out(L). Since t < 4, Proposition 2.7 implies that Out(L) is
solvable, and hence G/GNL =1 and G < L. Since G 4 X, we have G < L, that is, G is
a proper subgroup of L. It follows that L, # 1 and since L < X, we have 5 ‘ |L,| and so
L is symmetric.



If t = 1, the Frattini argument implies that L = GL,,, and by Proposition 2.8 L, = A,
with n > 9, which is impossible. Thus, 2 < ¢ < 4. Since (|Sy : I1]---[Sy : L]) | 27 - 32 - 5,
there is at least one |S; : [;| that is a divisor of 2° - 3% say [S : L] | 27 - 3% Since
I, =T, Proposition implies I; = T, and since I; = G/K,, we have K; = T'"1. Set
5_1:SQ>< '-'XSt. ThenL:Sl XS_1 andKlzGﬂgl asKl §§1 andG:Tl#Kl.

If Sy is transitive on V(I'), then [L,|/[(S1)o| = |L|/|Si] = |S1] | 2°-3%-5 and so S; = A;
or Ag, forcing I, = T = Aj, a contradiction. If S; has two orbits, then I' is bipartite,
which is also impossible. Thus, S; has at least three orbits on V(I') and Proposition
implies that I'g, is a connected pentavalent G} /S;-vertex-transitive and L/S;-symmetric
graph. Since GS;/S, = G/G NS, =T, by Assumption, T = GS,/S, < L/S; = S;, which
is impossible because S; is a non-abelian simple group. This completes the proof. O

Remark: Let

A= {PSL(2,8), Q5(2), Ay-1 | n>6, n|2°-32.5}
A; = {PSL(2,8), Q5(2), 4,1 |n=2-3,2%322%2.32.52%.523.3
2%.5,2-3.5,25.32.5,27.3.5,20.32.527.3%2.52%.32.5}.

Then Lemma is true if Assumption is replaced by the conditions that [ > 2 and
T=A,1€A—A;. Toprove it, we only need to change the last paragraph in the proof
of Lemma [3.2] as following.

Since |S; : Ij| | 2 - 3%, Proposition 26 implies that [; = T, and since T € A — Ay, we
have (Sy,11) = (Ap, Ap_1) with n = 2% 27 .3 or 2F . 32 where 4 <i,j <9and 1 <k <9.
Recall that (|Sy : Iy|--+|S; : I|) } 29.3%2.5 and 2 < t < 4. Then for each 2 < i < t, we have
|S; « L ‘ 25.32.5 or 285 and hence S; is a primitive permutation group of degree dividing
1440 or 1280. By [I5 Section 7], (S; : ;) = (An, An—1), which implies that ¢ = 2 and
(SQ, Sl,T) = (An, An, An—l) with n = 24 or 243 Thus, G = T2 < L= Sl XSQ, GﬂSg =T
(note that Sy = S5), |Ly|/|G,| = |L|/|G| = n? and 2® | |L,|. By Proposition 211, |L,| =
29.32.5 and so |G,| = 2-3%-5 or 2-5. The former is impossible by Proposition 2.1l For the
latter, |(GS2)o|/|Go] = |GSa|/|G| = |S2|/]|S2NG| = |Ss|/|T| = 2*-3 and |(GS,),| = 2°-3-5,
which is also impossible by Proposition 211

Lemma 3.3 Assume 5 | [rad(A)|. Then rad(A)G = rad(A4) x G.

Proof: Since rad(A) is solvable, rad(4) NG = 1. If [ = 1 then by Assumption, G < A,
and hence rad(A)G = rad(A) x G. Thus, we may assume [ > 2.

Set B = rad(A)G. Then |B| = |rad(A)||G], and by Proposition 2.3 |rad(A)| =
|B|/|G| = |By|/|G,| | 2°-3%-5. Since 5 | [rad(A)|, we have 5 | |B,| and 51 |G, |, that is, T
is B-symmetric, but not G-symmetric. In particular, G, is a {2, 3}-group and 52  [rad(A)|.

Since rad(A) is a solvable {2, 3, 5}-group, rad(A) has a Hall {2, 3}-subgroup, say H.
Set Q@ ={H" | r € rad(A)}. By [9], all Hall {2, 3}-subgroups of rad(A) are conjugate and
so the conjugate action of B on () is transitive. Let K be the kernel of the action of G on
Q. Since 5% frad(A), we have |Q2| = 1 or 5, and hence G/K =T" < Ss. Since T # A, we
have G = K and so G fixes H. It follows H<GH < Band GNH =1.

Set Y =GH and A = {Yb | be B}. Then |A| =|B:Y|=05. Let Yz be the kernel of
the right multiplication action of B on A. Then Yj is the largest normal subgroup of B
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contained in Y. It follows B/Yp < S5. Suppose G £ Y. Then G/GNYp = GYp/Yp <
B/Yp <S5, and so G/GNYp =T = As, a contradiction. Thus, G < Yp.

Since |Y,|/|Gy| = |Y|/|G| = |H| and G, is a {2, 3}-group, Y, is a {2, 3}-group. Since I'
is B-symmetric, B, is primitive on the set of the 5 neighbors of v in I', and since Yz < B,
we have either (Yg), =1 or 5 } |(YB)y|- The latter cannot happen as Y, is a {2, 3}-group.
Thus, (Yg), = 1, and the Frattini argument implies Yz = G(Yp), = G. Thus, G < B and
B =rad(A) x G. D

Lemma 3.4 Let G < X < A and let I' be G-symmetric. Then rad(X)G =rad(X) x G.

Proof: The lemma is true for [rad(X)| = 1. In what follows we assume that |rad(X)| # 1.
Recall that G = T" with { > 1. Since I' is G-symmetric, 5 | |G,| and hence 5 | |T)|. Set
B =rad(X)G. Then GNrad(X) =1 as rad(X) is solvable, and so |B| = |rad(X)||G|. By
Proposition 23, [rad(X)| = |B,|/|G,] | 27 - 3%

Let N be a minimal normal subgroup of X contained in rad(X). Then N = Z§ or
N =7} for some 1 < s <9or1<t<2 and hence Aut(N) < GL(s,2) or GL(t, 3).

First we claim D := GN = G x N. Consider the conjugate action of G on N and let K
be the kernel of G in this action. Then K =T" <G for some r < [, and G/K < Aut(N).
It is easy to see that D = G x N if and only if G = K.

Suppose G # K. Then r < [ and G/K = T'"" is insolvable. In particular, Aut(NV)
is insolvable. Recall that Aut(N) < GL(s,2) or GL(t,3). It follows that N = Z§ with
3 < s <9 as both GL(2,2) and GL(2, 3) are solvable.

Note that GNN = 1. By Proposition 23], |N| = |D|/|G| = |D,|/|G.|, and so | D,|/|G,|
is a 2-power. If G, = Z5 then Proposition 2] implies that D, = Ds, D1g, Fag, Fog X Zs
or Fyy X Zy4. It follows that | V| } 2° and this is always true by checking all other possible
cases for GG, in Proposition 2.J1 This means that N = Zj with 3 < s < 5 and hence
G/K < Aut(N) < PSL(5,2). Since 5% 1 |PSL(5,2)|, we have [ —r =1 and G/K =T.

If K has at least three orbits, Proposition[2Z.9limplies that I'x is a connected pentavalent
G/ K-symmetric graph, and by Assumption, G/K <D/K. It follows that G<D and hence
G = K, a contradiction. Thus, K has one or two orbits. If K has two orbits, then I' is
bipartite, a contradiction. This yields that K is transitive. Then |G,|/|K,| = |G|/|K| =
|T|, and since K <G and T' is G-symmetric, we have either K, = 1 or 5 | |K,|. If 5 | |K,],
then 5 1 |T'| because |G,|/|K,| = |T|, a contradiction. It follows K, = 1. Let L = KN.
Then L <D and so L, =1 or 5 | |L,|. On the other hand, |L,| = |L,|/|K,| = |L|/| K| =
IN| =2° (3 <s<5),a contradiction. Therefore, D = G x N, as claimed.

Now we finish the proof by induction on |[rad(X)|. Since 5 1 ||, we have N, = 1.
Assume that N has one or two orbits on V(I'). Then 5 { |[V(T')|, and so 5 { |G|, which
implies that G is a simple group. By Assumption, G<X and hence rad(X)G = G xrad(X).
Assume that NV has at least three orbits. By Proposition2.9] Iy is a connected pentavalent
G N/N-symmetric graph. Note that GN/N =2 T' and GN/N < X/N. Since rad(X/N) =
rad(X)/N, we have |rad(X/N)| < |rad(X)| and the inductive hypothesis implies that
rad(X)G/N = rad(X/N) - GN/N = rad(X)/N x GN/N. Thus, GN <rad(X)G. Since
GN = G x N, G is characteristic in GN and hence G is normal in rad(X)G. It follows
rad(X)G =rad(X) x G. D



Now, we are ready to prove Theorem [L11

The proof of Theorem [I.I: Recall that G = T' and I' is a connected pentavalent
symmetric G-vertex-transitive graph with A = Aut(I"). We apply induction on [. If I = 1,
Theorem [Tl is true by Assumption. Assume [ > 2. Let R be the radical of A, and set
B = RG. Then GN R =1 and |R| = |B|/|G| = |Bu|/| Gyl

If R is transitive on V(I'), Proposition implies |G| = |GR|/|R| = [(GR),|/|R.| |
29 .32%.5, which is impossible because [ > 2. Furthermore, R cannot have two orbits as I'
is not bipartite. Thus, R has at least three orbits. By Proposition 9] I'; is a connected
pentavalent B/R = G = T'-vertex-transitive and A/R-symmetric graph. Since R is the
largest solvable normal subgroup of A, we have rad(A/R) = 1. By Lemmas and B.I]
A/R has a minimal normal subgroup M/R = T" contained in B/R with 1 < r < [. It
follows that R < M < B and M < A. In particular, R # M.

Assume B= R x G. Then M = MNRG=R(MNG)=Rx (MNG)and M NG is
characteristic in M. It follows M NG <A and [M NG| = |T|". If M NG is transitive, then
G l/(MNG),| =|G|/IMNG|=|T|'""" | 2°-32.5. It follows | =7 =0 or [ —r = 1. The
former implies G = M NG < A and we are done. For the latter, T'= Ag as T' # A5 and
hence 5 | |G,| and 51 |(M N G),|, that is, I is G-symmetric, but not (M N G)-symmetric.
Since M NG < G, we have (M NG), =1 and |G,| = |T| = 2%- 3?5, which is impossible
by Proposition 21 If M N G has two orbits on V(I'), then I" is bipartite, which is also
impossible. Thus, M NG has at least three orbits on V(I') and Proposition 2.9/implies that
I'yng is a connected pentavalent G /(M N G)-vertex-transitive and A/(M N G)-symmetric
graph. By inductive hypothesis, G/(M N G) I A/(M NG) and so G < A.

By the above paragraph, to finish the proof we only need to show B = Rx G, and to do
this, we now claim B<A. If M is transitive, then |B,|/|M,| = |B|/|M| = |B/R|/|M/R| =
T | 2°-32-5andsol—7r = 0orl—r = 1. For the former, B = M < A, as
claimed. For the latter, T'= Ag as T' # As, and so |B,|/|M,| = |Ag|. It follows M, =1
and |B,| = |T] = 2%-3%.5, which is impossible by Proposition Il If M has two
orbits, then I' is bipartite, which is also impossible. Thus, M has at least three orbits,
and by Proposition 29 ', is a connected pentavalent B/M-vertex-transitive and A/M-
symmetric graph. Since B/M = (B/R)/(M/R) = T'" with | — r < [, the inductive
hypothesis implies that B/M < A/M and so B < A, as claimed.

Since G < B < A and A is symmetric, we have B, = 1 or 5 ‘ |B,|. If B, =1, the
Frattini argument implies B = GB, = GG, and hence R=1and B= R x G. If 5 ‘ | Byl
then 5 | [R| or 5 | |G,| as | B,| = |G,||R|. By LemmasB3and B4 B = R x G. O

The proof of Corollary This follows from Theorem [Tl and [2, Theorem 1.1]. O
The proof of Corollary It is easy to check that Lemmas B34 are true if As-
sumption is replaced by the following assumption:

Assumption 1: Every connected pentavalent 7T-symmetric graph is T-normal.

Then a similar proof to the proof of Theorem [[LI] implies that under Assumption 1,
every connected pentavalent G-symmetric graph is G-normal, and by [2, Corollary 1.2],
we have Corollary [[.3| O



The proof of Corollary 1.4 By assumption of Corollary [[L4] I" is a connected pentava-
lent symmetric G-regular graph with G = T, and hence it is G-vertex-transitive. Recall
that

A= {PSL(2,8), Q5(2), A1 | n>6, n|2°-32.5},
A; = {PSL(2,8), Qg(2), Ap_1 | n=2-3,2%3%22.3,2.522.52%.3
2%.5,2-3.5,25.3%2.5,27.3.5,20.32.527.3%2.52%.32.5}.

By Corollary [[L2] T" is G-normal except for T € A, and to prove Corollary [[.4] it suffices to
show that I' is G-normal for 7" € A — A;. In what follows we always assume 7" € A — A;.

Clearly, T' # As. If | = 1, Corollary [L4l is true by [2, Corollary 1.3]. Assume [ > 2.
Then Lemmas B and are true by the Remarks of these two lemmas. Then a similar
argument to the proof of Theorem [[1] (the first three paragraphs) implies that I" is G-
normal if RG = R x G, where R is the radical of A = Aut(I'). Set B = RG. To finish the
proof, we only need to show B = R x G.

Since R is solvable, G N R = 1 and |B| = |G||R|, and by Proposition 23 |R| =
|R|/|[RNG||2°-32-5. We may write |R| = 2™ -3" 5% where 0 <m <9,0<h<2and
0 < k < 1. Since R is solvable, there exists a series of principle subgroups of B:

B>R=R,>---R;>Ry=1

such that R; < B and R;y1/R; is an elementary abelian r-group with 0 <i < s— 1, where
r =2, 3 or 5. Clearly, G has a natural action on B;,/B; by conjugation.

Suppose to the contrary that B # R x G. Then there exists some 0 < 5 < s —1
such that GR; = G x R;, but GR;41 # G X Rjyq. If G acts trivially on R;,1/R; by
conjugation, then [GR;/R;, Rj+1/R;] = 1. Furthermore, since GR;j/R; = G = T', we
have (GR;/R;) N (Rj11/R;) = 1, and since |GR;j1/R)| = |GRj11/Rjl|[Rj1/R;| =
|G||Rj+1/R;| = |GR;/R;||Rj+1/R;|, we have GR;11/R; = GR;/R; X R;+1/R;. In partic-
ular, GR;AGR; 11 and so GIG R4 because GR; = G x R; implies that G is characteristic
in GR;. It follows that GR;; = G x Rj1, a contradiction. Thus, G acts non-trivially on
R;11/R;. Let K be the kernel of this action. Then G/K = T" with I > 1.

Since |[R| = 2™ -3" -5 with 0 <m <9, 0<h <2and 0 <k <1, Rjy;/R; is an
elementary abelian group of order r¢, where £ < m < 9 for r = 2, ¢ < 2 for r = 3 and
¢ <1forr =05 Then G/K < GL(¢,r). Since GL(2,3) and GL(1, 5) are solvable, we have
G/K < GL(9,2), and since T € A— Ay, we have 11 | [T'| and hence 11 | |G/K]|. It follows
11 | |GL(9,2)], a contraction. This implies B = R x G, as required. O
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