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ON THE NUMBER OF RAINBOW SPANNING TREES IN EDGE-COLORED
COMPLETE GRAPHS

HUNG-LIN FU, YUAN-HSUN LO, K. E. PERRY, AND C. A. RODGER

ABSTRACT. A spanning tree of a properly edge-colored complete graph, K, is rainbow provided
that each of its edges receives a distinct color. In 1996, Brualdi and Hollingsworth conjectured
that if Koy, is properly (2m — 1)-edge-colored, then the edges of Ko, can be partitioned into
m rainbow spanning trees except when m = 2. By means of an explicit, constructive approach,
in this paper we construct |v/6m + 9/3| mutually edge-disjoint rainbow spanning trees for any
positive value of m. Not only are the rainbow trees produced, but also some structure of each
rainbow spanning tree is determined in the process. This improves upon best constructive result
to date in the literature which produces exactly three rainbow trees.

1. INTRODUCTION

A spanning tree T of a connected graph G is an acyclic connected subgraph of G for which
V(T) = V(G). A proper k-edge-coloring of a graph G is a mapping from E(G) into a set of
colors, {1,2, ..., k}, such that adjacent edges of G receive distinct colors. The chromatic index x'(G)
of a graph G is the minimum number k£ such that G is k-edge-colorable. It is well known that
X' (Kam) = 2m — 1 and thus, if Ka,, is properly (2m — 1)-edge-colored, each color appears at every
vertex exactly once. All edge-colorings considered in this paper are proper.

A subgraph in an edge-colored graph is said to be rainbow (sometimes called multicolored or poly-
chromatic) if all of its edges receive distinct colors. Observe that with any (2m — 1)-edge-coloring
of Koy, it is not hard to find a rainbow spanning tree by taking the spanning star, S, with center
v € V(Kapm). Further, Ks,, has m(2m — 1) edges and it is well known that these edges can be
partitioned into m spanning trees. This led Brualdi and Hollingsworth [5] to make the following
conjecture in 1996.

Conjecture 1 ([B]). If Ko, is (2m — 1)-edge-colored, then the edges of Ko, can be partitioned into
m rainbow spanning trees except when m = 2.

Based on Brualdi and Hollingsworth’s concept, the following related conjectures were proposed
in 2002.

Conjecture 2 ([7], Constantine). Ko, can be edge-colored with 2m — 1 colors in such a way that
the edges can be partitioned into m isomorphic rainbow spanning trees except when m = 2.

Conjecture 2] was proved to be true by Akbari, Alipour, Fu, and Lo in 2006 [2].

Conjecture 3 ([7], Constantine). If Ko, is (2m — 1)-edge-colored, then the edges of Kaop, can be
partitioned into m isomorphic rainbow spanning trees except when m = 2.

Conjecture 4 ([12], Kaneko, Kano, Suzuki). Every properly colored K, contains |%| edge-disjoint
isomorphic rainbow spanning trees.

Date: September 11, 2018.
2010 Mathematics Subject Classification. 05C05, 05C15, 05C70.
Key words and phrases. edge-coloring, complete graph, rainbow spanning tree.

1


http://arxiv.org/abs/1605.04501v2

2 HUNG-LIN FU, YUAN-HSUN LO, K. E. PERRY, AND C. A. RODGER

Concerning Conjecture[I] in [5], Brualdi and Hollingsworth proved that every properly (2m — 1)-
edge-colored Ks,, has two edge-disjoint rainbow spanning trees for m > 2, and in 2000, Krussel,
Marshall, and Verrall [I3] improved this result to three spanning trees. Kaneko, Kano, and Suzuki
[12] then improved the previous result slightly by showing that three edge-disjoint rainbow spanning
trees exist in any proper edge-coloring of Ka,,. Recently, Horn [I0] showed that for m sufficiently
large there is an € > 0 such that every properly (2m — 1)-edge-colored Ks,, has e2m edge-disjoint
rainbow spanning trees. And a recently submitted paper by Pokrovskiy and Sudakov [14] shows
that every properly (n — 1)-edge-colored K, has 5 edge-disjoint spanning rainbow trees.

Balogh, Liu, and Montgomery [4] have also recently submitted a result showing that every properly
edge-colored K, contains at least 5= edge-disjoint rainbow spanning trees. They then use this result
to show that any properly (2m — 1)-edge-colored Ks,, contains linearly many edge-disjoint rainbow
spanning trees.

Relaxing the restriction that the coloring be proper, Akbari and Alipour [I] were able to show
that two edge-disjoint rainbow spanning trees exist in any edge-coloring of Ks,, with each color
class containing < m edges. With the same assumption that the coloring be not necessarily proper
and each color appears on at most m edges, Carraher, Hartke, and Horn [6] showed that if m

is sufficiently large (m > 500,000) then K, contains at least L

spanning trees.

Essentially not much was done on Conjecture Bl until recently. In 2015 Fu and Lo [8] proved that
three isomorphic rainbow spanning trees exist in any (2m — 1)-edge-colored Ka,,, m > 14 and in
2017, Pokrovskiy and Sudakov [14] proved the existence of 10~5n edge-disjoint rainbow spanning ¢-
spiders in any properly edge-colored K, 0.0007n < t < 0.2n. Note that a ¢-spider is a tree obtained
from a star by subdividing ¢ of its edges once.

In this paper, we focus on Conjecture [[l by proving that in any (2m — 1)-edge-coloring of Ks,,,
V6m+9
3

Wg(?m)J edge-disjoint rainbow

m > 1, there exist at least L J mutually edge-disjoint rainbow spanning trees. Asymptotically,

this is not as good as the bound in [6] or [I0], but our result applies to all values of m and it is better
until m is extremely large (over 5.7 x 107 for the bound in [6]). Instead of using the probabilistic
method to prove the result, as was used in [6] and [I0], we derive our bound by means of an
explicit, constructive approach. So, not only do we actually produce the rainbow trees, but also
some structure of each rainbow spanning tree is determined in the process. It should be noted that
the best constructive result (before ours) is the one in the paper by Krussel, Marshall, and Verrall
[13] which produces just three rainbow spanning trees, though the recent result by Pokrovskiy and
Sudakov is stronger.
Here is our main result.

3
with the following properties.

Theorem 1. Let Ko, be a properly (2m — 1)-edge-colored graph. Then there exist 0, = {—VGW"HJJ

mutually edge-disjoint rainbow spanning trees, say T1,1s,...,Tq

m )

(i) Fach tree has a designated distinct root.
(i) The root of Ty has degree (2m —1) —2(€Q,,, — 1) and has at least (2m —1) —4(Q,,, — 1) adjacent
leaves.
(iii) For 2 <i < Q,,, the root of T; has degree (2m —1) —i—2(Q,, — i) and has at least (2m — 1) —
2i — 4(Qy, — 1) adjacent leaves.

It is worth mentioning here that the above conjectures will play important roles in certain appli-
cations if they are true. Notice that a rainbow spanning tree is orthogonal to the 1-factorization of
Ko, (induced by any (2m — 1)-edge-coloring). An application of parallelisms of complete designs to
population genetics data can be found in [3]. Parallelisms are also useful in partitioning consecutive
positive integers into sets of equal size with equal power sums [II]. In addition, the discussions of
applying colored matchings and design parallelisms to parallel computing appeared in [9].
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2. PrROOF OF THEOREM (1]

We will use induction on the number of trees to prove this result. We can assume m > 5 since
for 1 <m <4, Q,, =1 and the spanning star, S, in which r € V(Ks,,) and r is joined to every
other vertex, is clearly a rainbow spanning tree of Ks,,. When the value of m is clear, it will cause
no confusion to simply refer to €, as 2. It is worth noting that the following inductive proof can
be used as a recursive construction to create € rainbow edge-disjoint spanning trees, 11,75, ..., Tq.

For 1 <1 < Q, the rainbow edge-disjoint spanning trees, 11,75, ..., Ty, are constructed to satisfy
the proposition f(1), defined to be the conjunction of the following three degree and structural
characteristics:

Each tree has a designated distinct root. (1)

The root of T} has degree (2m — 1) — 2(1p) — 1) and has at least (2m — 1) — 4(¢p — 1)
adjacent leaves.

(2)

For 2 < i < 4, The root of T; has degree (2m — 1) — i — 2(¢) — i) and has at least 3)
(2m — 1) — 2i — 4(yp — ) adjacent leaves.
In particular, note here that by (@), if ) > 1, then the root of T5 has degree (2m—1)—2—2(y)—2) =
(2m — 1) —2(p — 1) and at least (2m — 1) —4 — 4(¢p — 2) = (2m — 1) — 4(¢b — 1) adjacent leaves,
sharing these characteristics with 77 (as stated in (2])).

We begin with some necessary notation. All vertices defined in what follows are in V(Ka,,), the
given edge-colored complete graph.

The proof proceeds inductively, producing a list of j edge-disjoint rainbow spanning trees from a
list of j — 1 edge-disjoint rainbow spanning trees; so for 1 < ¢ < 7 <, let Tz-j be the i** rainbow
spanning tree of the j** induction step and let r; be the designated root of Tz-j . Notice that r; is
independent of j.

Suppose T is any spanning tree of the complete graph Ko, with root r containing vertices y, v, w,
and v', where ry and rv are distinct pendant edges in T (so y # v are leaves of T') and y,v ¢ {w,v'}
(note that w could equal v’). Then define T = T'[r;y, v;w,v’] to be the new graph formed from
T with edges ry and rv removed and edges yw and vv’ added. Formally, T/ = T[r;y, v;w,v'] =
T —ry — rv + yw + vv’. We note here that T’ is also a spanning tree of Ks,, because y and v are
leaves in T', and thus adding edges yw and vv’ does not create a cycle in T".

Our inductive strategy will be to assume we have k — 1 (where 1 < k < Q) edge-disjoint rainbow
spanning trees with suitable characteristics satisfying proposition f(k — 1) that yield properties (),
@), and @) with ¢» = k — 1. From those trees we will construct k edge-disjoint rainbow spanning
trees with suitable characteristics that allow properties (), @), and (B) to be eventually established
when ¢ = k, thus satisfying f(k).

For this construction, given any Tij ~1 with root r; and distinct pendant edges rlyf and rivg , we
define Tij in the following way:

T =T [rsyl, vl (0] = T 7" = ray] = riv] +ylw] +0] ()] (4)
The choice of the vertices defined in ) will eventually be made precise, based on the discussion
which follows.

When the value of j is clear, it will cause no confusion to refer to the vertices yf , vf ; wf , (v )z by
7]. We now make the following
remarks about the definition of T} above. Recall that for 1 < i < j <, r; is independent of j, and

thus is the root of both Tz-j ! and Tz-j . The following is easily seen to be true.

omitting the superscript and instead writing Tz-j = Tz-j 71[7"1-; Yiy Vi Wi, U
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If  is any proper edge-coloring of Ks,, and Tij ~! is a rainbow spanning tree of Ko,
with root r; and distinct pendant edges r;y; and r;v;, then Ti] as defined in (@) is also (5)
a rainbow spanning tree of Koy, if o(r;y;) = @(v;v]) and o(rv;) = @(yiw;)-
Next, for 1 <4 < j < Q, let L7 = {z | 2r; is a pendant edge in T/} (so z is a leaf adjacent to r;
in T7). Define

J
L= (6)
i=1
Notice that if x € L;, then for 1 <i < j, zr; is a pendant edge in Tij .

We now begin our inductive proof with induction parameter k. Specifically we will prove that for
1 <k < Q there exist k edge-disjoint rainbow spanning trees, TF, T, ..., T,f satisfying the inductive
parameter f(k) (stated below as f(k — 1) in the inductive step).

Base Step. The case k = 1 is seen to be true for all properly edge-colored complete graphs, Ko,
by letting 71 be any vertex in V(Kz,,) and defining T} = S,,, the spanning star with root r1. It
is also clear that S,, satisfies f(1) since r has degree 2m — 1 and has 2m — 1 adjacent leaves, as
required in (2). Property @) is vacuously true.

Induction Step. Suppose that ¢ is a proper edge-coloring of Ks,, and that for some k with
1 <k <Q, Ky, contains k— 1 edge-disjoint rainbow spanning trees, lefl, Tfﬁl, e T,f:ll, satisfying
Flk—1):
(1) r; is the root of tree Tf_l and r; Zr. for 1 <i,e<k,i#c,
(2) dleq(rl) = (2m —1) —2(k — 2) and r; is adjacent to at least (2m — 1) — 4(k — 2) leaves in
TF=1 and
(3) For 2 <i <k—1,dp-1(r;) = (2m —1) —i —2(k — 1 — i) and r; is adjacent to at least
(2m — 1) — 2i — 4(k — 1 — %) leaves in T

It thus remains to construct k edge-disjoint rainbow spanning trees satisfying f(k).

We note here that f(k — 1) and the definition of Li_; in (@) guarantee that a lower bound for
|Lk—1| can be obtained by starting with a set containing all 2m vertices, then removing the k& — 1
roots of TF~ 1 Ty, ..., T~} the (at most 4(k — 2)) vertices in V(T7'\{r1}) which are not leaves
adjacent to 71, and for 2 < i < k, the (at most 2 +4(k — 1 — 1)) vertices in V(T "\{r;}) which are
not leaves adjacent to r;. Formally,

k—1
[Li—a| > 2m— (k—1) —4(k —2) = > _(2i +4(k — 1 — i)
:2m—(k:—1)—4(k—2)—E§k2—11k+10) ™
= 2m — 3k* + 6k — 1.

Knowing |Lj_1]| is useful because later (see ([H)) we will show that if |Ly_1| > 6k — 5, then
from lefl, TQkfl, ...,T,f:ll we can construct k rainbow edge-disjoint spanning trees which satisfy
proposition f(k). As the reader might expect, it is from here that the bound on 2 is obtained: it
actually follows that since k < Q, |Lg_1| > 6k — 5.

First, select any two distinct vertices 7, w’,ﬁ € Ly_1; since it will cause no confusion, we will write
wy, for w’,j Set 7, equal to the root of the k' tree, T,f. Later, rywy will be an edge removed from
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T,f. For now, the two special vertices r and wy, play a role in the construction of Tik from Tik_1 for
1 <4 < k. For convenience we explicitly state and observe the following

Since 7, and wy, are distinct vertices in Li_1 (defined in (@), rx and (8)
wy, are leaves adjacent to r; for 1 <1 < k.
For the sake of clarity, having selected 7, and wy, we now discuss how to construct the trees
TF,T§, ..., TF | before returning to our discussion of the construction of T} (though in actuality T}
is formed recursively as we are constructing TF, T, ..., T,ii 1)

. . . . / . .
For 1 <i < k, we will find suitable vertices Uf, wf , and Uf , which for convenience we refer to as

vi, w;, and v} respectively, and define T in the following way:
Tik = Tik_l[ri; Tk, Vi3 Wi, V)] )
where ¢(r;r) = o(v;v]) and p(r;v;) = o(rEw;)
It is clear by (@) that for 1 <4 < k, since Tf*1 is a rainbow spanning tree of Ko,,, if v; is chosen
so that v;r; is a pendant edge in Tik_1 with v; # 7y, then TZ-’c is also a rainbow spanning tree of Ko,
(recall from (8) that ry € Lg_1, so by (@) rxr; is a pendant edge in Tikfl).

Further, since r, wy, € Li_1, it is clear from (@) that (1) rg,v; ¢ L,
and (2) all leaves adjacent to r; in T} are leaves adjacent to r; in T, 1. (10)
Therefore |Li| < |Li—1]-

By the induction hypothesis, the trees le_l, TQk_l, ceey T,f__ll satisfy f(k —1). We now show that
the trees TF,Tx, ..., Tf_| satisfy properties (1), @), and @) of f(k). We will construct a T} below
in (I2) and together, TF, ..., TF |, TF will be a collection of trees satisfying f(k).

First, clearly () is satisfied. Further, for 1 <4 < k, when TF is formed from TF~! (see ([@)), it
can easily be seen that the degree of r; is decreased by 2 and the number of leaves adjacent to r; is
decreased by at most 4.

(i) Tf
By our induction hypothesis, we have that dleq(rl) = (2m — 1) — 2(k — 2) and that
r1 is adjacent to at least (2m — 1) — 4(k — 2) leaves in 77!, From (@) we have that
drr(r1) = dle—l(rl) —2=02m—-1)—-2(k—2)—2=(2m—1) —2(k — 1) and that r is
adjacent to at least (2m — 1) — 4(k —2) —4 = (2m — 1) — 4(k — 1) leaves in T¥. So (@) of
f(k) is satisfied.
(i) TF, 2<i<k
By our induction hypothesis, we have that dx-1(r;) = (2m —1) —i —2(k — 1 — i) and
that 7; is adjacent to at least (2m — 1) — 2i — 4(k — 1 — i) leaves in 7. From (@) we have
that dpx (r;) = dpes (i) —2 = (2m — 1) —i —2(k— 1 —i) —2 = (2m — 1) — i — 2(k — i) and
that r; is adjacent to at least (2m —1) —2i —4(k—1—4)—4=2m—1) —2i —4(k — i)
leaves in TF. So @) of f(k) is satisfied when 2 < < k.

Lastly, we can observe that once v; is selected, vertices w; and v} are determined by the required
property from (@) that o(r;rk) = @(v;v)) and p(rv;) = e(rrw;).

It remains to ensure that the trees, TF, T¥, ...,Tlfil, are all edge-disjoint. This is also proved
using the induction hypothesis that le_l, TQ’C_l7 vy T,f:ll are all edge-disjoint.

Now, while forming the rainbow edge-disjoint spanning trees, T, T¥, ..., T,fil, we simultane-
ously construct the k" rainbow spanning tree, T,f, from a sequence of inductively defined graphs,
TF(), TF(2), ..., TF (k) = TF where TF(1) = S,, and at the i*" induction step, the formation of T} (i)
depends on the choice of v; used in the construction of Tik. For 2 < i < k define
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TE(i) = T (i — 1) — rew; + wiwf, (1)
where p(wiw]) = @(rrwy) and e(w;w}) = @(rrw;—1) for 2 <i < k.
Note that for 1 < i < k — 1, the choice of v; determines T} (i); the formation of T}(k) is dictated
by TF(k — 1) since wj, is determined by requiring that ¢(wyw},) = @(rywg—1). It is worth explicitly
stating that

T,ic = T,f(k) =Sy, — TRW] — ... — TpWE + W W) + ... + WEW),

12
where o(wiw]) = @(rrwy) and p(w.w)) = @(rgwe—1) for 2 < c <k (12)

Observe that T,f is a rainbow graph since each edge removed from S, is replaced by a correspond-
ing edge of the same color. Also, one can easily see that T} has 2m — 1 edges; dpr(re) = 2m—1)—k
since 7y, ¢ {w}, wy, ..., w) }; and 7 has at least (2m — 1) — 2k adjacent leaves. Therefore, condition
@) of f(k) is satisfied. So it remains to show that T} is acyclic and contains no edges in the trees
TFfor1<i<k-—1.

For future reference, it is worth gathering two observations just made into one:

For 1 < i < k, once v; is chosen, T and T} (i) are completely determined by the (13)
constructions described in (@) and ([II]) respectively.

Due to the fact highlighted above in ([I3]), our strategy will be to select a suitable v; and construct
TF from T, while simultaneously constructing T} (i) from T} (i — 1). In doing so, we restrict the
choices for each v; in order to achieve the following three properties:

(C1) The edges in 7,1 < a < i do not appear in TF,

(C2) The edges in T} do not appear in T, 1 < i < k, and

(C3) TF is acyclic

To that end, we let

L1 = L1 \{ry, wi} (14)
and let v; be any vertex for which the following properties are satisfied (so by (3], this choice
completes the formation of T} and TF (i) for 1 <i < k):

(Rl) v; € LZ—I’

2) For 1 <c <k, c#i, p(vire) # @(rity),
3) For 1< a < i, p(uri) # ¢(rava),
4) Fori <b <k, o(vir;) # p(rers),
) p(viri) # e(rrwk),
) For 1 < a <i, p(vir;) # @(rpwl),
) For 2 <i <k, p(viri) # p(riar),
where « is the vertex such that p(wia) = p(ryw;—1),
(R8) For i =1 and for 1 < c¢ <k, p(vir1) # p(rpa),
for each vertex a incident with the edge of color ¢(rywy) in TF~1,
(R9) For2<i<k,1<a<i, and fori <b<k, o(vr;) # p(rya),
for each vertex a incident with the edge of color ¢(ryw;—1) in T and in T},
(R10) For 1 <i <k, o(vywy) # @(rirg),
(R11) For 1 <d <k —2, p(vg—17Tk-1) # @(wirq).

From the observation in (), we know that ‘LZ—1‘ > 2m — 3k% + 6k — 3.

As i increases, the number of vertices eliminated in each item increases or is constant, except for
(R4) and (R8). However, we observe here that the number eliminated in items (R3) and (R4) is
(i—1)4+(k—i—1) = (k—2), a constant, and the number eliminated in (R8) and (R9) is 2¢, which is
maximized when ¢ = k—1. Therefore, an upper bound for the number of vertices eliminated through
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items (R2) - (R11) as candidates for v; is achieved when ¢ = k — 1. When ¢ = k — 1, the number of
vertices eliminated by (R2), (R3), ..., (R11) is (k — 2), (k — 2),0,1, (k — 2),1,0,2(k — 1), 1, (k — 2)
respectively, the sum of which is 6k — 7. Now, since the induction hypothesis includes the condition
k < Q, we can observe the following.

First, from f(€) and the definition of Lg_1, we can follow the same steps as we did in (@) to see
that |Lg_1| > 2m — 392 4+ 6Q — 1 and further, that |L5_1| > 2m — 302 4 6§ — 3. Now, since by
the induction hypothesis k¥ < Q and by (I0) and (), |L;_,| > |L}| for 2 < i < k — 1, we have the
following by our choice of Q:

|Li_q| = |Lo_1| = 2m —3Q0° +6Q—3>6Q—7> 6k —1T. (15)

Therefore, since |Lj_,| > 6k — 7, such a vertex v; meeting the restrictions in (R1) - (R11) exists.
The following cases show that this choice of v; ensures that (C1), (C2), and (C3) hold.

2.1. Case 1. (C1) Edges in 7,1 < a < i do not appear in T}.

First, by the induction hypothesis we know that the trees le -1 TQk_l, vy T,f:ll are all rainbow edge-
disjoint and spanning. Inductively, we also assume for some i with 2 < i < k the trees TF, T¥ ..., Tzk_ 1
are edge-disjoint rainbow spanning trees as well. By (@), regardless of the choice of v;, the only edges
in Tik (1 <i < k) that are not in Tf_1 are v;v; and ryw;. Thus, if we can prove that the edges
in (B(TF~Y)\{rivi,rirx}) U {vv}, rw;} are not in TF, 1 < a < i, we will have shown that the
trees TF, T¥, ..., T¥ are all edge-disjoint rainbow and spanning; so by induction, TF, T¥, ..., T,ii1 are
edge-disjoint rainbow spanning trees.

To that end, for the remainder of Case 1 suppose that 2 <i < k, 1 <a <1, and i < b < k and
define the following sets of edges.

(1) Eoa(Ty) = {zy | zy € E(Ty~") N E(Ty)}

(2) Enew(Tf) = E(Tf)\E(Tf_l) = {'Uavfz’ Tkwa}
(3) Eoa(T}) = {wy | 2y € E(TS ™) N E(TF)}

(4) Enew(TF) = BTO\E(TF™) = {v], rews}

Observe that by @), Eoia(TF) N Enew(TF) = 0 and E(TF) = E,a(TF) U Eew (TF). Similarly,
Eold(Tik) N Enew (Tzk) =) and E(Tzk) = Eola (Tzk) U Enew (le)

Since the trees TF,T¥, ..., T,iil are formed sequentially, it is clearly necessary to prohibit edges
v;v; and rpw; from appearing in TF. Tt is also very useful to prohibit edges vv; and rpw; from
appearing in Tbkfl.

Consequently, when v; was selected to satisfy (R1) - (R11) it was done in such a way that ensures
Erew(TF) N (B(TF) U B(TF™) = 0 and E,q(TF) N (BE(TF) U B(TF™) = 0. To prove this, six cases
are considered:

(P1) vivl, rpw; & Eqa(TF),

(P2) vy, rew; ¢ Enew(Tf)v

(P3) v}, ryw; ¢ E(Ty ),

(P4) Eoa(T}) N Eaa(Ty) =0,

( ) EOld(Tik) N Enew(Tu]f) = (Z),

(P6) Eoa(TF) N E(Ty ") = 0.

It is clear that if properties (P1) - (P6) are satisfied, then T is edge-disjoint from the trees,

TF and TF~*. We consider edges v;v] and rpw; in turn for properties (P1) - (P3), then address
properties (P4) - (P6).

2.1.1. Properties (P1) and (P3) for vv.
Since Eoa(TF) € E(TF~1), we can prove v;v} is not an edge in Eyq(TF) or Tbk_1 by showing that
vivh ¢ BE(TE"Y for 1 < e <k, c#i.
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Recall from (R1) and (I4)) that because v; € L}_,, v; is a leaf adjacent to the root r. in Tf‘l.
Therefore, to show that v;v! ¢ E(T*~1), we need only prove that v} # r.. The following argument
shows that (R2) guarantees this property.

Suppose to the contrary that v} = r.. Then v;v; = v;7. and by @), ¢(vire) = @(viv)) = p(rirg),
contradicting (R2). It follows that v} # r. so v;vl ¢ E(TF~1), as required.

2.1.2. Property (PQ) for v;v
Recall that E, ey (T )= {Ua’Ua, rkwa} Thus, to prove that v;v] ¢ Eyew(TF) for 1 < a < i, we need
only show that v;v] # v,v), and v;v; # ryw,. We consider each in turn.
(i.) vv} # vavl,
By (@), we have that ¢(v;v)) = @(rirr) and @(vav}) = @(rerr). But, by property (1)
of f(v) when w k — 1 we know r; # 7“,1 and so @(rirk) # @(rerr). It follows that
w(viv]) # (vav),) and, therefore, v;v] # vavl,
(ii.) vV} # rEw,
Assume that v;v] = rpw, and recall from (I4) that because v; € L} _,, v; # r. Therefore,
v; = we. By @), ¢(viv]) = @(rgri), so since we are assuming that v;v, = rpw,, clearly
o(reri) = e(rywe) and so w, = 1; = v;. But because v; € Li_, v; # r; and this is a
contradiction.

Combining the above two arguments, it is clear that v;v} ¢ Eyew(TF), as required.

2.1.3. Property (P1) for riw;.

Recall from (@) that v, € Lg_1, so rgr, is a pendant edge in Tf‘l with leaf r;. Therefore, from
@) it is clear that ryr, ¢ E(TF) since it is removed from T*~! in forming T¥. So 7 is not incident
with any edges in Eold(T ) and thus, ryw; cannot be an edge in Eold(Tk) as required.

2.1.4. Property (P,Q) for rw;.
Recall that Eyew(TF) = {vav), rrwe}. To show that rpwy € Enew(TF), we prove that rpw; # rrw,
and rrw; # vavl, for 1 <a < i. We consider each in turn.
(i.) rrw; # rEWw,
To show that ryw; # ryw,, we need only show that w; # w,.
By (@) we have that ¢o(ryw;) = p(r;v;) and @(ryws) = @(rqv,). So if ryw; = rpw,, then
o(vir;) = p(rqv,), contradicting (R3). Therefore, ryw; # rrw,, as required.
(ii.) rew; # vaul,
Assume that rrw; = vqv,. Recall from ([I4) that because v, € Lj_y, Vg # 7. Therefore
v, = w;. By @), p(vav a) = @(rqrk), so since we are assuming that ryw; = v,v),, then
p(rrw;) = @(rrrq) and it follows that r, = w; = v,. But this is a contradiction because
Vg € L} _ so by (1), v # ra.

Combining the above two arguments, it is clear that ryw; € Epew(TF), as required.

2.1.5. Property (P3) for riw;.
Recall that by (®), because 1 was chosen to be in Li_1, r is a leaf adjacent to the root of Tfﬁl,
i < b < k. Thus, to show rpw; ¢ E(Tf_l)7 we need only prove that w; # 7.

By (@), we have that ¢(rrw;) = @(v;r;). So if w; = 1, then rrw; = riry and p(vir;) = (rEre),
contradicting (R4). Therefore, rpw; ¢ E(Ty™1), as required.

2.1.6. Properties (P4), (P5), and (P6).
We consider each property, (P4), (P5), and (P6), in turn.
(i.) Property (P4)
By our induction hypothesis, the trees, lefl,TQk ! T,f 1 are all edge disjoint. So (P4)
follows because Eyq(TF) C B(TF™') and Egpq(TF) C E(TCIEC b,
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(ii.) Property (P5)
Since a < i, from (P3) (replacing i with a), it follows that {v,v), rrw,} N E(TF1) = (), for
a < ¢ < k. In particular, since ¢ > a, it follows that Enew(Tk) NE(TF 1) = 0. And lastly,
since E,1q(TF) C E(Tlc 1), we have that Eoa(TF) N Epew (TF) = 0.

(iii.) Property (P6)
Again, by our induction hypothesis, the trees, Tk*1 Tk*1 kall are all edge-disjoint. It
follows that Euq(TF) N E(TF™') = 0 because Eyq(TF) C E(Tk h.

Therefore, properties (P4) - (P6) hold for Eyq(TF).

The above Sections 2.T.11 {2.T.6] ensure that properties (P1) - (P6) hold. As stated above, since
these six properties hold, the trees TF, T¥, ...,T,iﬁl are all edge-disjoint and further, from (@), are
also rainbow and spanning.

2.2. Case 2. (C2) Edges in T} do not appear in 7.

Recall from () that 7} is defined by a sequence, T (1), TF(2), ..., TF(k), and from (I3)) that at the
b induction step, T,f(z) was determined by the choice of v;. For the remainder of Case 2, suppose

that 1 <i<k,1<a<i,andi<b<k.

In order to prevent edges in T,f from also appearing in Tik, we will now show that Tik has been
constructed in such a way that T) (i) and T} satisfy the following properties:

(P7) E(Ty (1)) N E(Ty) =0

(P8) E k( ) NE(Ty ) = {r
E(T (i) N Eqa(TF) =0
E ( )) N Enew(Tk) =0
(P11) wpwy, ¢ E(TF)

We note here that by (@), when Tb was constructed from Tk*1 edge 1, was removed, so it does
not appear in Tb Therefore, it is not necessary to prevent rxry from being an edge in Tk () nor Tk

Proving the above five properties will be done inductively. We show in the base step that 7, k(l)
satisfies properties (P7) - (P10) with ¢ = 1, and then show that for 2 < i < k, Ty (i) satisfies the
same four properties before finally proving property (P11).

The following preliminary result will be useful in proving properties (P7) - (P11).

KT}

2.2.1. Preliminary Result: w; # w.
Recall from (B) that wy € Li—1 was selected with r, before any of the rainbow spanning trees
lefl,TQkfl, ...,T,f:ll were revised. It will be useful to show that the vertices w; € Tik, 1<i <k,
cannot equal wy.

From (@), we have that p(v;r;) = @(rew;). So if w; = wy, then ¢(v;r;) = @(rpwy) contradicting
(R5). Therefore, w; # wy.

2.2.2. Base Step: i = 1.
Observe that for 2 < b < k, E(S,,,) N E(TF™) = {rerp} and E(S,,) N Eqa(TF) = 0 since by (@),
rgr1 is removed from le71 when forming TF. Further, it is clear from (1) that the only edge in
TF(1) that is not in S, is wyw;.
(i) (P7)
Since i = 1, there do not exist any such trees T since 1 < a < i and so property (P7) is
vacuously true.
(ii.) (P8) and (P9)
First, recall that E,q(TF) € E(TF™1). To establish properties (P8) and (P9), we show
that wiw) ¢ BE(TF1) for 1 <c < k.
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Suppose to the contrary that wiw) € E(TF7!). Recall from () that @(wjw)) =
o(rywg). So if wiw) € E(TF~1), then w; is a vertex incident to the edge of color ¢(rywy)
in TF~1. But this is impossible since from (@) we have that p(vir1) = p(rpwi) and from
(R8) that ¢(v1r1) # @(rga), where « is a vertex incident to the edge of color ¢(rpwy) in
TF=1. Therefore, wiw) ¢ E(TF~1) and T} (1) satisfies properties (P8) and (P9).

(ii.) (P10)

Recall that E,ew(TF) = {viv], rpw;}. To establish (P10) for (1), we need only show

that wyw] # v1v] and wiw) # rpwy. We consider each in turn.

(a.) wiw] # v1v]
Recall from ([@) that ¢(v1v]) = @(rgr1) and from () that e(wiw)) = p(rrwg). So if
wiw) = v1vy, then @(rywy) = @(rgr1) and so wy, = r1. But this is not possible because
by ®) wi € Lr—1 and so wy # r1. Therefore, wyw) # viv].

(b.) wiw)| # rrw;
Recall from ([ that p(wiw)) = @(rrwyg). So if wiw) = rpw, then p(rywy) = p(rrws)
and so wy = wi, contradicting the result in Section Z22.I1 Thus, wiw)] # rrws.

Therefore, property (P10) holds for Tj(1) and we have established our base step.

2.2.3. Property (P7) for 2 <i<k.

From (), it is clear that the only edge in T} (i) that differs from T}¥(i — 1) is w;w}. Therefore, since
by induction we have that 7}(i — 1) satisfies (P7), in order to prove property (P7) is satisfied for
Tk (i), we need only show that w;w! is not an edge in T¥, 1 < a < .

To that end, suppose to the contrary that w;w: € E(TF). Recall from ([ that p(w;w}) =
o(rrwi—1). So if w;w! € E(TF), then w; is a vertex incident to the edge of color ¢(riw;_1) in
Tk. But this is impossible since from (@) we have that ¢(v;r;) = @(rpw;) and from (R9) that
o(viri) # @(rra), where a is a vertex incident to the edge of color ¢(ryw;_1) in T¥. Therefore,
wyw} ¢ B(TF) and TF (i) satisfies property (P7).

2.2.4. Properties (P8) and (P9) for 2 <i < k.
Observe again that E,q(TF) € E(TF™'). As in Section ZZZ3} to prove properties (P8) and (P9) for
TF(i), we can show that wyw, ¢ E(TH™'),i<d < k.

For ¢ < d < k, property (R9), which guarantees p(v;r;) # p(rpa), where « is a vertex incident
to the edge of color ¢(ryw;_1) in TH1 ensures wyw, ¢ E(T5™'), thus ensuring that (P8) and (P9)
hold for T (i). The argument has been omitted here due to its similarity to the argument used
above for (P7) in Section

2.2.5. Property (P10) for 2 <i < k.
To prove (P10) for T,f(i), we need only show that w;w} # v;v; and w;w; # ryw;. We consider each
in turn.

(i.) wyw} # v}
Recall from (@) that ¢(v;v]) = ¢(rgr;) and from [I) that e(ww}) = p(rrw;—1). If ww} =
v}, then p(rywi—1) = @(rgr;) and so w;—1 = r;. But rpry € E(Tikfl) and rpw;_1 €
E(TF ,); so if w;—1 = ry, this contradicts property (P3) in the i — 1" induction step, which
in particular (i.e. when b = i) ensures that ryw;_1 ¢ E(TF™"). Therefore, wyw} # v;v}, as
required.

(ii.) ww) # ryw;
Recall from () that p(w;w]) = @(rywi—1). If ww} = ryw;, then p(ryw;—1) = p(ryw;) and
s0 w;_1 = w;. However, this is impossible by the result in Section 2.I.4] which, in particular,
proved that ryw; # rrw, for 1 < a < i. Thus, w;w} # rrw;.

Therefore, property (P10) holds for T} (i), as required.
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2.2.6. Property (P11) for wxw,.
The above sections of Case 2 ensure that the rainbow spanning trees le, T2k S ey T,f_l and the rainbow
spanning graph, Ty (k — 1) are all edge-disjoint. Thus, it remains to show that TF, T, ..., TF | and
T,f are all edge-disjoint. As above, recall from () that the only edge in T,f that differs from
TF(k — 1) is wyw),. Therefore, showing property (P11) holds will prove that T, Ty, ...TF | and T}
are edge-disjoint.

First, observe from (8] that since wy € Li_1, wy is a leaf adjacent to the root r; in Tf*1 for
1 <i< k. So if wyw), € E(TF), wyw), = w;ry, v;v}, or wyr;. We consider each in turn.

(i.) wrwy, # wiry
From (8) we know that wy # 7. So if wyw) = w;rk, then wy = w;, contradicting the
preliminary result in Section 221l Therefore, wiw}, # w;rk, as required.
(ii.) wrwy, # viv;
Recall from (I4) that since v; € L} _;, v; # wy. So if wrw), = v;v}, then wy, = v}. From (@)
we know that p(v;v)) = p(riry), so if wy = v}, then p(v,wy) = ¢(r;irg), contradicting (R10).
Therefore, wiw), # v;v}, as required.
(iil.) wrpw), # wir;
Recall from (II) that @(wrw)) = @(rrwk—1) and suppose that wiw) = wyr;. First observe
that i # k—1 since rywy_1 € E(T,f_l) and we know from () and Section [ZZTthat wy # 7
and wy # Wg—1.
Now, for 1 <14 <k — 2, if wpw}, = wgr; then r; = wj,. But from @) and [ if r; = wy,
then p(wiwy,) = @(rrwr—1) = @(vg—176—1) = @(wgr;), contradicting (R11). Therefore,
wrw), # wgr;, as required.

It follows that wyw), ¢ E(TF), 1 <i < k.

The above Sections 2.2.1] - ensure that the trees TF,T%,...,TF | and the graph T} are all
edge-disjoint. Further, from (@) it is clear that T, T¥, ..., T,f_l are all rainbow spanning trees and
from (I2) that T,f is a spanning rainbow graph (since for every leaf, w., 1 < ¢ < k, which is adjacent
to r, and for which r,w, is removed from T,f , there exists w/, such that the edge w.w’, is added to
TF and edge waw!, in TF such that p(wqw);) = ¢(ryw.), where d = c+1 mod k.)

2.3. Case 3. (C3) Preventing cycles from appearing in 7}".

Properties (C1) and (C2) in the previous sections guarantee that the rainbow spanning trees
TE, Tk, ... T,f_l and the rainbow spanning graph T,f are all edge-disjoint. Thus, it remains to prove
that T,f is acyclic and, therefore, a tree. This is proved inductively, showing that for 1 < i < k,
TF(i) is acyclic. //

For our base step, we let T,f(O) = S,, and observe that this graph is clearly acyclic.

Recall from () that for 1 < i < k, T} (i) = TF(i—1) — rgw; +w;w). Therefore, since by induction
we have that T} (i — 1) is acyclic, in order to prove Ty (i) is acyclic, we need only show that adding
wiw} to TF(i — 1) — rpw; does not create a cycle. Let TF(i — 1)* = TF(i — 1) — rpw;.

Now, from ([[I)) observe that all of the edges in T}(i — 1) are of the form 72, rrpwl, and wawl,
i1

where 1 <a <iand z € V(Kgm)\({U wa, wh } U{rg}). Thus, w; € {rg, z,we, w,,}. We now show
a=1

that w; = 2 and, further, that since w; = =, T} (i) is acyclic. //
In showing that w; = x, we first consider the case where 1 < ¢ < k and then the case where i = k
before then showing TF (i) is acyclic for 1 <i < k.

(i.) w,=x, 1 <1<k

First observe that w; # 7 since rpw; is an edge in TF. Also, w; # w, (this property
is established by (R3) and was discussed in Section ZT.4)). Lastly, recall from (@) that
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o(vir;) = e(rrw;). So if w; = wl, then ¢(v;r;) = e(rrwl), contradicting (R6). Therefore,
w; # w), and it follows that w; = z.

(ii.) wy =z
Begin by observing that wy, # ry, (since by (8) wy and r were chosen to be distinct vertices)
and, for 1 < i < k, wy, # w; (this property was established by (R5) and discussed in Section
2.27)). The following argument shows wy # wj.

First, observe that wy, # w] since p(wiw]) = p(rywg), so if wy = w] then wy = ry, which
we know from (@) cannot be the case.

Now, for 2 < i < k, let o € V(Ka,,) be the vertex such that p(wra) = p(ryw;—1) and
recall from (I2)) that p(w;w}) = @(rrw;—1). Suppose that wy = w;. Then since p(wia) =
w(rywi—1) = p(ww}) = p(w;wy), @ must equal w;. But from (@), we have that ¢(v;r;) =
o(rrw;), soif w; = a then p(v;r;) = @(rra), contradicting (R7) which ensures that ¢(v;r;) #
@(rpa), where acis the vertex such that p(wia) = @(rpw;—1). Therefore, wy, # w}, 2 < i < k.

Combining the above arguments, it is clear that wy = x.

(iii.) TF(4) is acyclic, 1 <i <k
i—1
Observe that since w; = z, w; € V(Kam)\({ U Wa,wy } U{rr}) and w; is a leaf adjacent to
a=1
e in TF(i — 1). Now, in order for w;w/ to create a cycle in TF (i), there would have to exist
a path from w; to w] in TF(i — 1)*. But, as we just observed, w; is a leaf in Tj(i — 1) and
since TF(i — 1)* = TF(i — 1) — rpw;, w; is an isolated vertex in TF(i — 1)* so it follows that
no such path exists. Therefore, T} (i) is acyclic, as required.

The above three arguments show that T} is acyclic, thus completing the proof of the theorem.
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