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Graphs with Flexible Labelings allowing
Injective Realizations

Georg Grasegger*  Jan Legersky!  Josef Schicho!

We consider realizations of a graph in the plane such that the distances
between adjacent vertices satisfy the constraints given by an edge labeling.
If there are infinitely many such realizations, counted modulo rigid motions,
the labeling is called flexible. The existence of a flexible labeling, possibly
non-generic, has been characterized combinatorially by the existence of a so
called NAC-coloring. Nevertheless, the corresponding realizations are often
non-injective. In this paper, we focus on flexible labelings with infinitely
many injective realizations. We provide a necessary combinatorial condition
on existence of such a labeling based also on NAC-colorings of the graph. By
introducing new tools for the construction of such labelings, we show that
the necessary condition is also sufficient up to 8 vertices, but this is not true
in general for more vertices.

1 Introduction

A widely studied question in Rigidity Theory is the number of realizations of a graph
in R? such that the distances of adjacent vertices are equal to a given labeling of edges
by positive real numbers. Such a labeling is called flexible if the number of realizations,
counted modulo rigid transformations, is infinite. Otherwise, the labeling is called rigid.
We call a graph movable if there is a flexible labeling with infinitely many injective
realizations, modulo rigid transformations. In other words, we disallow realizations that
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identify two vertices; we do not care if edges intersect or even if edges overlap in a line
segment. One can model such a movable graph as a planar linkage, where the vertices
are rotational joints and the edges correspond to links of the length given by the labeling.

A result of Pollaczek-Geiringer [11], rediscovered by Laman [7], shows that a generic
realization of a graph defines a rigid labeling if and only if the graph contains a Laman
subgraph with the same set of vertices. A graph G = (Vg, Eg) is called Laman if
|Eg|= 2|Vg|—3, and |Ey|< 2|Vy|—3 for all subgraphs H of G on at least two vertices.
Hence, if a graph is not spanned by a Laman graph, then a generic labeling is flexible,
i.e., the graph is movable.

The study of movable overconstrained graphs has a long history. Two ways of making
the bipartite Laman graph K33 movable were given by Dixon more than one hundred
years ago [4,12,15]. The first one works for any bipartite graph, placing the vertices of
one part on the xz-axis and of the other on the y-axis. The second construction applies
to K44 and hence also to K3 3. Walter and Husty proved that these two give all flexible
labelings of K33 with injective realizations [13]. Other constructions are Burmester’s
focal point mechanisms [1], a graph with 9 vertices and 16 edges, and two constructions
by Wunderlich [14, 16] for bipartite graphs based on geometric theorems.

The main question in this paper is the following: is a given graph movable? In [6],
we already provide a combinatorial characterization of graphs with a flexible labeling:
there is a flexible labeling if and only if the graph has a so called NAC-coloring. A
NAC-coloring is a coloring of edges by two colors such that in every cycle, either all
edges have the same color or there are at least two edges of each color. Many Laman
graphs indeed have a NAC-coloring, but the corresponding realizations are in general
not injective, i.e., in order to be flexible, some non-adjacent vertices coincide. Here, we
are more restrictive — infinitely many realizations of a movable graph must be injective.

We give a necessary combinatorial condition on a graph being movable, based on the
concept of NAC-colorings. The idea is that edges can be added to a graph if their end-
points are connected by a path that is monochromatic in every NAC-coloring, without
having effect on being movable. If the augmented graph does not have any NAC-coloring,
it cannot be movable as it has no flexible labeling. On the other hand, we provide con-
structions making some graphs movable. They are based on NAC-colorings or combining
movable subgraphs. In combination with the necessary condition, we give a complete
list of movable graphs up to 8 vertices. Animations with the movable graphs can be
found in [8]. The implementation of the concepts introduced in this paper is part of the
SageMath package FlexRiLoG [5].

Figure 1 provides some examples illustrating the results: the left graph has no NAC-
coloring, hence, it has no flexible labeling. The graph in the middle has a NAC-coloring,
namely, it has a flexible labeling, but it is not movable since it does not satisfy the
necessary condition based on augmenting by edges whose endpoints are connected by a
monochromatic path. In other words, all motions require some vertices to coincide. The
third graph is movable using one of our constructions.

The structure of the paper is the following. In Section 2, we specify the system of
equations describing the problem and recall the definition of NAC-coloring and some
previous results. A few technical lemmas about NAC-colorings are also proven. In



Section 3, we prove the necessary combinatorial condition on being movable. We list all
graphs spanned by a Laman graph up to 8 vertices that satisfy it. All these graphs are
shown to be movable in Section 4. Moreover, an example that the necessary condition
is not sufficient is also presented.

Figure 1: The left graph has no flexible labeling, the middle one has a flexible labeling,
but it is not movable, and the right one is movable

2 Preliminaries

In the whole paper, all graphs are assumed to be connected and containing at least one
edge. We denote the set of vertices of a graph G by Vg and the set of edges by Eg.
In this section, we recall the definition of NAC-coloring and flexible labeling of a graph.
Next, we introduce the notion of proper flexible labeling and movable graph by the
requirement of injective realizations. We define an algebraic motion of a graph with a
flexible labeling and assign a certain set of active NAC-colorings to this motion. These
active NAC-colorings come from the proof of the theorem characterizing the existence of
a flexible labeling. The active NAC-colorings are illustrated on the motion of a deltoid.
The section concludes with three lemmas, which guarantee that the introduced notions
are independent of certain choices of edges and interchanging colors.

Definition 2.1. Let G be a graph and 0: Eg — {blue, red} be a coloring of edges.

(i) A path, resp. cycle, in G is called monochromatic, if all its edges have the same
color.

(ii) A cycle in G is an almost red cycle, resp. almost blue cycle, if exactly one of its
edges is blue, resp. red.

A coloring ¢ is called a NAC-coloring, if it is surjective and there are no almost blue
cycles or almost red cycles in G. In other words every cycle is either monochromatic or
contains at least 2 edges in each color. The set of all NAC-colorings of G is denoted by
NACq.

Now, the abbreviation NAC can be explained — it stands for “No Almost Cycle”.
Clearly, if we permute red and blue in a NAC-coloring of GG, we obtain another NAC-
coloring of G.

Definition 2.2. Let G be a graph. If 5,0 € NACg are such that 6(e) = blue =
d(e) = red for all e € Eg, then they are called conjugated.



The following definition describes the constraints on a realization in the plane given
by a labeling of edges. The realizations must be counted properly, i.e., modulo rigid
motions, in order to say whether the labeling is flexible.

Definition 2.3. Let G be a graph such that |[Eg|> 1 and let \: Eg — R be an edge
labeling of G. A map p = (ps, py): Vo — R? is a realization of G compatible with \ iff
|lp(u) — p(v)]| = Muv) for all edges uv € Eg. We say that two realizations p; and po
are congruent iff there exists a direct Euclidean isometry o of R? such that p; = o o p,.

The labeling A is called flezible if the number of realizations of G compatible with A
up to congruence is infinite.

We remark that if a labeling has a positive finite number of realizations, then it is
called rigid.

The constraints given by edge lengths \,, = A(uv) can be modeled by the following
system of equations for coordinates (z,,y,) for u € V. In order to remove rigid motions,
the position of an edge uv is fixed:

Tg = 07 Ya = 07
5= Xav, Ys =0, (1)
(g — 2,)* + (Yo — yu)? = N2, forall ww € Eg \ {uv}.

The labeling A is flexible if and only if there are infinitely many solutions of the system.

So far, the realizations have not been required to be injective. Namely, it could happen
that two non-adjacent vertices were mapped to the same point in R?. Sections 3 and 4
are focused on the graphs that have a labeling with infinitely many injective compatible
realizations. This corresponds to adding the inequalities (z, — ) + (Yu — ¥0)? # 0 for
all u,v € Vg such that v # v and uv ¢ Eg.

Definition 2.4. A flexible labeling A of a graph G is called proper, if there exists
infinitely many injective realizations p of G' compatible with A, modulo rigid transfor-
mations. We say that a graph is movable if it has a proper flexible labeling.

We remark that graphs that are not movable are called absolutely 2-rigid in [9]. Con-
sidering irreducible components of the solution set of the equation (1) allows us to use
the notion of a function field, whose valuations give rise to a relation with NAC-colorings,
as we will see later.

Definition 2.5. Let \ be a flexible labeling of G. Let R(G, \) C (R?)"¢ be the set of all
realizations of G compatible with A\. We say that C is an algebraic motion of (G, \) w.r.t.
an edge uv, if it is an irreducible algebraic curve in R(G, ), such that p(u) = (0,0) and
p(v) = (A(uv),0) for all p € C. Since in many situations the role of uv does not matter,
we also simply say that C is an algebraic motion of (G, \). We call F'(C) the complex
function field of C.

The fact that the choice of the fixed edge does not change the function field is proven
at the end of this section. The functions in the function field related to NAC-colorings
are given by the following definition.



Definition 2.6. Let A be a flexible labeling of a graph G. Let F(C) be the complex
function field of an algebraic motion C of (G, \). For every u,v € Vi such that uwv € Eg,
we define W, ., Z,, € F(C) by

Wu,v = (xv - qu) + Z(yv - yu) )
Zu,v == (xv - xu) - Z(yv - yu) .

We use W% resp. Z™  if we want to specify that C is w.r.t. a fixed edge uv.

u,v) u,v?

We remark that W, , = W, , and 7, , = —Z, ,, i.e., they depend on the order of u, v.
Using (1), we have

Wﬁ,f) = Aaw 5 Za,f; = Nav
WoynZuw = )\iv for all uv € Eg.

By the definition of W, , and Z,,, the equations

n
Wui,uz‘ﬂ = 07 Z Zui7uz‘+1 =0

n
=0 =0

hold for every cycle (ug,u1,. .., Upn, Unr1 = ug) in G. Recall that the valuation of a
product is the sum of valuations and the valuation of a sum is the minimum of valua-
tions. A consequence is that if a sum of functions equals zero, then there are at least
two summands with the minimal valuation. Since we consider only valuations trivial
on C, v(W,,) = v(—=W,,) for a valuation v. These, together with Chevalley’s theorem
(see [3]), are the main ingredients for one implication of the following theorem that was
proven in [6].

Theorem 2.7. A connected graph G with at least one edge has a flexible labeling iff it
has a NAC-coloring.

Actually, the following statement can be deduced from the proof of Theorem 2.7
with only minor modification — replacing 0 by «. This theorem explains how the
functions W, , and Z, , yield a NAC-coloring.

Theorem 2.8. Let \ be a flexible labeling of a graph G. Let F(C) be the complex
function field of an algebraic motion C of (G,\). If a« € Q and v is a valuation of
F(C) such that there exists edges uv,uv in Eg with v(Waz) = a and v(We5) > «, then
d: Eg — {red, blue} given by

d(uv) = red <= v(Wy,) > «,
d(uv) = blue = v(W,,) < a.

(2)

is a NAC-coloring.

This motivates the assignment of some NAC-colorings to an algebraic motion.



Definition 2.9. Let C be an algebraic motion of (G, A). A NAC-coloring § € NACg is
called active w.r.t. C if there exists a valuation v of F'(C) and a € Q such that (2) holds.
The set of all active NAC-colorings of G w.r.t. C is denoted by NAC4(C).

For illustration, we compute the active NAC-colorings of the non-degenerated alge-
braic motion of a deltoid.

Example 2.10. Let @ be a 4-cycle with a labeling A given by A\({1,2}) = A({1,4}) =1
and \({2,3}) = M({3,4}) = 3. There is an algebraic motion C of (@, \) that can be
parametrized by

pt(1>:(070)7 pt(2>:(170)7

482 —=2) 12t th—13t2 +4  6t(t -2

p:(3) = (2 ), 3 ; p(4) = — 2 ’ 4( 2 :
t?+4 "t2+4 t4+5t2+4° 145t +4

for t € R. Now, we have

3(t + 29) =3(t +1) —(t+19)(t + 29)
Wiao=1 Wog=————= Way=——= Wy = )

1,2 Y 2,3 t _ 27/ ) 3,4 t _ 7, Y 4,1 (t _ Z)(t _ 22)

Hence, the only non-trivial valuations correspond to the polynomials t+i and t+2¢. They
give two pairs of conjugated NAC-colorings by taking a suitable threshold oo € {—1,0},
see Table 1 and Figure 2. We remark that |[NACq(C)|= 4, whereas [INACg|= 6. The
two non-active NAC-colorings correspond to the degenerated motion of (@), A), where
the vertices 2 and 4 coincide.

edge | A | vy 01 vy 01 Vitoi Oy  Vi_gi O

{1,2} 0 blue 0 red 0O Dblue 0 red
{2,3} 0 Dblue 0 red 1 red —1 Dblue
{3,4} 1 red —1 blue| 0 blue 0 red
{1,4} 1 red -1 blue| 1 red —1 Dblue

Table 1: Valuations giving the active NAC-colorings of a deltoid
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Figure 2: Active NAC-colorings of a deltoid

_— W W =

We conclude this section by three technical lemmas, which show that the active NAC-
colorings do not depend on the choice of the fixed edge and that conjugated NAC-
colorings are either both active or both non-active. The first lemma says that the
function field does not depend on the choice of the edge.



Lemma 2.11. Let \ be a flexible labeling of G. Let Cz 5 be an algebraic motion of (G, \)
w.r.t. an edge uv. If W'v' € Eg and vy : R(G,A) = R(G, \) is given by

(Tw — ) (@ — Tw) + (Yo — Yo ) (Yo — Yu)
A(u'v’) ’

(yw - yU’)(‘TU’ - xu’) - (ww - mu’)(y’u’ - yu’))
A(u'v') wevy

(xwayw)wEVG — (

then Cyrpy = Yuw(Cap) is an algebraic motion of (G, ) w.r.t. an edge u'v" and @y, :
Cus — Cuw. is birational.

Proof. By direct computation, one can check that «'v’ is indeed fixed in C,,» and that
all realizations in C,/,» are compatible with A. The rational inverse of @y, is @z 5. O

The following lemma shows that active NAC-colorings are independent of the choice
of the fixed edge.

Lemma 2.12. Let G be a graph with a flexible labeling X. If Cy . and Cyy are as in
Lemma 2.11, then NACg(Cyry) = NACG(Cap).

Proof. Let § € NAC¢(Cqp), i-e., there exists a valuation v of F'(Cz5) and a € Q such
that d(uv) = red <= p(W2) > a for all wv € Eg. Let gy : Cap — Cu be
the birational map from Lemma 2.11. Hence, there is a function field isomorphism
¢ : F(Cuw) — F(Cap) given by f +— f o puy. We define a valuation v/ of F(Cy.) by
v'(f) = w(@(f). T W € F(Cu), then
Wi 0 oy = (@0 = @) (0 — ) + (Yo = ) (Yo — 9r) ) AWV
+ (o = vu) (0 = 2ar) = (@0 = 2) (Yor — ) ) /AWD)
= (@0 = 2u) + iy — 1)) - (20 = 2w) = iy — y) ) A W) .

Therefore, /(W) = u(W%) + v(Z2",). This concludes the proof, since
d(uv) =red <~ D(Wgz) > = u’(Wil:j/) > o+ D(ngv/) )
[

Finally, we show that the set of active NAC-colorings is closed under conjugation.

Lemma 2.13. Let A be a flexible labeling of a graph G. Let C be an algebraic motion
of (G, \). If 8,6 € NACgq are conjugated, then § € NAC(C) if and only if 6 € NAC5(C).

Proof. Let 6 be an active NAC-coloring of G w.r.t. C given by a valuation v of F(C)
and a threshold «.. Since the algebraic motion C is a real algebraic curve, it has complex
conjugation defined on its complex points. This induces another valuation 7 of F(C)

given by U(f) := v(f) for any f € F(C), where f is given by f(p) := f(p) for every p € C.



If B =max{v(Z,,):¥(Zu,) < —a,uv € Eg}, then ¥ and 8 satisfy (2) for 4, since for
every edge uv € Eg:

d(uwv) =red <= a <v(W,,) <= —a>v(Z,,)
— B>v(Zu,y) = B>0(W,,) < 0(uw) = blue.

Namely, 0 is in NAC(C). O

3 Combinatorial tools

From now on, we are interested only in proper flexible labelings, namely, the question,
whether a graph is movable. One of our main tools is introduced in this section: An edge
uv can be added to a graph without changing its algebraic motion, if the vertices v and
v are connected by a path that is monochromatic in every active NAC-coloring. This
leads to the notion of constant distance closure — augmenting the graph by edges with
the property above, taking into account all NAC-colorings of the graph instead of active
ones. Hence, we obtain a necessary combinatorial condition on movability: a graph
can be movable only if its constant distance closure has a NAC-coloring. Based on this
necessary condition, we show that so called tree-decomposable graphs are not movable.
At the end of the section, we list all maximal constant distance closures of graphs up
to 8 vertices having a spanning Laman graph that satisfy the necessary condition.

The following statement guarantees that adding an edge uv with the mentioned prop-
erty preserves an algebraic motion, since the distance between u and v is constant during
the motion.

Lemma 3.1. Let G be a graph, A a flexible labeling of G and u,v € Vg where uv € Fg.
Let C be an algebraic motion of (G, \) such that ¥p € C : p(u) # p(v). If there exists a
wv-path P in G such that P is monochromatic for all § € NACg(C), then \ has a unique
extension N of G' = (Vig, Eq U{uv}), such that C is an algebraic motion of (G', ') and
NAC@(C) = {5/ € NACq: 5,|EG€ NACG<C)}

Proof. Let S = {||p(u) —p(v)|]] € Ry:p € C}. We first show that S is finite. By
Lemma 2.12, we can assume that the first edge ujus of the path P is the fixed one
in C. If there is any ugug41 in P such that Wy, ,, ., is transcendental, then there is a
valuation v such that v(Wy, u,,,) > 0 by Chevalley’s Theorem (see [3]). Hence, an active
NAC-coloring can be constructed by Theorem 2.8 with v(W,, ,,) = 0, which contradicts
that P is monochromatic. Therefore, Wy, ., ., is algebraic for all upuy,; in P. Then
there are only finitely many values for Wy, ., .,. These values correspond to possible
angles of the line given by the realization of the vertices uj; and uyy;. Hence, there can
only be finitely many elements in S.

Indeed, we can show that |[S|= 1. Assume S = {s1,...,s¢}, then C = Ujeq1, _g1p €
C:||p(u) — p(v)||> = s?}. Since C is irreducible, then ¢ = 1. We define X' by X|g.= A

and N (uv) = s1.



The restriction of any active NAC-coloring 0’ € NAC¢ (C) to Eg is clearly in NAC¢(C).
On the other hand, every active NAC-coloring of G is extended uniquely to an active
NAC-coloring of GG/, since the path P is monochromatic. n

Notice that it is sufficient to check the assumption only for non-conjugated active
NAC-colorings due to Lemma 2.13.

Removal of an edge also preserves movability, since edge lengths are assumed to be
positive. Together with the fact that NACg(C) € NAC for any algebraic motion C,
this gives the following corollary.

Corollary 3.2. Let G be a graph and u,v € Vi be such that uwv ¢ Eq. If there exists a
uv-path P in G such that P is monochromatic for all 6 € NACgq, then G is movable if
and only if G’ = (Vi, Eg U {uv}) is movable.

Proof. Let X be a proper flexible labeling of G'. Clearly, A = X'|g, is a flexible labeling
of G. A realization p of G' compatible with A maps u and v to distinct points, since
|lp(u) — p(v)|]| = N(uv) # 0. Clearly, p is also a realization of G' and it is compatible
with A. The other direction follows from Lemma 3.1. ]

Let us point out that there is no specific algebraic motion assumed in the previous
corollary. Hence, it can be used for proving that a graph is not movable in purely
combinatorial way. This is demonstrated by the following example.

Example 3.3. The graph G in Figure 3 is not movable: since the vertices 1 and 4
are connected by the path (1,3,4) which is monochromatic in every NAC-coloring, and
similarly for 2 and 5 with the path (2,3,5), G is movable if and only if G' = (V, Eg U
{{1,4},{2,5}}) is movable. But G’ has no flexible labeling by Theorem 2.7, since it has
no NAC-coloring.

Figure 3: All non-conjugated NAC-colorings of a Laman graph with no proper flexible
labeling

The corollary and example motivate the next definition. The name is inspired by the
constant distance between vertices u and v in Lemma 3.1 during the motion.

Definition 3.4. Let G be a graph. Let U(G) denote the set of all pairs {u,v} C Vg
such that uwv ¢ E¢g and there exists a path from w to v which is monochromatic for all
0 € NACg. If there exists a sequence of graphs Gy, ..., G, such that

(i) G = Go,



(ii) G; = (VGFN
(iii) U(G,) =0,
then the graph G, is called the constant distance closure of G, denoted by CDC(G).

EGZ;1 U U(Gz_l)) fori € {1, c. ,n},

The idea of repetitive augmenting the graph G by edges in U(G) is to decrease the
number of inequalities checking injectivity of compatible realizations — adjacent vertices
must be always mapped to different points. This can be seen in Example 3.3 — the
construction of a flexible labeling from a NAC-coloring described in [6] always coincides
the vertices 1 and 4, or 2 and 5. But the edges {1,4} and {2, 5} are added to the constant
distance closure already in the first iteration.

In other words, considering the constant distance closure, while seeking for a proper
flexible labeling, utilizes more information from the graph than taking the graph itself.
For instance, since NACcpc() € NACg, the NAC-colorings of G that are active only
for motions with non-injective realizations might be eliminated. This is summarized by
the following statement.

Theorem 3.5. A graph G is movable if and only if the constant distance closure of G
is movable.

Proof. The theorem follows by recursive application of Corollary 3.2. O]

An immediate consequence is that a graph G can be movable only if the constant
distance closure CDC(G) has a flexible labeling, namely, we relax the requirement on
the labeling to be proper. By Theorem 2.7, it is equivalent to say that if G is movable,
then CDC(G) has a NAC-coloring. We can reformulate this necessary condition using
the next two lemmas.

Lemma 3.6. Let G be a graph. If H is a subgraph of G, then the constant distance
closure CDC(H) is a subgraph of the constant distance closure CDC(G).

Proof. If we show that U(H) C U(G), then the claim follows by induction. Let a
nonedge uv be in U(H), namely, there exists a path P from u to v such that it is
monochromatic for all NAC-colorings in NACy. But then uv is also in U(G), since the

path P is monochromatic also for all § € NACg, because P is a subgraph of H and
either 0|g, € NACy or |§(Eg)|= 1. O

Now, we can show that having a NAC-coloring and being non-complete is the same
for a constant distance closure.

Lemma 3.7. Let G be a graph. The constant distance closure CDC(G) is the complete
graph if and only if there exists a spanning subgraph of CDC(G) that has no NAC-
coloring.

Proof. If CDC(G) is the complete graph, then it has clearly no NAC-coloring. For the
opposite implication, assume that there is a spanning subgraph H of CDC(G) that has
no NAC-coloring. Trivially, U(H) consists of all nonedges of H. Hence, the constant
distance closure of H is the complete graph. By Lemma 3.6, CDC(G) is also complete.

m
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The previous statement clarifies that the necessary condition obtained from Theo-
rem 3.5 can be expressed as follows by relaxing the requirement of a flexible labeling
being proper.

Corollary 3.8. Let G be a graph. If the constant distance closure CDC(G) is the
complete graph, then G is not movable.

Let us use this necessary condition to prove that a certain class of Laman graphs is
not movable. We would like to thank Meera Sitharam for pointing us to this class.

Definition 3.9. A graph G is tree-decomposable if it is a single edge, or there are three
tree-decomposable subgraphs H;, H, and Hj3 of G such that Vo = Vg, U Vi, U Vi,
EG = EH1 U EH2 U EH3 and VHl N VH2 = {u}, VH2 N VH3 = {U} and VH1 N VH3 = {w} for
three distinct vertices u, v, w € Vg.

One could prove geometrically that the tree-decomposable graphs are not movable,
but the notion of constant distance closure allows to do it in a combinatorial way.

Theorem 3.10. If a graph is tree-decomposable, then it is not movable.

Proof. Let G be a tree-decomposable graph. It is sufficient to show that the constant
distance closure CDC(G) is the complete graph and use Corollary 3.8. We proceed by
induction on the tree-decomposable construction. Clearly, the constant distance closure
of a single edge is the edge itself which is K. Let Hy, Hy and Hs be tree-decomposable
subgraphs of G as in Definition 3.9, with the pairwise common vertices u,v and w.
By Lemma 3.6 and induction assumption, the subgraphs Hj, H), and Hj of CDC(G)
induced by Vy,, Vg, and Vy, respectively are complete. Thus, there is no NAC-coloring
of H = (Vg, UVy, UVy,, E U Epy U EHé), since all edges in a complete graph must
have the same color and Hj, H) and H) contain each an edge of the triangle induced
by w, v, w. By Lemma 3.7, CDC(G) is complete, since H' is its spanning subgraph . [

We remark that the class of so called H1 graphs is a subset of tree-decomposable
graphs, hence, they are not movable. A graph is called H1 if it can be constructed from
a single edge by a sequence of Henneberg I steps — each step adds a new vertex by linking
it to two existing ones. The next statement recalls the known fact that Henneberg I
steps do not affect movability.

Lemma 3.11. Let G be a graph and u € Vi be a vertex of degree two. The graph G is
movable if and only if G' = G \ u is movable.

Proof. Let v and w be the neighbours of w. If X is a proper flexible labeling of G,
then A : Eg — Ry given by X|g_, = A and A(uv) = Auw) = L, where L is the maximal
distance between v and w in all realizations compatible with X', is a proper flexible
labeling of G. On the other hand, the restriction of a proper flexible labeling of G to G’
is a proper flexible labeling, since there are only two possible points where u can be
placed if v and w are mapped to distinct points, i.e., there must be infinitely many
realization of G’. ]
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Since the previous lemma justifies that the question of movability of a graph with
vertices of degree two reduces to a smaller graph with all degrees being different from
two, we can provide a list of “interesting" graphs regarding movability. By “interesting",
we mean, besides all vertices having degree at least three, also the fact that they are
spanned by a Laman graph. Recall that graphs that are not spanned by a Laman graph
are clearly movable, since a generic labeling is proper flexible. We are interested in
graphs that can be movable only due to a non-generic labeling. So we conclude this
section by the list of the “interesting" constant distance closures up to 8 vertices:

Theorem 3.12. Let G be a graph with at most 8 vertices such that it has a spanning
Laman subgraph and CDC(G) has no vertex of degree two. If G satisfies the neces-
sary condition of movability, i.e, the constant distance closure CDC(G) is not complete,
then CDC(G) 18 one ofthe gmphs K3’3, K374, K3’5, K474, Ll, ceey L67 Ql, ceey Q67 Sl, o ,S5,
or a spanning subgraph thereof, where the non-bipartite graphs are given by Figure /.

Proof. Using the list of Laman graphs [2], one can compute constant distance closures of
all graphs spanned by a Laman graph with at most 8 vertices. The computation shows
that each constant distance closure is either a complete graph, or it has a vertex of
degree two, or it is a spanning subgraph (or the full graph) of one of K33, K34, K35, K44
or the graphs in Figure 4. [

Ly

@%@@%

@1 Q2

BHEO R

Figure 4: Maximal non-bipartite constant distance closures of graphs with a spanning
Laman subgraph, at most 8 vertices and no vertex of degree two.

S
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4 Construction of proper flexible labelings

The goal of this section is to prove that all graphs listed in Theorem 3.12 are actually
movable. By this we also show that the necessary condition of movability (the constant
distance closure is non-complete) is also sufficient for graphs up to eight vertices. Four
general ways of constructing a proper flexible labeling are presented. The first two are
known — the Dixon I construction for bipartite graphs [4] and the construction from a
single NAC-coloring presented in [6]. We describe a new construction that produces an
algebraic motion with two active NAC-colorings based on a certain injective embedding
of vertices in R3. The fourth method assumes two movable subgraphs whose union spans
the whole graph and whose motions coincide on the intersection. We provide a proper
flexible labeling for S5 ad hoc, since none of the four methods applies. Animations for the
movable graphs can be found in [8]. In the conclusion, we give an example showing that
the necessary condition is not sufficient for graphs with arbitrary number of vertices. In
order to be self-contained, we recall Dixon’s construction.

Lemma 4.1. FEvery bipartite graph with at least three vertices is movable.

Proof. Let (X,Y) be a bipartite partition of a graph G. Hence, a realization with the
vertices of one partition set on the z-axis, and vertices of the other on the y-axis induces
a proper flexible labeling by Dixon’s construction [4, 12]:

{,/ 2120 ifveX,

y2+t2) ifveY,

where z,,y, are arbitrary nonzero real numbers. Let A\(uv) := /22 + y2 for all u € X
and v € Y. By the Pythagorean Theorem, p; is compatible with A for every sufficiently
small ¢. O

The following method from [6] was used in the proof of Theorem 2.7 but without the
assumption guaranteeing injectivity of realizations.

Lemma 4.2. Let § be a NAC-coloring of a graph G. Let Ry, ..., R,,, resp. By, ..., By,
be the sets of vertices of connected components of the graph obtained from G by keeping
only red, resp. blue, edges. If |R; N B;| < 1 for alli,j, then G is movable.

Proof. For « € [0,27), we define a realization p,: Vg — R? by
pa(v) =1-(1,0)+j - (cosa,sina),

where ¢ and j are such that v € R; N B;. Now, the realization p, is compatible with the

labeling A : Eq — R, given by A(uv) = pr/g(u) — prs2(v)|s [0,27). The
induced flexible labeling A is proper, since all realizations p,, « ¢ {0, 7}, are injective
by the assumption |R; N B;| < 1. O

13



Ll L2 L3 L4 L5 L6

Figure 5: The NAC-colorings inducing a proper flexible labeling.

The construction yields proper flexible labelings for L, ..., Lg, since there are NAC-
colorings satisfying the assumption, see Figure 5. The displayed proper flexible labelings
can be obtained by the more general “zikzag" construction from [6].

Corollary 4.3. The graphs L1, ..., Lg, see Figure / or 5, are movable.

Now, we present a construction assuming a special injective embedding in R3. The
lemma also gives a hint, how existence of such an embedding can be checked (and an
embedding found), if we know all NAC-colorings of the given graph.

Lemma 4.4. Let G = (V, E) be a graph with an injective embedding w : V — R3 such
that for every edge uv € E, the vector w(u) — w(v) is parallel to one of the four vectors
(1,0,0), (0,1,0), (0,0,1), (—=1,—1,—1), and all four directions are present. Then G is
movable.

Moreover, there exists an algebraic motion of G with exactly two active NAC-colorings
modulo conjugation. Two edges are parallel in the embedding w if and only if they receive
the same pair of colors in the two active NAC-colorings.

Proof. Let p; : {1,2,3,4} — R? be a parametrization of an algebraic motion of the
4-cycle with a labeling A. We define three functions from R to R? by

fi(t) = pe(2) — pe(1), fa(t) = pe(3) — pe(2), f3(t) = pe(4) — pe(3).

The norms || f1], |f2]], || /3| and ||—f1(t) — f2(t) — f3(t)|| are the corresponding values
of A\, i.e., they are independent of t. For each t € R, we define

pr: V= R wes wiu) fi(t) + wau) f2(t) 4+ ws(u) f3(t)

where w(u) = (wi(u),ws(u),ws(u)). For any edge uv, pi(u) — py(v) is a multiple of
f1, f2, f3 or —f1(t) — fa(t) — f3(t) by assumption. Thus, the distance ||p.(u) — pi(v)]| is
independent of ¢ and different from zero. Hence, the set of all p; is an algebraic motion;
this proves the first statement.

In order to construct an algebraic motion with two active NAC-colorings, we take p; to
be the parametrization of the deltoid in Example 2.10. For any edge uv, the function W, ,,
is just a scalar multiple of one of the functions in the example. Hence, there are only
two active NAC-colorings modulo conjugation, see Table 1. O
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Remark. Clearly, we can construct also an algebraic motion with three non-conjugated
active NAC-colorings by taking p; from an algebraic motion of the 4-cycle with a general
edge lengths, which has three non-conjugated active NAC-colorings. This also shows
that if 01 and o are the two active NAC-colorings from the second statement of the
lemma, then the coloring d3, given by d3(e) = blue if and only if §1(e) = ds(e), is also a
NAC-coloring of G. This follows from the fact that there are only three non-conjugated
NAC-colorings of a 4-cycle with one chosen edge being always blue and they are related
as given above.

Lemma 4.4 allows to compute algebraic motions with exactly two active NAC-color-
ings: For any pair of NAC-colorings, try to find an embedding w : V — R3 with edge
directions (1,0,0), (0,1,0), (0,0,1) or (=1, —1, —1) depending on the colors in these two
colorings. This leads to a system of linear equations. If it has a non-trivial solution,
check if a general solution is injective.

Figure 6: The graph @; with a pair of NAC-colorings giving an embedding in R3.

Example 4.5. In order to find an embedding w : V — R? for the graph @, using
the NAC-colorings in Figure 6, such that every edge colored with blue/blue is parallel
to (1,0,0), every edge colored with blue/red is parallel to (0,1,0), every edge colored
with red/blue is parallel to (0,0,1), and every edge colored with red/red is parallel
to (—1,—1,—1), we put w(1) to the origin and introduce variables x;, y;, z; for p; := w(i),
1=2,...,7. For each edge, we have two linear equations. We obtain the system

O=yr=m=yr—Yo=2r—20=Yo=20=Y3— Y5 = 23— 25 = Y4 — Y6 ,
O0=24— 26 =5 =25 =Tg — T3 = 2 — 23 = T3 — T4 = Y3 — Yas = Ts — Tg,

O=ys —Ys =7 — X6 —Yr + Y6 = T7 — Tg — 27+ 26 = T4 — Ya = Ty — 24,
with the general solution parametrized by t € R
(pb s ap7) = ((Oa O’ 0)7 (tv Oa 0)7 (tvt’ 0)7 (tvt7t)7 (07t7 0)7 (Ovtvt)v (_tv O’ O))

The solution is injective for ¢t # 0. If we take t = 1 and the parametrization of the
deltoid from Example 2.10, then we obtain an algebraic motion of the graph such that
its projection to the 4-cycle induced by {1, 2, 3,4} is precisely the motion of the deltoid.
Any other parametrization of the 4-cycle also yields an algebraic motion of the whole
graph. Figure 7 illustrates using the deltoid and also a general quadrilateral. We remark
that the triangle {1,2, 7} is degenerated independently of the choice of parametrization
of the 4-cycle. Moreover, the 4-cycles {1,2,3,5}, {3,5,6,4} and {1,4,6,7} are always
parallelograms.

15
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Figure 7: Embeddings of the graph (); compatible with proper flexible labelings in-
duced by a deltoid and a general quadrilateral (colors indicate edges with
same lengths). Note that the vertices 1,2,7 form a degenerate triangle.

By applying the described procedure to all pairs of NAC-colorings for the graphs in
the list, we obtain the following:

Corollary 4.6. The graphs Q1,...,Qg, see Figure J or 8, are movable.

Proof. Figure 8 shows the pairs of NAC-colorings of the graphs in @)1, ..., Qs that can
be used to construct an injective embedding in R? analogously to Example 4.5. Hence,

they are movable by Lemma 4.4. O]
Q1 (2 @3 Q4 Qs oF

Figure 8: Pairs of NAC-colorings used for construction of injective embeddings in R3
satisfying the assumption of Lemma 4.4.

For the graphs Sy, ..., S4, we take advantage of the fact that they contain other graphs
in the list as subgraphs. The next lemma formalizes the general construction based on
movable subgraphs.

Lemma 4.7. Let G be a graph. Let G; and Gy be two subgraphs of G such that Vg =
VGl U VG2,EG = EG1 U EGQ and EG1 N EGQ 7é @ Let W = VG’1 N VGQ. Let )\1 and )\2
be proper flexible labelings of G1 and Gy respectively. If there are algebraic motions Cq
of (G1,\1) and Cy of (Ga, A2) such that:

(i) the projections of C; and Cy to W are the same, and

(7i) for allvy € Vg, \W and vy € Vg, \ W, the projections of Cy to vy and Cqy to vy are
different,



then there exists a proper flexible labeling of G.

Proof. We define a labeling A of G by A Eg, = A1 and A Fg,= Ao. This is well-defined,
since )\1|EG10EG2: )\2|EG1QEG2 by (i). Now, every realization in the projection of C; to W
can be extended to a realization of GG that is compatible with A\. Hence, A is flexible. It
is also proper, since all extended realizations are injective by the second assumption. [

Now, we identify the suitable subgraphs and motions for Si, S and S3. Movability
of Sy does not follow from the previous lemma, but it is straightforward.

Corollary 4.8. The graphs Sy, 52,53 and Sy, see Figure J or 9, are movable.

Proof. Figure 9 shows vertex-labelings of the graphs Si, 5, and S35 that are used in the
proof. The labelings given by the displayed edge lengths are actually proper flexible.
Edges with same lengths have the same color.

Notice that the subgraphs G; and Go of S induced by the vertices {1,...,6} and
{3,...,8} are isomorphic to L; and Kj3 respectively. Since G and Go satisfy the
assumptions of Lemma 4.8, it is sufficient to take proper flexible labelings of G; and Gbs,
given by Lemma 4.2 and 4.1, such that the quadrilateral (3,4,5,6) in both graphs moves
as a non-degenerated rhombus, i.e., A(3,4) = \(4,5) = A\(5,6) = \(3,6).

Recall that a proper flexible labeling of K44 according to Dixon II is induced by
placing the nodes of the two partition sets to the vertices of two cocentric rectangles in
orthogonal position. By removing two vertices, one can easily obtain a motion of K3 ;.

The graph S has a subgraph H, induced by vertices {1,...,7}, which is isomorphic
to @1, and Hg,, induced by {1,...,5,8} isomorphic to Kj3. We consider a proper
flexible labeling of the subgraph Hp,, with an algebraic motion by Dixon II according
to Figure 9. Now, we can use the motion of the 4-cycle {1,2,3,4} to construct a
motion of Hg, following Example 4.5. Since the 4-cycle {1,2,3,5} is a parallelogram
in the motions of Hg,, and Hg,, the subgraphs satisfy the assumption of Lemma 4.7.
Hence, S5 is movable.

Similarly, we construct a proper flexible labeling of S, since the vertices {1, ..., 7} and
{1,3,4,5,6,8} induce subgraphs isomorphic to ¢); and Kj 3, respectively. See Figure 9
for placing the vertices according to Dixon II. Now, the 4-cycle {1,4,3,5} is used to
construct the motion according to Example 4.5.

A proper flexible labeling of S4 can be clearly obtained by extending a proper flexible
labeling of its K3 3 subgraph. O

Finally, only the graph S5 is missing to be proven to be movable. Unfortunately, none
of the previous constructions applies in this case. Hence, we provide a parametrization
of its algebraic motion ad hoc.

Lemma 4.9. The graph Ss is movable.

Proof. In order to construct a proper flexible labeling for the graph S5, we assume the
following: the triangles (1,2,3) and (1,4, 5) are degenerated into lines, the quadrilaterals
(1,4,6,2) and (1, 4,7, 3) are antiparallelograms, the quadrilateral (4,7, 8, 6) is a rhombus

17



Figure 9: The graphs S, S2 and S3 with proper flexible labelings (same colors mean
same lengths). Note that the vertices 1,2,7 in Sy and S3 form a degenerate
triangle.

and the quadrilaterals (4,5,8,7) and (4,5, 8,6) are deltoids, see Figure 10. We scale the
lengths so that A\;4 = 1 and A2 =: a > 1. Now, we define an injective realization pg
parametrized by the position of vertex 4. Let

/)0<1) = <070)7 PQ(Q) = (—a,()), p9(3) = (a,()), p9(4) = (COS 0, sin 9)

Since the coordinates of a missing vertex of an antiparallelogram can be obtained by
folding the parallelogram with the same edges along a diagonal, we get

a®+ (a*> —1)cos —a (1 —a?)sinf
a2+ 2acosf+ 1 ’a2+2acose+1>’

a®—(a®>—1)cosf —a (1 —a?)sinf
a? —2acosf + 1 ’a2—2acos€+1>'

po(6) = (

po(7) = (

The intersection of the line given by py(6) and py(7) with the line given by pg(1) and pp(4)
gives
1—a?

5) = —
pol5) a?+1

The position of 8 can be easily obtained by the fact that (4,7,8,6) is a rhombus:

(cos@,sinf).

q ((a2 — 1) — 4a? (sin 9)2) cos (0) — (3@4 — 4a? (cos ) + 242 — 1) sin 0
pol8) = (a2 — 1)* + 4a? (sin )* ’ (a2 — 1)* + 4a2 (sin §)*
One can verify that the induced labeling A is independent of 8 and hence it is flexible:

)\1,4 = )\2,6 = )\3,7 =1, )\2,3 = 2a,

>\1,2 = >\1,3 = >\4,6 = )\4,7 = )\6,8 = >\7,8 =a,

a’—1 2a?
A= ——— Ms =g = —— =\ A4 -
15 = 1 4,5 58 = 2 1 15 T A4
The labeling is proper for a generic a. [
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Figure 10: The graph S; and its embedding inducing a proper flexible labeling. The
same colors mean same edge lengths.

Since all graphs in the list were proven to be movable, we can conclude that the
necessary condition is also sufficient up to 8 vertices.

Corollary 4.10. Let G be a graph with at most 8 vertices. The graph G is movable if
and only if the constant distance closure CDC(G) is not complete.

Proof. We can assume that G is spanned by a Laman graph, otherwise there exists a
generic proper flexible labeling. By Lemma 3.11, we can assume that G has no vertex of
degree two. Corollary 3.8 gives the necessary condition for movability. For the opposite
implication, Theorem 3.12 lists all constant distance closures that are not complete,
Lemma 4.1 and 4.9, and Corollary 4.3, 4.6 and 4.8 show that all these graphs are
movable. Hence, also all their subgraphs are movable. O

Based on the previous corollary, one might want to conjecture that the statement
holds independently of the number of vertices. Nevertheless, the graph Go5 in Figure 11
serves as a counter example.

This graph was proposed by Tibor Jordan as a counter example for some conjectures
characterizing movable graphs within informal discussions with his students. The con-
stant distance closure of G5 is the graph itself, since there is no monochromatic path of
length at least two: for every two incident edges uv and vw, there exists a NAC-coloring
d such that d(uv) # d(vw). Namely, we can define 6 by d(e) = blue if and only if w
is a vertex of e. Hence, the necessary condition is satisfied. An explanation that Gos
is not movable is the following: it contains five subgraphs isomorphic to the bipartite
graph Kj 5, each of them induced by the vertices on two neighboring lines in the figure.
The only way to construct a proper flexible labeling of K5 5, with partition sets V; and
V3, is placing the vertices of V; on a line and the vertices of V5 on another line that is
perpendicular to the first one [10]. Therefore, constructing a proper flexible labeling of
(95 would require that the vertices on every two neighboring lines in the figure are on
perpendicular lines, which is not possible.
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Figure 11: Graph Gas

Conclusion

The newly introduced notion of active NAC-colorings bridges the combinatorial proper-
ties of a movable graph with its motion. Motivated by invariance of the motion under
adding new edges whose endpoints are connected by a path that is monochromatic in
all active NAC-colorings, the constant distance closure of a graph is defined purely com-
binatorially. This augmented graph being non-complete serves as a necessary condition
of movability of the original graph. We focused on the graphs up to 8 vertices satisfying
the condition and developed tools showing that all are movable.

Since it was shown that the necessary condition is not always sufficient, the ques-
tion on a (combinatorial) characterization of movability remains open. Similarly, the
characterization of all possible algebraic motions of a given graph is subject to future
research. A particularly interesting open problem is to determine possible subsets of
active NAC-colorings and then construct a corresponding proper flexible labeling.
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