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Abstract

A Gallai coloring of a complete graph K, is an edge coloring without tri-
angles colored with three different colors. A sequence e; > -+ > e of positive
integers is an (n, k)-sequence if Zle e; = (3). An (n,k)-sequence is a G-
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1 Introduction

Gallai colorings (a term introduced in [6] referring to a concept of Gallai [4]) of
complete graphs are edge colorings that do not contain triangles colored with three
different colors. We shall abbreviate Gallai colorings as G-colorings. Observe that
every 2-coloring of the edges of the complete graph K, is a G-coloring but the number
of colors in a G-coloring is not fixed.

Ramsey-type problems for G-colorings have been investigated in several papers
such as [0, [7, 8, 9] and the statistical behaviour of the number of G-colorings have
been studied in [I, 2, B]. A recent work [5] explored the distribution of colors in
G-colorings and this note contributes to a problem exposed there.

We call a sequence ey, . . ., e, of nonnegative integers an (n, k)-sequence if Zle e; =
(;) An (n, k)-sequence is a G-sequence if there is a G-coloring of K, with k colors
such that there are e; edges of color i for all i,1 < i < k. A sequence eq, ..., ey is
ordered if e; > - > ¢y.

The following decomposition theorem plays a central role in the theory of G-
colorings. It was formulated in [6] but implicitly it was already in [4].

Theorem 1.1. [Theorem A, [G]] Assume that we have a G-coloring on K, with at
least three colors. Then there exist at most two colors, say 1,2, and a decomposition
of K, into m > 2 vertex disjoint complete graphs K,, (1 <i <m) so that all edges
between V(K,,) and V(K,,) are colored with the same color and that color is either
1 or 2.

We call the (at most) two colors in Theorem base colors, and call the edges
within the disjoint complete graphs internal edges. Theorem [1.1| can be stated in
a slightly stronger form observing that if one of the base colors does not span a
connected subgraph of K, then the other base color provides a decomposition of K,
with one base color, spanning a connected subgraph of K,,. This leads to the following
corollary.

Corollary 1.2. There exists a decomposition according to Theorem where all (two
or one) base colors span a connected subgraph of K,,. Thus in a suitable decomposition,
all base colors have at least n — 1 edges.

It was proved in [5] that for any integer £ > 2 there is a (unique) integer g(k) with
the following property: there exists a Gallai k-coloring of K, with e; edges in color
i for every ey, ..., e, satisfying Zle e; = (3), if and only if n > g(k). The bounds
2k — 2 < g(k) < 8k® + 1 were given in [5]. It was also proven in [5] that g(3) = 5
and g(4) = 8. In this paper, we improve the upper and lower bounds and show that
g(5) = 10. Specifically, we prove the following theorems:



Theorem 1.3. There exists a constant 3 > 0 such that g(k) < Bk*? for all suffi-
ciently large k. In fact, B < B(k), where B(k) — 2v/3 as k — oo.

Theorem 1.4. There exists a constant o > 0 such that g(k) > O‘lflllj for all sufficiently
large k. In fact, o« > a(k), where a(k) — 1 as k — oo.

Theorem 1.5. The (9,5)-sequence 12,6,6,6,6 is not a G-sequence but all (10,5)-
sequences are G-sequences. Thus g(5) = 10.

In Section [2| we prove Theorem with an algorithm whose input is an (n, k)-
sequence with an arbitrary n satisfying n > 5(k)k/? and whose output is a G-coloring
of K,. The algorithm works using a series of simple decompositions called cuts that
use one base color to separate the graph into 2 parts according to Corollary [1.2] The
algorithm ensures that the iterated decomposition process never stops with a part K,
with a > 1 because there is always a term in the actual sequence with value at least
a—1.

Section [3|is devoted to proving Theorem regarding lower bounds on g(k). We
explicitly construct a family of color sequences and show that any possible decom-
position steps for these sequences cannot decompose the complete graph down past
a certain size. This implies that these sequences are not G-sequences and provide a
lower bound on g(k).

Section 4| gives the proof of Theorem , reducing (10, 5)-sequences by cuts to 4-
sequences realizable by G-colorings on a smaller complete graph. Although we found
some tools to limit the number of cases within a plausible range, the full analysis is
rather long, predicting that it is difficult to determine g(k) exactly.



2 Proof of Theorem

The proof of Theorem is separated into four subsections. The first defines an
algorithm to provide G-colorings using simple decomposition steps. For technical
reasons it is convenient to extend the definition of (n, k)-sequences allowing sequences
€1,..., e with Zle e; > (g) edges. The second subsection partitions (n, k)-sequences
that are not G-colorable by the algorithm into classes, called irreducibility classes. In
the third subsection we show that each class of (2k, k)-sequences has G-colorings if
Zle e; is large enough. In the last subsection we prove Theorem .

2.1 A G-Coloring Algorithm

Definition 2.1. Assume that K, is partitioned into two parts, a K,_; and a K;.
The set of edges between them s called a cut.

Algorithm 2.2. For a given input (n, k)-sequence s = (eq, ..., ex) (allowing Zle e >
;) as discussed above) we define an algorithm to G-color K,, using only cuts to color
all edges of the cut with the same color. A “branch” of the algorithm works as follows:

1. Define S to be a set that will contain vertex disjoint complete graphs whose
union contains all n vertices. Initially let S = {K,}.

2. Pick K, € S such that a > bV K, € S and remove K, from S.

3. Partition K, into two vertex disjoint complete subgraphs K,, and K,, so that
aras < e; for some 1. If there are multiple colors that satisfy this inequality,
choose one to be 1. Color all edges of the cut K,,, K,, with color i. Adjust the
actual sequence ey, ..., ex by replacing e; with e; — ajas and go to the next step
(step 4). If there is no cut with the condition, i.e. e; < a—1 for all i € [k], exit
this loop. In this case, he branch is terminated and called irreducible at K,.

4. Add K,, and K,, to S.
5. As long as S contains a graph with more than one vertex, repeat from step 2.

Each branch of algorithm can be represented by a path on a graph where
vertices correspond to iterations within the branch and are labeled with the actual
partition S and with the actual sequence (e, ..., ex) at the beginning of the iterations.
Furthermore, all of these branches can be linked together on a tree (see Example [2.3))
with S = {K,} and the initial (n, k)-sequence at the root. The G-coloring algorithm
is then just a depth-first search on this tree and will stop at the first place where
S = {Kj,..., Ki}. If this never happens then all branches are irreducible. In this case



the input sequence of the algorithm is called irreducible as well.

Example 2.3. The following shows three branches of the decomposition of Kg with
the sequence (14,8,3,3). Terms in S that are K;’s are not shown for brevity. Terms
are not reordered after cuts for the sake of clarity:

M

{K;},(7,8,3,3) {Ks, K2},(2,8,3,3)

S

{Ks},(7,2,3,3) {K5,K>},(2,3,3,3) {K4, Ky, K5}, (2,0,3,3)

{K5}7<272a373) {K37K27K2}7(2707 0)3)
{K27 K27 K2}7 (07 OJ 07 3)

{KQa KQ}a (07 07 07 2)

/ {K,},(0,0,0,1)

{}.(0,0,0,0)

2.2 Irreducibility Classes

For an irreducible (n,k)-sequence each branch of algorithm is irreducible and
stops with a K, and a sequence ey, ...,e; with e; < p — 1 for all . For different
attempts to decompose K,, branches may stop when trying to decompose different
K,’s. However, there are a finite number of distinct partial decompositions of kK,
that can be attempted, so we can define a minimum p for each sequence. We call this
p the lowest stopping point of the decomposition of K,, with this sequence.



Definition 2.4. For an (n, k)-sequence s with sum m, let f(s) be the lowest stopping
point of the decomposition of K, with s. Then, for p > 2, we define the irreducibility
class I;}(m) as

Iy(m) = {s: f(s) = p}

Lemma 2.5. Forn > 2kj — j + 1, a decomposition of K, with an (n,k)-sequence
into two subgraphs K,_; and K; can always be performed. Additionally, for j =1, a
decomposition can be performed for n = 2k — 1.

Proof. For n =2kj — 7+ 1,

nin—1) = (2kj — j + 1)(2kj — j) > 2kj(2kj —2j +1) = % > j(n —j)

We also have that if the previous inequality is true for n and n > kj,

(n;—l) - (Z) +n>kj(n—j)+kj=kjiln+1-j) = &:)N(n“_j)

Thus for all n > 2kj — j + 1, we have that % > j(n — 7). This means there must
be some term in the (n, k)-sequence that is greater than j(n — j) and can be used as
the base color to remove a Kj.

Additionally, for j =1 and n = 2k — 1,

{(2’“#1)} _ [(21{—1;]({:%—2)} _ [%_2_ 21@2; 2} s

Thus there must be a color with at least (2k — 1) — 1 edges so it can be used as a
base color to remove a K;.

Corollary 2.6. Fiz a positive integer k. For n and p > 2k — 1 and for all m > (;),
I"(m) = 0.
p

Proof. If n < p then, because the decomposition algorithm starts with a K,
and decomposes it, there will never be a K, in S. For n > p, since p > 2k — 1, a
decomposition can always be performed on K, by Lemma 2.5l O

Lemma 2.7. Assume that k(p —2) < m and s = (e, ..., ex) € IJ(m) is an ordered
(n, k)-sequence with ey > --- > e; >p—2> €511 > --- > e,. Then, for some ¢ > p,
there exists an ordered (n, k)-sequence s' = (f1,..., fr) € I;(m) with fj4, = -+ =
fe=p—2.



Proof. Let t be the smallest integer in [j + 1, k| such that e, < p — 2. If no such ¢
exists then set s’ = s. Otherwise, because k(p — 2) < m, we can define an ordered
sequence s as follows. Increase e; by one and decrease some ¢; with ¢ € [1, j] by one.
We can repeat these modifications to get ss, ..., s, such that all terms of s, with
index at least j + 1 are equal to p — 2 and all terms with index at most j are at least
p—2. Set s’ = s,,. Then algorithm on s’ cannot use colors other than the first j
to decompose any K,. Because f; < e; for i € [1,j] and the first j colors of s could
not decompose K, past K, the first j colors of s’ cannot decompose K,, past K,. [

Corollary 2.8. If there are no ordered (n, k)-sequences ending in a nonnegative num-
ber of (p —2)’s in any 1}'(m) for ¢ > p, then I)'(m) = 0.

When we say a nonnegative number of (p — 2)’s, and this number is 0, what we
really mean is a sequence in which all of the terms are greater than (p — 2). However,
phrasing it in this way will be useful in the next section.

2.3 Tail Length Classes

Definition 2.9. For an ordered (n, k)-sequence, s = (e1,...,ex) and a fized value r,
define the tail length 1.(s) to be the number of terms in the sequence less than or equal
tor. For 0 <1<k, Let the tail length class L,(l) be defined as

L.(l)={s:1l.(s) =1}
Note that for any fixed r, the sets {L,(l)} partition the set of (n, k)-sequences.

Lemma 2.10. Fixz the integers k > 0 and p < 2k — 1. If there is an m such
that 12*(m) = 0 for all ¢ > p+ 1, then I2f(m + x) = 0 for all ¢ > p where
x=min(k—1,p—1).

Proof. Suppose Ig,k(m + ) # () for some ¢’ > p where x = min(k — 1,p — 1). Then
there is an ordered sequence s = (eq, .. .., e;) with sum at least m + = decomposable
to Ky but not any further.

Case 1. ¢ > p.

Because r < 2k —1, ' = (e; —x, ..., ¢ex) is a sequence with k terms and with sum
at least m and can thus be decomposed past K, . This contradicts the assumption of
the lemma.

Case 2. ¢’ = p. We know from Case 1 that I,?,k(m + ) =0 for all ¢ > p so we can
always decompose (ey, ..., ex) at least until K,. Applying Corollary with n = 2k
and m + z as the sequences’ sum, we have that s € L, 5(l) for some [. We separate
this case into two subcases.

Subcase 2.1. s € L, »(l) with [ <p—k — 1.
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Each base color in a decomposition of K, removes at least a K; from it. Thus
because 2k — p vertices are removed in the series of decompositions from Ky to K,
a maximum of 2k — p colors could have been used as base colors to decompose to K.
The total number of e; > p — 2 is

k—1>k—(p—k—1)=2k—p+1.

Thus there must be at least one e; with e; > p — 2 that has not been used as a base
color. We have that this e; > p — 1 so we can use it to decompose the K, contra-
dicting the assumption of the lemma.

Subcase 2.2. s € L, 5(l) with [ > p — k.

Write s = (eq,...,e;,p —2,...,p — 2) (where j = k means no trailing p — 2’s).
Since the sum of s is m + min(k — 1,p — 1) and p < 2k — 1, we have e; > p — 1.
Consider the sequence s = (e — (p—1),e2,..,e5,p—1,...,p—1) with [ p—1’s. The
sum of s is

(m+4+z)—(p—1)+1L

Ifp—k>0,thenk—1<p-—1and
m+z)—(p—D+I>m+k—1)—(p—-1)+(p—Fk) =m.
Ifp—k <0, then p—1<k—1and because [ > 0,
(m+z)—(p-1)+l>m+p—-1)—(p—1)+0>m.

Thus the sequence s’ will always have sum greater than or equal to m. By the given, it
can be reduced down to K, and by Corollary this can be done using only the first
7 colors. Then for s the same decomposition can be used to guarantee an e; > p — 1.
This can then be used to decompose the K. Thus no (2k, k)-sequence ending in a
nonnegative number of p—2’s is in I2*(m+x) so by Corollary , I*m+4x)=0. O

Corollary 2.11. If s = (eq,...,ex) is a (2k, k)-sequence with e; + ... + ex = (22k) +

L;k“, then s is G-colorable.
Proof. e p > 2k — 1. Corollary [2.6| with n = 2k, m = (22k:) implies ng((ék)) = 0.
e p € [k, 2k —2]. Lemma implies that
Vg>p+ l,ng(m) =) = Vq zp,lgk(m—i—k— 1) =0.

Performing this for all values of p in this range we get

m = (22k) + (k=17 = Yq=>k I*(m) = 0.

8



e p € [3,k—1]. Lemma [2.10| gives that
Vg>p+1LIm)=0 = Vg2 p+ 1L, I (m+p—1)=0.

Performing this for all values of p in this range gives that

p —1 2 C - 2
m = (Qk)+(k—1)2+<k 2 )_1 - (zk) +% = Yoz 3.1 m) =0,

We have that I3¥(m) is empty because if there is an edge left, it can always be
used to color a K5. Additionally, observing that the decomposition of Algorithm
ensures that nothing bigger than a K; is added to S during the decomposition of Koy,
there are no extra components that may be too large to color. [

2.4 G-coloring of K,

To prove Theorem [1.3[ we will use Lemma [2.5| to decompose K, (for n large enough)
down to Ky in such a way that ZKieS (;) > 3’“2_# By Corollary [2.11] we can
then color the Ky. Letting n = 2k(ng + 1), for some ng, we will remove as many
K,,’s as possible from the K,’s with a € [2kng,2k(ng + 1)] which we can do by
Lemma We will then remove as many K,,_1’s as possible from the K,’s with
a € [2k(ng —1),2kne]. Each time we remove a K; from K,, the next largest graph in
S will be K,_;. To find a lower bound on the number of K; we can remove from the
K, with a € [2kj, 2k(j+1)], we should assume we have removed a K from Koy 1)
and remove as many K,’s as we can from the K, with a € [2kj,2k(j +1) — j — 1],

removing one from Koy, Kogjyj, .., Kogjiy; Where yj < 2k —j —1. Solving this yields

sz—j—w
y=|—7"]|.
j

So, the number of K;’s that we will remove is L%J . Thus we want our ng to satisfy

i 2%k — 1] /i >3/<:2—7/<;+2
i 2 2

=2

All that is left to show is that we can color the remaining small components in .S after
Ky is decomposed and that we can successfully determine the value of ng. To do the
first part, we will show that when trying to decompose a K; € S, there is always a
color with greater than or equal to 7 — 1 edges. For 57 > 3, when attempting to color



K, we will not have colored any of the K;_;. Thus the number of edges we will have
left to color K; will be greater than

2k —1 —1 ' 2k—(j—1 — 1 '
; j IEARS U=V (4 (7
j—1 2 2 j—1 2 2
2k—-(—-1)U—-2)+40—1 . . .
(k-0 ))(J2 )+J0 ):k(]_2)+j_1>k(j_2>
Thus a color will always have enough edges to decompose K for every K; € S with
Jj > 3. For j = 2, if there are still edges, K; can be decomposed. Thus every element
in S is decomposable and our coloring is complete.
To calculate ng, we have that

Bl ey

=2 =2

If the right side is bigger than %, then ng will be as large as we need it to be.
Thus we would like the smallest ny that makes the expression below positive.

2 (nz (2]“_2@ -1 _ 3= 7k+2> = i(—i2+(2k+1)z‘—2k) — (3k* — Tk +2)

, 2 :
1=2 =2

— <”°<"0 D@+ 1) 1) +(2k+1) (w - 1) —2k(ng—1)—3k>+Tk—2

6
nd 1
:—§0+lm§+(§—k>no—3k2+7k—2 (1)
We would like to be positive. For ng = 2Vk becomes

14 2
kg—?k\/ﬁ+7k+¥—2.

By AM-GM,
14
k2 + 6k > 2kV6k > gk\/E.
Thus for k > 2,
14 2Vk 2Vk
k2—§k:\/E+7k:+T\/_—22k+T\/_—2>0.

Thus for ny = 2V/k, is positive and for ng > 3k, the coefficient of the

highest degree term in , knZ — 3k?, is positive. We have that as k gets large, ng

approaching v/3k (thus n = 2k(ng + 1) approaching 2v/3k%?) will make (1)) positive,
proving Theorem [1.3]

10



3 Proof of the Lower Bound

We first prove an important lemma used throughout this section. It provides a lower
bound on the size of the largest component in a decomposition step.

Lemma 3.1. If the largest component in a partition of K, into disjoint complete
graphs has size at most j with n > j > %, then there are at most (;) + (";) internal
edges within the components of this partition.

Proof. Let the K,, U---UK,, be a partition of K,, with the largest amount of internal
edges. Without loss of generality assume x; > --- > x,,,. If 1 < 7, then m > 1 and

Ky 1U---UK, 1, where we discard the last part if z,, = 1, is also a partition of
K,,. We have that

1+ 1 T — 1 T Tm\
( 9 )+( 9 )—(2)—(2>—x1 Ty +1>0,

so the new partition has more internal edges than the original one, which is a contra-
diction. Therefore xy = j.

Similar to above, if 9 <n — 7, then m > 2, and K,, UK,,1---U K, 1, where
we discard the last part if x,, = 1, is a partition of K, with more internal edges,
contradiction. So x93 = n — j,m = 2 and the maximum number of internal edges is

indeed (g) + (nfj). O

2

We now prove Theorem by constructing a family of color sequences that are
not G-sequences. Every color sequence we construct will have roughly half of the
entries being large and the other half being small. By Corollary [I.2] if this sequence
is a G-sequence, then we can decompose the complete graph down to a certain stage
without using colors corresponding to the small entries as base colors.

On the other hand, we show that the number of edges from colors correspond-
ing to large entries are actually not enough for us to get to that stage. At each
intermediate stage we have a lower bound for the number of internal edges in any
possible decomposition. Lemma [3.1|then gives a lower bound on the size of the largest
component in any possible decomposition. We then use this information to count the
minimum number of edges needed to decompose down to that desired stage and reach
a contradiction.

Proof of Theorem [1.4. The proof consists of four steps.

Step 1: Constructing the sequence

For every fixed integer k > 2, let f(k) = hﬁlksJ , where « is a constant to be chosen

later. For simplicity, we shall write f instead of f(k) when there is no confusion. We

11



want to construct an (f, k)-sequence (ey,--- ,ex) of the forme; = --- =e. = a+ 1,
Copl = o0 = €[k = a and e k 41 = -+ = e, = b, such that a > b and both are

carefully chosen to make the ensulng calculation work. A suitable choice is

[ - (-ofe] ]

One can verify that ¢ < [4] and c(a+1)+ ([5] —c)a+ |5 b=c+a L] +b|%] = (’;)
so this is a well-defined (f, k)-sequence. One estimate that will be useful later is that
(z) — [5]® —(k=1b _f*_13f,

a < < =
=T ; NG

We will show that this is not a G-sequence for suitable choices of . If this is a
G-sequence, then by repeated applications of Theorem we can decompose {K}
down to {Ky,---,K;}. Moreover, by Corollary when decomposing K, with
x > b+ 2, we can arrange so that the base colors have have at least + — 1 > b+ 1
edges. This implies that we can decompose Ky to the stage where all components
have size less than b + 2 only using the first {%W colors as base colors.

b2
< —.
) 9

Step 2: Bounding the size of the largest component
To bound the size of the largest component in each intermediate decomposition
step, we will prove the following inequality for sufficiently large k and all b+2 < = < f:

(g) —2a+1)> (‘” _Qh(x)> + (h(;)) 2)

where h(x) = [@-‘
Indeed, is equivalent to:

z - h(x) > 2(a+ 1) + h(z)? (3)

Since 2z-h(z) > 2(a+1), to show that (3 . ) holds, it suffices to show that z-h(z) >
h(z)? ie. x> 3 -h(z) forall b+1 < z < f. Because h(x) decreases as x mcreases it
suffices to show this for x = b+ 2. We have that for all sufficiently large k£ and thus
sufficiently large b:

(b+2)°>b"+3b+24>9a+3b+24=9(a+2)+3(b+2)

= b+2>3(%+1) > 3 P(baj;)—‘ =3-h(b+2).

12



Therefore holds and so ({2)) is proved.

Because there are at most two base colors, each with at most a + 1 edges, the left
side of ([2)) is a lower bound on the number of internal edges for any decomposition of
K,. By Lemma 3.1] and the fact that x > 3 - h(z) = = — h(x) > 5, the right side
of is an upper bound on the number of internal edges for decompositions of K, if
the largest component have size at most z — h(z). Thus inequality implies that
the largest component in any decomposition of K, must have size at least © —h(z)+1.

Step 3: Counting number of edges needed from the first (%W colors

We now count the minimum number of edges needed from the first (%W colors to
get to the desired stage where all components have size less than b + 2.

For any such decomposition steps down to the desired stage, we can find the

following intermediate decomposition steps K, — K, — -+ — K, , where f =
Tg > x> -0 > i =2 b+ 2 > x; and K, . is the largest component in the

decomposition of K, for all 0 <r < j7—1. Forall 0 <r < j—1, we have that
Tpy1 > Tp — h(z,) +1 > z, — h(z,) by Step 2 and for any vertex in K, but not in
the component K, ., all of its x,,; edges to K, ., are colored with base colors. Let
t, = T, — Tp41, then at least t,x,.1 > t.(x, — h(x,)) edges from the first (%W colors
are needed to decompose K, . Therefore at least

j—1 =1 t.—1

t-(z, — h(x,)) ZZ r — h(z,.))

r=0 r=0 =0
j—1¢t.—1

>3 (w —i = hlx, — 1))

r=0 =0
xo f

= > (@—h(@)> Y (z—h@)

r=x;+1 r=b+2

edges from the first (%W colors are needed to decompose K into components of size
less than b+ 2.
Further calculation shows that at least

! (a+1)
> o= Y o 3 [HeED)]
r=b+2 r=b+2 r=b+2
f f

>%(f+b+2)(f—b—1)—3(a+1) > 1 o1

T
2 _b2_b
P

r=b+2 r=b+2
2

—3(a+1)ln%

13



e IVE

> . 3o+ Dn
:fQ_fQ_b2_b—3(a+1)ln\/?E
fQ_f;bz_b—g(a—l—l)lnk:

edges from the first (%W colors are needed.

However, there are only

()-[ie= 5152

edges in total from the first [g} colors.

Step 4: Choosing constant o to reach a contradiction
So if we have
Pof-bt—b 3 fP=f (k=1b

- = Dink —
5 2(a—l—)n> 5 5

— (k—2)b>3(a+1)Ink+V?, (4)

then there is a contradiction because there are not enough edges from the first ’—g-‘
colors to decompose down to the desired stage.
2 . . . .
Recall that a < %. Fix a small 0 < € < 1 so that the right side of is less than

2¢)Ink
3+ ealnk +b* < b%%lnk—i— 1) < (3+ 3—%)2%
(B+26)(1+¢€)f*Ink  (3+7¢)f*Ink
= k = K
for all sufficiently large k. The left side of (4]) is at least
3
(k — 2)\/—“’% > (3—e)Vkf
for all sufficiently large k. If @ < 3?:766, then
k15 3+7¢)f*Ink
= hnkJ — (3-qvis> BHOTRE

SO holds for all sufficiently large k£ and the original sequence is not a G-sequence.

So we have g(k) > f(k) = g(k) > alﬁl; for all sufficiently large k. Note that

lim,_, % =1,s0 a(k) — 1 as k — oco. This completes the proof. [
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4 Proof of Theorem

The proof of Theorem is based on some lemmas.

Lemma 4.1. There are four (6, 4)-sequences that are not G-sequences: (7,4,2,2),(7,3,3,2),
(6,3,3,3) and (4,4,4,3). The only (7,4)-sequence that is not a G-sequence is (9,4,4,4).

Proof. To prove the first part, let s = (ey, €2, €3, e4) be a (6,4) sequence.

e ¢; < 4. We have the only sequence is s = (4,4, 4,3). This is not a G-sequence
as it violates Corollary

e ¢; = 5 for some i. Then with the star K5 we can reduce the problem to a
(5, 3)-sequence and it is a G-sequence since g(3) = 5.

e ¢; = 6. With the star K; 5 we can reduce the problem to the (5,4)-sequence
obtained by adding ¢’ = 1 to the sequence (ey, €3, e4). Three of the four possi-
bilities are G-sequences (one uses a K3 U Ky decomposition), the exception is
(6,3,3,3).

e ¢; = 7. With the star K;; we can reduce the problem to the (5,4)-sequence.
Three of the five possibilities are G-sequences (two use KU K decomposition),
the exceptions are (7,3,3,2) and (7,4,2,2).

e ¢; = 8. KyU K, can be used.
e ¢, = 9. K3U K3 can be used.

e ¢; = 10. K3U K3 can be used except that (10,3,1,1) uses Ky U K; U K and
gets reduced to (2,2,1,1) on Kj.

e ¢; =11. K3U K3 can be used.
o ¢; = 12. Ky U K5 U Ky can be used.
To prove the second part, let s = (eq, s, €3,e4) be a (7,4)-sequence.

e ¢; = 6. With the star K, g we can reduce (7,4)-sequences into (6, 3)-sequences,
which are always G-sequences since g(3) = 5.

e ¢ = 7,8 or9. With the star K¢ we can reduce (7,4)-sequences into (6,4)-
sequences. We know that there are four (6, 4)-sequences that are not G-sequences,
and in this case there are in total five (7, 4)-sequences which can become one
of those non G-sequences on K. Four of the five possibilities are G-sequences
(one uses K, U Ky U K7 decomposition), the exception is (9,4,4,4).

15



e ¢, = 10,11. Ky U K5 can be used.
o ¢; > 12. K3U K, can be used. [

Lemma 4.2. For any positive j and let k = 2j — 1,n = 2g(j), any (n, k)-sequence
with ey > g(j)? is a G-sequence.

Proof. The proof of this statement relies on a decomposition into two copies of K ;).
Let a; > ... > ag;—1 be the number of edges left in each color after g(j)* edges of
color e; are used to color the edges between the two copies of K ;. We have that

2g(J .
a1+a2+....—|—a2j71: ( g2<']>) —g(])z

We have that aq;_; > ag; so

() 93

a2—|—....—|—a2j,2Sal—l—ag—l—...—l—agj,g — a2+...—|—a2j,2§ 9

Additionally, we have that ag; > ag; 1 so

(%)
a3+....+a2j,1§a2—|—a4—|—...—|—a2j,2 — a3+....++a2j,1§2—

2
Thus, we can place all edges of color as,ay,...,aj_2 in one copy of Ky, and all
edges of colors as, as, ..., a1 in the other, with edges of color a; filling remaining

edges in each graph. Because we will have at most j colors in each copy of K ;), we
will be able to Gallai color each one. [J

To prove g(5) = 10, in the Lemma [4.2] we take j = 3, then k = 2j — 1 = 5,n =
2g(j) = 10 and ¢(3) = 5. It follows that if e; > g(3)? = 25, then the (10, 5)-sequence
is always a G-sequence. Thus we may assume that e; < 24.

Lemma 4.3. Let s = (e, €9, €3, €4,€5) be a (10,5)-sequence. If s contains a term in
{7,8,9,14,15,16, 17,21, 22, 23,24}, then s is a G-sequence.

Proof. Let s = (eq, eq, €3, €4, €5) be a (10, 5)-sequence.

e If s contains 9, then we remove a K; 9. What remains is a (9, 4)-sequence. Since
g(4) = 8, we conclude that s is a G-sequence.

e If s contains 8, then s must contain a term > 9. Firstly we remove a K g from
that term and then remove a Kjg from the term 8 in s. What remains is a
(8, 4)-sequence which is always a G-sequence since g(4) = 8.
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If s contains 7, then s contains either one term > 17 or one term > 9 and
another > 8, and thus we could always remove a K, 9 and subsequently a K g.
Afterwards we remove a K 7 from the term 7. What remains is a (7, 4)-sequence.
By Lemma [4.1} we're done if we can prove that those (10,5)-sequences which
become sequences in Lemma [£.1] after such coloring, called suspicious sequences
in the rest of our proof, are all G-sequences on Kjy. Suspicious sequences are:

(26,7,4,4,4) — e; = 26 > 25, it’s a G-sequence by Lemma .
(21,9,7,4,4) — it’s a G-sequence because it contains 9.
(18,12,7,4,4) — (18,12,7,4,4) — (8,9,7,0,0) = (10,4,4,3) on K>
(17,13,7,4,4) — (17,13,7,4,4) — (9,8,7,0,0) = (8,5,4,4) on K.

If s contains a term in {14, 15,16, 17,21, 22,23,24}, then we use the decompo-
sition Klg — K7 UKy U K;

For 14, we use it up to color the edges between K; and K,. We may assume
there is no 9,8, or 7 in s as otherwise it will be a G-sequence as aforementioned.
Thus, other than 14, s contains a term > 10. Then we use 1 4+ 2 + 7 = 10 from
that term to color the edge within K5, edges between K; and K5, and those
connecting K7 and K7. Suspicious sequences are:

(19,14,4,4,4) — (19,14,4,4,4) — (9,14,1,0,0) = (10,4,4,3) on K>
(14,14,9,4,4) — G-sequence because it contains a 9.

For 15, we use it up to color the edges between K7 and K5 and the one within
K5;. We may assume there’s no 9,8, or 7 in s, and thus we can use 9 from
another term in s for a K, 9. Suspicious sequences are:

(18,15,4,4,4) — K¢ U K3 U K; — Use 18 up for edges between Kg and K3, 9
from 15 for a K9, and 3 from 4 for edges within K5 — (6,4,4,1) on K.

(15,14,9,4,4) — G-sequence because it contains 9.

For 16, we use it up to color the edges between K; and K5, and the edges
connecting Ky and K;. We may assume there’s no 9,8, or 7 in s, and thus we
can use 1 4+ 7 = 8 from another term on the edge within K5 and those between
K; and K. Suspicious sequences are:

(17,16,4,4,4) — K4 U K4 U Ky — Use 16 up to color all edges between K, and
K4, and 16 out of 17 to color edges between K4 and K, and one on the edge
within Ky — (4, 4, 4) on K, U Ky.

(16,12,9,4,4) — G-sequence because it contains 9.
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e For 17, we use it up on the edges between K; and K, the edges connecting K,
and K7, and the one within K,. Then we use 7 from another term on edges
between K, and K;. Suspicious sequences are:

(17,16,4,4,4) — G-sequence as checked in the case with 16.
(17,11,9,4,4) — G-sequence as it contains 9.

e For 21, we use it up on the edges between K; and K5 and the edges between
K; and K;. We use 3 from another term on the edges connecting Ky and Kj,
and the one within K. Suspicious sequences are:

(21,12,4,4,4) — (21,12,4,4,4) — (21,2,1,0,0) = (10,4, 4, 3) on K7

(21,9,7,4,4) — G-sequence since it contains 9.

e For 22, we use it up to color the edges between K; and K, the edges between
K; and K7, and the one within K5. We use 2 from another term on the edges
connecting Ky and K. Suspicious sequences are:

(22,11,4,4,4) — (22,11,4,4,4) — (22,0,2,0,0) = (11,4,4,2) on K.

(22,9,6,4,4) — G-sequence on K as it contains 9.

e For 23, we use it up on the edges between K7 and K5, the edges between K5
and K7, and those connecting Ky and K;. We use 1 from another term on the
one within K. Suspicious sequences are (23,10,4,4,4) and (23,9, 5,4, 4):

(23,10,4,4,4) — (23,10,4,4,4) — (23,0,1,0,0) = (10,4,4,3) on K.

(23,9,5,4,4) — G-sequence on K as it contains 9.

e For 24, we use it up on all edges other than those within K7 in our decomposi-
tion. The only suspicious sequence is (24,9, 4,4,4). We know that it must be a
G-sequence as it contains 9. [

4.1 Proof of Theorem [1.5

Proof. First, (12,6,6,6,6) is not a G-sequence on Kg. The only decomposition we
can do with sequence is K9 — Kg U K;. What remains afterwards is (6,6, 6,6,4) on
Ky, which violates Corollary Thus ¢(5) > 9.

We now proceed to show that g(5) = 10. Excluding values 9,8,7, we divide all of
(10, 5)-sequences into 4 categories.

Case 1. ¢; > 10 > 6 > e5. Then e; > 21 in this case as es + e3 + e4 + e5 < 24.
By Lemmas [4.2] and [4.3] we’re done in this case.
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Case 2. ¢; > e3 > 10 > 6 > e3. Then we have e; > 14 as e3 + e4 + e5 < 18. By
Lemma [£.2] and [4.3] we only have to deal with cases where e; = 18,19,20. We use
the followmg the decomposition: Kip — KgU K3 U K;.

e When e; = 18, we use it up on the edges between Kg and K3. Since e; > 10, we
use 9 for edges between K; and K3, Ky respectively, and 1 for an edge within
K3. Then use 2 from a term amongst es, ey, e5 on the remaining two edges
within K3. What remains is a (6,4)-sequence. Similar to the idea previously,
all suspicious sequences in this subcase are:

18,13,6,4,4
18,13,6,4,4

( )

( ) —

(18,13,6,5,3) — Use e; as above, ey for a K9, and e, for edges in K3 —
(181365 3) —(18,12,0,0,0) = (6531)0nK5
( )
( )
( )

— Use e; as above, ey for a Ko, and e4 for edges in K3 —
(18,9,0,3,0) = (6441)0nK6

18,17,5,3,2), (18,17, 4,3,3),(18,17, 4, 4,2), (18,17,6,2,2),(18, 14,9,2,2),
18,14,7,4,2), (18,14,5,4,4), (18,14, 6,4, 3), (18, 13,9, 3,2), (18,13,7, 5, 2),
18,13,7,4,3), (18,12,9,3,3)(18,12,7,5,3), (18,12,9, 4, 2), (18,12, 7,6,2),
(

(18,12,7,4,4),(18,13,8,3,3),(18,16,5,3,3) — All these are G-sequences on
Ky by Lemma {4.3|

— — ~— ~—

e When e; = 19, we use 18 on the edges between Ky and K3, and the remaining
1 on an edge within K3. We use 9 from ey for edges between K; and K3, Kg
respectively. Then use 2 from a term amongst es, e4, 5 on the remaining two
edges within K3. Suspicious sequences in this subcase are:

19,13,6,4,3) — Use e; up as above, and ey for a K;9 and 2 within K3 —
19,13,6,4,3) — (19,11,0,0,0) = (6,4,3,2) on K.

19,13,5,4,4) — Use e; up as above, and ey for a K; ¢ and 2 within K3 —
19,13,5,4,4) — (19,11,0,0,0) = (5442)onK6.

19,12,6,4,4) — Use e; up as above, and ey for a K; ¢ and 2 within K5 —
19,12.6,4,4) — (19, 11,0,0,0) = (6,4,4, 1) on K.

(
( ) —
( )
( ) —
( )
( ) —
(19,12,6,5,3) — Use e; up as above, and ey for a K;9 and 2 within K3 —
(19.12.6,5.3) — (19, 11,0,0,0) = (6,5,3, 1) on Ke.

( 2)

( )

( )

( )

19,16,5,3,2),(19,16,4, 3, 3), (19, 16,4, 4,2), (19, 16,6, 2,2), (19, 13,9, 2, 2),
19,13,7,4,2),(19,12,9,3,2),(19,12,7,5,2), (19,12, 7,4, 3), (19,11, 9,4, 2),
19,11,7,6,2),(19,11,7,4,4),(19,11,9,3,3), (19,11, 7,5, 3), (19, 12,8, 3, 3),
19,15, 5,3,3) — G-sequences on K, by Lemma
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e When e; = 20, we use 18 on the edges between Kg and K3, and the remaining
2 on two edges within K3. We use 10 from e; for edges between K; and K3,
K¢ respectively, and the remaining one edge within K3. Suspicious sequences
in this subcase are:

(20,13,4,4,4) — Do the decomposition Ky — K5 U Ky U K; — Use 20 up on
the edges between K5 and K, and 9 from 13 on the edges between K; and K,
K, respectively — (4,4,4,4) on K5 U Kjy.

(20,13,6,3,3) — Do the decomposition K9 — K5 U K4 U K; — Use 20 up on
the edges between K5 and K4, and 9 from 13 on the edges between K; and K,
K, respectively — (6,4,3,3) on K5 U Kjy.

(20,17,3,3,2), (20,17,4,2,2), (20,14, 4,4, 3), (20,14, 7,2, 2), (20,13, 7,3, 2),
(20,12,7,3,3),(20,12,7,4,2), (20,16, 3,3,3) — All are G-sequences on Kjy by
Lemma [4.3]

Case 3. ¢; > e3> e3>10>6 > ¢e4. Then e; > 11 as e4 + e5 < 12. By Lemma
[4.3] and Case 2, we only need to tackle cases where e; = 11,12, 13.

e When e; = 11, there’s only one sequence to check:

(11,11,11,6,6) can be reduced to the (6,4)-sequence (6,4,3,2) by removing
Ki9, K18, K17, K16. Then by Lemma it’s a G-sequence.

e When e; = 12 or 13, we remove a Ky from ey and a Kg from e;. What
remains is an (8, 5)-sequence with e; = 12 or 13. Then we do the decomposition
Kg — K@ U KQ.

e For e; = 12, we use it up on edges between Ky and K5, and then use 1 from
es on the edge within Ky. After such coloring, we derive a (6,4)-sequence.
Similarly, we check all the suspicious sequences (here 12 = e; > e5 > e3):

(12,12,12,6,3) — Use e; as above, and then use 1 from ey on the edge within

Ky, — (12,12,12,6,3) — (12,94 1,8,0,0) = (6,4, 3,2) on K.

(12,12,12,7,2),(12,12,11,7,3),(12,11,11,7,4) — G-sequences by Lemma [4.3]
e For e; = 13, we use 12 on edges between Ky and K5, and then 1 on the edge

within K,. What remains is a (6,4)-sequence. Suspicious sequences are (here
13 = €1 Z ()] 2 63)2

(13, 13, 12, 4, 3), (13, 13, 11, 4, 4) Removing K1,97 KLS’ K1’7, Kl,Ga K1’5 following
the order es, e, e9, €2, €1 Tespectively, we get a (5, 3)-sequence which is always a
G-sequence as ¢(3) = 5.
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(13,12,12,4,4) — (13,12,12,4,4)—(8,9,0,0,0) = (12,5,4,4, 3) on Kg — Then
do Ky — KgU K5 — Use 12 up on the edges between Kg and Ky, and 1 from
3 on the edge within the Ky — (5,4,4,2) on K.

(13,12,11,6,3) — (13,12,11,6,3) — (8,9,7,6,0) = (5,4, 3,3) on K.
(13,12,11,7,2), (13,12, 10,7,3), (13,11, 11,7,3), (13,13, 10, 7, 2),
(13,12,11,7,2),(13,11,10,7,4) — All are G-sequences on K by Lemma [1.3]

Case 4. ¢ > e3> e3>e4 > 10> 6 > es.
By Lemma [4.3] and Case 3, we only need to examine cases where e; = 10,11. In

this sense, there only remain five more sequences to check:
(11,11,11,11,1),(11,11,11,10,2), (11,11, 10, 10, 3), (11, 10, 10, 10,4), (10, 10, 10, 10, 5).
Removing K9, K5, K17, K6 following the order ey, es, e, e; respectively, we get
(5,4,3,2,1) which is obviously a G-sequence on Kg. [
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