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Abstract

Linear codes have diverse applications in secret sharing schemes, secure two-party
computation, association schemes, strongly regular graphs, authentication codes and
communication. There are a large number of linear codes with few weights in the
literature, but a little of them are minimal. In this paper, we are using for the first time
weakly regular plateaued balanced functions over the finite fields of odd characteristic
in the second generic construction method of linear codes. The main results of this
paper are stated below. We first construct several three-weight and four-weight linear
codes with flexible parameters from weakly regular plateaued balanced functions. It is
worth noting that the (almost) optimal codes may be obtained from these functions.
We next observe that all codes obtained in this paper are minimal, thereby they can be
directly employed to construct secret sharing schemes with high democracy. Finally,
the democratic secret sharing schemes are obtained from the dual codes of our minimal
codes.

Keywords Linear code, minimal code, weakly regular plateaued function, balanced func-
tion, secret sharing scheme

1 Introduction

Let Fp» represent the finite field with p"™ elements, where p is a prime number and n is a
positive integer. The finite field F,,» can be seen as an n-dimensional vector space over Fy,
and denoted by Fj. An [n, k, d]p linear code C over F), is a k-dimensional linear subspace of
[} with length n, dimension k£ and minimum Hamming distance d. The Hamming weight
of a codeword v = (vg,...,v,—1) € C, denoted by Wy (v), is defined as the size of the set
supp(v) = {0 <i<n-—1:v; #0}.
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Let A, denote the number of codewords in C with Hamming weight w. Then the
sequence (1, Aq,..., A,) represents the weight distribution and the polynomial 1+ Ay +
<o+ Apy™ shows the weight enumerator of the n-length code C. The code C is said
to be a t-weight code if #{1 < w < n: A, # 0} = t. A generator matrix G of C is a
k X n matrix whose rows form a basis for the code C. The dual code of C is defined as
Ct={u€eF}: u-v=0forall veC} with length n and dimension n — k, where “-” is
the standard inner product on Fj.

For the codewords u, v € C, if supp(u) includes supp(v), then it is said that u covers v.
A nonzero codeword u of C is called minimal codeword if u covers only the codeword iu for
all i € IF,,. Indeed, a linear C is called minimal linear code if every nonzero codeword of C is
minimal codeword. Minimal linear codes have an interesting application in secret sharing
scheme (SSS). In SSS, a set of participants who can reconstruct the secret value s from
their shares is said to be an access set. Besides, an access set is said to be minimal access
set if none of its proper subset can reconstruct s from their shares. The access structure
of a SSS is described as the set of all access sets. It is worth pointing out that we have a
one-to-one match-up between the set of minimal codewords of the dual code C+ and the
set of minimal access sets of SSS based on C.

Linear codes have diverse applications in secret sharing schemes, secure two-party com-
putation, association schemes, strongly regular graphs, authentication codes, communica-
tion, data storage devices and consumer electronics. One of the well-known construction
methods of linear codes is based on functions over finite fields. This construction method is
an interesting problem in coding theory. In the literature, a larger number of linear codes
with desirable parameters have been constructed from some special cryptographic functions
such as quadratic functions [25], (weakly regular) bent functions [3] [7, 11} 12} 24} 26| 29],
weakly regular plateaued functions [19, 23], almost bent functions [8], almost perfect non-
linear (APN) functions [17, 27] and perfect nonlinear functions [4]. Very recently, weakly
regular plateaued unbalanced functions have been used in [23] to obtain minimal linear
codes with flexible parameters. Within this framework, we benefit from weakly regular
plateaued balanced functions in order to construct further minimal linear codes with dif-
ferent parameters over the finite fields of odd characteristic.

The organization of the paper is given as follows. Section 2] gives some results on
weakly regular plateaued balanced functions. In Section [B we obtain three-weight and
four-weight linear codes from these functions over the finite field of odd characteristic. It
is remarkable that the punctured three-weight optimal codes are obtained in Examples
and [6l In Section M, we first observe the constructed codes are minimal, and then define
the access structures of the SSS based on their dual codes.



2 Weakly regular plateaued functions

This section introduces some useful results on exponential sums of weakly regular plateaued
balanced functions.

2.1 Some results on weakly regular plateaued functions

We first give a necessary background and some results on weakly regular plateaued func-
tions. For a set S, #S represents the size of S and S* denotes S \ {0}. The symbol
no represents the quadratic character of Fy, and no(—1)p is denoted by p*. The set of
all squares in 7 is denoted by S@Q and the set of all non-squares is denoted by NSQ.
Throughout this paper, f is a function from F,~ to I, for an odd prime p and a positive
integer m. The trace of a € Fpm over IF,, is defined by Tr"" (o)) = o+ o taP ot

The Walsh transform of f is defined by

Wiw) = 3 ¢f @),

(EGFpm

where (, is a primitive p-th root of unity. A function f is said to be balanced over F, if
Wy (0) = 0; otherwise, f is unbalanced.

The notion of plateaued Boolean functions was first introduced by Zheng and Zhang
[28]. In characteristic p, a function f is called p-ary s-plateaued if |Wy(w)[* € {0,p™*} for
every w € Fym, with 0 < s < m. In particular, a 0-plateaued function is the bent function.
The Walsh support of a plateaued f is defined as the set Sy = {w € Fpm: [Wy(w)|? =
p™*ts}. The absolute Walsh distribution of a plateaued function can be derived from the
Parseval identity.

Lemma 1. If f is an s-plateaued function over Fym, then for w € Fpm, [Wi(w)[? takes
p™ ™ times the value p™** and p™ — p™~* times the value 0.

Recently, motivated by [16, Theorem 2], Mesnager et al. [20, 22] have defined the
subclass of plateaued functions. An s-plateaued f is called weakly reqular if

Wr(w) € {0,up™ ¢ @1, vor € Fym, (1)

where u € {£1,+i} and f* is a p-ary function over Fym with f*(w) = 0 for all w € Fpm \ Sy.
We remark that f is said to be a non-weakly regular plateaued function when u in ()
depends on w. Notice that f*(0) = 0 if f is a plateaued balanced function.

Lemma 2. [22] If f is a weakly regular s-plateaued function over Fym, then for every
w e S, Wi(w) = e\/p*erS{,{ (w), where € € {£1} is the sign of Wy and f* is a p-ary
function over Sy.



Very recently, Mesnager et al. [23] have denoted by WRP the set of weakly regular
plateaued unbalanced functions with the following conditions. Within the same framework,
we now assume that f : F,m» — F, is a weakly regular s-plateaued balanced function, with
0 < s < m, and we denote by WRPB the class of such functions satisfying the following
two homogeneous conditions:

e f(0)=0,

e f(ax) = a'f(x) for every a € F and & € Fym, where t is a positive even integer with
ged(t—1,p—1)=1.

Remark 1. This paper uses for the first time the plateaued functions from the class WRPB
to construct new minimal linear codes with flexible parameters.

We need in the subsequent section the following results that can be derived from [23]
Lemma 6 and Proposition 2].

Lemma 3. Let w € Fym and f € WRPB with Wy(w) = e\/ﬁerSCg*(w). Then for every
z € F;, we have zw € Sy when w € Sy, and zw € Fym \ S¢; otherwise.

Proposition 1. Let f € WRPB with Wy(w) = e\/ﬁmﬁ(g*(w) for every w € Sy. Then,
we have f*(aw) = a! f*(w) for every a € Fy and w € Sy, where | is a positive even integer
with ged(l — 1,p—1) = 1.

We end this subsection with giving a brief introduction to the quadratic functions (see
for example [14]). Recall that every quadratic function from F,m to F, having no linear
term can be represented by

[m/2) ,
Q(z) = > T"™(a;z? ), (2)
=0

where a; € Fpm for 0 <4 < [m/2] and [z represents the largest integer less than or equal to
z. Let A be a corresponding m x m symmetric matrix with Q(z) = 27 Az as in [14] and L be
a corresponding linearized polynomial over [F,,» defined as L(z) = Zézo(aizpz +al )
The set of linear structures of quadratic function @ is the kernel of L, defined as

kerp, (L) = {z € Fpm: Q(z+y) = Q(2) + Q(y),Vy € Fym }, (3)

which is an F-linear subspace of Fym. Let the dimension of kerg, (L) be s with 0 < s < m.
Notice that by [15, Proposition 2.1], the rank of A equals m — s. It was shown in [14] that
a quadratic function @ is bent if and only if s = 0; equivalently, A is nonsingular, that is,
A has full rank. Hence we have the following natural consequence (see [14, Proposition 2]
and [2I Example 1]).



Proposition 2. Any quadratic function Q is an s-plateaued if and only if the dimension
of the kernel of L defined as in (3) equals s; equivalently, the rank of A equals m — s.

One can derive from [14, Proposition 1] and [5, Theorem 4.3] the following reasonable
fact.

Proposition 3. The sign of the Walsh transform of quadratic functions does not depend
on inputs which means that every quadratic function is a weakly reqular plateaued function.
Namely, there is no quadratic non-weakly regular plateaued function.

Remark 2. All quadratic balanced functions are included in the class WRPB.

2.2 Exponential sums from weakly regular plateaued functions

In this subsection, we give some results on exponential sums about weakly regular plateaued
balanced functions.

Lemma 4. [23] Let f : Fpm — F),, be a weakly regular s-plateaued function with Wy(w) =

e\/ﬁmﬂﬁg*(@ for w € Sy, where f* is a p-ary function over Sy. For a € Fp, define
Nys(a) = #{w € S;: f*(w) = a}. Then we have

N (a) _ pm—s—l + 6776n+1(—1)(p _ 1)\/]?771—8—2, ifa _ 0’
' P — e )y, facF,

when m — s is even; otherwise,

m—s—1

p ’ 'lfCL - O,
Npela) =14 pm1+ enan(—l)mm‘s—i, ifa € SQ,
P e (1) T, ifa e NSQ.

Lemma 5. Let f € WRPB. For w € Fm, define

A= Z Z Cé/f(x)—zTrm(wx).

y,2€Fy z€Fpm

Then for every w € Fym \ Sy we have A =0, and for every w € Sy

A= { ep— 12V, if fr(w) =0,
—e(p = VP, if fr(w) £0

when m + s is even; otherwise,

. { 0, if f*(w) =
eno(f* (@) (p — DV, if fr(w) #



Proof. The proof can proceed by using the same arguments of the proof of |23, Lemma
12]. O

Lemma 6. Let f € WRPB. For w € Fym, define No(w) = #{z € Fpm: f(z) =
0 and Ty (wz) = 0}. Then for every w € Fim \ Sy we have No(w) = p™2, and for
every w € Sy,

D B e (Ve A CO
My(w) = { P2 — ep 1)\/Fm+s—47 if f*(w) 7’é

when m + s is even; otherwise,

P2, if fr(w) =
No(w) =1 p" 2 elp— DV 7°, if fr(w) € SQ,
P2 —e(lp— VP if fr(w) € NSQ.

Proof. By the definition of Ny(w) and the fact that f is balanced, we have

No(w) =pm24p72 Y N p/@==Dm (),

y,2€F5 z€Fym
Then, the proof is ended from Lemma [ O

Lemma 7. Let f € WRPB. For w € Fm, define

A= Z Z Cyf zTrm(wx

y,2€Fy x€Fpm

Then for every w € Fym \ Sy we have A =0, and for every w € Sy

e(p—1)2/p ", if f*(w) =0,
elp— VP (VD 1), if fr(w) € 5Q,
—e(p— VP (VT + 1), if fr(w) € NSQ.

Proof. The proof can proceed by using the arguments used in the proof of [23, Lemma
15]. O

A=

Lemma 8. Let f € WRPB. For w € Fym, define

Nyg(w) =#{z €Fpm: f(z) € SQ and Tr"™ (wz) = 0},
Nusq(w) =#{z € Fpm: f(z) € NSQ and Tr'"™(wz) = 0}.



Then for every w € Fim \ Sy we have Nyg(w) = Npsq(w) = 3 (p—1)p™ 2. For every w € Sy

Nulw) = o=@ —elp— VP, i fr(w) =0 or f*(w) € NSQ,
¥ D@2 +ep+ DV, if f(w) € SQ,

N, (w) _ %(p - 1)(pm_2 - e(p - 1)\/Fm+8_4)7 if f*(w) =0 or f*(w) € 5Q,
nsq -1 2 +e(p+ 1)V Y, if fr(w) e NSQ

when m + s is even; otherwise,

M- 1)@ 2 +en(-1)(p—DVp 70, if frw) =
Nagw) =S -1 2 —e/p" P o(-1) + 1)),  if f*(w) € SQ,
Yo— D)2 — ey P o(-1) - 1)), if frw) € NSQ,
Lp— D)2 —enp(-1)(p - 1)vF" %), if ffw) =
Nasg@) =14 Yo -1 2 + e/ P ((=1) = 1)), if f*w) e SQ,
o— D" 2+ ey P o(-1) + 1), if fr(w) € NSQ.

Proof. From the proof of [24, Lemma 14], recalling that f is balanced, we have

PPNo(@) + pVIF (Nag(@) = Nsg()) = p" + Y > ¢y,

y,2€F} x€Fpm

where Np(w) is given in Lemma [l We clearly have Ny(w) + Ng(w) + Npsq(w) = p»~L.
Hence, combining these results, the proof is immediately completed from Lemmas [6] and

[ O
The following lemma is a direct consequence of Lemma, [§

Lemma 9. Let f € WRPB. For w € Fyn, define Ni(w) = #{z € Fym: f(z) =
1 and Tr'"(wx) = 0} and No(w) = #{z € Fym: f(z) =2 and Tr"(wz) = 0}. Then,

2/\/'sq(w) 2anq( )
(p—1) (p—1)

The following lemma can be deduced from the combination of Lemmas [6] and [§

Nl(w) = ng( )
Lemma 10. Let f € WRPB. For w € F)m, define

Nigoy(w)  =#{z € Fym: f(x) € SQU{0} and Tr"(wx) = 0},
Nnsgo)(w) = #{z € Fpm: f(x) € NSQU{0} and Tr"™ (wz) = 0}.



Then for every w € Fim \ Sf, we have Nisq0)(w) = Nipsq.0)(w) = 3(p + 1)p™ 2. For every
w e Sf,

Nisq0) (@) 3(p+1)p™? e S — 12V (W) = 0 or fH(w) € 5Q,
(54,0) lp+1)pm ( — DY, if 4 (w) € NSQ,

Nowamy(e) =4 3@+ +egp =17 VT PR w) = 0 or f*(w) € NSQ,
(rnsa.0) o+ D2 — elp— DV, if f(w) € 5Q,

when m + s is even; otherwise,

1o+ 1)p™ 2+€770( Di(p— 1272, if f*(w) =
Negoy@) =9 2+ 1p" 2 —ekp - 1)V P (o(-1) - 1), if f*(w) € SQ,
Lo+ 1" 2 —p - D)V (-1 +1),  if fFw) € NSQ,
1o+ 1)p™- 2—6770( Dip -1/ if f*(w) =
Mnsq,O)(w) - %(p"i_ 1)pm > +eg ( )\/Fm-i-s—?»(no(_l) + 1)7 Z'ff*(("')) € SQ7
o+ 1)pm 2 4l Lo -V (1) - 1), if f*(w) € NSQ.

3 Linear codes from f €¢ WRPB

This section presents the flexible parameters of linear codes constructed from weakly regular
plateaued balanced functions. In the literature, there are several construction methods of
linear codes based on functions over finite fields. As stated by Ding in []], we can distinguish
two of them from the others, which are called the first and second generic construction
methods based on functions. The first generic construction is defined over F, by

( ) - {C(ab (TI‘ ( (LE) + bx))mﬁF;m: avb € Fpm}7

where F' is a polynomial over Fpm. The code C(F') is a p-ary linear code of length p™ — 1
and dimension at most 2m. The second generic construction of linear codes from functions
is defined by assigning a subset D = {d;,...,dy} of Fpm. A p-ary linear code involving D
is defined by

Cp = {c, = (Tt (wdy), ..., Tr"™(wdy)): w € Fpm}, (4)

whose length equals n and dimension at most m. The subset D is usually called the
defining set of Cp. The quality of the parameters depends on the selection of the defining
set D. This method was first proposed by Ding et. al [6, [7, [0 1T], 12], and a large number
of (minimal) linear codes with perfect parameters have been obtained in these papers.
Furthermore, this method has been widely studied in the literature, and several (minimal)
linear codes with few weights have been constructed from cryptographic functions over



finite fields (for example [8, 221 23] 24] 25, 29]). We in this paper study the linear codes of
the form (4] by selecting the following defining sets

Dy ={z €Fpym: f(z) =0},

D, ={z eFpn: f(z)=1},

Ds ={z €Fpn: f(z) =2},

D1y ={r€Fpm: f(x) €{0,1}},

D(072) = {.Z' S F;;'m f(.Z') S {0 2}} (5)
Dagy  =A{zeFpm: f(z) €{1,2}},

Dy, ={z €Fpm: f(z) € SQ},

Diysq ={z €Fpm: f(z) € NSQ},

D(sq,O) = {.’L’ S ]F;'m f(.’L') € SQ U {0}}

D(nsq,O) ={zre F;'m: f(x) e NSQU{0}},

where f € WRPB. Since f is a balanced function with f(0) = 0, we have

#Do=p™t -1,

#D1=#Dy =p" 1,

#D o1y = #D(g2) = 2p™ 1 — 1, (6)
#D12) =2p™ 1,

#Dsq = #Dnsq = pm—l(p - 1)/27

#D(sq,O) = #D(nsq,O) = pm—l(p + 1)/2 -1,

which are the lengths of the codes involving these sets. These different selections of the
defining sets provide new parameters for the linear codes of the form (), which discover
several new classes of minimal linear codes with few weights. We first consider the defining
set Dy of the form (B), and suppose Dy = {d1,...,d,}. Then a linear code involving D is
defined by

Cp, = {cw = (Tt (wd1), ..., Tt (wdp)): w € Fym},

whose length n = p™~! — 1 and dimension at most m. For every w € F5m, the Hamming
weights W (c,,) can be derived from Lemma [6] and the weight distribution is determined
by Lemmas [I] and [4l

Theorem 1. Let f € WRPB and Dy be defined as in ({3). When m + s is even, the set
Cp, is a three-weight linear [p™ ' — 1,m] code with weight distribution listed in Table [

Proof. From the definition of the code, for every w € Fym, the Hamming weight of nonzero
codeword ¢, is given as Wy (c,) = #Dy — Np(w) + 1, where Ny(w) is defined as in Lemma
Bl We can then find the Hamming weights by using Lemma Bl For every w € Sy,

e = 4 B DE™2 o= VF, i ) =
’ (p - 1)(pm—2 + Gﬁm—i—s_él), if f*(w) 7&



whose weight distribution is determined by Lemma [l For every w € Fjm \ Sy, we have
Wir(c,) = (p — 1)p™~2, and the number of such codewords c, equals p”™ — p™~* — 1 by
Lemma Il These parameters are listed in Table [l Since Wx(c,) > 0 for every w € Fym,
the code Cp, has p™ different codewords, namely, its dimension equals m. The proof is
then completed. O

Example 1. For a quadratic 1-plateaued balanced function f : F3s — F3, the code Cp, is
a three-weight ternary [80, 5, 48] code with weight enumerator 1 + 60y*® + 161y + 21¢/%6.
This code is almost optimal since the best known linear codes with length 80 and dimension
5 has d = 53 according to [13].

Example 2. For a quadratic 1-plateaued balanced function f : F5s — F5, the code Cp, is
a three-weight [24, 3, 16] code with weight enumerator 1 + 246 + 9942 + 1936, This code
is almost optimal by [13].

Remark 3. If m + s is odd, then the code Cp, has the same parameters of Cp, in [23]
Theorem 1].

The following theorem constructs the code Cp, of the form (4) involving the defining
set Dy. We recall that

1 ifandonlyif p=1 (mod 4),
?70(—1):{ b ( )

—1 ifand only if p=3 (mod 4).

Theorem 2. Let f € WRPB and D; be defined as in (3). Then, the set Cp, is a three-
weight linear [pm_l,m] code whose weight distribution is listed in Tables[2, [3 and [}

Proof. We first state that the length of Cp, is the size of the defining set D;. From its
definition, we can easily observe that Wg(c,) = #D1 — Ni(w), for every w € Fyn, where
Ni(w) is given in Lemma @l This lemma is then able to compute the Hamming weights.
Suppose that m + s is odd. For every w € Fym \ Sy, we have Wy (c,) = P 2(p — 1);
otherwise,

(p— D™ 2 = eno(—1)vp*" 77, if f*(w) =0
Wi(cw) =18 p"2(p—1) +e/p " (o(-1) +1), if f*(w) € SQ,

P 2(p— 1) + ey P (o(=1) = 1), if f*(w) € NSQ.

The weight distribution is determined by Lemmas [I] and @l Note that these parameters
are listed in Tables 2l and Bl when p = 1 (mod 4) and p = 3 (mod 4), respectively. When
m + s is even, with the same method, we can find the corresponding parameters listed in
Table Ml thereby completing the proof. O

Example 3. For a quadratic 1-plateaued balanced function f : F53 — 5, the code Cp,
is a three-weight [25,3,16] code with weight enumerator 1 + 13y'% 4 99y2% 4 12?5, This
code is almost optimal by [13].

10



The following theorem constructs the code CD(OJ) of the form (@) involving the set
Diopy-
Theorem 3. Let f € WRPB and Dy be defined as in ([@). Then, the set CD(OJ) s a
four-weight linear [2p™ ™1 — 1, m] code with weight distribution listed in Tables[d and[d.

Proof. We proceed the proof only when m + s is odd. For every w € Fym, the Hamming
weight Wg(cw) = #D0,1) — No(w) — Ni(w) + 1 can be found by using Lemmas [ and
For every w € Fym \ Sy, we have Wg(c,) = 2(p — 1)p™?; otherwise,

2p — Dp™ 2 —eno(=1)(p — D)V/pm" 572, if f*(w) =0
Wi(c,) =14 2(p—1)p™ 2 —e(p—2—no(=1))vp" 7% if f*(w) € SQ,
2(p — 1)p" 2 +e(p— 2+ no(—1)VPF T if f*(w) € NSQ.

The weight distribution is determined by Lemmas [I] and @ When m + s is even, with the
same method, we can clearly find the corresponding parameters listed in Table 6l Hence
the proof is complete. O

We point out that the code Cp, ,, in Theorem [Blis the three-weight ternary code when
p = 3. As an example, we give the following code.

Example 4. For a quadratic 1-plateaued balanced function f : Fg: — F3, the code Cp, ,,
is a three-weight ternary [53,4,30] code with weight enumerator 1 + 9y3° + 65436 + 6y*2.
This code is almost optimal since the best known linear code has d = 35 by [13].

We next use the defining set Dy from (B to define the code Cp, of the form (), whose
parameters are collected in the following theorem.

Theorem 4. Let f € WRPB and D be defined as in (). When m+ s is odd, the set Cp,
is a three-weight linear [pm_l,m] code with weight distribution given in Tables[7] and[8.

Proof. For every w € Fym, we have Wx(c,) = #D2 — N2(w), where Ny(w) is given in
Lemma[ It follows then from Lemma[@that we have Wy (c,) = (p—1)p™ 2 ifw € Fym\Sy;
otherwise,

(b= D" 2 +ean(-D)vp™ ), (W) =0

P (p—1) - 6\/1?"”8_3(770(—1) —-1), if f*(w) € sQ,

PP = 1) = e (1) + 1), i fr(w) € NSQ.

The weight distribution is determined by Lemmas [I] and @ The parameters are listed in

Tables [7l and B when p = 1 (mod 4) and p = 3 (mod 4), respectively, thereby completing
the proof. O

WH(CUJ) =

Remark 4. If m + s is even, then the code Cp, has the same parameters of Cp, in Theorem

2l

11



We further study the code C Do.2) of the form (4]) involving D 9. The following theorem
collects its parameters.

Theorem 5. Let f € WRPB and D) be defined as in (3). When m + s is odd, the set
CDyo. 18 a four-weight linear [2p™ 1 —1,m)] code with weight distribution given in Table[d.
Proof. For every w € Fy.n, the Hamming weight Wy (c,) = #D(g2) — No(w) — Na(w) + 1
can be found by con&dermg Lemmas [6] and @ Then we have WH(cw) =2(p— 1)pm2 if
w € Fym \ Sy; otherwise,

2(p — Dp™ 2 +eno(—1)(p — V)V 70 if fr(w) =
Wi(c,) =13 2(p—1)p™ 2 —e(p—2+no(—1))Vp" 7% if ff(w) € SQ,
2(p — D™ 2+ elp—2 —mo(~1)vp T i fr(w) € NSQ,

whose weight distributions are, respectively, determined by Lemmas [I] and @ Hence the
proof is completed. O

The following theorem constructs the code C D12 of the form () involving D(y o).

Theorem 6. Let f € WRPB and D(; 9y be defined as in ([@). Then, the set CD(1,2) s a
three-weight linear [2p™ 1, m] code with weight distribution given in Tables 10 and [I1.
Proof. For every w € Fym, the Hamming weight Wi (c,) = #D(1,2) — N1(w) — Na(w) can

be computed by using Lemma [@l Suppose that m + s is odd. We then have Wg(c,) =
2(p — Dp™2ifw € Fpm \ Sy; otherwise,

2(p —1)p" 2, if f*(w) =0
Wr(ew) =14 20— Dp™ 2 +2e/p 70 if f*(w) € SQ,
2(p— p™ 2 —2e/p"" 70, it fr(w) € NSQ,
whose weight distributions are, respectively, determined by Lemmas [l and @l We do not

proceed the case of m + s is even since the corresponding parameters listed in Table [T can
be easily obtained with the same method. The proof hence is complete. O

The following theorem considers the code Cp,, of the form @) involving Dy,.

Theorem 7. Let f € WRPB and Dy, be defined as in (3). Then, the set Cp,, is a three-
weight linear [p™ Y (p — 1)/2,m] code whose weight distribution is given in Tables 12,

and [T3)

Proof. For every w € Fy., the Hamming weight W (c,) = #Dsq — Nig(w) follows from
Lemma 8 We proceed the proof only when m + s is odd. If w € Fym \ Sy, then we have
Wi (e,) = p™ 2(p — 1)2/2; otherwise,

1 —12(0m 2 —en(~1)yp Y, if f*(w) =0,
Wi(co) =4 p"2(p—1)2/2+ek(p— DV P (o(-1) + 1), if f*(w) € SQ,
P2~ 122+ e (p - 1)V o(<1) — 1), it f*(w) € NSQ.

12



The weight distribution can be determined by using Lemmas [l and @ The parameters are
listed in Tables [2] and I3 when p = 1 (mod 4) and p = 3 (mod 4), respectively. When
m + s is even, we immediately obtain the corresponding parameters listed in Table [I4]
completing the proof. O

We use the defining set D, 0) from (B) to define the code Cp,,, ,, of the form (), whose

parameters are collected in the following theorem.
Theorem 8. Let f € WRPB and Dy 0y be defined as in (3). Then, the set CD(sq,O) 18

a three-weight linear [pm_l(p +1)/2 -1, m] code whose weight distribution is documented
in Tables[13, and[17

Proof. For every w € Frm, Wr(c,) = #D(sq,0) — Nisq0)(w) + 1 follows from Lemma [l
When m + s is odd, we have Wi (c,,) = p™ 2(p? — 1)/2 if w € Fym \ Sy; otherwise,

P 2(p? = 1)/2 — eno(—1) (0 — 1)2/pF" T, if f*(w) =0,
Wi(cw) =4 p™ 2% —1)/2+ek(p— D" P o(~1) — 1), i f*(w) € SQ,
prp? = 1)/2 + ek (p— DV TP (o(<1) + 1), if f*(w) € NSQ,

which are listed in Tables [[5l and [I6 when p = 1 (mod 4) and p = 3 (mod 4), respectively.
When m + s is even, it is easy to get the corresponding parameters listed in Table [Tl
Finally, the weight distribution is determined by using Lemmas [0l and 4, completing the
proof. O

We below introduce the parameters of the code Cp,,,, of the form () involving Dy,q.

Theorem 9. Let f € WRPB and Dy, be defined as in (). When m + s is odd, the
set Cp,,., is a three-weight linear [p™ *(p — 1)/2,m] code with weight distribution given in
Tables 18 and [13.

Proof. For every w € Fy, the Hamming weight W (cw) = # Dpsq — Nipsq(w) follows from
Lemma 8 We then have Wy (c,) = %(p —1)?pm?ifwe Fym \ Sy; otherwise,

o — 12" 2 + eno(— 1)V, if f*(w) =0,
Wh(cw) =14 p"2(p —1)2/2 — ek(p— D)V " P (o(-1) — 1), i f*(w) € SQ,
P2~ 1)2/2 - ed(p - 1)V o(<1) + 1), it f*(w) € NSQ.

The weight distribution is determined with the help of Lemmas [I] and [, completing the
proof. O

Remark 5. If m+ s is even, then the code Cp,,, has the same parameters of Cp,, in Theorem

@

We finally use the defining set D,y from (B]) to define the code C Dinea,

) of the form
(@), whose parameters are listed in the following theorem.

0
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Theorem 10. Let f € WRPB and D540 be defined as in [@). When m + s is odd, the
set Cp,., o 15 a three-weight [pm_l(p +1)/2 -1, m] code with weight distribution listed in
Tables 20 and [Z1.

Proof. For every w € Fym, Wr(cw) = #D(nsq.0) — Nnsg,0)(w) + 1 follows from Lemma [l
Then we have Wy (c,) =p™2(p? —1)/2 if w € Fym \ Sy; otherwise,

PP — 1) /2 + eno(—1) 5 (0 — 12T, if f*(w) =0
Wi(cw) =1 p"2(0® —1)/2 — es(p— DV o(~1) + 1), if f*(w) € SQ,
PP~ 1)/2 — ek (p— 1) P o(-1) — 1), if fr(w) € NSQ.

The weight distribution is determined by Lemmas [I] and 4 thereby completing the proof.
O

Remark 6. If m + s is even, then CD(nsq,O) has the same parameters of CD( in Theorem

Bl

Remark 7. The length and dimension of each constructed code follows, respectively, from
([6) and its weight distribution.

54,0)

We end this section by proposing a shorter linear code, which is called punctured code,
for the code Cp, defined as in ). For f € WRPB, we have that f(z) = 0 if and only if
f(az) = 0 for every € Fpm and a € F7. Then we select a subset Dy of the defining set

Dy of Cp, such that | J aDy is a partition of Dy, namely,

acFy
Dy = F;ﬁo ={ad: a € I, and d € Do}, (7)

where we have % ¢ [F; for every di,dy € Dgy. Notice that for every w € Fim, we have
#{x € Dy: f(z) =0 and Ti'""(wz) = 0} = (p—1)#{z € Dy: f(z) =0 and Tr"(wz) = 0}.
Hence, the code Cp, can be punctured into a shorter linear code C involving the defining

set Dg. This method decreases the minimum Hamming distance and length of the original
code while its dimension does not change. The punctured codes then may be optimal codes
by [13]. The parameters of the punctured code Cﬁo are collected in the following corollary.

Corollary 1. The punctured code Cﬁo of the code Cp, in Theorem[1 is a three-weight linear
("t —1)/(p —1),m] code with weight distribution listed in Table [Z2.

Example 5. The punctured version C5 of Example[Iis a three-weight ternary [40, 5, 24]
code with weight enumerator 1 4 60y?* + 161y + 21y33. This code is optimal by [13].

Example 6. The punctured version Cﬁo of Example 2lis a three-weight [12, 3, 8] code over
F5 with weight enumerator 1 + 24y® + 99y'0 + 19!, This code is optimal by [13].

Remark 8. The projective three-weight punctured code of Corollary [l provides an associ-
ation scheme given in [2].
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When p = 3, the code CD(M) in Theorem [l can be punctured into a shorter linear code
Cﬁ(l 2 involving the defining set E(Lg) defined as in ()

Corollary 2. The punctured code Cﬁ(l 2 of Theorem [8 is a three-weight ternary linear
[3m=1 m] code over F3 with weight distribution given in Tables[23 and[Z]), when p = 3.

Example 7. For a quadratic 1-plateaued balanced function f : Fss — F3, the punctured
code Cﬁu 2 is a three-weight ternary [9,3,5] code with weight enumerator 1+ 4y°® +17y% +

5y®. This code is almost optimal owing to the Griesmer bound.

4 Application of the constructed codes in secret sharing

In this section, we study an application of the constructed codes in secret sharing.

We first recall the the following sufficient condition for minimal codes introduced by
Ashikhmin et al. [I]. Let C be a linear code over F, and denote by wmin and wmax the
minimum and maximum Hamming weights of its nonzero codewords, respectively. Then,
C is a minimal code if

1 .
b < Wmin (8)

p Wmax

With the help of the condition in (8]), we observe that our codes are minimal, thereby they
have an interesting application in secret sharing.
We recall that f : Fpm — I, is an s-plateaued balanced function from the class WRPB,

where s € {1,...,m}. We now see that the code Cp, in Theorem [ is minimal for s €
{1,...,m — 4}, and similarly the others can be easily seen by putting a necessary bound
on s € {1,...,m}. We provide the parameters of our minimal codes in the following
propositions. Suppose that the sign en(()m+s)/ 2(—1) and en(()m+s_3)/ 2(—1) is, respectively,

denoted by ¢y and €.

Proposition 4. The code Cp, in Theorem [1 is minimal over F,, for 1 < s < m — 4 with
parameters [p™ 1t —1,m, (p—1)(p" 2 — (p— 1)\/ﬁm+8_4)] ifeo =1, and p™t —1,m, (p—
D2 — p" ), otherwise.

Proof. If ¢¢ = 1, then we have wpin = (p — 1)(p™ 2 — (p — 1)\/ﬁm+s_4) and Wpax =
(p— D(p™~% + /p"5 ). Otherwise, wmin = (p — (P2 — ") and wmax =
(p—1)(P™" 2+ (p— 1)\/p7m+5_4). For both cases, the sufficient condition in (8]) is satisfied
when 1 < s < m — 4. Hence, this observation completes the proof. O

Proposition 5. The code Cp, in Theorem[2 is minimal over F,. When m + s is odd with
1 <s<m-—5, we have [p™~ ", m,(p—1)(p™ 2 — /p"57?)] if e =1 when p=1 (mod 4)
and ¢, = —1 when p = 3 (mod 4). Otherwise, [p™ *,m,(p — 1)p™ 2 — 2\/§m+8_3]. When
m+ s is even with 1 < s < m — 4, we have [p™ 1, m,(p — 1)p™ 2 — (p + 1)\/ﬁm+8_4] if
0 =1, and [p™ Y, m,(p—1)(pm 2 — \/§m+5_4)]; otherwise.
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Proposition 6. The code CD(OJ) in Theorem [3 is minimal over F,. When m + s is odd
with 1 < s < m — 3, we have [2p™~! — 1,m, (p — 1)(2p™ 2 — /p"T73)]. When m + s
is even with 1 < s < m — 4, we have 2p™ ' —1,m,(p — 1)(2p™ 2 — (p — 2)\/]_9m+s_4)] if
c0=1, and 2p™ 1 —1,m,2(p— 1)(p™ 2 — \/]_)m+5_4)]; otherwise.

Proposition 7. The code Cp, in Theorem[4) is minimal over F), for1 < s <m—5. Ife =1
when p =1 (mod 4) and ¢, = —1 when p = 3 (mod 4), then we have [p™ 1, m,p™ 2(p —
1) —2/p"73), and [p™Lm, (p — 1)(p™ 2 — /BT 7P)]; otherwise.

Proposition 8. The code Cp, ,, in Theoreml[d is the minimal [2p™ 1 —1,m, (p—1)(2p™ 2 —
\/§m+5_3)] code over F,, for 1 <s <m — 3.

Proposition 9. The code CD(1,2) in Theorem [8 is minimal over F,. When m + s is odd
with 1 < s < m—3, we have [2p™ 1, m, 2(p—1)p™ 2 —2\/p7m+5_3]. When m+s is even, we
have [2p™ 1, m, 2(p—1)p™ 2 — 2\/§m+5_4] if eo = 1; otherwise, [2p™ 1, m,2(p—1)(p™ 2 —
\/]_)m+8_4)], for1<s<m-—2and1<s<m—4, respectively.

Proposition 10. The code Cp,, in Theorem [7 is minimal over F,. When m + s is odd
with1 < s<m—75,ife=1 when p=1 (mod 4) and e, = —1 when p = 3 (mod 4), we
have [p™ t(p —1)/2,m, (p — 1)2(p" 2 — \/ﬁm+8_3)/2]; otherwise, [p™ (p —1)/2,m, (p —
D™ 2(p — 1)/2 — /P"7%)]. When m + s is even with 1 < s < m — 4, we have
"o = 1)/2,m, 50 = D((p = Dp™ 2 = (p + 1)yp" )] if €0 = 1, and [p" ' (p —
1)/2,m, 2(p — 1)2(p"™2 — /"), otherwise.

Proposition 11. The code CD(sq,O) in Theorem [8 is minimal over F,. When m + s is
odd with 1 < s < m—3, ife =1 when p = 1 (mod 4) and ¢ = —1 when p = 3
(mod 4), we have [p™ H(p+1)/2—1,m, (p—1) (™ 2(p+1)— (p—1) /" *73)]; otherwise,
™ p +1)/2 — Lm,p™2(p? — 1)/2 — (p — 1)/P"57%]. When m + s is even with
1<s<m—4, we have [p" ! (p+1)/2=1,m, 5(p—D)((p+1)p™ > = (p = 1)yp" )] if
e =1, and [pP" T (p+1)/2—1,m,1(p* = 1)(p" 2 — p"T)]; otherwise.

Proposition 12. The code Cp,,, in Theorem [9 is minimal over F), for 1 < s < m — 5.
Ife =1 when p =1 (mod 4) and e; = —1 when p = 3 (mod 4), then we have [p™ ' (p —
1)/2,m, (p=1)(p™ > (p—1)/2— D" *7%)]; otherwise, [p™ ' (p—1)/2,m, 5(p—1)*(p" >~
\/ﬁm+s—3)].

Proposition 13. The code CD(nsq,O) in Theorem [I0 is minimal over F, for 1 < s <
m—3. Ife =1 whenp =1 (mod 4) and e, = —1 when p = 3 (mod 4), then we have
P tp+1)/2—1,m,(p—1)(P"2(p+1)/2 — \/p?erS_?’)],' otherwise, [p™ t(p +1)/2 —
Lm, 3(p—1)@"2(p+1) = (p—1)yp" 7).

As the constructed codes are all minimal codes, secret sharing schemes based on their
dual codes have high democracy introduced in the following theorem.
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Theorem 11. [J, [10] Let C be a minimal linear [n,k,d] code over F), with the generator
matriz G = [g0,&1,...,8n_1], and let d*- represent the minimum Hamming distance of its
dual code C-. Then in the SSS based on C*, the number of participants equals n — 1, and
the number of minimal access sets equals p*—1.

o Ford-=2, ifg;, 1 <i<n-—1,is a multiple of gy, then a participant P; is in every
minimal access set; else, P; is in (p — 1)10‘%_2 minimal access sets.

e For d*+ >3, for each fived 1 <1 < min{k — 1,d* — 2}, every set of | participants is

involved in (p — 1)'pP=U+Y) minimal access sets.

To describe the access structures of SSS based on the dual codes of our minimal
codes, we are first interested in the minimum Hamming distance of the dual code. By
the MacWilliams identity (F. J. MacWilliams, 1963), the weight enumerator (and hence
minimum Hamming distance) of the dual code is obtained from that of the original code.

Theorem 12. [I8, Theorem 3.5.3] Let C be a linear [n, k] code over F, with weight enu-
merator A(z). The weight enumerator of C*+ is denoted by A*+(z). Then

1-=2
At =¢*Q+(¢g—12)"A | ———— ).

With the help of Theorem [I2], one can find the weight enumerator and minimum Ham-
ming distance of the dual code of each code constructed in this paper. However, we prefer
to use the following simple method in order to find d*. It is a well known fact that two
elements of each codeword are dependent if and only if the minimum Hamming distance

of the dual code is 2. In our framework, the dual code Cﬁo of Theorem [[ has d*+ = 2 if and
only if for any two different elements d;, d; € Dy and two elements ¢;, ¢; € F, we have

¢ Tr" (xd;) + ¢;Tr"(xd;) = 0

for every x € Fpm, which holds when d; = —d; and ¢; = ¢; = 1. This result confirms
d+ = 2. With the same reason, the dual codes of Theorems 2l B @ [l [, [7, 8, @, 10 have
d+ = 2. Hence, one can give the SSS based on the dual codes of these minimal codes by
considering Theorem [[1l As an example, we deal with the following one.

Corollary 3. Let Cp,,, be the minimal [2pm~t —1,m, (p— 1)(2p™ 2 — (p—2)/p" )]
code in Theorem [3 with G = [go, &1, .. ,8opm-1_9]. Then in the SSS based on Cl%)(o,n with

d+ = 2, the number of participants is 2p™ ' — 2 and the number of minimal access sets
is p™~L. Besides, P; must be in all minimal access sets if g;, i # 0, is a multiple of go;
otherwise, in (p — 1)p™~2 minimal access sets.

We finally see that d* of the dual code C%O of Corollary [ is at least 3. From (), we
have Dy = IF'I*,EO. Clearly, d- = 2 if and only if _for any two different elements d;, d} € D
and two elements a;,a; € Fy, we have Tr"(x(a;d; + ajd;)) = 0 for every x € Fym; that is,
a;d; + ajd}- = 0, which contradicts g—; ¢ IF;. This observation says d+ > 3.
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Corollary 4. Let Cp be the minimal (Pt —1)/(p — 1),m] code in Corollary . Then
in the SSS based on C%O with d*+ > 3, the number of participants is (p™ ' —1)/(p—1) — 1

and the number of minimal access sets is p™~*. For each fized 1 <1 < min{m —1,d*+ — 2},
every set of | participants is involved in (p — 1)lpm_(l+1) minimal access sets.

Example 8. Let C5, be the three-weight ternary minimal [40, 5,24] code in Example [l
Then in the SSS based on Cl with d+ > 3, the number of participants and minimal access
sets is, respectively, 39 and 81 For [ = 1, each participant is a member of 54 minimal
access sets.

5 Conclusion

The main objectives of the paper are twofold: to construct minimal linear codes from
functions and to give their application in secret sharing. To do this, we first pushed the use
of weakly regular plateaued balanced functions over the finite fields of odd characteristic,
introduced recently by Mesnager et al. [20, [22]. We then obtained several classes of three-
weight and four-weight minimal linear codes from these functions with some homogeneous
conditions. This paper provides the first construction of minimal linear codes with few
weights from such balanced functions based on the second generic construction. To the
best of our knowledge, the constructed minimal codes are inequivalent to the known ones
in the literature. We finally derived secret sharing schemes with nice access structures from
the dual codes of our minimal codes.
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The Hamming weights and weight distributions of the codes constructed in Section B3] are
presented in Tables 1-24.
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‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
(p—1pm? pr—p" -1
" —elp— VP ) p-1)/p* | p" T ey (=D (p— )P
"+ ) - )/ =" —e T DV

Table 1: The weight distribution of Cp, in Theorem [Il when m + s is even

‘ Hamming weight w ‘ Multiplicity A,
0 1
(=)™ —e/p"?) pm !
(p—Dp" 2 +e2pmte? (" e T (- 1)/2
(p—1)pm 2 PPt =+ (" e T (- 1)/2

Table 2: The weight distribution of Cp, when p =1 (mod 4) and m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
P—DE" 2+ e/ prl
(p—1pm~? PP =+ (" T e ()T (= 1)/2
(p—Dpm? —e2yp (P (=) (P - 1)/2

Table 3: The weight distribution of Cp, when p =3 (mod 4) and m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
(p—1)p™? pr—pm T -1
(" + /P ) - 1/p? P (T ey T ()T ) (0 —1)/2
((p— Dp™ —elp+ VP ) /p? " = =)V T ) (- 1)/2

Table 4: The weight distribution of Cp, when m + s is even
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‘ Hamming weight w ‘ Multiplicity A,

0 1
2(p _ 1)pm72 pm _ pm—s -1
(p—1)(2p" % —eno(—1)\p*" " 77) p et

WO 0 el )V (- 1)/2
WO r T el GOV D (= 1)

2(p—1)p" % —e(p— 2 —no(—
2(p— 1)p™ * +e(p— 24 no(—

D
0

Table 5: The weight distribution of Cp, ,, when m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
2(p — 1)p™? pr—pt -1

@™ —e(p— 2V -1 /P | P T e T (D (p - D)V
2((p— Dp™ — /P %) /p? (" — e T (=) ) (p - 1)/2
2(p™ + ey/p ") (p — 1) /p? (™ — ey T (=) ) (p—1)/2

Table 6: The weight distribution of C Deo.1) when m + s is even

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
(P=DE" 2 +e/p"7) P!
(p—1pm 2 P 1 (T T e p" T T (0 - 1)/2
(p—Dp" 2 —e2ypm " e T T - 1)/2

Table 7:  The weight distribution of Cp, when p =1 (mod 4) and m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
P=1D)E" 7 —evp ) p !
(p—Dp"* +e2prm (" =)V (0~ 1)/2
(p—1)pm? pr—p" =+ (T =)V T (= 1)/2

Table 8: The weight distribution of Cp, when p =3 (mod 4) and m + s is odd
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‘ Hamming weight w

‘ Multiplicity A,

0

2(p— 1)p™ 2

(p— 12" 2+ eno(—1)p" " 77)

2p—1)p" 2 —elp =2+ (=L)D" T | " T eng (= 1)V T T (p - 1)/2
2p—1)p" 2t elp—2—no(=1)vp" T | " T —end (=) T T (p - 1)/2

Table 9: The weight distribution of Cp, ,, when m + s is odd

‘ Hamming weight w

Multiplicity A,

0

1

2(p—1)p™

pmfsfl +pm _ pmfs —1

2p—Dp" P e2p

(

P e ()T D (p—1)/2

2p—p" P —e2yp

(

P — e ()T D (p—1)/2

Table 10: The weight distribution of C D12 When m + s is odd

‘ Hamming weight w

Multiplicity A,

0

1

2(p—1)p™?

p’nL _ prnfs -1

2p — (™ + /P ) /p?

m—s—1

p

m—+1

+ €n

(D -Dvp "

2((p— Dp™ — ey/p*" ) /p?

(p-DE™ " =y (=) TTY)

Table 11: The weight distribution of C D12 When m+ s is even

‘ Hamming weight w

Multiplicity A,

0

1

(P2 —eyP" (- 1)%/2

m—s—1

p

(p—DE" 2(p—1)/2+e/p""77)

" T e (- 1)/2

p" 2 (p—1)%/2

m

p

_ pnbfs —1 + (prnfsfl _ 6\/ﬁ'mfsfl)(p _ 1)/2

Table 12:  The weight distribution of Cp,, when p =1 (mod 4) and m + s is odd
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Hamming weight w ‘

Multiplicity A,

0

P+ e T (- 1)7)2

m—s—1

p

P (p—1)%/2

P 1 (T ()T (- 1))/2

(p— D™ 2(p—1)/2—e/p7"77)

R G VRV R E

Table 13: The weight distribution of Cp,, when p =3 (mod 4) and m + s is odd

Hamming weight w

Multiplicity A,

0

1

p™(p—1)%/2p?

m _ ,m—s _ 1

p p

(" +evp ")~ 1) /2

m—s— m—s— m Fm—s—2
P (" ey (=) VD )(p—1

)/2

((p—1p™ —e(p+1)Vp ") (p—1)/2p°

" e DV = 1)/2

Table 14: The weight distribution of Cp,, when m + s is even

‘ Hamming weight w

Multiplicity A,

0

1

pm72(p2 _ 1)/2 _ 6\/ﬁm+573(p _ 1)2/2

m—s—1

p

P (p? - 1)/2

pm _pmfs —1 + (pmfsfl + 6\/1—)m7571)(p _ 1)/2

pm72(p2 _ 1)/2 4 E(p _ 1)\/5m+573

(" e/ T (- 1)/2

Table 15:  The weight distribution of Cp,,, , when p =1 (mod 4) and m + s is odd

Hamming weight w ‘

Multiplicity A,

0

1

Pt - 1)/ 24 /P T T (p - 1)7)2

m—s—1

p

D2 == D

R G ViRV R E

P - 1)/2

pm _pmfs -1 + (pmfsfl

— =)™V )~

1)/2

Table 16:  The weight distribution of Cp,,, , when p =3 (mod 4) and m + s is odd
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‘ Hamming weight w ‘ Multiplicity A, ‘

0 1
p" (p* —1)/2p pr—p™ 1
((p+p™ —elp = DVP" )= 1)/20° | p™ '+ - D™ e T (D))
(" +e/p )P - 1)/2p7 Lp—De™ = —epr ™ (-1)yp" )

Table 17: The weight distribution of Cp,,, , when m + s is even

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
(" e/ T - 1)?/2 pr !
p" 2(p—1)%/2 P —p" T =14+ (p" T e/ ) (p—1)/2
(P=DE" 2 —1)/2 —eyp" ") (P =BT (- 1)/2

Table 18: The weight distribution of Cp,,, when p =1 (mod 4) and m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
P — e/ T T (- 1)%)/2 Pt
(P-DE" 2 -1D/2+e/p" ) P (=)™ (e - 1)/2
-1/ e e B e S VR [ RV,

Table 19: The weight distribution of Cp,,,, when p =3 (mod 4) and m + s is odd

‘ Hamming weight w ‘ Multiplicity A,,
0 1
PR = D/2+ P T (p - 1)%)2 pr Tt
PP —1)/2 —e(p — 1) " T e T - 1)/2
PR (p" - 1)/2 PP T = (T e T T ) (0 - 1)/2

Table 20: The weight distribution of Cp,,,, , When p =1 (mod 4) and m + s is odd
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Hamming weight w ‘ Multiplicity A,

0 1
P - 1)/2— /P T T (p - 1)%)2 pnel
PP’ —1)/2 P =T =1+ (" (=)™ T ) (p - 1)/2
PP = 1)/2+e(p—1)pr T (P — (=)™ T T (p - 1)/2

Table 21:  The weight distribution of Cp,,,, When p =3 (mod 4) and m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
2 P — e 1
R Vil I e a1 Rl VY i
P ey (p— D™ ey (=17

Table 22: The weight distribution of CEO when m + s is even

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
2. 37”72 3rn7571 + 3m _ 37”73 -1

92.3m—2 + 6\/__37’””*3 gm—s—1 + 6(_1)m\/_—3m—s—1
9. 3m72 e /—_37n+573 3m7371 _ 6(—1)m /—_37n7371

Table 23: The weight distribution of Cﬁu 2 when p = 3 and m + s is odd

‘ Hamming weight w ‘ Multiplicity A, ‘
0 1
2. 3m72 gm _gm=s _ |

23™ 2 +e/=3" ) | 3ol e(—mtlay =3
2.3m72 /37T [ 23—~ /=3 T

Table 24: The weight distribution of Cﬁu 2 when p = 3 and m + s is even
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