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Abstract
Every planar simple graph with n vertices has at least 2%/9 Zs-colorings.

1 Introduction

List coloring and group coloring are generalizations of (ordinary) graph coloring. While
the two generalizations are formally unrelated, it is believed that group coloring is more
difficult than list coloring. Specifically, it is conjectured in [5] that, for every graph G, the
list chromatic number is less than or equal to the group chromatic number which is defined
as the smallest k such that G is I'-colorable (defined below) for every group I" of order at
least k. In [6] it is conjectured that the list chromatic number is even less than or equal to
the weak group chromatic number which is the smallest k& such that G is I'-colorable for
some group I' of order k. (In [6] it is proved that the two group chromatic numbers are
bounded by each other, but may differ by a factor close to 2.)

Group connectivity and group coloring are introduced by Jaeger et al. in [4]. For planar
graphs they are dual concepts. It was shown in [1] that graphs with an edge-connectivity
condition imposed have exponentially many group flows for groups of order at least 8.
[12] proved the weak 3-flow conjecture, specifically, every 8-edge-connected graph has a
nowhere zero 3-flow. In [7] the proof was refined to 6-edge-connected graphs, and in [2]
that refinement was used to prove that every 8-edge-connected graph has exponentially
many nowhere-zero 3-flows.

The groups of order 3, 4, 5 are particularly interesting because they relate to the 4-color
theorem and Tutte’s flow conjectures. Jaeger et al. [4] conjectured that every 3-edge-
connected graph is Zs-connected, which is a strengthening of Tutte’s 5-Flow Conjecture.
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In [10] it was proven that planar graphs have exponentially many 5-list-colorings (for every
list assignment to the vertices), and in [11] it was proven that planar graphs of girth at
least 5 have exponentially many 3-list-colorings (for every list assignment to the vertices).
Perhaps somewhat surprising, the list-color proof in [9] carries over, word for word, to a
proof of Theorem A below.

Theorem A. Let G be a simple planar graph. Then G is Zs-colorable.

Also, the proof in [11] needs only minor modifications to give the analogous result for
group coloring (saying that planar graphs of girth at least 5 have exponentially many Zj;-
colorings). However, the proof in [10] does not immediately extend to group coloring. In
this paper we prove

Theorem B. Every planar simple graph with n vertices has at least 2"/9 Zs-colorings.

Note, that Theorem A proves the conjecture of Jaeger et al. when restricted to planar
graphs. Theorem B even shows that there are many solutions for this family of graphs.

Although both the bound in Theorem B as well as the strategy of proof are identical to
those in [10], the details are significantly different. The main idea in [10] (as well as in the
present paper) is an application of the 5-list-color theorem in [9]. In [9] two neighboring
vertices on the outer cycle are allowed to be precolored. In [10] (and in the present paper)
we need the extension where a path with three vertices on the outer cycle is precolored.
Such a coloring cannot always be extended, but the exceptions (called generalized wheels
in [10]) are easily characterized and studied. Their nice behaviour allows exponentially
many list colorings. For group colorings, however, there are more exceptions (which we
call generalized multi-wheels) and, more important, their group coloring properties are
far more subtle. Here, the group structure is essential, and the proof does not extend to
e.g. DP-colorings [3]. We do conjecture, though, that the planar graphs have exponentially
many DP-colorings. That would be a common generalization of [10] and the present paper.

Also, we conjecture that if every graph in a graph family has exponentially many Z-
colorings, then it has exponentially many k-list-colorings. As mentioned earlier, a graph
may be ['-colorable and non-I"-colorable for some Abelian groups I', IV where |I'| < |I"|.
But maybe the existence of many I'-colorings implies some (or even many) I"-colorings.
Jaeger et al. [4] proved that Zs-colorability does not imply Zg-colorability. A planar graph
has at least (k — 5)F Zg-colorings. For Zg we can do better: By repeating the present
proof we obtain at least 2"/9 Zg-colorings. By using the proof in [9] we obtain even (3/2)"
Zg-colorings.

In this paper, we will maintain the same structure as in [10]. Thus the theorems and
lemmas, etc., will be given the same numbers, and those proofs from [10] which carry over
will stand as in [10]. The Lemmas 1-5 are more complicated than the analogous lemmas
in [10] because they concern a larger class of graphs, namely the generalized multi-wheels.
Theorems 3,4 follow the same strategy as the analogous theorems in [10], but again, the
details are more delicate because the class of exceptional graphs in Theorem 3 is larger than
that in [10]. It seems that the reason that the strategy of proof in [10] can be applied in



the present paper is that, although the class of generalized multi-wheels is larger than the
class of generalized wheels, and although group-coloring seems more complicated than list-
coloring, we have a good understanding of the group-coloring properties of the generalized
multi-wheels established in Lemmas 1-5. We do not know of any formal implication of
list-coloring to group-coloring.

2 Definitions

In this paper we consider simple planar graphs. We follow the notation of Mohar and
Thomassen [8]. Each edge in the graph will be given an orientation. The orientation will
be fixed, but the specific orientation of a graph will not be important.

We will introduce an additional constraint on the group colorings of graphs by letting
L, C Zs denote a set of available colors at the vertex v. We thus require a group coloring
c: V(G) = Zs to satisty c(v) € L,.

In general we define group colorability as follows.

Definition 1. Let I’ be an Abelian group. The graph G is said to be I'-colorable if the
following holds: Given some orientation of G and any function ¢ : E(G) — T there exists
a vertex coloring ¢ : V(G) — I' such that c(w) — ¢(u) # ¢(uw) for each vw € E(G) where
uw is directed towards w.

If this holds we say that ¢ is proper with respect to ¢. If the function ¢ : E(G) — I is
given, we define (I', p)-colorability as follows:

Definition 2. G is said to be (I, p)-colorable if there exists a vertex coloring ¢ : V(G) — I’
such that c¢(w) — c(u) # @(uw) for each uw € F(G) where uw is directed towards w.

Note on notation: Formally, p(uw) is defined on every directed edge uw. But, we also
write p(wu) = —p(uw).
The following property of group coloring will prove useful later.

Proposition 1. Let ¢ : E(G) = I'. Givenvy € V(G) and a € T, we define ¢' : E(G) = T’
as follows:

p(e) +a if e is incident to vy and directed towards vy,
¢'(e) =< p(e) —a ife is incident to vy and directed away from vy, (1)
o(e) otherwise.

Then G is (I, p)-colorable if and only if G is (I, ¢')-colorable.

2.1 The function 7

In addition to the standard definitions in Section 2 above we introduce a collection of
functions 7 which, given a coloring of some vertex v € V(G), determines the colors at the
neighboring vertices of v that are not allowed by the coloring of v:
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Definition 3. Given a function ¢ : F(G) — Z5 and a vertex v with prescribed color ¢(v)
we will define the function 7, : N(v) — Zs to be:

(uwv) if wo is directed towards wu,

(2)

3
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(uwv) if wv is directed towards v.

Q
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In case the coloring of v is not prescribed we will define 7, : Zs x N(v) — Z5 to be:

{a + o(uv) if wv is directed towards u,
To(, u) =

a — (uwv) if wv is directed towards v.
Furthermore, given S C Z; we will define 7,(S,u) := {7,(s,u) | s € S}.

Note, that 7 is well-defined since G is simple. Now, a Zs-coloring ¢ : V/(G) — Z5 of G is
proper with respect to ¢ if and only if ¢(u) # 7,(u) for all pairs of neighbors v, u € V(G).
Informally, if we give v the color «, then we cannot give u the color 7, (v, u).

Note, that when using the 7-function we will no longer need to specify the orientation

of G.

Observation 1. If ¢(v) = «, then 7,(7,(u),v) = a for a € Zs (regardless of the value of
p(uv)). Similarly, 7,(7,(S,u),v) = S for S C Zs. This can also be expressed as 7, (a, u) =
if and only if 7,(5,v) = «a for «, 8 € Zs, and 7,(S1,u) = S5 if and only if 7,(S2,v) = 55 for
S1, 52 C Zs.

The function 7 can also be defined for the more general DP-colorings introduced by
Dvorak and Postle in [3], and Observation 1 also holds in this more general setup whereas
the following Proposition 2 which is an important feature of group colorings does not.

Proposition 2. Given u,v,w € V(G) such that uwv,vw,vw € E(G). If 7,(1,(c,v),w) =
Tu(a,w) for some o € Zs, then it holds for any o € Zs.

Proof. We can assume without loss of generality that uv is directed towards v, vw is
directed towards w, and wu is directed towards u. If there exists an a € Zjs, such that
To(Tu(a, 0), w) = 7, (a, w), then

(a+p(w)) + plow) = o — p(wu). (4)
Hence ¢(uv) + p(vw) + ¢(wu) = 0 (mod 5). Thus 7,(r(a,v),w) = 7,(a,w) for any
(NS Z5. O
3 Zs-colorings with precolored vertices

In the rest of this paper we assume G is an oriented plane near-triangulation with outer
cycle C' : vyvy ... vgvy.



Definition 4. Given ¢ : E(G) — Zs we say that G is (Zs, 3)-extendable with respect to
@ and the vertices vy, vo, vy if the following holds: Assume that the vertices vg, v; and vy
are precolored c(vg), c(v1), c(v2), respectively, such that c(vg) # 7, (vg) and c(va) # 7, (v2),
and for each v € C'\ {v1,v2, v}, L, is a set containing at least three available colors. For
all other vertices v, L, = Zs. Then ¢ can be extended to a (Zs, ¢)-coloring of G which we
also call ¢ and which satisfies ¢(v) € L, for any v € C'\ {v1, v, vx }.

Note, that the analogous definition of (Zs, 2)-extendability is used to prove Theorem A
above which can be phrased as follows:

Theorem 1. Any oriented near-triangulation is (Zs,2)-extendable with respect to any o-
function and any path on two vertices on the outer cycle.

This implies the following:

Theorem 2. Let v : E(G) — Zs be given where G is a near-triangulation with precolored
outer cycle C of length k <5. Then G has a (Zs, p)-coloring unless C' has length precisely
5, and int(C) has a vertex v joined to all vertices of C' such that {1, (v),..., Ty (v)} = Zs.

Proof. The proof is by induction on the number of vertices of G. If no vertex of int(C') is
joined to more than two vertices of C', then we consider the subgraph H induced by the
vertices in int(C'). We let the set of available colors of a vertex be the colors that are not
forbidden by its neighbors in C'. By Theorem 1, H is (Zs, 2)-extendable with these sets of
available colors. (If H is not 2-connected, then we color the blocks of H successively.) So
we may assume that some vertex u has at least three neighbors in C'. If it is not possible to
color u, then G satisfies the conclusion of Theorem 2. On the other hand, if it is possible
to color u, then we color it and complete the proof by induction by coloring the interior
of each precolored cycle on the form v; - - - v;4juv; (where j = 1,2,3). The only case where
this might not work is if there is some vertex v in the interior of one of the colored cycles
which is joined to all vertices in a colored 5-cycle, but then v must have precisely three
consecutive neighbors in C', and we therefore have two possibilities for coloring u. So, the
exceptional case in Theorem 2 can be avoided. O

4 Generalized wheels and generalized multi-wheels

We define wheels, broken wheels and generalized wheels as in [10]: The outer cycle C' is of
the form vyvy - - - vpv; where vy is the major vertex, vy, vy are principal neighbours, vivy, v1v9
are principal edges, and viv vy is the principal path. If the interior of C' consists of the
edges v1v3, V vy, ..., v10x_1, then we call G a broken wheel. 1f the interior of C' consists of
a vertex v and the edges vvy, vvs,. .., v, then we call G a wheel. We define generalized
wheels to be the class of graphs containing all broken wheels and wheels, as well as the
graphs obtained from two generalized wheels by identifying a principal edge in one of them
with a principal edge in the other such that their major vertices are identified.



Note, that it is easy to see that a broken wheel with at least four vertices is not (Zs, 3)-
extendable with respect to vy, vy, v9, and a wheel with an even number of (at least six)
vertices is not (Zs, 3)-extendable with respect to vy, vq, ve.

In addition to these graphs we need a class of graphs which extends the wheels, as well
as a class which extends the generalized wheels.

We define an operation as follows: Let G be a generalized wheel and assume that
Vi, u, Vi1 € V(G) \ {v1} form a facial triangle where v;v;41 is an edge on the outer cycle
C and v;u,v; 1w are edges in int(C). We obtain a new graph G’ from G by adding a
new vertex w and the edges vw, v;w, v, 1w, as well as replacing the edge v;v;41 by a path
v;w; - - - w41 with 7 > 0 and adding the edges wiw, ..., wjw. We say that we insert a
wheel into the triangle v;uv; .

Definition 5. We define multi-wheels to be the class of graphs containing all wheels, as
well as the graphs obtained from a multi-wheel by inserting a wheel into a triangle as
above.

Definition 6. We define generalized multi-wheels to be the class of graphs containing
all generalized wheels, as well as the graphs obtained from a generalized multi-wheel by
inserting a wheel into a triangle as above.

Note, that a broken wheel is also a generalized wheel (and therefore also a generalized
multi-wheel), but a broken wheel is not a multi-wheel.

Observe, that if we replace the operation in Definition 6 by inserting generalized multi-
wheels into triangles instead of inserting wheels, then we get the exact same class of graphs.

Proposition 3. Let G be a generalized multi-wheel with outer cycle C'. If uvwu s a facial
triangle with u,v,w € V(QG), then at least one of u,v,w is on C' — vy.

Proof. The statement is clearly true for all facial triangles in wheels, broken wheels and
generalized wheels. As the statement remains true whenever a wheel is inserted into a
triangle, it is also true for multi-wheels and generalized multi-wheels. O

Lemma 1. Let ¢ : E(G) — Zs be given where G is a multi-wheel. Assume that for each
v € {vs3, V4, ..., 01}, Ly is a set containing at least three available colors in Zs. For all
other vertices v, L, = Zs. Then there exists o € Zs such that the (Zs, p)-colorings of
Vg, U1, Uy which cannot be extended to G satisfy that c(vi) — c(v9) = .

It is easy to see such an « does not exist if G is a broken wheel on 4 (and hence any
larger number of) vertices. This may explain why the proof of Lemma 1 is not trivial.

Proof of Lemma 1. We prove Lemma 1 by induction on the number of vertices n. Assume
n > 5 since otherwise there is nothing to prove. Also, by Theorem 2 we can assume that k& >
5. Consider first the case where G is a wheel. Let v be the vertex not in C'. Suppose vy, v1, vo
are colored c(vy), c(v1), c(ve), respectively, and that this coloring cannot be extended to G.
Construct ¢’ : E(G) — Zs from ¢ using Proposition 1 successively with vg_1, vg, v1, v, v3
respectively playing the role of vy such that ¢'(vg_1v) = ¢'(vv) = ¢'(v1v) = @' (vev) =
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¢'(v3v) = 0 with corresponding precoloring ¢ (vg), d (v1), ¢ (ve) and tau-function 7. It
suffices to prove Lemma 1 with this ¢’ instead of ¢. Now 7, (v) = ¢/(v;) for i € {k, 1,2}, and
similarly 7, (o, v) = a fori € {3,k —1},a € Zs. Then L,, \ 7;,(v3) consists of precisely two
colors of Zs, say a, (3, since otherwise we can color v (with at least two color options) and
extend that coloring to G by applying Theorem 1 to G —v; —vy. Similarly, L,,_, \ 7, (vx-1)
consists of precisely two colors, say v,0. If L, \ {c(vx), (v1),d (v2)} contains a color e
distincet from «, 8, then we can give v that color, put L,, = {a, 5, €}, and then extend
the resulting coloring to G by applying Theorem 1 to G — v; — vg, a contradiction. So
we may assume that L, \ {¢'(vi), d (v1),d (v2)} = {a, f}. In particular, ¢ (vg),c (v1), d (v)
are distinct. Similarly, L, \ {¢/(vg), (v1), ¢ (v2)} = {7,0}. Thus L,,, L,, , have at least
two colors in common, namely «a, 8. Consider first the case where L., L,, , have precisely
two colors in common. In this case we argue as in [10]: ¢(v2) is the unique color o
in 7, (Ly; \ Lu,_,,v2), ¢(vg) is the unique color 8" in 7,  (Ly,_, \ Ly, vx), and ¢'(vy) is
the unique color of L, \ {¢/, 8, a, B}. This shows that the coloring of vy, vs, vy is unique.
Consider next the case where L,,,, L,, , have more than two colors in common, that is, they
are equal. In this case, assume without loss of generality that vyvs is directed towards v3 and
vpUy—1 is directed towards v,_;. We observe that 7,,(v3) = 7,, (vx—1), i.e. ¢ (v2)+¢'(vov3) =
d(vr) + @' (vgvg—1). Thus d(vg) — ¢ (v2) = @' (vav3) — ¢/ (vkvE_1) can play the role of v in
Lemma 1.

Consider now the case where G is a multi-wheel, but not a wheel. Recall, that G is
obtained from a multi-wheel by inserting a wheel into a triangle. More precisely, G' has
a vertex u in int(C) joined to v;, vit1,...,v; and also joined to a vertex v in int(C') such
that v is joined to v;,v;. We may assume that j > i + 1 since otherwise, we delete u
and complete the proof by induction. Let G’ be the subgraph of G which has outer cycle
C" = wvv;---vjv. Note that G’ is a wheel. By the induction hypothesis there exists o’ € Zj;
such that all colorings of v;, v, v; which cannot be extended to G’ satisfy c(v;) —c(v;) = /.
Now use the induction hypothesis on the graph G” obtained from G by replacing G’ by the
triangle vvvv (with v;v; directed towards v;) where we define p(v;v;) = . All colorings
of vy, v1,v9 that can be extended to G” clearly also extend to G. Thus the colorings of
Uk, U1, U9 that cannot be extended to G satisfy the conclusion of Lemma 1 with the same
a as the one we found for G” using the induction hypothesis. O

Note, that o does not depend on ¢(viv1), @(vive). More precisely, if we let ¢ : E(G) —
Zs be a function that agrees with ¢ on all edges except vivy, v1ve, then the « that works
for ¢ also works for ¢'.

Lemma 2. Let ¢ : E(G) — Zs be given where G is a generalized multi-wheel with
no separating triangles. Assume that vy, vi,vy are precolored, and that, for each v €
{vs,v4, ..., 061}, L, is a set containing at least three available colors in Zs. For all
other vertices v, L, = Zs. Let e be any edge in E(G) \ {vgvi,v1v2}. Then G — e has
a (Zs, p)-coloring ¢ : V(G) — Zs that extends the precoloring and satisfies c¢(v) € L, for
any v € C'\ {v1,v9, vy }.

Proof. By induction on the number of vertices in G. The statement is ecasy to ver-
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ify if G is a broken wheel. Consider now the case where G is a wheel. Consider the

subcase e = vv; where v is the vertex in int(C). If 3 < ¢ < k — 1 then we color
V, V3, Vg, + o+, Vim1, Vk—1, Vk—2, - - -, U; i that order. If i € {k, 1,2} then we choose the color
of v such that 7,(vk—1) & Luy,_, \ {7o,(vk—1)} (in case that set has precisely two colors)
where L,, , denotes the list of available colors at viy_;. Then we color vs, v4,...,v5-1 in
that order. If e = v;v;41 is on C then we color v, vs, v4, ..., V;, Vp_1, Vk_2,...,V;11 in that
order.

Consider next the case where G is a multi-wheel, but not a wheel. Recall, that G is
obtained from a multi-wheel by inserting a wheel into a triangle. More precisely, G has a
vertex u in int(C') joined to v, vit1, . .., v; and also joined to a vertex v in int(C') such that
v is joined to v;, v;. Now j > i+2 as G has no separating triangles. Let G’ be the subgraph
of G which has outer cycle C" = vv; - - - v;u. Note that G’ is a wheel. Let G” be the graph
obtained from G by replacing G’ by the triangle vv;v,v with v,v; directed towards v;. If e
is in E(G"), then use Lemma 1 to obtain a € Z; such that all colorings of v;, v, v; which
cannot be extended to G’ satisfy ¢(v;) — ¢(v;) = a. The induction hypothesis implies that
there exists a (Zs, ¢)-coloring of G” — e where we define ¢(v;v;) = . By Lemma 1 this
coloring can be extended to G’. (If e is one of the two edges vv;,vv;, then we use the
remark following the proof of Lemma 1.) Thus we get a (Zs, ¢)-coloring of G — e.

If e is not in E(G”), then the induction hypothesis implies that G” — ¢’ is (Zs, p)-
colorable where ¢/ = v;v;. This coloring can be extended to G’ — e, again using the
induction hypothesis. Thus G — e is (Zs, ¢)-colorable.

Assume now that G contains a chord vyv; and that e is not vyv;. Then vyv; divides G
into near-triangulations GG, G5 where G; has outer cycle vyvs - - - v;v7 and G5 has outer cycle
V1VVi41 - - - v1. Assume without loss of generality that e € G;. Then G5 can be colored
by Theorem 1, and the induction hypothesis implies that the coloring can be extended to
Gl — €.

Assume finally that G is the union of two multi-wheels G, G5 and e = vyv; is their
common edge. We may assume that v; has precisely three available colors since otherwise
we delete one or two available colors. By Theorem 1 each of Gy, G5 can be (Zs, p)-colored,
and we get another coloring of each graph by using Theorem 1 on G, G5 where we define
©(v1v;) to be the color of v; minus the color of v; in the first coloring. Thus we have two
colorings of each of Gy, Gy where v; has distinct colors. Combining the colorings of G, G
in which the color of v; is the same gives a (Zs, ¢)-coloring of G — e. O

Lemma 3. Let ¢ : E(G) — Zs be given where G is a near-triangulation.

a) Assume that the interior of the outer cycle C' has precisely two vertices u,v, and that
there exists a natural number i, 3 <1 < k—1, such that u is joined to v, vy, vy, ..., V;,
and v is joined to u,v;, Viy1, ...,V v1. Then G is (Zs,3)-extendable with respect to
© and the path vivivs.

b) Assume next that the interior of the outer cycle C' has precisely two vertices u,v,
and that there exists a natural number v, 4 < 1 < k — 1, such that u s joined to



v, Vg, ..., V;, and v is joined to u, vy, Ve, Vi, Vix1, .., Vk. Then G is (Zs,3)-extendable
with respect to @ and the path vipvivs.

Proof of a). Assume that vy, vy, vy are precolored. Let S, = Zs \ {7y, (u), 7o, (1)}, S, =
Zs \ {70, (v), Ty, (v) }, and S; = L,,.

We give u a color from Sy, say a, such that L, \ {7, (v3), 7u(a, v3)} contains at least
two colors. If i = k — 1 then we color vg_1,vx_o,...,v3,v in that order. So assume that
t < k — 2, and, similarly, ¢ > 4.

If it is now possible to color v such that L., \ {7,(v;), 7.(v;)} has at least two colors,
then it is easy to complete the coloring by coloring vy_1,vx_o,...,v3 in that order. So we
may assume that such colorings of u and v, respectively, are not possible. Then we must
have |S,| = |S;] = 3, so we let S, = {, Bv, W}, Si = {a, Bi,vi}- In particular, after u has
received color «,,, the colors 7, (ay, v) =: a, and 7, (ay,, v;) =: a; are no longer available at v
and v;, respectively, and furthermore 7,(3,,v;) =: 8; and 7,(7,, v;) =: 7; are the remaining
available colors at v;.

Similarly, we can choose a color ¢ from S,, such that L,, , \ {7, (vk—1), 7o(5, ve—1)}
contains at least two colors. If § is not a,, then we may color G' by letting u have color
o, v have color 9§, and completing the coloring by coloring v;, v;_1, ..., V3, Vit1,- -, Vp_1
in that order. So we may assume that § = a,. As above, we conclude |S,| = 3, so we let
Su = {aw, Bu, Y} In particular, after v has received color a,, the colors 7,(a,, u) = a,, and
To(u, ;) = a; (the latter equality holds since we know 7,(8,,v;) = 5; and 7,(Ve, v;) = V)
are no longer available at u and wv;, respectively. Choose the notation for (,,~, such
that 7,(8y,v;) = B; and 7,(V4,v;) = 7 are the remaining available colors at v;. Using
Proposition 2, we get that 7,(8.,v) = B, and 7,(Yu,v) = 7,. Thus, on the triangle uvv;u
any (Zs, ¢)-coloring must consist of one a, one § and one .

Now, we give u the color ay. If 7,(8,,vk-1) is not in L,, | \ 7y, (vg—1) then we give v
color (3, and we color v;, Vi1, .., Uk_1,Vi_1,.-.,03. SO we may assume that 7,(8,, vr_1),
Ty (Y, Ug—1) are the only colors in L,, | \ 7, (vk—1)-

We give u the color «,,, we give v the color f3,, and we color vg_1,vg_o,...,v;y1. If this
coloring can be extended to v;, it is easy to complete the coloring by coloring v;_1, ..., vs.
So we may assume that v;;1 has color 7, (v;, vit1).

We now try another coloring. We give u the color ~,, we give v the color «,, and we
color vz, vy, ...,v;_1. We may assume that this coloring cannot be extended to v;, that is,
v;—1 has color 7, (B;, vi—1).

Now we keep the colors of v, vy, ..., v;_1, V11, ..., Vx_1 given above. And we give u, v, v;
the colors v, By, a;, respectively. This gives a (Zs, p)-coloring of G. O

Proof of b). Assume again that vy, v1, v are precolored. We delete the precolored vertices
and call the resulting graph H. Note that vs,v;_1,v each has at least two available colors,
u has at least four available colors, and each other vertex has at least three available colors.
We complete the proof by induction on the number of vertices of H.

Consider first the case where ¢+ = k—1, that is, v has degree 2 in H. It is easy to see that
we can give u a color such that two of vs, vi_1, v still has at least two available colors. We



then color the third of vz, v;p_1,v, and thereafter it is easy to color the remaining vertices
one by one.

Consider next the case where ¢ = k£ —2, that is, v has degree 3 in H. If possible, we give
vk_9 a color such that each of v, vy_; still has two available colors. Then we delete vy_o, vp_1
and can casily color the rest of H. So assume that such a coloring of v_s is not possible. If it
is possible to color one of v, vy_1 such that v,_s still has three available colors, then we color
both of v, v_1 such that v,_s still has two available colors, we delete these two vertices, and
then it is again easy to color the rest. So, we can assume that no such coloring of v or vi_1
is possible. Then L,, , contains a color a such that if we give v;_o the color o, then each
of v, v;_; has precisely one available color left. Now let 3,~ be two other colors in L,, .
We choose the notation such that 7, ,(a,v) =, and 7, ,(5,v) = B, where a,, 8, € L.
And we choose the notation such that 7,, ,(a,vp—1) = o and 7, ,(7,vk—1) = v where
o,y €L, ,. If wecan give vy_; a color such that o, 3, are still available at v, then the
proof reduces to the previous case where v has degree 2. So, such a coloring of vy_; is not
possible. Now we use Proposition 2 to conclude that 7, ,(a/,v) = 8, and 7,,_, (7, v) = .
Now we delete vp_; and repeat the proof in the case where v has degree 2. We let vp_»
have the available colors «, 3. It is easy to see that the coloring of H — vy, extends to H.

Consider finally the case where i < k — 2, that is, v,_o has degree 3 in H. We repeat
the proof above with the exception that where we above after deleting vertices color the
rest of the graph, we will in this case use induction on the remaining graph. O

Corollary 1. Assume G is a multi-wheel with no separating triangle and with at least two
inner vertices such that all inner vertices are joined to vy. Then G is (Zs, 3)-extendable.

Proof. G has a unique path viujus - - - u4vs, such that all of uq, us, ..., u, are joined to vs.
The proof is by induction on ¢. If ¢ = 2, we use Lemma 3 b). So assume g > 2. Since G
has no separating triangle, vs has degree 3. Now select two available colors in L,,, delete
those colors from L,, = Zs, delete v3 and all other neighbors of u, on C' of degree 3, and
complete the proof by induction. O

5 (Zs;,3)-extendability

As in [10] we now characterize the near-triangulations that are not (Zs,3)-extendable.
Theorem 3 below is similar to Theorem 3 in [10] except that “generalized wheel” in [10]
is replaced by “generalized multi-wheel”. Figure 1 below shows an example of a graph
which is a generalized multi-wheel but not a generalized wheel, whose precoloring does not
extend to a coloring of the whole graph.

Theorem 3. Let v : E(G) — Zs be given where G is a plane near-triangulation with outer
cycle C : v1vg - - - vvq. Assume that the vertices vy, v and vy are precolored, and for each
v e C\ {v,v, v}, L, is a set containing at least three available colors in Zs. For all
other vertices v, L, = Zs. Then G has a (Zs, p)-coloring ¢ : V(G) — Zs which extends the
precoloring of vy, vy, vy and which satisfies c(v) € L, for any v € C \ {vy,v9,vi}, unless G
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3
2 2
{0.1.2} {0,1,2} {0,1,2} {0,1,2}

Figure 1: A generalized multi-wheel whose precoloring ¢(vy) = ¢(v1) = ¢(v2) = 0 does not
extend to a coloring of the whole graph. (Note, that unlabelled edges e have ¢(e) = 0.)

contains a subgraph G’ which is a generalized multi-wheel whose principal path is viv1V9,
and all other vertices on the outer cycle of G' are on C and have precisely three available
colors.

Proof. The proof is by induction on the number of vertices of G. For k < 5 the theorem
follows from Theorem 2. So assume that k& > 5. Suppose for contradiction that the theorem
is false, and let GG be a smallest counterexample.

Claim 1. C has no chord.

Proof. Suppose for contradiction that v;v; is a chord of C', where 1 < j < i < k. Then vv;
divides G into near-triangulations G, G, respectively. If Gy, say, does not contain v; then
any (Zs, )-coloring of v;v; can be extended to Gy by Theorem 1. Therefore Gy has no
(Zs, ¢)-coloring. Now we apply the induction hypothesis to G and obtain a contradiction.
So assume that j = 1.

By Theorem 1, G5 has a (Zs, ¢)-coloring. That coloring cannot be extended to G;. The
induction hypothesis implies implies that G, satisfies the conclusion of Theorem 3, that
is, G; contains a generalized multi-wheel. A similar argument shows that G, satisfies the
conclusion of Theorem 3. Thus G contains a generalized multi-wheel. It only remains to be
proved that L,, has only three available colors. But if L, \ {7,, (v;)} has a subset consisting
of three colors, then, by Theorem 1, each of Gy, Gy can be (Zs, ¢)-colored, and the color of
v; can be chosen in two distinct ways (among these three colors) for each of Gy, G, since
we get one coloring ¢; from Theorem 1 and we get another coloring by replacing ¢;(v;) by
Tp, (v;) in L,,. Hence G can be (Zs, p)-colored, a contradiction which proves Claim 1. O

Claim 2. G has no separating triangle and no separating 4-cycle.
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Proof. Suppose for contradiction that G has a separating cycle C’ of length 3 or 4. We
consider first the case where C” has length 3. Delete int(C") and denote the resulting graph
by G'. If G’ can be (Zs, ¢)-colored, then so can G by Theorem 2. So we may assume that
G’ cannot be (Zs, p)-colored. Then G’ contains a generalized multi-wheel by the induction
hypothesis, hence G contains such a generalized multi-wheel, a contradiction.

We consider next the case where C” has length 4. Choose C” such that int(C") is
maximal. Replace int(C”) by a single edge e and denote the resulting graph by G’. If G’
can be (Zs, p)-colored, then so can G by Theorem 2. So we may assume that G’ cannot
be (Zs, p)-colored. Then G’ contains a generalized multi-wheel satisfying the conclusion of
Theorem 3 by the induction hypothesis. This generalized multi-wheel contains e because
we previously assumed that G does not contain such a generalized multi-wheel. The
maximality property of C’ implies that e is not contained in a separating triangle of G’.
Then the first part of Claim 2 implies that G’ has no separating triangles at all. So, if we
delete the edge e from G’, then the resulting graph can be (Zs, ¢)-colored by Lemma 2.
By Theorem 2, G can be (Zs, ¢)-colored, a contradiction which proves Claim 2. O

Claim 3. If u is a vertex in int(C') which is joined to both v;, v;, where 2 <7 < j—2 < k—2,
then w is joined to each of v;, vi+1,...,v;.

Proof. Suppose for contradiction that there exist ', j' such that i < ¢ < j/ =2 < j—2
and u is joined to vy, v, but not joined to any of vyy1,vi49,...,v-1. Let C’" be the
cycle wvpvyqq -+ -vyu, and let C” be the cycle wvjvjigq -« - vgv1ve - - - vyu. We apply the
induction hypothesis, first to C” U int(C") and then to C' U int(C"). If C" U nt(C’) is a
generalized multi-wheel, then it is necessarily a multi-wheel, and then, by Lemma 1, there
exists a € Z; such that all colorings of v;/,u,v; which cannot be extended to G’ satisfy
c(vj) —c(vy) = a. So before we apply the induction hypothesis to C” Uint(C"”) we add the
edge vyv; and we let p(vyvy) = o Applying the induction hypothesis to this graph and
then to C" Uint(C") either results in a (Zs, ¢)-coloring of G, hence we get a contradiction
which proves Claim 3, or else we conclude that C”Uint(C")U{vyv; } contains a generalized
multi-wheel satisfying the conclusion of Theorem 3. This must contain the triangle uvyv;u
because of Claim 1 and the assumption that no vertex on the outer cycle of the generalized
multi-wheel has more than three available colors, and as C’ U int(C") is a multi-wheel we
conclude that G contains a generalized multi-wheel, a contradiction. O

Claim 4. G has no vertex in int(C') which is joined to both v, and wvy.

Proof. Suppose for contradiction that some vertex u in int(C') is joined to both vy and vy.
By Claim 3, u is joined to all vertices of C except possibly v;. However, Claim 2 implies
that u is joined to vy, too. Hence GG contains a spanning wheel. By Claim 2, G is a wheel.
If some vertex of C' has more than three available colors, then it is easy to (Zs, ¢)-color G.
This contradiction proves Claim 4. O

Claim 5. v3 has degree at least 4.
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Proof. Suppose for contradiction that vs has degree at most 3. By Claim 1, v3 has degree
precisely 3, and G has a vertex u in int(C) joined to vy, v3, v4. Let i be the largest number
such that wu is joined to v;. The path veuv; divides G into two near-triangulations Gy, G
where (G contains v;. By Claims 2 and 3, GG5 is a broken wheel. By Claim 4, ¢ < k.

Now we use the argument of the proof of Theorem 1 in [9]. We delete from L, two
colors of Ty, (Ly, \ T, (v3),u). We may assume that GG; has no (Zs, ¢)-coloring under this
assignment of available sets. For otherwise, that coloring could be extended to G — v3 and
hence also to G. Therefore the induction hypothesis implies that G contains a generalized
multi-wheel satisfying the conclusion of Theorem 3. By Claims 1 and 2, GGy is a generalized
multi-wheel.

Claim 4 implies that G, is not a multi-wheel. So GGy has a chord. Claims 1 and 2 imply
that this chord must be vyu and, since the chord is unique, G; — vy is a multi-wheel. Claim
3 then implies that all inner vertices of Gy — vy are joined to u. If G; — v, is a wheel, then
G satisfies the assumption of Lemma 3 a) which implies that G has a (Zs, ¢)-coloring, a
contradiction. On the other hand, if G; — v is not a wheel, then we color u such that v
still has two available colors. Corollary 1 (applied to G minus all those neighbors of u that
have degree 3) now implies that G has a (Zs, ¢)-coloring, a contradiction which proves
Claim 5. O

By a similar argument we get
Claim 6. v;_; has degree at least 4.
We now claim that

Claim 7. v3 and v,_; both have degree precisely 4, and v3 and vp_; have a common
neighbor in int(C').

Proof. Suppose for contradiction that Claim 7 is false. Let vo,uy, ..., uq, v4 be the neigh-
bors of vz in clockwise order. Then ¢ > 2, by Claim 5. Let vy, uy, ..., uy, vp_2 be the
neighbors of v,_; in anti-clockwise order. Then ¢’ > 2, by Claim 6. Let uv; be the
unique edge such that ¢ is minimum and j is maximum. By Claims 2 and 3, ¢ = ¢, and
Jj < k—2. As in the proof of Claim 5, for each 1 < i < ¢ we delete from L, two colors
of Ty (Lys \ Top(v3),1;). And as in the proof of Claim 5, we conclude that G' — v3 contains
a generalized multi-wheel G’. By Claims 1 and 2, we conclude that the outer cycle of this
generalized multi-wheel G’ must be C’ : vivuy...u ;... 040, By Claim 4, G’ cannot be
a multi-wheel (because every multi-wheel has a vertex in the interior joined to all three
vertices of the principal path). So G’ has a chord. By Claims 1 and 2, there can be only
one chord, namely viu;. As C” : v1uy...u4v;...v5v1 has no chord, it follows that C” together
with its interior is a multi-wheel which we call G;. Then int(C"”) contains a vertex v joined
to all vertices of the principal path viviu; of Gi. By an analogous argument (with vy
instead of v3) we conclude that there exists a vertex w joined to vy, v; and a neighbor of
vi—1. The only possibilities for v, w are: w = uy; and v = uj. We now give u; a color
such that L,, \ 7,,(vs) still has at least two available colors. We delete vy and call the
resulting graph GG5. By repeating the arguments given for G; above, we see that (G5 is also
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a multi-wheel. If we apply Proposition 3 to the triangle containing the edge u}uf (but not
the vertex vx_1) in Gg, then we conclude that u; is joined to uj). Similarly, «) is joined to
ug. This is possible only if ¢ = ¢ = 2 and uy = uf. This contradiction proves Claim 7. O

We are now ready for the final contradiction. Using the proof of Claim 7 we obtain the
structure of G”: uy,u) and us (= uj) are the only vertices in int(C'), v; is joined by an edge
to u; and w}, and u; and u) are joined by an edge. By Claim 3, the cycle usvgvy - - - vg_1us
together with its interior is a broken wheel. Define G5 as in the proof of Claim 7. By
Corollary 1, (9 is colorable, and by the construction of (G5, this coloring can be extended
to G. We conclude that G is (Zs, ¢)-colorable, a contradiction which completes the proof
of Theorem 3. O

6 Further Zs-coloring properties of generalized multi-
wheels

Lemma 4. Let G be a generalized multi-wheel, and let ¢ : E(G) — Zs. Assume that the
vertex vy is precolored, and for each v € C \ {vy, v}, L, is a set containing at least three
available colors in Zs. For all other vertices v, L, = Zs. Then it is possible to color vy

such that any coloring of vy (introducing no color conflict with vy, vy) can be extended to a
(Zs, p)-coloring ¢ : V(G) — Zs of G which satisfies c¢(v) € L, for any v € C'\ {v1,vq, vy }.

Proof. We prove Lemma 4 by induction on the number of vertices of G.

If G is a multi-wheel, then Lemma 4 follows easily from Lemma 1. Assume that G
is a generalized multi-wheel, but not a multi-wheel or a broken wheel. Then there exist
2 <i < j < ksuch that G contains the edges vyv;, v1v;, and the cycle C" := vyv;v;41 - - - V01
and its interior form a multi-wheel. Let G’ := C'Uint(C"), and let G” be the graph obtained
from G by replacing G’ by a triangle vyv,v;01 (with v;0; directed towards v;). By Lemma
1 there exists o € Zs such that all colorings of v;,v1,v; which cannot be extended to G’
satisty c(v;)—c(v;) = . Apply the induction hypothesis to G” where we define p(v,v;) = a.
Then the resulting coloring can be extended to G’ by Lemma 1, hence Lemma 4 follows.

So we can assume that G is a broken wheel. In particular, v; is joined to v3. By
Proposition 1 we may assume that ¢(v1v;) = 0 for each 2 <1i < k. Let «, 5 be two colors
in Ly, \ {7, (v3)}. Let 7,0, € be three colors in L,,. Suppose for contradiction that for each
of these three colors it is possible to color vy such that the coloring cannot be extended to
G. The color at v; must be one of «, 3, since otherwise the coloring can be extended by
Theorem 1 applied to G — ve. So for two of the colors, v, d, €, say v, d, it is the same color,
say «, which is used at v;. But now we get a contradiction to Theorem 1 applied to G,
where v; has the color a, and v, has the available colors a, 7, d.

This completes the proof of Lemma 4. O

We define generalized wheel strings, clean vertices, and broken wheel strings as in [10]:
If Gy,Go,...,G,, are generalized wheels, then we define a generalized wheel string by
identifying cach principal neighbor of the major vertex in GG; with precisely one principal
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neighbor of the major vertex in G;_1,G;y1, respectively, for ¢ = 2,...,k — 1. The two
vertices which are principal neighbors of the major vertices in G; and G,,, respectively,
and which have not been identified with any other vertex, are called clean vertices. If each
of G1,Go, ..., G, is a broken wheel, then G is a broken wheel string.

We extend the first of these definitions as follows:

Definition 7. Let G1,Gs,...,G,, be generalized multi-wheels. We define a generalized
multi-wheel string by identifying each principal neighbor of the major vertex in G; with
precisely one principal neighbor of the major vertex in G; 1, G, 1, respectively, for i =
2,...,k—1.

Given a generalized multi-wheel string, we now extend the definition of a clean vertex
to be the principal neighbors of the major vertices in G; and G,, which have not been
identified with any other vertex.

Lemma 5. Let G be a generalized multi-wheel string, and let ¢ : E(G) — Z5. Assume
that the two clean vertices have available sets containing at least two colors each, and that
each non-clean vertex on the outer boundary has an available sets containing at least three
colors. For all other vertices v, L, = Zs5. Then it is possible to color the two clean vertices
and all the cutvertices of G such that any coloring of the major vertices (introducing no
color conflict) can be extended to a (Zs,p)-coloring ¢ : V(G) — Zs of G which satisfies
c(v) € L, for allv € V(G).

Proof. We prove Lemma 5 by induction on the number of vertices of G. Suppose for
contradiction that G is a smallest counterexample.

Let G consist of the generalized multi-wheels G, ..., G, such that a principal neighbor
of each of the major vertices in G; and G, are identified. Consider first the case where
m > 2. Let x (repectively y) be the clean vertex in GGy (respectively G,,). Let z be the
common vertex of G; and G5. Assume that L, = {«a, 3,7}. We now apply the induction
hypothesis to G;. We may assume that x, 2z can be colored such that the conclusion of
Lemma 5 holds. Assume that the color of z is . Then we again apply the induction
hypothesis to GG; but now we only allow colors 3,7 at z. So the coloring of z,z can be
chosen in two ways in which z has two distinct colors. Applying the induction hypothesis
to Gy U ... UG, there are two distinct colorings of z,y (with z getting different colors)
such that the conclusion of Lemma 5 holds. Now we let z receive a color that appears in
both a coloring of x, z and a coloring of y, z. So we may assume that m = 1.

Let x = vy, y = vi be the clean vertices in G; = G. Assume first that G is a generalized
multi-wheel, but not a multi-wheel or a broken wheel. Then there exist 2 < ¢ < j < k such
that G contains the edges vyv;, v1v;, and the cycle C" := vjv;v,41 - - - vju; and its interior
form a multi-wheel. Let G’ := C'" Uint(C"), and let G” be the graph obtained from G by
replacing G’ by a triangle v;v;v,v; (with v;v; directed towards v;). By Lemma 1 there exists
« € Zjs such that the (Zs, p)-colorings of v;, vy, v; which cannot be extended to G’ satisfy
that ¢(v;) — c¢(v;) = . Apply the induction hypothesis to G” where we define p(v,v;) = a.
Then the resulting coloring can be extended to G’ by Lemma 1, hence Lemma 4 follows
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in the case where G is a generalized multi-wheel, but not a multi-wheel and not a broken
wheel.

So we can assume that G is either a multi-wheel or a broken wheel. We may assume that
G is a broken wheel since otherwise Lemma 5 follows easily from Lemma 1. By Proposition
1 we may assume that ¢(v1v;) = 0 for any 3 < i < k—1, and also ¢(v9v3) = @(vk_10x) = 0.
Furthermore, we may assume that all vertices vs,...,vr_1 have precisely three available
colors, since otherwise it is easy to see that any coloring of vs, vy, v; can be extended. Let
L,, ={a,B,7}, let L,, = {o/, '}, and let L,, = {a”,3"}. Now, there are four possible
ways of coloring vy, vy. We may assume that none of them works, that is, for each of those
four colorings, it is possible to color v; (introducing no color conflict with ve, vy) such that
the resulting coloring cannot be extended to G. We say that these colors are the bad colors
of v;. Any bad color of vy must be in L, for each 3 <i <k — 1, since otherwise we color
Vg, ..., Vim1,Vk_1,...,0; in that order. In particular, the bad colors are among {«, 3,7}.
Thus, for at least two of the four possibilities, v; has the same bad color, say v. The two
possibilities must either be o, 8" and ', a” or o/, o and f’, 8", since otherwise (if ', say,
does not appear here) we apply Theorem 1 to G with vy, vs colored 7, o, respectively, and
L, ={a",p" 7, (vx)} to get a contradiction. Assume without loss of generality that the
colorings o/, 8", and f',a”, 7y of vy, vk, vy, respectively, cannot be extended to G. The
same argument shows that v cannot be the bad color of v; in three of the four possibilities.
We shall now argue that {o/, 3’} = {«, 5}: If we give v; color v and vy color " and then
color v_1,Vk_9, ..., vy in that order, then the color at vs will be either « or 3, say a. If av is
not in {a/, f’}, then G is colorable with v; having color 7, a contradiction. If we next give
vy color v and vy, color 8”7, then the same argument implies that £ is in {a/, 8'}. (If we have
any choices while coloring vg_1, vg_o, . . ., v4, then it is easy to see that GG is colorable with v
having color 7, a contradiction. Thus  must be the available color at v3 when v, has been
colored.) We choose the notation such that o/ = aand f’ = 5. Now, if, say, 3 is not a bad
color of vy (that is, o and ~y are the only bad colors), then the coloring a, o, v of vg, vg, vy
does not extend to GG, which gives a contradiction when we color vy_1,vg_o,...,v3 in that
order (vs can be colored since vy, v have the same color and p(v1v3) = @(vev3) = 0). Thus
the colorings «, o, f and (by a similar argument) 3, 5", a of vq, v;, v; do not extend to G,
and since a, (3, are all bad colors of v; we conclude L,, = L,, = ... = L,,_, = {o, 3,7}
by an observation made earlier. As above, we conclude that {«”, 3"} = {«, 8}. So vy and
v, have the same available colors, namely «, /3.

Recall that none of the colorings «, 8”,v and «,a”, 3 of vy, v, v1 extend to G. We
shall now obtain a contradiction by proving that at least one of them extends to G. To
prove this, let us now color vy, vg, v1 by «, 5”,7. Then we color vs,...,vx_1 in that order
according to the following rule: if v;_; has color ¢(v;_1) and ¢(v;_1v;) # 0 then we give v;
color ¢(v;_1), and if (v;_1v;) = 0 then we give v; the other available color (which is a or
p) for 3 <i <k — 1. Since the coloring of vy, vk, v does not extend, we must get a color
conflict between vy_1 and vy, that is, the color of vx_; is that of vy (since @(vg_1vx) = 0),
that is, 5”. If this happens, we let the colors of vy, vg, v1 be a,a”, f and now we give all
vertices in vs, . .., vx_1; which have color g color v instead. This coloring clearly works. [J
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7 Exponentially many Zs-colorings of planar graphs

In this section we prove the main result. The proof follows closely the analogous proof in
[10].

Theorem 4. Let GG be an oriented plane near-triangulation with outer cycle C' : vyvg - - - Viv1,
and let ¢ : E(G) — Zs. For each vertex v in G let L, be a set of available colors. Assume
that the vertices vy, vy, v9 or the vertices vy, vy are precolored. If v is one of v3,vy4, ..., Vp_1
(resp. Vs, U4,...,Ux), then L, consists of at least three colors. For all other vertices v,
L, = Zs5. Let n denote the number of non-precolored vertices, and let r denote the num-
ber of vertices with precisely three available colors. Assume that G has a (Zs, p)-coloring
¢ : V(G) — Zs which satisfies c(v) € L, for any v € V(G). Then the number of such
(Zs, ¢)-colorings is at least 2n/9=/3 unless G has three precolored vertices and also con-
tains a vertex u with precisely four available colors which is joined to the three precolored
vertices and has only one available color distinct from T, (w), Ty, (w), Ty, (0).

Proof. The proof is by induction on n. It is easy to verify the statement if n = 1 so we
proceed to the induction step. Let f denote the number of vertices with precisely four
available colors.

We assume that G is a counterexample such that n is minimum and, subject to this, r
is maximal, and, subject to these conditions, f is minimum. We shall establish a number
of properties of G which will lead to a contradiction. Clearly, n > 3r.

Claim 8. G has no separating triangle.

Proof. Suppose for contradiction that zyzz is a separating triangle which divides G into
near-triangulations Gy, Go, respectively, where G contains C'. Then any (Zs, ¢)-coloring
of x,y, z can be extended to Gy by Theorem 2. Let n; be the number of non-precolored
vertices in Gy, and let ny be the number of vertices in Gy — x — y — 2. By the minimality
of n, Gy has at least 2™/97"/3 distinct (Zs, ¢)-colorings. Each such coloring has at least
272/9 extensions to Ga. As nq + no = n, this proves Claim 8. O

Claim 9. G has no chord.

Proof. Suppose for contradiction that v;v; is a chord of C, where 1 < ¢ < j < k. Then v;v;
divides GG into near-triangulations G, Go, respectively.

Consider first the case where G5, say, does not contain a precolored vertex distinct
from v;,v;. Then any (Zs, ¢)-coloring of G; can be extended to Gy by Theorem 1. We now
obtain a contradiction by repeating the proof of Claim 8.

Assume next that ¢ = 1 and that v, is precolored. If each of G1, G4 is a generalized
multi-wheel such that each non-precolored vertex on the outer cycle has precisely three
available colors, then r > n/3, and there is nothing to prove. So assume that G, say,
is not such a generalized multi-wheel. Moreover, it does not contain such a generalized
multi-wheel because G has no separating triangles, by Claim 8, and every chord of G, if
any, is incident with vy, by the first part of the proof of Claim 9. Now, if j < k — 1 we
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repeat the proof of Claim 8. This proves Claim 9 unless 7 = k — 1, that is, Gy is the
triangle viv,v,_1v1. So assume that this is the case.

Then we color v,_1, and we apply the induction hypothesis to G — vg. If vp_; has
precisely three available colors, then both n and r decreases, so Claim 9 follows. If v,_4
has at least four available colors, then only n decreases, but there are at least two choices
for the color of vy_; unless G is the exceptional case at the end of Theorem 4. So we need
only consider the case where G — vy, is the exceptional case at the end of Theorem 4, namely
that G has a vertex with precisely four available colors joined to vg_1,v1,ve. Then k =5,
and n = 2. As v; has at least four available colors, G has at least two (Zs, p)-colorings.
This proves Claim 9. O

Claim 10. Each non-precolored vertex on C' has precisely three available colors.

Proof. Suppose for contradiction that Claim 10 is false. Select a set S of four available
colors in L,, for some vertex v; on C. Let S’ be one of the four 3-element subsets of S.
Now replace L,, by S’. By the maximality of r, the new G has at least 2"/°~("+1)/3 distinct
(Zs, )-colorings. As S’ can be chosen in four ways, this results in 4 - 2/~ +1/3 (75 )-
colorings and each of these is counted three times. Thus we get at least 4 - 27/9~("+1)/3 /3
distinct (Zs, p)-colorings, a contradiction which proves Claim 10. Note that G with its
new lists of available colors cannot be a generalized multi-wheel because n > 3r, as noted
earlier. O

Claim 11. vy is precolored.

Proof. Suppose for contradiction that Claim 11 is false. The coloring of vy,vs can be
extended to G. We give v, the color in that coloring. This decreases each of n,r by 1
and hence we obtain a contradiction to the minimality of n. Note that, by Claim 10, the
new GG cannot have a vertex with precisely four available colors joined to the three colored
vertices. ]

Claim 12. If u is a vertex in int(C) joined to v;,v;, where 2 < i < j < k, then v is also
joined to each of v;}1,vit2,...,vj 1.

Proof. Suppose for contradiction that there exist ¢/, ;" such that ¢ < ¢ < j —2 < j—2
and u is joined to vy, v, but not joined to any of vyi41, vy, ..., vy—1. Let C' be the cycle
uvy vy 41 - - - vju, and let C be the cycle uvjvjigy - - - 00102 - - - vpu. We apply the induction
hypothesis, first to the graph G” := C” Uint(C") and then to the graph G’ := C"Uint(C").
This proves Claim 12 unless G’ is a generalized multi-wheel. If G’ is a generalized multi-
wheel, then it is necessarily a multi-wheel, and then, by Lemma 1, there exists a € Zs such
that all colorings of v;, w, v which cannot be extended to G’ satisfy c(vy) —c(vir) = a. So
before we apply the induction hypothesis to G” we add the edge vyv; and we let p(vyv;) =
«. Apply the induction hypothesis to this graph and then to G'. If n’ (respectively r’) is
the number of non-precolored vertices (respectively non-precolored vertices with precisely
three available colors) of G”, then it is easy to see that n'/9 —r'/3 > n/9 — r/3. This
contradiction proves Claim 12. O
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Claim 12 implies that G does not contain an inserted wheel.
We may assume that

Claim 13. k£ > 4.

Proof. For, if k = 3, then we delete the edge vov3. And if & = 4, then we color v3 and
delete it and use induction after having modified the available lists of the neighbors of vs
accordingly. O

We now split the proof up into the following two cases.

Case 1. G does not contain a path veujus - - - u4v, with the properties that

(i) each of uy,usg,...,u, is a vertex in int(C) joined to at least two vertices of v, vy, ...,
Vg1, and

(ii) the cycle vyvouqus - - - u vgvy and its interior form a generalized multi-wheel.

Case 2. G contains a path vaujuy - - - u,v, with the above-mentioned properties (i) and
(ii).

Note, that (ii) is equivalent to the following statement: the cycle vivouqus - - - ugvEV1
and its interior contain a generalized multi-wheel whose principal path is vyv1v9 and all
vertices on its outer cycle are on vivoujus - - - uqurv1. This follows from Claim 8 and the
fact that if such a subgraph exists, and there is an edge usu; for some s < t, then we may
choose the path vouy - - - usuy - - - ugvy in Case 2 instead of voujug - - - ugvy.

We first do Case 1. We shall prove that the number of (Zs, p)-colorings is not just at
least 27/9=7"/3 as required in Theorem 4, but at least 2("+*1/9=7/3  This will be important
in Case 2 which we shall reduce to Case 1 by deleting an appropriate vertex.

Let R be the set of vertices in int(C) which are joined to at least two vertices of the
path C'— v, — v; — vo. By Claim 12, the union of the path C'— v, — v; — v and R and the
edges from R to C form a broken wheel string which we will call W.

Subcase 1.1. No two consecutive blocks in W are triangles.

We use Lemma 5 to color all the principal neighbors of the major vertices in W in such
a way that, regardless of how the major vertices in W are colored, the coloring can be
extended to . This means that we can apply induction to G' = G —wvg —vg — -+ — Vp_1.
Any (Zs, p)-coloring of G’ can be extended to G. By the induction hypothesis, the number
of (Zs, p)-colorings of G' is at least 2"/°~"'/3 where n’ =n —k+3 =n —r and ' = |R)|.
The assumption of Subcase 1.1 implies that " < (2r —1)/3. Hence the number of (Zs, ¢)-
colorings of G’ is at least 2(»T1/9=7/3,

Subcase 1.2. Two consecutive blocks in W are triangles.

Let wy,wy be two vertices in R each joined to precisely two consecutive blocks of C.
That is, there is a natural number ¢ such that W contains the blocks wqv;_1v;w; and
wWaU; Vi1 Wwo. We now color successively vz and the cutvertices of W with increasing indices
until we color v;_;. Whenever we color a cutvertex, we do it such that the corresponding
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block of W can be colored regardless of how we color the major vertex. This is possible
by Lemma 4. There are even two possibilities for coloring such a cutvertex of W whenever
the preceding cutvertex is a neighbor of the cutvertex that is being colored. Then we
color successively vi_; and the cutvertices of W with decreasing indices until we color v;1.
Again, there are even two possibilities for coloring such a cutvertex of W whenever the
preceding cutvertex is a neighbor of the cutvertex that is being colored. (Also there are
two possibilities for coloring each of vs, vx_;.) Finally we color v; and apply the induction
hypothesis to G —v3 — vy — - -+ — vp_1. Let r’ be the number of vertices of R and let n’ be
the number of uncolored vertices of G —v3 —vy —---—wvp_1. Thenn' =n—-k+3=n—r.

The number of colorings of the vertices of W in the path wvyvz---v,_; is at least 2,
where ¢ is the number of blocks of W which are triangles.

For each of these there are at least 27'/9-7'/3 (Zs, ¢)-colorings of G —v3 —vy— -+ —vg_1,
by the induction hypothesis. Let s be the number of blocks of W which are not triangles.
Then ' = s+t and r > 25+t + 1. So the total number of colorings of G is at least
27'/9='/3+t which is greater than 2(*t1/9=7/3  This completes the proof in Case 1.

We now do Case 2. Let m be the smallest number such that w, is joined to v,,. By
Claim 12, u, is joined t0 Uy, U1, - - -, Uk (and possibly also to v1). Again, we split up into
two cases.

Subcase 2.1. v; is joined to u,.

We select two colors o, Bin L,, |
Toe_1 (B, uq) from L, and we delete the vertex v_; from G. Then we color u, and delete
also vg. By the induction hypothesis, if the resulting graph G’ has at least one (Zs, ¢)-
coloring, then it has at least 2("=2/9=(=1/3 (7. )_colorings. Each such coloring can be
extended to vi_; and the proof is complete. So assume that G’ has no (Zs, ¢)-coloring. By
Theorem 3, G’ contains a generalized multi-wheel. Clearly, ¢ < 2. Furthermore, G’ has no
chords vyv; for 3 < i < k — 2. Hence either ¢ = 1 in which case G is a wheel by Claims
8 and 12, or else ¢ = 2 in which case G’ — V41 — Upmya — -+ - — Ur_o is a wheel. But then
n —r < 2 and there is nothing to prove.

Subcase 2.2. v; is not joined to u,. Now G has a vertex w joined to vy, u,, w; for some
[ < g by the definition of a generalized multi-wheel. By Claim 12, w is not joined to vs.

If m < k —2, then we select two colors «, 5 in L,, , distinct from 7, (vx—1). We delete
the colors 7, (a,uq), 7, , (B, u,) from L, and we delete the vertices vg_1,vp—2, ..., Upms1
from G. Then we use the induction hypothesis to obtain a contradiction because the
resulting graph has a smaller . So assume that m =k — 2.

If g = 1, then w is joined to vy, hence by Claim 12 both of w and wu; are joined to all
of v3,vy,...,vx_1 which is impossible. So assume that ¢ > 1.

If u,_; is joined to vj_o, then we select two colors v, 5 in L,, , distinct from 7, (vx_1).
We delete the colors 7, (o, ug), 7, , (8, uq) from L, and we delete the vertex v,_; from
G. The resulting graph G’ satisfies the assumption in Case 1. We explain why: If G’
contains a path vew ws - - - wyvy such that each of wy, ..., wy is a vertex in the interior of
V1Vg - - - Vp—alUgUiV1, then wy cannot be joined to any of vs, ..., vi_9, hence it is not joined
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to at least two vertices of v3, vy, ..., v5_2,u,. Thus the conclusion follows by repeating the
proof in Case 1. The reason we can repeat the proof in Case 1 is that G’ satisfies the
analogue of Claim 12 when wu,_ is joined to vy_s. Therefore we may assume that w,_; is
not joined to vi_s.

Let ¢ be the smallest number such that u,_; is joined to v;, and let 5 be the largest
number u,_; is joined to v;. Then j < k — 2. We select two colors «, 8 in L,, | distinct
from 7, (vx—1). We delete the colors 7, (a,ug), 7, _, (B, u4) from L,, and we delete the
vertex vg—1. The path vju,—iu, divides the resulting graph into two graphs G, G2, where
(1 contains v;. Assume first that G, is a generalized multi-wheel. If G; contains a
generalized multi-wheel then r > n/3, so there is nothing to prove. If not, then we obtain
a contradiction by applying the induction hypothesis to G;. Let n’ denote the number of
non-precolored vertices in GG1, and let " denote the number of vertices in G with precisely
three available colors. As Gy is a generalized multi-wheel without chords, it is a multi-
wheel and we have n’'/9 — 1r'/3 > n/9 — r/3. We use the fact that, by Lemma 1, there
exists o € Zs such that all colorings of v;, 141, u, which cannot be extended to G, satisfy
c(uqy) —c(vj) = a. So before we apply the induction hypothesis to G; we add the edge v;u,
(directed towards u,) and we let ¢(vju,) = a. In this case the number of (Zj;, ¢)-colorings
of Gy is greater than or equal to 2/°~"/3 and any such coloring can be extended to Gs.

On the other hand, if G is not a generalized multi-wheel, then we obtain a contradiction
by applying the induction hypothesis first to G; and then to G3. We lose a multiplicative
factor 279 because of the deleted vertex v,_;. We make up for that before we apply
induction to G; since we can delete one of the available colors of u,_; in at least five
different ways. In this way we gain a multiplicative factor 5/4, and now the proof is
complete, because 5/4 > 21/9. O

Corollary 2. Every planar simple graph with n vertices has at least 2™° Zs-colorings.
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