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ABSTRACT

Accurate estimation of the attitude of unmanned aerialalehi(UAVS) is crucial for their control and displacement.
Errors in the attitude estimate may misuse the limited batemergy of UAVsS or even cause an accident. For
attitude estimation, proprioceptive sensors such asiaheneasurement units (IMUs) are widely applied, but they
are susceptible to inertial guidance error. With antennayarcurrently being installed in UAVs for communication
with ground base stations, we can take advantage of the striasture in order to improve the estimates of |IMia
data fusionln this paper, we therefore propose an attitude estimatistes1 based on a hexagon-shaped 7-element
electronically steerable parasitic antenna radiator fE§Rarray. The ESPAR array is well-suited for installment
in the UAVs with broad wings and short bodies. Our proposddtiem returns an estimation for the pitch and
roll based on the inter-element phase delay estimates ofinbeof-sight path of the impinging signal over the
antenna array. By exploiting the parallel and centrosymimstructure in the hexagon-shaped ESPAR array, the
3-dimensional Unitary ESPRIT algorithm is applied for phakelay estimation to achieve high accuracy as well
as computational efficiency. We devise an attitude estonagigorithm by exploiting the geometrical relationship
between the UAV attitude and the estimated phase delays.nalytical closed-form expression of the attitude
estimates are obtained by solving the established simagdizsnonlinear equations. Simulations results show the
feasibility of our proposed solution for different sigrtaknoise ratio levels as well as multipath scenarios.

The work described in this paper was supported by a grant fremResearch Grants Council of the Hong Kong Special Adinatige
Region, China (Project No. CityU 120911) and by the MCT/FINtarough the public announcement CT-AERO - VANT 01/2009.



Fig. 1. Darkstar UAV (top) and ScanEagle UAV(bottom).
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|. INTRODUCTION

Accurate attitude estimation for unmanned aerial vehi@l#dVs) is vital to ensure their correct displacement
and control. The attitude indication of UAVs is usually coted by inertial measurement units (IMUs) consisting
of proprioceptive sensors such as gyroscopes, magnetanagte accelerometers. However, IMUs are subject to the
inertial guidance error, which arises from the acceleremeteasurement error and the gyroscope drift error [1],
[2].

In our previous papers [1], [3], a 4-element cross-shapézhaa array has been used for UAV attitude estimation,
which can be used to improve the estimates of IMUs, e.g., &a tusion. In the cross array, two pairs of antennas
is located at both ends of the body and wing. This layout idiegiple to UAVs which have relatively long body.
However, in cases the UAVs have short bodies [4] (see FiguneHich is typical for most UAVSs, attitude estimation
based on cross-shaped antennas suffers a degradatioimiatest accuracy.

Recently, the hexagon-shaped 7-element electronicadlgrable parasitic antenna radiator (ESPAR) array has
attracted considerable attention [5]-[7]. With only a $&agort output, the ESPAR array has low power consumption,
small physical size as well as low manufacturing cost whieders it very attractive for practical use in battery
operated devices such as UAVs. From the geometry point of,\tlee 7-antenna ESPAR array is well-suited for
installation in UAVs with broad wings and short bodies. Iisthaper, we use the ESPAR array as an alternative to the
cross-shaped array for UAV attitude estimation. Due to #st flevelopment of ESPAR arrays, they have promising
application prospects in UAVs for different purposes, ,efgr radar and communication systems [8] [9] [4].
Therefore, our attitude determination solution may not bbject to the endowment of additional equipment.

Note that in the literature [10], [11], other attitude eddiion solutions based on GPS receivers and satellite

http://www.dreamlandresort.com/blagiojects/darkstar.html
2http://www.naval-technology.com/projects/scaneagie/scaneagle-uavl.html



communication links are also proposed. However, suchisolsitequire an additional installation of a GPS antenna
array in UAVs, which increases their costs and weights.

The first crucial step in the attitude estimation algorittentio determine the phase delay, whose accuracy directly
affects the former performance. By exploiting the paradlel centrosymmetric structure of the hexagon-shaped
ESPAR array, we apply the 3-dimensional (3-D) Unitary ESPRIgorithm [7], [12] for phase delay estimation.
The 3-D Unitary ESPRIT enjoys the advantages of a high etitinmaccuracy and a low computational complexity
due to the use of the forward-backward averaging (FBA) teglenand a real-valued transformation (RVT).

The remainder of this paper is organized as follows. In $acli we explain the system model for the UAV
equipped with the hexagon-shaped 7-element ESPAR antemay &ur proposed attitude estimation scheme
consists of two stages, namely, phase delay estimation aledlation of the pitch and roll, which are presented
in Sections Il and IV, respectively. In Section V, simutatiresults are provided to evaluate the performance of

the proposed algorithm, and finally, conclusions are draw8ection VI.

II. SYSTEM MODEL

In this section, we present the model of our considered systhich consists of the scenario description, the

definition of the attitude angles and data model.

A. Scenario Description

We define a 3-D coordinate system [1], [3] according to Figlreith the base station placed at the origin.
A UAV is endowed with an ESPAR array witeevenantennas in a flattened hexagonal shape. For the sake of
simplicity, we assume that all antennas lie in the same patkethat the wings lie on a straight line perpendicular
to the longitudinal axisS, is situated at the symmetric center of the hexagon (whichaidés with the intersection
point of the body and wing axesdnd the remaining six antennas are symmetrically diggibon the wing:S; and
S, are located at the midpoints of the pair of short oppositesidndSs, S, S5 and .Sg symmetrically located at
the quartile points of the pair of long opposite sidAsGPS sensor is placed at the symmetric center of the UAV
array to provide the GPS coordinates of the UAV. Moreoveraagume that the GPS coordinates of the base station
are known. From the GPS coordinates of the UAV, the UAV camaths in the base station coordinate system can
be obtained by a coordinate transformatidhe length of the long side of the wing, namely, the distamoenfone
wingtip to the other wingtip, is referred to as the wingspaenoted aslyi,,, while the length of its short side is

referred to as the wing breadth, denotecdb@s,. The length of the body is denoted dg,qy -

B. Definitions

In Figure 3, the definitions of the attitude angles for pitobl] and yaw are shown by establishing the 3-D
coordinate system with origin located in the symmetric eemtf the UAV array and coordinate axes parallel to

those of the GPS coordinate systeriibe pitchy € [—7/2,7/2] is defined by the elevation angle between the
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Fig. 2. System arrangement depicting communication link betwesse Istation and UAV endowed with an 7-element ESPAR array.

z-y plane and the longitudinal (body) axis of the UAV. Tta@l 6 € (—m,n] is given by the rotation angle of the
wings about the body axis. In cage= 0, the roll § is the angle between the-y plane and the lateral (wing)
axis. The azimuth angle, namely, the rotational angle atimut axis, is referred to as yaw. In this paper, the yaw

1 € [0,2m) is assumed to be knowanpriori since it is determined in a different way from the pitch anidl [i13].
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Fig. 3. Definitions of pitche, roll 8 and yaws) in 3-D coordinate system.



C. Data Model

Assume that a source is radiating narrowband signals franfahfield of the array, i.e., its wavefronts can be
considered to be planar at the receiver. In multipath enwrent, the received signal is a mixture of a line-of-sight
(LOS) path and K — 1) non-line-of-sight (NLOS) multipath componentdere we assume that a strong LOS is
always presentin ESPAR arrays, there is only one output which is conneatetthé center antenna, hamely,
while each of the remaining six antennas is loaded with anstalple reactance through a connected varactor diode.
The scalar output is a weighted combination of the outputallothe elements and the weights can be controlled
by appropriate steering of the varactor diodes. To obtaendhtput of them-th, m = 1,2,..., M, antenna, we
need to apply at leas/ different sets of reactances where each provides us wittiferatit linear combination
of the actual array outputs [6], [7]. Since we know the wesgbt these linear combinations, we can recover the
signal at the passive elements by inverting the weighting.

The base band output of the corresponding decoupled 7-oatpmy can therefore be written as
X=AS+2Z, Q)

where X € C™¥ is the measurement matrid € C™*X denotes the array steering matrix which consistg<of
array steering vectors,,...,ax, S € CX*N contains theN symbols from allK multipaths, with an average
signal power ofs? in the i-th multipath, andZ € C™*¥ is the noise matrix collecting the additive noise samples
which are assumed to be mutually uncorreldted Gaussian distributed with zero mean and variancg’ of

Our goal in this paper is to estimate the piteland the roll® using the hexagon-shaped ESPAR antenna array.
Our proposed attitude estimation scheme consists of twgestérirst in Section lll, the inter-element differences
in phase delays (IDPhDs) of the LOS path between the antesinalpng the three symmetry axes in the ESPAR
array are estimated using 3-D Unitary ESPRIT parametemasittn algorithm. Second, in Section IV, based on
the geometrical relationship between the UAV attitude dDBHDs, a set of nonlinear equations is established and

solved to estimate the attitude pitch and roll.

1. 3-D UNITARY ESPRITFORPHASE DELAY ESTIMATION

To begin with, let us first investigate the IDPhD associated single planar wavefront. The IDPhDs along the

three symmetry axes of the hexagon are defined as

L= dy— b1, (2
v £ ¢4 - ¢3 ) (3)
w £ ¢y— 2, 4)

where¢;,i = 1,...,4 is the phase delay of the antenfia
In this section, we discuss the estimation.gfv, andw of the LOS path via 3-D Unitary ESPRIT [7].

3If the noise is correlated (which may be the case for ESPA&yardue to the decoupling), prewhitening will be applied pseprocessing

step.



A. Shift invariance

Since antennas;, i = 1,2, 3,4 form a parallelogram, we have
U+ w=r. (5)

We can express the array steering veetdn terms of the spatial frequencies as

a (/’L7 1/7 w) = [ei]u7 eJUJ? ei]l” 17 eJl/? ei]W? e]u] * (6)
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Fig. 4. The ESPAR array and its invariances.

Note from (5)-(6) and Figure 4 that the array is shift invatialong all three axes we have defined. In each
case,;m = 4 out of M = 7 elements belong to one subarray, and the center elefestthe only one common to
all of them. In order to apply ESPRIT methods, we have to defiglection matrices that select four out of seven
elements belonging to the desired subarrays. Let us cartide-direction first. In this caseS; is mapped taSy,

S, to S5 and so on. Therefore, the selection matricegdirection are defined as [7]
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Likewise, applying the shift invariant conditions to thénet two directions yielding the following results [7]
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B. 3-D Unitary ESPRIT

In order to estimate the spatial frequencies along threectiims jointly, we use the 3-D Unitary ESPRIT
algorithm [7]. The ESPRIT-type algorithms use the signdispace to estimate the spatial frequencies. Therefore,

the first step is to compute the eigenvalue decompositiomefample covariance matrix (SCM)

~

1
R = NXXH e CMxM (13)

where ! represents the Hermitian transpose of a matrix. In priecifthe K eigenvectors associated to tté
eigenvalues with the greatest power are assumed to formighalsubspacé/, and the(M — K) eigenvectors
related to the( M — K') eigenvalues with smallest power are assumed to be the naispaceHere, we assume
that the line-of-sight (LOS) path is always present and & higher power than all non-line-of-sight (NLOS) paths,
which is valid in nominal conditions. That is to say, the NL@&hs are treated as interference. In doing so, we
only chooseK = 1.

The spatial frequencies are computed as

7 = arg <(Jn,1us)H Jn,2us) , nE {:U’a Z/,w}, (14)

whereu, is the dominant eigenvector of the SCMthat correspondsedaitgest eigenvalue.



This solution is the standard ESPRIT algorithm. In ordentpriove the estimation accuracy and the computational
efficiency, we use 3-D Unitary ESPRIT [7], [14]. By applyin@/& on the measurement data, we obtain a centro-

Hermitian matrix which is then mapped to a real-valued mdigi [15]
T(X) = QI]?I [X7 H]WX*HN] Q2N7 (15)

where* denotes the complex conjugatidi,, is thep x p exchange matrix with ones on its antidiagonal and zeros
elsewhere, an@),, € CP*? is a unitary leftdI-real matrix which satisfie$l,Q, = Q,,.

We get the following modified shift invariance equations

K, e\, =~ K,2e; (16)
Kl/,les)\l/ ~ KV,QeS (17)
Kw,les)\w ~ Kw,265a (18)

wheree, € RM*!1 is the dominant eigenvector obtained from the transforneedtvalued data matrix in (15), and
the new selection matricek’,, ;, n € {u,v,w},i = 1,2, are obtained fromJ, ; by
Ky = 2 Re{QJy2Qu)} (19)

K 2-Im{Q1J,2Q 7}, (20)

7,2

whereRe{-} andIm{-} represents the real and imaginary part of a complex magspectively.

Finally, the spatial frequencies are obtained as

ﬂ =2 tan_l()\ﬂ)a
=2 -tan"1(\,), (21)
O =2 -tan"t(\,)

V. ATTITUDE DETERMINATION ALGORITHM
We assume there is a pair of dummy antenfigand .Sy along the body axes which lie on the extension of the
wing antennas, as shown in Figure 5. These dummy antennastl@dantennas form the parallelogram which is

centered aroundy.
The estimated phase delay differences of the LOS path betieewing antennagS;, S4) and body antennas

(S4, Sg) are obtained as

fiwing pLos) (22)

ﬂbody _ ])(LOS)_f_d)(LOS) ) (23)

The main idea of the algorithm is to determine the coordmdte the left wing antenn&; and dummy nose
antennaSs as a function of the unknown pitch and roll, and establishstesy of simultaneous nonlinear equations

based on the array geometry and estimated phase delgysand fiyoqy [1], [3]-



; : Dummy Antennaj

Fig. 5. Positions of the pair of dummy antenngSs, So) in the ESPAR array.

Fig. 6. lllustration of antenna positions iny-z system [1], [3]: @) basic configuratiofd, 0, 0); b) configuration with added roll0, 6, 0);

¢) configuration with added pitcfip, 6, 0); d) configuration with added yaw moveme(nt, 6, )

Figure 6 describes how a specified attituded, 1) of a UAV is formed [1], [3]. Initially, the body of the UAV
is identical to ther axis, and the wing coincides with theaxis (Figure 6a). When evoking a roll movement, the
wing antennasS; and S7 rotate about ther axis in they — z plane, as depicted in Figure 6b. It is followed by
successive pitch and yaw movements which correspond tootiagdians of all antennas about thyeand z axis,

respectively, as described in Figures 6¢c and 6d. Note thatcasisequence of the chosen rotation order (roll - pitch
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- yaw), all the rotations are about the axes.
The coordinates for the dummy nose antesieare
0
Ps(0,%) = bwingR.(1) |cos (24)
sin
where a yaw motion) is taken into account by the counter-clockwise rotationrixat
cosy —siny 0
R.(¢) = siny cosy 0 |- (25)
0 0 1
Next, we take into account the roll movement. The left wingeanasS; lies on a circle in the: — z plane which
experiences two subsequent rotations aboutittais andz axis (Figure 6c-d). The coordinates of the left wing
antenna are therefore given by
cosf
dwingR-(V)Ra(9) | 0 (26)

sin 6

N | —

Pi(p,0,¢) =

where R, () represents the rotation about theaxis by an angle of pitckp
1 0 0
R.(p)=| 0 cosp —singp |- (27)
0 sing cosp
Finally, the antenna positions relative to the base stasion = 1, 8, are obtained by adding the UAV coordinates

py, to the local antenna coordinatp$

pl(@595¢) = pll(@595¢) + Py (28)
ps(p ) = Ps(e,¥) + Dy (29)

Using the phase difference between the body antepag calculated in Section Il by 3-D Unitary ESPRIT,
we set up the following equation

A
lps (o, )N = llpy |l = =5 —Fnoay (30)

where \ oy /(27) is the estimated propagation distance difference of thenaat pair(.Si, Ss).
Solving (30) yields (see Appendix A)
L[ AT oy llpy | + NP/ (47°) - iRy — B

-, (31)
2bwing \/(xb cos ) — ypsiny)? + 22

» =sin"

Once an estimate for the pitch is obtained, we compute the rdllusing fiying in @ similar way

R A
11 (2,0, V)| = llppll = 5 Fwing- (32)
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A pair of supplementary solutions are obtained from sol\{3®) (see Appendix A)

A .1 )\/7’( ' /lwinngb” + )‘2/(47T2) ’ //:L\27Vil'lg vvlng/4
01 = sin - B, (33)
dywing\/ (1 cos Y + Yy, sin ¥)2 + (z, sin 9 sin ¢ — y1, cos P sin @ + 2y, cos P)2
and
é2 =7 —sin ! )‘/ﬂ- ’ ﬂwing”pr + A2/(471-2) ’ ﬂgving w1ng/4 ~8 (34)
dying \/ (Tb cos ¥ + yp sin )2 + (zp sin ¢ sin p — yy, cos P sin @ + 2y, cos P)? 7
where

5 = tan~! < Ty, CoS 1) + Yy, sin 1 ) . (35)

Zp sin Y sin @ — y, cos ¥ sin @ + zp cos Y
We cannot decide which one of this pair of supplementaryemngl correct from the algorithm itself. This is the
inherent uncertainty of the proposed algorithm. In ordehawe a unique solution, we assume that a UAV cannot
be flying upside down, which is valid in nominal conditionsplying thatd € [—7/2, 7/2]. Thereby, only the first

solution, namely, (33) is chosen.

V. SIMULATION RESULTS

We evaluate our proposed algorithm by means of Monte Camhlsitions. The data is generated based on (1),
where the signal samples are complex sinusoidal with unlizude and frequency of 30 MHz. The UAV is located
sufficiently far from the base station (1000 m here) such tirtassumption on planar waves approximately holds.
We consider a scenario where the UAV has a wingspai.gf, = 1.2 m and a wing breadth dfyi,, = 0.39 m.
1000 independent Monte Carlo runs are conducted. In eachtharpitchy and roll 9 are uniformly generated in
the interval[—7 /2, 7 /2], the yaw is uniformly generated {0, 27)) and is assumed to be known. The closed-form
solutions of (31) and (33)(34) are used as the pitch and stitnates. The root mean square error (RMSE) of the

estimated pitch and roll defined as

RMSE(¢) =

L
Z (36)

|—|’_‘

RMSE(f) =

|—|’_‘

Z (6 — )2 (37)

where L is the number of independent Monte Carlo runs, is used asdtiermance measure. For comparison, the

cross-shaped array combined with 2-D ESPRIT proposed ims[@8Fed as the benchmark.

A. Performance Comparison: Hexagon-Shaped Array verses8haped Array [1], [3]

Denote the body-length-to-wing-breadth ratio/as= dyody/bwing. We compare the attitude estimation perfor-
mance of our proposed hexagon-shaped array combined withUsitary ESPRIT and the cross-shaped array

combined with 2-D ESPRIT under various Here the body length varies to get different
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First, we consider the scenario where only the LOS path isgmte(’ = 1). The signal-to-noise ratio (SNR) in
dB is defined as
02
SNR:wl%m<ﬁ>. (38)

V4

The noise samples are modeled as complex-valued i.i.d. iee@n white Gaussian processes, whose power is
scaled to produce different SNRs.

In Figures 7 and 8, we respectively plot the RMSEs of pitch imfidestimates, measured in degrees, versus SNR
for two attitude estimation schemeésote that when the UAV has a short body and a broad wing such-tisssmall
(r < 2), the hexagon-shaped array in conjunction with 3-D UnitBBPRIT outperforms the cross-shaped array
combined with 2-D ESPRIT in both pitch and roll estimatiomdAthe improvement is more significant with the
dicrease ofr. And for r = 2, they have almost the same performance. On the other haed thk UAV has a long
body and a narrow wing such thais large ¢ > 2), the hexagon-shaped array combined with 3-D Unitary ESPRIT
is outperformed by the cross-shaped array combined withESPRIT in terms of pitch estimation. Nevertheless,
it is slightly superior to the latter in terms of roll estin@t for » < 4. This shows that the hexagon-shaped array
combined with 3-D Unitary ESPRIT has more advantages ingstimation. Note also that the pitch estimation
accuracy is more affected by the variation of the body length

An intuitive explanation behind such an observation is aert@ape argument. For small< 2, the cross-shaped
antenna is confined to the body length whereas the hexagpedlarray extends beyond it via the dummy antennas
Sg and .Sy and hence has a larger aperture. On the other hand, for targe, the cross-shaped antenna simply
spans a larger area and hence has a larger aperture that ig yiblds more accurate estimates. Foe 2, the
cross-shaped antenna and the hexagon-shaped array haleaperiure which results in the same performance.

In Figures 10 and 11, the effect of multipath components issitiered in the presence of noise. The LOS-to-

NLOS power ratio, commonly known as the signal-to-intexfere power ratio (SIR), is given by

02
SIR = 10 log1o | (39)
i=20j
where we assume thaf corresponds to the signal power of the LOS path, apd = 2,..., K is the power of

the i-th multipath componentk” = 8 paths are considered, namely, 1 LOS and 7 NLOS components fixed
SIR, the power ratios of different NLOS paths are generatenh fthe squared Gaussian distribution, namely, the
chi-squared distribution with one degree of freedom, whileir impinging wavefronts have array steering vectors
as in (6), with the relative phase delay at the referencenaateandomly generated from a uniform distribution
in [0,27). Again, in pitch estimation the hexagon-shaped array with Bnitary ESPRIT is superior to the cross-
shaped array with 2-D ESPRIT whenc 2, inferior to the latter whem > 2, and has comparable performance for
r = 2. While for roll estimation, the hexagon-shaped array with ®nitary ESPRIT outperforms the cross-shaped
array with 2-D ESPRIT in a wider range of body-length-to-gdoreadth ratios up to = 4. The same phenomenon

is observed for other number of multipaths.
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Fig. 7. Comparison of pitch RMSE versus SNR for two attitude estiomschemes: cross-shaped array with 2-D ESPRIT and hexagon

shaped array with 3-D Unitary ESPRIT at different body-katp-wing-breadth ratios.

B. Estimation Performance Dependency on true Pitch and &ull Range of Inaccuracy

In Figure 12, we plot the RMSE of the attitude estimates asnation of pitch and roll. We see that when the
pitch ¢ approaches the boundary #fr/2, the pitch estimation suffers a sharp performance degmadaind when
both ¢ and# are close to the boundaries, namely—~ +7/2 andd — +x/2, the roll estimation also deteriorates

drastically. Therefore, to safely use the proposed algaritsuch an inaccurate region should be avoided.

VI. CONCLUSIONS

In this paper, we have proposed an attitude estimation ighgoifor unmanned aerial vehicles (UAVS) based on
a hexagon-shaped 7-element electronically steerablesiparantenna radiator (ESPAR) array. The ESPAR array

is well-suited for installment in the UAVs with broad wingsitbshort bodies, which is the typical case for most
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Fig. 8. Comparison of roll RMSE versus SNR for two attitude estimagchemes: cross-shaped array with 2-D ESPRIT and hexsggred
array with 3-D Unitary ESPRIT at different body-lengthsdng-breadth ratios.

UAVs. Our proposed solution returns an estimation for thiehpand roll based on the estimates of the phase
delays of the line-of-sight path. By exploiting the parbb&d centrosymmetric structure of the hexagon-shaped
ESPAR array, we apply the 3-dimensional Unitary ESPRIT #dtigon for phase delay estimation, which is known
for its high estimation accuracy as well as computationfitiehcy. Then an explicit closed-form formula for the
attitude estimates is obtained by solving a system of sanelbus nonlinear equations built based on the geometrical
relationship between the UAV attitude and the estimatedseltelays.

One limitation of our work is that the attitude estimates elah on the GPS positions which are erroneous.
Especially the height is hard to determine and fluctuategebharin practice. It would therefore be interesting to
study the sensitivity of the attitude estimates with resgecthe GPS positioning errors. As a future work, we

intend to use an antenna array being installed at the basensta estimate the UAV position relative to the base
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Fig. 9. Array aperture of two kinds of configurations for< 2.

station instead of the GPS. In this way, the additional itegtan of a GPS receiver in UAVs is not required which
can further save their costs and weigh¥toreover, another future work is to evaluate the proposégse using

actual flight data.
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APPENDIX A

SOLVING (30) AND (32)

Solution: Substituting (24) in (29), we obtain

Ipsl® = (P& + o) " (0% + py) = [IPs|1° + 2P, P + [Py
—sin cos ¢
_b?,vmg [xb Yp 2 | bwing | coscosp -|—||pr2
sin

= 2bwing[(xb cOS Y — yp, SN 1) cos @ + 2 sin @] + by + [Py 12

= waing \/(xb COS Q;Z) — Y sin ¢)2 + Z% Sin(@ + Oé) + b?)ving + Hpr2 (40)
where
o — tan-! <xbcosw—ybsinw> . (a1)
2p
According to (30), it holds that
A
Ips® = (ol + 5 fwoay)® (42)
Substituting (40) in (42) yields
. . 2 2 )\ )\2 2
2bwing Sln(@ + Oé)\/((L‘b cos Y — yp sin w) + 2y = ,U'body ”pr + 2 Mbody bwmg (43)

Solving (43) and taking into account thate [—m/2,7/2], we obtain the unique solution provided in (31).
Once the pitch estimatg is obtained, we compute the rdllby (32) in a similar way. Following (29) and (26),

we have
lp1|* = (1 + pu) " (01 + py) = lIP1|1* + 2P0 P + [P
cosp —sinyYcosyp  sinysing cos 0
1
4d\2mng [ Tn Yp b ] §dwing sing —costcosp — costsinp 0
0 sin ¢ CoS ¢ sin 6
= dywing[(21 cOs ¢ + yp sin1)) cos 6 + (z1, sin 1 sin ¢ — y1, cos P sin G + 2y, cos @) sin H]+
2 2
4dw1ng + Hpr
= dying Sin(0 + B)v/ (1, cos 1 + yp, sin )2 + (zy, sin ¢ sin G — yy, cos P sin @ + 21, cos B)2+
4dx2mng + ”prQ' (44)
where
B = tan! [ TbCOSVF gpsiny ). (45)
Ty, 8in 1 sin @ — yy, cos 1 sin @ + 2y, cos @

From (32), it follows that
A
Ip111? = (llpy | t3 ,U'wmg)Q (46)
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Substituting (44) in (46), we obtain

dywing Sin(0 + B)/ (21, cos ¥ + yp, sin )2 + (2, sin ¥ sin @ — y1, cos 1) sin G + 2y, cos )2
)\2

A N ~9 1 )
= ;Hwing”pbu + 4—7_rglu’wing - Zdwing' (47)

Solving (47) yields (33) and (34).

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]
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