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ThepurposeofthisnoteistopresentanelementaJyproofofthe

factthatnomorethantwelveunitballscansimultaneouslytoucha

unitballin3-spaEe,aproofthatisaccessiblefbrundergraduates．

lntroduction１

HowmanymutuaUynon-overlappingunitbanscansimultaneouslytoucha

ballofthesamesizem3-dimensionalEuclideanspace？Oonsideraregular
icosahedroninscribedinaunitsphereS2,andsupposethatl2unitballsare
puｔｉｎｓｕｃｈａｗａｙｔｈａｔｅａＥｈｂａｌｌｉｓｔａｎｇｅｎｔｔｏｔｈｅｓｐｈｅｒｅａｔｏｎｅｖｅｒｔｅｘｏｆ

ｔｈｅicosahedron・Then，bycalculatingthedistancesofthecentersofbans，
itcanbeprovedthatthesetwelveballsarediSjoint・Therefbre,twelveunit

ballscantoucllaunitbalLThen,canthirteenunitballstouchaunitban

simultaneously？Thisistheproblemofthirteenspheres,anditissaidthat

thisproblemwasdiscussedbetweenA，ＮｅｗｔｏｎａｎｄＤ・Gregoryinl694，

KSchUtteandBLvanderWaerden[15]provedinl953thatnomorethan
twelｖｅｕｎｉｔｂａｌｌｃａｎｔｏｕｃｈａｕｎｉｔｂａｌＬＩｎｌ956,Leechpublishedtwopages

paper[9](seealso[16],pplO-12)tosketchaproofofthesameassertion
Butbecauseofmanyskips，ｉｔｉｓｄｉｆＨculttofbllowcompletely6Acomplete

proofalongthelineofLeech'sproofisgivenin[111Recently,relatedtothe
problemofthirteenspheres,severalpapers[1,3,4,5,6,11,12,13,14]appeaM・

Ｉ､[12],OregRMusinsolvedthesametypeprobleminfbuledimensions；
ｔｈｅｍaxim11mnumberofunitballsthａｔcantouchaunitballinfburdimeTu-

sionsis24Applyingasimilarmetho｡,Musin[13]alsogaN'eanewproofof
theproblemofthirteenspheres．

１



BOasselmanwrotein[6]thatitwouldbevaluableifsomeonewereto
publishanaccountofLeech，sproofthatmadeitaccessibletoanelementary
undergraduatecourseThisgavemeamotivationtowritethisnote・

Inthisnote,webasicallyfbUowLeech，sproof[9]aswellas[11Lbutwe
uSeFejesT6th'sLemma[7]tomakeargumentssimpler,andimproveafbw
detailsof[11]tomaketheproofaccessiblefbrundergraduatesExceptafew
standardfbrmulas,proofSofallassertionsarepresenteCLTheexceptionsare：

(1)Girard'sfbrmula(thesphericalexcessfbrmula)fbrtheareaofaspherical
triangle,(2)thesphericalcosinelaw,and(3)EulerMbrmulafbraconnected
planegraphlhopethecontentsofthisnoteprovidesuitablematerialsfbr
elementaryundergraduatecourse．

２Ｂａｓｉｃｆｂｒｍｕｌａｓａｎｄｋｅｙｌｅｍｍａｓ

ＬｅｔＳ２ｄｅｎｏｔｅｔｈｅｕｎ此ｓｐｈｅｒｅｉｎＲ３ｃｅｎｔｅｒｅｄａｔｔｈｅｏｒｉｇｉｎＯ・Ａｎａｒｃｏｆ
ａｇｒｅａｔｃｉｒｃｌｅｏｎＳ２ｔｈａｔｈａｓlengthlessthan7Tiscalledsimplyase9ment、
Asegmentwithtwoend-pointsAanｄＢ，anditslength，aredenotedby
thesamenotationAB・ＡｓｕｂｓｅｔＷｃＳ２ｉｓｃａｌｌｅｄｃｗｗｅｚｉｆｅｖｅｒｙｐａｉｒｏｆ
ｐｏｉｎｔｓＡ,ＢＥＷｃａｎｂｅｃｏｎｎｅｃｔｅｄｂyasegmentcontajnedinW、Inthe

fbllowing,figureS(arcs,triangles,quadrilaterals,caps,etc)implySpherical
figuresontheunitsphereS2、ＡｔｒｉａｎｇｌｅＡＢＯｉｓａｃｏｎｖｅｘｄｏｍａｉｎｏｎS2
boundedbythreesegmentsAB,ＢＣ,ＯＡ，Thenotation△(＄,ｇ,z)stands
fbratrianglewithedge-1engthsqW,z、AquadrilateraMBODisa(not
necessarilyconvex)domajnboundedbyfbursegmentsAB,ＢＣ,ＣＤ,DAA
cQpisadomamboundedbyacircle・EbratriangleABC,cqp(ABC)stands
fbrthecapenclosedbythecircum-scribedcircleofABCandcontainingthe

triangleABO．Ａcirculararcwithtwoend-pointM,Candpassingthrough
--

BisdenotedbyABOTheareaofafigureisdenotedbyl．|・Thefbllowing
twofbrmulasarewellknown．

(2.1）

(2.2）

Girard，sfbrmula.|ABO|＝ＬＡ＋とＢ＋ＬＣ－汀．

SphericalcosinelawLetObetheangleof△(⑳,ｙ,z)oppositetothe
edgez、Ｔｈｅｎｃｏｓｚ＝cosmcosg＋sinzsinZ/cos8．

ProofSofthesetwofbrmulasareomittedSmcesinaFsinZ/＞Ointhespherical

cosinelaw,ｗｅｈａＮ/ethefOllowing．

(23)TheangleOof△(nＷ,z)oppositetozismonotoneincreasingonz．

２



(24)財esT6th，ｓｌｅｍｍａ[7,8]Letdbethelengthoftheshortestedge
ofatriangleABCIftheangularradiusofcqp(ABO)islessthaM，
thenlABClZ|△(d,｡,｡)l

SupposethataquadrilateralABODｉｓｔｈｅｕｎｉｏｎｏｆｔｗｏｔｒｉａｎｇｌｅｓＡＢＣａｎｄ
ACD,seeFigurel､IfDisnotaninteriomointofcqp(ABC),thenACis
calledapmperdia90ncＭｏｆＡＢＣｉＤ．

Ａ

，

Ｂ

FigureLAproperdiagonalAOofABCD

(25）Properdiagonallemma[4,11］LetAObeaproperdiagonalof
aquadrilateralABCD・ＩｆｗｅｄｅｆｂｒｍＡＢＯＤｗｉｔｈｋｅｅｐｉｎｇｉｔｓｅｄge
lengthslixedsothatthelengthofthediagonalAOdecreases,thenthe

arealABCiDldecreases

TheabovetwokeylemmaswillbeprovedinSection5・

AtriangleABOiscalledamqjortrjqn9leifitcolltainsthecenterof

cqp(ABO)LetABObeamajortriangle,andletADObethetriangleob-
tainedbyreflectingABCwithrespecttｏｔｈｅｅｄｇｅＡＯ，ThenAObecomesa

properdiagonalofthequadrUateralABOD、Byapplyingtheproperdiagonal

lemmatothisquadrilateralABCDandconsideringthehalfarea;|ABCD|，
ｗｅｈａﾊﾉethefbllowingcorollary．

(26)Ifzdecreasesinamajortriangle△(〃,Z/,z),thenl△(鰯,y,z)|decreases、

IfPisthecenterofcqp(ABO),thentheintersectionpointoftheray扉and
thepIq"eABCisthecimcum-centerofthｅｐＩａｎａｒｔｒｋＬｎ９ＪｅＡＢＣ，Therefbre，

atriangleABCisamajortriangleifandonlyifthepJcu"artrjqn91eABOis

anacutetriangleorarighttriangle・UsingthisfactwehaX/ethefbllowing．

(27)Fbrevery",Zﾉ,ｚｅ[:,;],△(２Ｗ,z)isamajortriangle
(28)FbreveryqWe[:,等],△(釘,Z/,:)isamajortriangle

３



３Ｔｈｅｐｒｏｂｌｅｍｏｆｔｈｉｒｔｅｅｎｓｐｈｅｒｅｓ

AsubsetXCS2iscalled：-sepQ他tedifnotwopointsofXarecloserthａｎ
：insphericaldistance・Then,itisnotdiHaculttoseethat〃mutuallynon-
overlappingunitballscansimultaneouslytouchS2ifandonlyifthereisa

;-separatedpointsetofcardinalitynonS2・
SupposearegularicosahedronisinＳｃribedinS2Then,byprOjectingthe

edgesofthisicosahedronontoS2fromthecenterOofS2,S2isdividedinto

20equilateraltrianglesofarea4汀/2脈O628Sincel△(:,:,:順0.551,we
candeducethattheedgesoftheequilateraltriangleSonS2arelongeｒｔｈａｎ

;・Hencethel2verticesoftheicosahedronare：-separatedThus,atleast
twelveunitballscansimultaneouslytouchS2・

Letusintroducethefbllowingnotations：

‘:=蟇；:=a…+…Ｍ='△Ｍｉ)’
Byapplyingsphericalcosinefbrmula,wecancalculatethefbllowing：

1△(｡,Ｍ)|円0.667

1△(６，Ｍ)|旬1194

1△(",;)|-M7９

ルー|△(｡,｡,｡)'-0.551

１△(a,6,6)'－０８９２

’△(`,吾:昨1Ｍ
Theorem3､1.肋erZ/：-sep…edseto繩８２A｡…most12po鵬．

Pmq/metXbeamaximal(withrespecttocontainment)：-separated
pointsetonS2,andlet〃beitscaⅡdinalitymhentheconvexhullr(Ｘ)ofX，
thatｉｓ,theconvexpolyhedronspannedbyX，containsthecenterOofS2．

(Fbrotherwise,wecanaddanotherpointtoXwithoutviolating:-Separated-
condition.）ＮＣwbyprojectmgtheedgesofthepolyhedronT(Ｘ)ｏｎtoS2
bythecentralprojectionhomO,letusdivideS2intosphericalpolygons・
Further,byaddingdiagonalstothesepolygons,makeatrmn9mJqtio〃Ｔｏｆ

Ｓ２・Then,γsatisfiesthefbllowing

(ByEuler，sfbrmula)γhas2n-4triangles
Themteriorofthecircum-scribedcapofeaEhtriangleinTcontainsno

vertexofT(becausetheplanedeterminedbytheverticesofatriangle
ofP(Ｘ)isasupportingplaneofT(Ｘ),andtheinteriorofthecircum-
scribedcapliesoppositetoP(X)withrespecttotheplane）

。
。
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（２）Ghasonevertexofdegree4andl2verticesofdegreea

Since△(z,Z/,z)isamajortrianglefbrMKe[｡,6],thetrianglefbrmedby
any3-cycleofGhasarealessthanl△(６，Ｍ)|・Since3b|△(6,6,6)|,the
trianglefOrmedbya3-cycleofGcancontainnovertexinitsinterior・Thus，

(3)every3-cycleofGistheboundaryofａ(triangular)face，

Now,isthereagraphsatisfyingtheabove(1)(2)(3)？Letustrytodraw
suchaplanargraph,startingfiPomaquadrilateraL

Cnse(i）Thefburverticesoftheuniquequadrilateral鍼eallofdegree5、
Homeachvertex・ofthequadrilateral,３edgesemanateoutward(see

Figure21eft)Theirend-verticesoandthevertices･ofthequadrilateralare
alldiffbrentｂｙ(3)Ｂｙ(2),theverticesoaremutuallydifICrentNow,firom

Ｋフニ<マメ『

KｌｌＸ
＞－－－－＜＞－－－－イコ

Figure2:case(j）

theoutermost8vertices,１１edgesgooutward(seeFigure2right）Since
theyaJFeedgesoftriangles,inconsiderationof(2),wecandeducethatthese
edgesarealldifIbrent，Then，thereappearmorethan32edges，Therefbre
thiscaseisimpossible．

O`Ise(ij）Onevertexofthequadrilateralhasdegree4
SimilaJdytothecase(i),itcanbeverifiedthattodrawaplanargraph

satisbling(1)(2)(3)isimpossibleTherefbre,〃≠13.□

ProofofAssertionL

Suppose〃＝１３．ThenThas22triangles・Supposethatthecommon

edgeAOofthetrianglesABCandACiDisthelongestedgeof7,ａｎｄlete

denotethesecondlongestedge(anditslength）Wearegoingtoshowthat
e＜６．

（i)First,supposee＞：、IfwedefbrmthequadrilateralABCDwith
keepingitsｅdgelengthssothatthelengthofthe(proper)diagonalAC



becomes：,thenlABCDldecreasesbytheproperdiagonallemma,andsince
everyedgehaslengthlessthan等bytheproperty4oof7,bothtriangles
ABO,ACDbecomemajortrianglesby(27),(28）Iftheedgeeisanedge
ofABCD,ｔｈｅｎ

ABCD'>'△(`,諾)'+服 1.047＋0.551

and47T＞２１Ｊ＋1.047宙１２６２４＞４７T，acontradiction、

IfeisnotanedgeofABCD,thenlABCD|＞２１△(“,:)|声1359．
Similarly,thesumoftheareaofthetwotrianglessharingeincommonisat

least21△(a,｡,:)lTherefbre,ｗｅhave

４７T＞(22-4)J＋２×1359-12.642＞4汀，

acontradiction,tooHence,ｅ三豊

（")Next,supposeb≦ｅ≦；・Then,trianglesotherthanABO,AOD
areallmajortriangl甲by(27）IfeisanedgeoMBCD,thenlABCD|＞
|△(Ｍ’6)|＋|△(“’6)|,andsincetheremustbeanothertrianglethathase
asanedge，

'貼 夕ｈＦｈ

４汀三(22-3)5＋21△(｡,｡,6)|＋|△(｡,Ｍ)|ヨ2701〉4汀，

acontradictionIfeisnotanedgeofＡＢＣＤ,thenthebothtrianglesharing

eincommonhaﾊﾞﾉeareaatleastl△(｡,6,6)|,ｗｅhave,

４打ｚ(22-4)6＋41△(｡,Ｍ)'-12.59＞4打，

acontradictionTherefbre,ｅ＜６．ロ

４AreasandLexellcircle

Theorem4､１(InscribedAngleTheorem).Ｆｂｒｑｔｍ`m91eABC,letP
bethece鯛terqfcqp(ABC)．Ｔ/je"ＬＣ－(ＬＡ＋LB)＝±2とPABハｏｌｄＭｊｈｅ花

一一

thes柳is(-)ヴAOBjsamWo，ｗＣ,ｑＭ(+)０tﾉjeru)ise．

Ｐ7℃qfwouldbeclearfromFigure3．□
－－

Corollary4､1.（１）とＯ＝ＬＡ＋とＢヴ`Ｍｏ"ﾉﾝｳﾞAOBisqsemj-c舵Je．
￣～

(2)〃ACBiSqmj〃。'Ｗｃ,the〃とACB＞晋

７
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｡、Ｐ｡、Ｐ●

●●

Ｂ
ＰＰ

｡｡

Ａ

Figure3：ProofofTheorem41

Pmq/ｑｆ(2)SinceLACB＞ＬＡＢＯ＋LBAC,andthesumofthree

imerioranglesofatriangleisgreaterthanm,itfbllowsthatLACB＞：．□

ｒｂｒａｐｏｉｎｔＰＥＳ２,itsantipodalpointisdenotedbyP*．

Ｌｅｍｍａ４､1.Fbr処m9lesABCqMBWC,ＬＡ＋LA＊
Ｍｄ３．Ｈｅ伽Ｃｅ,ヴABcisamq7orq化('膠sp・semj-cjrcに，
－－

B*A*Ｃｉｓｑｍｑｊｏｒｑﾂ､c('℃Sp・semj-cj花に,ｍｊ"orα７℃）

＝ＬＢ＋ムＢ＊＝7T

mj剛ｏｒα"),the〃
□

Theorem4､２（ＡＪ・Lexelll784).比ＭＢＤ６ｅａｔｒｉｑ”ｌａＴ/ie"’んｒ
￣

eUeﾂﾖ!/ＯＥＡ轤DB鶏,|ABO|＝lABDlMds．
￣

Pmq/[10]ConsultingFigure4,fbreverypointCeA*ＤＢ*,０－α準一β＊
isconstantbyTheorem41,andhence,０－(汀一α)－(而一β)isconstant、
Therefbre,０＋α＋βisconstant,andlABC|＝|AＢＤｌ□

Figure4：ProofofTheorem42

￣～

ＴｈｅｃｉｒｃｌｅＡ*ＯＢ＊ａｎｄｔｈｅａｒｃＡ*ＯＢ＊arecalledtheLezellcimclealldthe

LezeJlamcofthetriangleABC,respectively．
￣～

Corollary4､2.ＦｂｒＱβzedse977DenMB,ｵﾉZesh0rtertﾉZeamcA*ＯＢ＊ｉｓ,the

Jqmerthea泥qlABOlis． □

８



Lemma4､２([4,11]).ＬｅＭ,Ｂ,ode"otetheuertices巾△(α,6,c)opposjte
一一

t０Ｍ,c,花SpectjwlZ/,〃ABCisqm"or⑭rc,the”|△(α,６，c)|dec『weqsesasb
--

decr糧aseMMBCisqsemic舵!e,ｵﾉte〃α"Z/cM9eqfMducesl△(α,６，c)l

ProqfFixthesegmentABandconsidertomoveg-2longthecircleT
withradiusqandcenterBConsultingFigure4,ｉｆＡＢＣｉｓａｍａｊｏｒａｒｃ，

－－

thensoisBWC,andthecenterofthecapcqp(BWO)liesinthesanle
一一

sideofthegreatcircleB*ＣＢａｓＡ*．Therefbre,rcrossesB*ＯＡ＊ａｔＣ・In

thiscase,ifCmovesalongnowardA(sothatb＝ACdecreases),thenthe
-～

arcB簿ＯＡ*becomeslonger,andhencelABCldecreases．
－－ 一～

SupposenowABCisasemicircle，Then,Ｂ*Ａ*Cisalsoaselnicircleand

B*Cpassesthroughthecenterofcqp(B*ＯＡ*）Therefbrethecircleris
--

tangenttocqp(B*ＣＷ)atOInthiscase,ifOmovesalongT,thenＢ*ＯＡ＊
alwaysbecomeslonger,andlABOldecreases． □

Corollary4､3.Ｚ１ＭＭ花⑭qfqt伽"g1eABCtu航拠施eded9e-le"9t/ＭＢ＝
c,ＢＣ＝α(α＋ｃ＜汀)becomesma伽umtuheMBCjsqsemic舵Je．□

Corollary4､4.Acomje懇qMriJ⑭temJujitﾉ川伽ｅｊＭｅ力e-le施幽Ａ亘_＝
α,ＢＣ＝b,ＯＤ＝ｃ(α＋6＋c＜汀)ハqsmqzjm秘ｍ…α⑩ｈｅｍＭＭＢＤ,ＡＣＤ
６ｅｃｏｍｅｓｔｈｅｓｎｍｅｓｅｍｊｃｉ7℃ｌｅ． □

AquadrilateralthatisinscribediｎａｃａｐｉｓｃａＵｅｄａｃＺ/clicWqdrilqtemL
Ifthecapissmallerthanahemi-sphere,ｔｈｅｎacyclicquadrilateralisconvex、

Theorem4､３(IsoperimetricTheorem[2]).〃uMq/blwlqcZﾉcliccom）ez
9uMrjldtemJtuitMeepj〃9iｵs九ured9e-Je"gths,thenits⑰meqdec『℃qses・

Pmq/[11］SupposethatABCiDbeacyclicconvexquadrilateral,see
Figure5，Ｐｕｔα＝ＡＢ,６＝Ｂ０，ｃ＝０，，．＝ＤＡ・Wemaysupposethatcis

thelargesteｄｇｅａｎｄｄ＞６．ThenthediameterAPofthecircumscribedcap
ofABCDintersectstheedgeCD,ａｎｄｗｅｈａｖｅ

ｄ＋ＤＰ＜7T，α＋ｂ＋ＣＰ＜元

Ｎｏｗ,ｄｅｆｂｒｍＡＢＣＤｉｎｔｏＡ'Ｂ'CDwithfixingC,Dandlengthsq,６，ｃ,Cl,ｍ
ｔｈｅｓａｍｅｓｉｄｅｏｆｔｈｅｇｒｅａｔｃｉｒｃｌｅＣＤａｓＡＢＯＤ・Then，byOorollaries43

and44,wehaｽrelA'PD|＜|APDlandlA'B'CPl＜|ABCP|・Therefbre，

lAjBCD｜≦｜A'B1CP|＋lA1DPl-lCPD｜

＜｜ABCP|＋|PADl-lCPD|＝lABODl

□

９



Ｐ

Cｌ

Figure5：ProofofTheorem43

Ｌｅｍｍａ４､3．ＩｈＱｃ９ｃｌｉｃｃｏ"ue⑰quGdriJatemJg＝ＡＢＣＤｕ)ｉｔｈＡＤ≦ＣＤ，
ヴuMecmeaSetheJe"，鮒ｑＭＤｕﾉｨｵﾊﾙeepjmtheJe"gthsoLMB,Ｂ０，０，愈ed，

the協仇eQ花qlQlqlfU⑭z/sdec花Qses、

PmqメSupposethatQ＝ABODisdefbrmedintog'＝Ａ'B'0'Ｄ',ｗｈｅｒｅ

ＡＢ＝Ａ'Ｂ',ＢＣ＝Ｂ'Ｃ',ＣＤ＝Ｃ'Ｄ’ａｎｄＡＤ＞Ａ'、'・Itisenoughto
showthatlg'|＜|Ｑｌｗｈｅｎｇ'isconvexNow,ｉｎｇ',withkeepingA',Ｂ',Ｃ’
ａｎｄｔｈｅｌｅｎｇｔｈｏｆｄＤ’fixed，ｍｏｖｅＤ’ｓｏｔｈａｔｔｈｅｌｅｎｇｔｈｏｆＡ'Ｄ'return
totheoriginallengthofAD・ＬｅｔＡ'Ｂ'０'Ｄ〃betheresultingquadrilateraL

--

SinceA'Ｄ'ノーＡＤ＜ＯＤ＝Ｃ'、''，ｔｈｅａｒｃＡ'○'、〃ｉｓａmaJorarc・Hence，

|A'C'D'|＜|A'0'D"|byLemma42,andhence,|A'B'C'D'|＜|A'B'○'D"l
SinceA'Ｂ'Ｃ'Ｄ〃isobtainedfromgbydefbrmingwithkeepingfburedge
lengthsfixed,itsareaislessthantheareaofgbyTheorem43・Therefbre，

'９１＜'２１．□

５Ｐｒｏｏｆｓｏｆｔｈｅｋｅｙｌｅｍｍａｓ

Proofof肘esT6th，ｓｌｅｍｍａ､SupposeAB＝。､LetABDbetheequi‐

lateraltrianglelyinginthesamesｉｄｅｏｆｔｈｅｇｒｅａｔｃｉｒｃｌｅＡＢａｓＡＢＣ９ａnd

letA',Ｂ'bethepointsasshowninFigure6NoticethatbothlABDl,|ABA'｜
areequaltothehalfaJ『eaoftheconvexquadrilateralABAのHencelABD|＝

一一

|ABA'|＝|ABB'|・Therefbre,thearcA'DB'isapartoftheLexellarc
--

A*ＤＢ*byCorollary4､2.SinceACzd,BCzdandtheⅢadiusofcqp(ABC）

islessthand,thepointCisnotinteriortothecirclesA,些型dliesinside
thecircleDofFigure6・The型lnesegmentACintersectsA*DB*,andhence--

A鱸ＯＢ蝋isnotlongerthaM熊DB*・TherefbrelABC'三|△(｡,｡,｡)Ｉ□
￣～－－

Proofoftheproperdiagonallemma・ＩｆｎｅｉｔｈｅｒＡＢＣ,ＡＤＣａｒｅｍｌｎｏｒ

1０



←greatcircle

Figure6:ProofofFejesT6th，sｌｅｍｍａ

－－

arcs1thenthelemmafbll()ｗｓｂｙａｐｐｌｙｉｎｇＬｅｍｍａ４､2．so,supposethatADC

isaminorarcLetPbethepointonthearcofthecircleABOinterceptedby

thetriangleAODSuchthatLPDA＝とPDO(SuchPexistsclearly.)Then，
一一－－

byCorollary4､１(2),thearcsPDA,PDCuarebothmajorarcs、Suppose
AP＜ＣＰ、Ｎｏｗ，defbrmthequadrilateralABCDwithkeepingthefbur

Ａ
，

グジグー

Iiii

タ
グ 先Ｊ
ｊ
Ｊ

、
、

Ｂ

、

１１６、

Ｊ
Ｊ
Ｊ

、、‐
、

￣￣－－，＝－￣‐

Figure7：Proofoftheproperdiagonallemma

edge-lengthsandwithattachingthetriangleOPDsothatAOdecreases，

Thenby(23),LADOdecreasesHenceLADPdecreases,andAPdecreases
--

Then,sinceADPisamaJorarc,thearealADPldecreasesbyLemma4.2
SinceAP≦ＯＰ,ｔｈｅａｒｅａｏｆＡＢＣＰｄｅｃｒｅａｓｅｓｂｙＬｅｍｍａ４3．Therefbre，

|ABCD|＝|ABCP|＋|APＤ|＋|CPDl

decreases． □
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