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Abstract

In [11] all locally subquadrangular hyperplanes of finite symplec-
tic and Hermitian dual polar spaces were determined with the aid
of counting arguments and divisibility properties of integers. In the
present note we extend this classification to the infinite case. We
prove that symplectic dual polar spaces and certain Hermitian dual
polar spaces cannot have locally subquadrangular hyperplanes if their
rank is at least three and if their lines contain more than three points.
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1 Introduction

Let II be a nondegenerate polar space (Tits [14]; Veldkamp [15]) of rank
n > 2. With II there is associated a point-line geometry A whose points are
the maximal singular subspaces of 1I, whose lines are the next-to-maximal
singular subspaces of II and whose incidence relation is reverse containment.
The geometry A is called a dual polar space of rank n (Cameron [1]). The
dual polar spaces of rank 2 are precisely the nondegenerate generalized quad-
rangles.

If 1 and x5 are two points of the dual polar space A, then d(zy,x2)
denotes the distance between z; and x5 in the collinearity graph of A. If x
is a point of A and ¢ € N, then I';(z) denotes the set of points at distance i
from x. For every point z of A, we define 2+ := {2} UT';(z). The dual polar
space A is a near polygon which means that for every point x and every line



L, there exists a unique point on L nearest to x. A set X of points of A is
called a subspace if it contains all the points of a line as soon as it contains
at least two points of it. X is called conver if it contains all the points on a
shortest path between any two of its points.

There exists a bijective correspondence between the nonempty convex
subspaces of A and the possibly empty singular subspaces of II: if a is an
(n — 1 — k)-dimensional singular subspace of II, then the set of all maximal
singular subspaces of II containing « is a convex subspace of diameter k of
A. The convex subspaces of diameter 2, 3, respectively n — 1 are called
the quads, hexes, respectively mazxes of A. If F' is a convex subspace of
diameter k > 2, then the points and lines of A contained in F' define a dual
polar space F' of rank k. In particular, if ) is a quad of A, then @ is a
generalized quadrangle. Every two points x; and x5 of A at distance k are
contained in a unique convex subspace (ri,zy) of diameter k. Every two
distinct intersecting lines L; and Lo, of A are contained in a unique quad
which we will denote by (Lj, Ly). If M is a max of A, then every point z of
A not contained in M is collinear with a unique point my/(z) of M. If M,
and My are two disjoint maxes, then the map M; — My; x +— myy,(x) defines
an isomorphism between ]\71 and j%

Let A be a thick dual polar space of rank n > 2. A hyperplane of A is
a proper subspace of A which meets every line. By Shult [12, Lemma 6.1],
every hyperplane of A is a maximal subspace. If x is a point of A, then
the set of points at distance at most n — 1 from z is a hyperplane of A,
the so-called singular hyperplane with deepest point x. A set of points of A
is called an owoid if it intersects every line of A in a unique point. Clearly
ovoids are hyperplanes. If H is a hyperplane of A and if @ is a quad of A,
then either @) C H or Q@ N H is a hyperplane of (). Hence, either (i) Q C H,
(ii) @ N H is a singular hyperplane of @, (iii) @ N H is a subquadrangle of @,
or (iv) Q N H is an ovoid of Q. If case (i), (ii), (iii), respectively (iv) occurs,
then we say that Q) is deep, singular, subquadrangular, respectively ovoidal
with respect to H.

In this paper we will meet three classes of (dual) polar spaces.

(I) For every n € N\ {0,1} and every field K, Q(2n,K) denotes the
orthogonal polar space associated to a nonsingular parabolic quadric of Witt
index n of PG(2n,K). The corresponding dual polar space is denoted by
DQ(2n,K). If K is isomorphic to the finite field F, with ¢ elements, then we
denote DQ(2n,K) also by DQ(2n, q).

(IT) For every n € N\ {0, 1} and every field K, let W (2n — 1,K) denote
the symplectic polar space whose singular subspaces are the subspaces of
PG(2n — 1,K) which are totally isotropic with respect to a given symplectic
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polarity of PG(2n — 1,K). The corresponding dual polar space is denoted
by DW (2n — 1,K). The dual polar space DW (2n — 1,K) is isomorphic to
DQ(2n,K) if and only if K is a perfect field of characteristic 2. If K = F,
then we denote DW (2n — 1,K) also by DW (2n — 1, q).

(III) Let n € N\ {0, 1}, let K, K’ be two fields such that K’ is a quadratic
Galois extension of K and let § denote the unique nontrivial element in
Gal(K'/K). Let H(2n—1,K’,0) denote the Hermitian polar space associated
to a nonsingular #-Hermitian variety of Witt index n of PG(2n —1,K’). The
corresponding dual polar space is denoted by DH(2n — 1,K',0). f K = F,
and K’ = F 2, then we denote DH(2n — 1,K',0) also by DH(2n — 1, ¢?).

Now, let II be one of the polar spaces W(2n — 1,K) or H(2n — 1,K/, 0),
where n > 2, K, K’ and # are as above. We denote by A the dual polar
space associated to II. Let P denote the ambient projective space of II.
So, P = PG(2n — 1,K) if I = W(2n — 1,K) and P = PG(2n — 1,K’) if
II=H2n-1,K0). If z; and z5 are two noncollinear points of II, then the
unique line of P containing x; and x5 intersects II in a set of |K| + 1 points.
Such a set of points is called a hyperbolic line of II. The set of maxes of A
corresponding to the points of a hyperbolic line of II is called a nice set of
mazxes of A. Every two disjoint maxes M; and M, of A are contained in a
unique nice set of maxes of A which we will denote by Q(M;, Ms). If L is a
line meeting M; and Ms, then L meets every max of Q(My, Ms). Moreover,
every point of L is contained in precisely one of the maxes of Q(M;, M,).

If x is a point of A, then the set of convex subspaces of A containing x
defines a projective space Res(z) isomorphic to either PG(n — 1,K) (sym-
plectic case) or PG(n—1,K’) (Hermitian case). If H is a hyperplane of A and
x € H, then Ay(z) denotes the set of lines through x which are contained
in H. We will regard Ay (z) as a set of points of Res(z). If Ag(z) coincides
with the whole point-set of Res(z), then z is called deep with respect to H.

A hyperplane H of a thick dual polar space A of rank n > 3 is called
locally singular, locally ovoidal, respectively locally subquadrangular, if every
non-deep quad of A is singular, ovoidal, respectively subquadrangular with
respect to H.

The locally ovoidal hyperplanes of A are precisely the ovoids of A. The
Hermitian dual polar space DH(2n — 1,¢?), n > 3, has no ovoids because
its quads do not have ovoids. The symplectic dual polar space DW (2n —
1,9), n > 3, has no ovoids by Cooperstein and Pasini [5]. With the aid
of transfinite recursion, it is easy to construct ovoids in infinite dual polar
spaces (in particular in infinite symplectic and Hermitian dual polar spaces),
see Cameron [2] or Cardinali and De Bruyn [3, Section 4].



If A is not isomorphic to DQ(2n,K) for some field K, then every locally
singular hyperplane of A is singular by Cardinali, De Bruyn and Pasini [4,
Theorem 3.5]. By De Bruyn [6, Theorem 1.3] (see also Shult and Thas [13]),
the locally singular hyperplanes of DQ(2n, K) are precisely those hyperplanes
of DQ(2n,K) which arise from the so-called spin-embedding of DQ(2n, K).

Pasini and Shpectorov [11] classified all locally subquadrangular hyper-
planes of finite thick dual polar spaces. They proved that the symplectic dual
polar space DW (2n — 1,q), n > 3, has locally subquadrangular hyperplanes
if and only if ¢ = 2, in which case there is up to isomorphism a unique locally
subquadrangular hyperplane. They also proved that the Hermitian dual po-
lar space DH(2n — 1,¢%), n > 3, has locally subquadrangular hyperplanes
if and only if n = 3 and ¢ = 2, in which case there is up to isomorphism
a unique locally subquadrangular hyperplane. The reasoning given in [11]
makes use of counting arguments and divisibility properties of integers and
can therefore not automatically be extended to the infinite case. The aim of
this note is to prove that locally subquadrangular hyperplanes cannot exist
in the infinite case.

The following is the main result of this note. We will prove it in Sections
2 and 3.

Main Theorem. Let A be one of the dual polar spaces DW (2n — 1,K) or
DH(2n—1,K',0), where n, K, K" and 0 are as above. If n > 3 and |K| > 3,
then A has no locally subquadrangular hyperplanes.

2 The symplectic case

The following proposition is precisely the main theorem in the case A =
DW (2n — 1,K).

Proposition 2.1 The dual polar space DW (2n — 1,K), n > 3 and |K| > 3,
has no locally subquadrangular hyperplanes.

Proof. If H is a locally subquadrangular hyperplane of DW (2n — 1,K),
n > 3, then there exists a hex F' such that HNF is a locally subquadrangular
hyperplane of F' = DW(5,K). So, it suffices to prove the proposition in
the case n = 3. Suppose therefore that n = 3 and that H is a locally
subquadrangular hyperplane of DW (5,K), where |K| > 3.

Claim I. For every point x of H, Ay (x) is one of the following sets of points
of Res(z) = PG(2,K):

(1) a set of points of Res(x) meeting each line of Res(x) in a set of two
poInts;



(2) the whole set of points of Res(x).
ProOF. Every quad through x is either deep or subquadrangular with re-
spect to H. So,

(%) every line of Res(x) meets Ay (z) in either 2 points or the
whole line.

If every line of Res(x) meets Ay (x) in precisely two points, then case (1)
occurs. Suppose therefore that Ay (z) contains a line M of Res(x). Let
m € M, let M; and My be lines of Res(x) through m such that M, M;
and M, are mutually distinct. By (x), for every ¢ € {1,2} there exists a
point m; € M; N Ay (x) distinct from m. Also by (x), the line N := mymy
is contained in Ag(x) since it contains at least three points of Ay(x). By
applying () to some line through {u} := M N N distinct from M and N,
we see that there exists a point v € Ay (z) \ (M U N). Any line of Res(z)
through v distinct from uv contains at least three points of Ay (x) and hence
is completely contained in Ay (z). It follows that every point of Res(x) not
contained on uv belongs to Res(x). Suppose there exists a point w in Res(x)
not contained in Ay (x). Then necessarily w € uv. On every line of Res(x)
through w distinet from ww, there exists a unique point (namely w) not
contained in Ag(z), contradicting (*) and the fact that |K| > 3. (qed)

Claim II. There exists a quad which is deep with respect to H.

PROOF. Suppose to the contrary that every quad is subquadrangular with
respect to H. Let @1 be an arbitrary quad of DW (5, K), let « be an arbitrary
point of Q1N H and let L, and Ly denote the two lines of ()1 through x which
are contained in H. By Claim I, there exists a line L C H through x not
contained in (. Put R; := (L;, L), i € {1,2}, and let y be an arbitrary
point of L\ {z}. Since R; is subquadrangular with respect to H, there exists
a unique line M; C R; N H through y distinct from L. The unique quad
()2 through M; and M; is subquadrangular with respect to H. Let x; be
an arbitrary point of (z+ N Q) \ (L1 U Ly), let U denote the unique line
through x; ¢ H meeting @2 and let 3 be the unique element of Q(Q1, Q2)
containing U N H. Since @3 N H is a subquadrangle (i.e. a full subgrid) of
Qs, 7, (Qs N H) is a full subgrid of Q:. Clearly, z1 € 70, (Qs N H). If 2
is a point of Ly U Lo, and if 2%, i € {2,3}, denotes the unique point of Q;
collinear with 2, then 2, € M; U M, and hence 2/, € H. Since z € x|z}, we
have x} € Q3 N H and hence 2 = mg, (2}) € mg,(Qs N H). Since 2 was an
arbitrary point of Ly ULy, L1 ULy C 7o, (QsNH). Now, mg, (QsNH) is a full
subgrid of @Vl containing the three lines Ly, Ly and xzx; through x, clearly a
contradiction. Hence, there exists a quad which is deep with respect to H.

(qed)



We are now ready to derive a contradiction. Suppose x is a deep point of H,
and let y € I';(z). If Q is a quad through z and y, then 21 N Q C H implies
that @) is deep with respect to H. By Claim I, it then follows that y is also
deep with respect to H. By the connectedness of DW (5, K), every point of
DW (5,K) is deep with respect to H, which is clearly impossible.

So, there are no points of H which are deep with respect to H. By Claim
I, every quad is then subquadrangular. But this is impossible by Claim II. O

Remark. As already mentioned in Section 1, the conclusion of Proposition
2.1 is not valid if n > 3 and K = 5. We needed the condition |K| > 3 at
one place in the proof of Proposition 2.1, namely in the proof of Claim I. If
K = F,, then a quick inspection of the proof of Claim I learns that there is
one other possibility for Ay (z) which is not in contradiction with condition
(%), namely Ay (x) might also be a punctured projective plane.

Locally subquadrangular hyperplanes of DQ(2n,2), n > 2, are easily
constructed. Let Q(2n,2) be the nonsingular parabolic quadric of PG(2n, 2)
associated with DQ(2n,2), and let a be a hyperplane of PG(2n,2) which
intersects (Q(2n,2) in a nonsingular hyperbolic quadric Q*(2n — 1,2). The
maximal singular subspaces of Q(2n,2) not contained in « then define a
locally subquadrangular hyperplane of DQ(2n,2). By Pasini and Shpectorov
[11], every locally subquadrangular hyperplane of DQ(2n,2) is obtained in
this way.

3 The Hermitian case

In this section, K’ and K are fields such that K’ is a quadratic Galois exten-
sion of K and # denotes the unique nontrivial element in the Galois group
Gal(K'/K). Let n > 3 and let DH(2n — 1,K’,#) denote the Hermitian dual
polar space as defined in Section 1. We will prove that if |[K| > 3, then
DH(2n — 1,K’,0) has no locally subquadrangular hyperplanes. If H is a
locally subquadrangular hyperplane of DH(2n — 1,K’,#), n > 3, then there
exists a hex F' such that H N F is a locally subquadrangular hyperplane of
F = DH(5,K' 6). So, it suffices to prove that DH(5,K’, #) has no locally
subquadrangular hyperplanes if |K| > 3.

3.1 A useful lemma

Lemma 3.1 Let V;, i € {1,2}, be a 3-dimensional vector space over K, let
pi be a point of m; := PG(V;), let L; be the set of lines of m; through p;, let X;
be a set of points of m; containing p; such that L; N X; is a Baer-K-subline



of L; for every L; € L;, and let A;, i € {1,2}, be the set of all subsets A of
L; such that ULieA<Li N M;) is a Baer-K-subline of M; for at least one and
hence every line M; & L; of m;. Suppose ¢ be a bijection between L1 and Lo
inducing a bijection between Ay and Ay. Then for every two distinct lines
U and V' of Ly, there exists a line W € L4\ {U,V} such that (1) My NU,
MyNV, MyNW are contained in X1 for at least one line My & L1 of 7,
(2) Mano(U), Mano(V), MyN (W) are contained in Xy for at least one
line My & Lo of .

Proof. Let €y, €; and é; be three vectors of Vi such that p; = (€y), UNX; =
{{en)} U {(e1 + Neg) | A € K} and V N X7 = {(e0)} U {(€2 + \ép) | A € K}.
Let A} denote the unique element of A; consisting of all lines of the form
(€9, key + leg) where (k,1) € K2\ {(0,0)}. Then U,V € A1. T W € L, \ AF,
then WNX; = {(ey) } U{(ke; +1ea+mey+Neg) | A € K} for some k,I,m € K’
with (k,1) ¢ K2 Since (k,1) ¢ K? and K’ can be regarded as a 2-dimensional
vector space over K, there exists a (A1, Ao, A3) € K3 such that

A1 10
)\2 01 :—k')\l—l~>\2+)\3+m:0,
m+>\3 k

i.e. there exists a line My ¢ £y of m; such that My NU, MyNV and My NW
are contained in X;. Similarly, there exists an A5 € A, containing ¢(U) and
(V') such that for every W' € Ly \ Aj, there exists a line My & Lo of 1y such
that My N o(U), My N (V') and My MW are contained in Xo.

Since ¢ induces a bijection between A; and Ay, ¢~1(A3) € A;. Clearly,
U and V are contained in A} and ¢~ '(A43). The lines U and V of £ are
contained in precisely |K|+1 elements of A;. These elements of .4; determine
a partition of £, \ {U,V'}. Since |K|+ 1 > 3, there exists a line W € £; not
contained in A} U ¢~1(A%). The line W satisfies the required conditions. O

3.2 The nonexistence of locally subquadrangular hy-
perplanes of DH(5,K’,0) when |K| > 3

Every quad of the dual polar space DH (5, K’, #) is isomorphic to the general-
ized quadrangle Q~(5,K) = DH(3,K’, f) associated to a nonsingular quadric
of Witt index 2 of PG(5,K) which becomes a nonsingular quadric of Witt
index 3 when regarded over the quadratic extension K’ of K.

Suppose @ is a quad of DH(5,K’, ) and H is a hyperplane of DH (5, K’, 6)
such that @ N H is a subquadrangle of @ =~ @ (5,K). Since Q N H is

—_—

a hyperplane of @, the point-line geometry @Q N H induced on @) N H is



isomorphic to the generalized quadrangle Q(4,K). Let x be an arbitrary
point of @ N H. Then () defines a line Lg of Res(x) = PG(2,K’') and the
set of lines through x contained in QN H defines a Baer-K-subline L, of Lg
(see e.g. [3, Corollary 1.5(4)]). We make the latter statement more detailed.
Suppose V is a 6-dimensional vector space over K’ such that PG(V') contains
the f-Hermitian variety H (5, K’, ) which defines DH(5,K’, 0). Let W denote
the 3-dimensional subspace of V' such that = corresponds to PG(W) and
let p denote the point of PG(W) corresponding to (). Then the lines of
DH(5,K',0) through = correspond to the lines of PG(W), Ly corresponds
to the set of lines of PG(W) through p and L, corresponds to a set A of lines
of PG(W) through p such that (J, ., L N M is a Baer-K-subline of PG(W)
for every line M of PG(W) not containing p.

Lemma 3.2 If H is a locally subquadrangular hyperplane of DH(5,K’,0),
then there is a quad which is deep with respect to H.

Proof. Suppose to the contrary that every quad is subquadrangular with
respect to H. Let L be an arbitrary line of DH (5,K’, #) contained in H and
let x1,x9 be two distinct points of L.

For every i € {1,2}, we define m; := Res(z;) and p; := L, X; denotes the
set of lines through x; contained in H and £; = L, denotes the set of quads
of DH(5,K’,6) containing L. The projective plane m; admits a system of
Baer-K-sublines as explained before this lemma. Let A; be the set of subsets
of £; as defined in Lemma 3.1. If we regard L as a line of PG(V), then the
elements of £; = L, correspond to the points of L and the elements of A;
and A, correspond to the Baer-K-sublines of L C PG(V'). So, A; = A, and
the trivial permutation ¢ of £; = L5 induces a bijection between A; and
As. Lemma 3.1 now implies that there exist 3 distinct quads Ry, Ry and R3
through L, a quad ) through x; not containing L and a quad ()5 through
x9 not containing L such that each of the lines By N @1, Ry N Q1, R33N Qy,
RN Q2 RoNQo, R3N Qo are contained in H. -

Now, @1 N H and mg,(Q2 N H) are two (4, K)-subquadrangles of ¢,
containing the lines R1NQ1, R2NQ1 and R3NQ;. These two subquadrangles
of @ define two Baer-K-sublines of Res(z1). Since there is a unique Baer-
K-subline of Res(x1) containing R; N @1, Ry N Q1 and R3 N (Qq, we have
T NQ1NH =11 N7, (QeN H) = mg, (3 N Q2N H). Now, let 3 be an
arbitrary point of z{ N (Q1 \ H), let U denote the unique line through 3
meeting Q2 and let Q3 denote the unique element of Q(Q1,()2) containing
U N H. Since Q3 is subquadrangular with respect to H, mg, (@3 N H) is a
Q(4, K)-subquadrangle of CZ containing xs. If 2} is a point of 11 NQ N H =
7o, (r3 NQ2NH) and if x}, i € {2, 3}, denotes the unique point of Q; collinear



with o, then 25, € 3 N Qo N H and hence , € H. Since x4 € x|z}, we
have x4 € Q3 N H and hence 2} = mg,(25) € mg,(Q3 N H). Since z) was
an arbitrary point of 7 N Q; N H, we have 1 N Q; N H C 7o, (Q3 N H).
The lines through z; contained in 7y, (Q3 N H) define a Baer-K-subline of
Res(xq) containing the Baer-K-subline of Res(x;) corresponding to Q1 N H
and the extra point xix3, clearly a contradiction.

We conclude that there must be at least one deep quad. O

Lemma 3.3 If H is a locally subquadrangular hyperplane of DH(5,K’,0),
then no point of H is deep with respect to H.

Proof. We prove that if x € H is deep with respect to H, then also every
point y € T'i(z) is deep with respect to H. But this is easy. Take an
arbitrary line L through y distinct from xy and consider the quad (L, xy).
Since 2t N (L, zy) C H, (L, zy) must be deep with respect to H. So, L C H.

By the connectedness of DH (5,K’, ), it now follows that every point of
DH(5,K',0) is contained in H, which is clearly absurd. a

Proposition 3.4 If |[K| > 3, then the dual polar space DH(5,K',0) has no
locally subquadrangular hyperplanes.

Proof. Suppose to the contrary that H is a locally subquadrangular hy-
perplane of DH(5,K’,#). By Lemma 3.2, there exists a quad which is deep
with respect to H. Let x be an arbitrary point of such a deep quad. Then
the set Ay (x), regarded as a set of points of Res(x), satisfies the following
properties:

(A) Every line L of Res(x) intersects Ay (x) in either a Baer-K-subline of
L or the whole of L.

(B) There exists a line M* of Res(z) which is contained in Ag(x).

By (A) if a line L of Res(z) contains three distinct points {1, ls and I3 of
Ay (x), then the unique Baer-K-subline of L containing i, [y and I3 is also
contained in Ay (x).

Step 1. There exists a Baer-K-subplane B of Res(x) = PG(2,K') which
intersects M* in |K| + 1 points and is completely contained in Ay(x).
PROOF. Let I* be a point of Ay (z) not contained in M* and let M, My be
two distinct lines of Res(z) through I*. By (A), there exists a Baer-K-subline
B;, i € {1,2}, of M} containing [* and M; N M* which is itself contained
in Ag(z). Let B denote the unique Baer-K-subplane of Res(z) containing
B, U Bs.



We prove that every point u of B is contained in Ay (z). Obviously, this
holds if w € M U My U M*. So, suppose u ¢ M; U M; U M*. Since |[K| > 3,
there exists a line L, of B through u which intersects M, Mj and M* in
three distinct points of Ay (x). The unique Baer-K-subline of L, containing
these points is contained in Ay (z). In particular, u € Ag(z). So, every point
of B is contained in Ay (z). (qed)

Definition. For every point w € B, let L,, denote the set of lines of Res(x)
through w which intersect B in |K|+ 1 points.

Step 2. There exists a point w* € BN M* such that every line of L~ is
contained in Ay (x).

PROOF. Let u be an arbitrary point of B\ M*, let L, be an arbitrary line
through w intersecting B in the singleton {u}, let v be an arbitrary point
of (L, NAg(z))\ ({u} UM*) and let L, denote the unique line through v
intersecting B in |K|+1 points. Since L,NAg(z) contains the Baer-K-subline
L,NB of L, and the extra point v, L, is completely contained in Ay (z). Put
{w*} := L,NM*. We prove that every line of £,« is contained in Ay (x). Let
r be an arbitrary point distinct from w* which is contained in a line of L.
Since |K|+1 > 4, there exists a line W € L, distinct from w*r, M* and L,,.
Let w’ denote an arbitrary point of W N B distinct from w*. For every line
M of Res(x) not containing w*, ., , LN M is a Baer-K-subline of M. In
particular, (Jpc, LN w'r is a Baer-K-subline of w'r. The line w'r contains
three points of Ay (x), namely w’, w'r N M* and w'r N L,. Hence, the unique
Baer-K-subline (J, ., . LNw'r of w'r through these three points is contained
in Ag(x). Since w*r € L+ and {r} = w'rNw*r, we have r € Ay (z). Hence,
every line of L, is contained in Ay (z). (qed)

Step 3. Every point u of Res(z) is contained in Ay(x).

Proor. By Step 2, we may suppose that u is not contained in a line of L,«.
Let W denote a line through w* not belonging to £« U{w*u} and let v’ be a
point of W N Ag(x) distinet from w*. The intersection uw’ N Ay (z) contains
the Baer-K-subline uu’ N (U Ler,. L) of uu' and the extra point /. Hence,

ww' is completely contained in Ay (x). In particular u € Ay (z). (qed)

Step 3 says that x is deep with respect to H. But this is impossible by
Lemma 3.3. So, our assumption that DH (5,K’, #) has locally subquadran-
gular hyperplanes was wrong. O

As explained in the beginning of Section 3, Proposition 3.4 allows us to
conclude the following:
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Corollary 3.5 If |K| > 3 and n > 3, then the dual polar space DH(2n —
1,K’,0) has no locally subquadrangular hyperplanes.

3.3 Appendix: Locally subquadrangular hyperplanes
of DH(5,4)

The conclusion of Proposition 3.4 is not valid if K = Fy and K’ = F4. Pasini
and Shpectorov [11] proved that the dual polar space DH(2n — 1,4), n > 3,
has locally subquadrangular hyperplanes if and only if n = 3 in which case
there exists up to isomorphism a unique locally subquadrangular hyperplane.

Let H(5,4) be a nonsingular Hermitian variety of PG(5,4). A hyperoval
of H(5,4) is a nonempty set of points of H(5,4) intersecting each line of
H(5,4) in either 0 or 2 points. Pasechnik [10] used a computer backtrack
search to prove that H(5,4) has a unique isomorphism class of hyperovals
of size 126 (see also De Bruyn [9] for a computer free proof). If X is a
hyperoval of size 126 of H(5,4), then Pasini and Shpectorov [11] proved that
the set Hx of all maximal singular subspaces of H(5,4) which meet X is
a locally subquadrangular hyperplane of DH(5,4). Moreover, every locally
subquadrangular hyperplane of DH (5,4) can be obtained in this way.

We give another construction for the locally subquadrangular hyperplanes
of DH(5,4). Consider in PG(6,2) a nonsingular parabolic quadric Q(6,2),
let k& denote the kernel of this quadric and let 7w be a hyperplane of PG(6, 2)
intersecting (6, 2) in an elliptic quadric @~ (5,2). The projection from the
kernel k£ on the hyperplane 7 defines an isomorphism between the polar
space (6, 2) and the symplectic polar space W (5, 2) associated to a suitable
symplectic polarity of 7. Any set of points of W (5, 2) which is isomorphic to
the subset 7\ Q7 (5,2) of 7 is called an elliptic set of points of W (5,2). A
set of quads of DW (5, 2) corresponding to an elliptic set of points of W (5, 2)
is called an elliptic set of quads of DW (5,2).

It is well-known that the dual polar space DW (5,2) can be isometrically
embedded into the dual polar space DH(5,4). In fact up to isomorphism
there exists a unique such isometric embedding, see De Bruyn [7, Theorem
1.5]. Now, let DW(5,2) be isometrically embedded into DH(5,4) and for
every quad Q of DW (5,2), let @ denote the unique quad of DH(5,4) con-
taining all points of Q. If A is an elliptic set of quads of DW (5,2), then

by De Bruyn [8], H := DW (5,2) U (UQGA @) is a locally subquadrangular
hyperplane of DH(5,4).

11



Acknowledgment

The author is a Postdoctoral Fellow of the Research Foundation - Flanders
(Belgium).

References

1]
2]

3]

[11]

[12]

P. J. Cameron. Dual polar spaces. Geom. Dedicata 12 (1982), 75-85.

P. J. Cameron. Ovoids in infinite incidence structures. Arch. Math. 62
(1994), 189-192.

I. Cardinali and B. De Bruyn. The structure of full polarized embeddings
of symplectic and hermitian dual polar spaces. Adv. Geom. 8 (2008),
111-137.

I. Cardinali, B. De Bruyn and A. Pasini. Locally singular hyperplanes in
thick dual polar spaces of rank 4. J. Combin. Theory Ser. A 113 (2006),
636-646.

B. N. Cooperstein and A. Pasini. The non-existence of ovoids of the dual
polar space DW (5, q). J. Combin. Theory Ser. A 104 (2003), 351-364.

B. De Bruyn. The hyperplanes of DQ(2n,K) and DQ~(2n+ 1, q) which
arise from their spin-embeddings. J. Combin. Theory Ser. A 114 (2007),
681-691.

B. De Bruyn. Isometric full embeddings of DW (2n—1, q) into DH (2n—
1,¢%). Finite Fields Appl. 14 (2008), 188-200.

B. De Bruyn. Two new classes of hyperplanes of the dual polar space
DH(2n — 1,4) not arising from the Grassmann-embedding. Linear Al-
gebra Appl. 429 (2008), 2030-2045.

B. De Bruyn. On hyperovals of polar spaces. preprint.

D. V. Pasechnik. Extending polar spaces of rank at least 3. J. Combin.
Theory Ser. A 72 (1995), 232-242.

A. Pasini and S. Shpectorov. Uniform hyperplanes of finite dual polar
spaces of rank 3. J. Combin. Theory Ser. A 94 (2001), 276-288.

E. E. Shult. On Veldkamp lines. Bull. Belg. Math. Soc. Simon Stevin 4
(1997), 299-316.

12



[13] E. E. Shult and J. A. Thas. Hyperplanes of dual polar spaces and the
spin module. Arch. Math. 59 (1992), 610-623.

[14] J. Tits. Buildings of Spherical Type and Finite BN-pairs. Lecture Notes
in Mathematics 386. Springer, Berlin, 1974.

[15] F.D. Veldkamp. Polar Geometry I-1V, V. Indag. Math. 21 and 22 (1959),
512-551 and 207-212.

13



