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Abstract

The Lin-Kernighan heuristic is known to be one of the mostessful heuristics for the
Traveling Salesman Problem (TSP). It has also proven itsigfity in application to
some other problems.

In this paper we discuss possible adaptations of TSP hiegrfstr the Generalized
Traveling Salesman Problem (GTSP) and focus on the caseedfithKernighan al-
gorithm. At first, we provide an easy-to-understand desonpof the original Lin-
Kernighan heuristic. Then we propose several adaptatimib, trivial and complicated.
Finally, we conduct a fair competition between all the véwias of the Lin-Kernighan
adaptation and some other GTSP heuristics.

It appears that our adaptation of the Lin-Kernighan alponifor the GTSP reproduces
the success of the original heuristic. Different variaiof our adaptation outperform all
other heuristics in a wide range of trade-offs between smiujuality and running time,
making Lin-Kernighan the state-of-the-art GTSP local skar

Keywords: Heuristics, Lin-Kernighan, Generalized Traveling SalearRroblem,
Combinatorial Optimization.

1. Introduction

One of the most successful heuristic algorithms for the fagritraveling Salesman
Problem (TSP) known so far is the Lin-Kernighan heuristilm(nd Kernighar, 1973).
It was proposed almost forty years ago but even nowadaygheistate-of-the-art TSP
local search (Johnson and McGelach, 2002).

In this paper we attempt to reproduce the success of thenati@iSP Lin-Kernighan
heuristic for the Generalized Traveling Salesman Probl@mSP), which is an important
extension of TSP. In the TSP, we are given aléeff n vertices and weights(z — y)
of moving from a vertex: € V to a vertexy € V. A feasible solution, or a tour, is a
cycle visiting every vertex i/ exactly once. In the GTSP, we are given a Betf n
vertices, weightsv(z — y) of moving fromz € V toy € V and a partition ol into m
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nonempty cluster€’;, Cs, . .., C,, such thatC; NC; = @ foreachi # jand|J,C; = V.
A feasible solution, or a tour, is a cycle visiting exactlyeorertex in every cluster. The
objective of both TSP and GTSP is to find the shortest tour.

If the weight matrix is symmetric, i.ew(z — y) = w(y — ) foranyz,y € V, the
problem is calledsymmetric. Otherwise it is arasymmetric GTSP. In what follows, the
number of vertices in cluste&r; is denoted ag’;|, the size of the largest clusterdsand
Cluster(x) is the cluster containing a vertex The weight functionv can be used for
edges, pathe(x; — 20 — ... = x) = w(zy — x2)+w(rs — x3)+. .. Fw(rpg—1 —
xr), and cycles.

Since Lin-Kernighan is designed for the symmetric problem,do not consider the
asymmetric GTSP in this research. However, some of the ithgas proposed in this
paper are naturally suited for both symmetric and asymmeases.

Observe that the TSP is a special case of the GTSP whign= 1 for eachi and,
hence, the GTSP is NP-hard. The GTSP has a host of applisdatiomarehouse order
picking with multiple stock locations, sequencing comptiles, postal routing, airport
selection and routing for courier planes and some othees esg., |(Fischetti et al., 1995,
11997; Laporte et al., 1986; Noon and Bean, 1991) and refesstherein.

A lot of attention was paid in the literature to solving the &. Several researchers
(Ben-Arieh et al., 2003; Laporte and Semet, 1999; Noon arehBE998) proposed trans-
formations of the GTSP into the TSP. At first glance, the ideaansform a little-studied
probleminto a well-known one seems to be natural; howeisrapproach has a very lim-
ited application. On the one hand, it requires exact salstaf the obtained TSP instances
because even a near-optimal solution of such TSP may comdgp an infeasible GTSP
solution. On the other hand, the produced TSP instanceschateean unusual structure
which is difficult for the existing solvers. A more efficientayto solve the GTSP ex-
actly is a branch-and-bound algorithm designed by Fisiieg! (1997). This algorithm
was able to solve instances with up to 89 clusters. Two apmation algorithms were
proposed in the literature, but both of them are unsuitadléie general case of the prob-
lem, and the guarantied solution quality is unreasonablyfto real-world applications,
see|(Bontoux et al., 2010) and references therein.

In order to obtain good (i.e., not necessarily exact) sohgifor larger GTSP in-
stances, one should use the heuristic approach. Sevesttecton heuristics and local
searches were discussed.in (Bontoux et al., 2010; Gutin anag€tyan, 2010; Hu and Raidl,
12008; Renaud and Boctor, 1998; Snyder and Daskin,|2006) @ne sthers. A number
of metaheuristics were proposed by Bontoux et al. (2010}inGand Karapetyan (2010);
Gutin et al.((2008); Huang et al. (2005); Pintea et al. (208ilberholz and Golden (2007);
Snyder and Daskin (2006); Tasgetiren etlal. (2007); Yandl €2@08).

In this paper we thoroughly discuss possible adaptatiorss DEP heuristic for the
GTSP and focus on the Lin-Kernighan algorithm. The idea efltin-Kernighan algo-
rithm was already successfully applied to the Multidimensi Assignment Problem (Balas and Saltzman,
11991 Karapetyan and Gutin, 2010). A straightforward aaléqn for the GTSP was pro-
posed by Hu and Raldl (2008); their algorithm constructs tao$el SP instances and
solves all of them with the TSP Lin-Kernighan heuristic. _Bmx et al. [(2010) apply
the TSP Lin-Kernighan heuristic to the TSP tours inducedigyG TSP tours. It will be
shown in Sectioh]3 that both of these approaches are rejatiemk.

The Lin-Kernighan heuristic is a sophisticated algoritrajuated specifically for the




TSP. The explanation provided by Lin and Kernighan (1973ulkof details which

complicate understanding of the main idea of the method.téféaur paper from a clear
explanation of a simplified TSP Lin-Kernighan heuristic¢B&n[2) and then propose sev-
eral adaptations of the heuristic for the GTSP (Secfion8%dctiod #, we provide results
of a thorough experimental evaluation of all the proposedKérnighan adaptations and
discuss the success of our approach in comparison to oth8P®e&uristics. In Sectidn 5
we discuss the outcomes of the conducted research and $edestate-of-the-art GTSP
local searches.

2. The TSP Lin-Kernighan Heuristic

In this section we describe the TSP Lin-Kernighan heuridtis,). It is a simpli-
fied version of the original algorithm. Note that (Lin and Kigghan 3) was published
almost 40 years ago, when modest computer resources, ashyimfluenced the algo-
rithm design, hiding the main idea behind the technicalittetAlso note that, back then,
the ‘goto’ operator was widely used; this affects the ordjialgorithm description. In
contrast, our interpretation of the algorithm is easy toarsthnd and implement.

LK;sp is @ generalization of thie-opt local search. Thi-opt neighborhoo®;,.opi(1")
includes all the TSP tours which can be obtained by remokieglges from the origi-
nal tourT and addingt different edges such that the resulting tour is feasiblesedle
that exploring the wholeVy.op(T') takesO(n*) operations and, thus, with a few ex-
ceptions, only 2-opt and rarely 3-opt are used in practioBridon and McGeoch, 2002;
Rego and Glover, 2006).

Similarly to k-opt, LK;sp tries to remove and insert edges in the tour but it explores
only some parts of the-opt neighborhood that deem to be the most promising. Censid
removing an edge from a tour; this produces a path. Rearrhmgpath to minimize its
weight. To close up the tour we only need to add one edge. Sweceid not consider
this edge during the path optimization, it is likely thatweight is neither minimized nor
maximized. Hence, the weight of the whole tour is probabtjumed together with the
weight of the path. Here is a general schemekf,:

1. LetT be the original tour.
2. For every edge — b € T' do the following:

(@) LetP = b — ... — e be the path obtained fromfi by removing the edge
e —b.

(b) Rearrange” to minimize its weight. Every time an improvement is found
during this optimization, try to close up the pdth If it leads to a tour shorter
thanT, save this tour a§ and start the whole procedure again.

(c) If no tour improvement was found, continue to the nextee(fste i 2).

In order to reduce the weight of the path, a local search id asdollows. On every
move, it tries to break up the path into two parts, invert ofthese parts, and then rejoin
them (see Figuriel 1). In particular, the algorithm tries g\atger — y and selects the
one which maximizes the gain= w(z — y) — w(e — ). If the maximuny is positive,
the corresponding move is an improvement and the local Beéarapplied again to the
improved path.



O—CO—*=40—0—0O

(a) The original path.

O—0

(b) The path after a local search move.

Figure 1: An example of a local search move for a path impraem@mrlhe weight of the
path is reduced by (xz — y) — w(x — e).

Observe that this algorithm tries only the best improvenagttskips the other ones.
A natural enhancement of the heuristic would be to use a kaaiihg mechanism to
try all the improvements. However, this would slow down tigoathm too much. A
compromise is to use the backtracking only for the firshoves. This approach is imple-
mented in a recursive functiadfmprovePath (P, depth, R), see AlgorithnfL.

Algorithm 1 ImprovePath (P, depth, R) recursive algorithml(Ks, version). The func-
tion either terminates after an improved tour is found ossfieis normally with no profit.

Require: The pathP = b — ... — ¢, recursion depthlepth and a set of restricted
verticesR.
if depth < o then
for every edger — y € P such thatr ¢ R do
Calculateg = w(x — y) — w(e — ) (see Figur&db).
if g > 0then
if thetourb — ... - 2 — e — ... — y — bis an improvement over the
original onethen
Accept the produced tour and minate.
else
ImprovePath(b — ... >z — e — ... = y,depth + 1, RU {a}).

else
Find the edge: — y which maximizey) = w(z — y) — w(e — ).
if g > 0then
if thetourb — ... - — e — ... — y — bis animprovement over the original
onethen
Accept the produced tour ane minate.
else

return ImprovePath(b — ... >z —e— ... = y,depth + 1, RU {a}).

ImprovePath(P, 1, @) takesO(n® - depth,,,,) operations, wherdepth . is the
maximum depth of recursion achieved during the run. Henge ,shiould use only small
values of backtracking depth



The algorithm presented above is a simplified Lin-Kernighauaristic. Here is a list
of major differences between the described algorithm aadtlginal one.

1. The original heuristic does not accept the first found tayprovement. It records it
and continues optimizing the path in the hope of finding agoébiur improvement.
Note that it was reported &@@bom that this corafis the algorithm
but does not really improve its quality.

2. The original heuristic does not try all theoptions when optimizing a path. It con-
siders only the five shortest edges— ¢ in the non-decreasing order. This hugely
reduces the running time and helps to find the best rathettlhiedirst improvement
on the backtracking stage. However, this speed-up appis&ciown to be a weak
point of the original implementation (Helsgaun, 2000; Jxmand McGeoch, 2002).
Indeed, even if the edge — vy is long, the algorithm does not try to break it if the
edger — e is notin the list of five shortest edgesdo
Note that looking for the closest vertices or clusters mayrsaningless in the
application to the GTSP. In our implementation, every edge y is considered.

3. The original heuristic does not allow deleting the pregiy added edges or adding
the previously deleted edges. It was noted (Helsgaun/ 2e@@ison and McGeach,
@) that either of these restrictions is enough to prezennfinite loop. In our
implementation a previously deleted edge is allowed to k#eddagain but ev-
ery edge can be deleted only once. Our implementation alBgepts some other
moves; however, the experimental evaluation shows thatdbes not affect the
performance of the heuristic.

4. The original heuristic also considers some more sophitil moves to produce a
path from the tour.

5. The original heuristic is, in fact, embedded into a metaiséc which runs the
optimization several times. There are several tricks eeldb the metaheuristic
which are inapplicable to a single run.

The worst case time complexity of the Lin-Kernighan heigiseems to be unknown
from the Iiterature@b@%) but we assume thaeknential. Indeed, observe
that the number of iterations of theopt local search may be non-polynomial for any
k EChandra etall, 1994) and thiaksp is a modification ofk-opt. Howevern

) notes that such undesirable instances are verymdneaamallyLKs, proceeds in
a polynomial time.

3. Adaptationsof the Lin-Kernighan Heuristic for the GTSP

It may seem that the GTSP is only a slight variation of the T8Pparticular, one
may propose splitting the GTSP into two problems (RenaudBautiol,[1998): solving
the TSP induced by the given tour to find the cluster order fimdihg the shortest cycle
visiting the clusters according to the found order. We wilb& now that this approach is
poor with regards to solution quality. L&&sp(7") be a set of tours which can be obtained
from the tourT' by reordering the vertices ii. Observe that one has to solve a TSP
instance induced by to find the best tour itNtsp(7T').

Let Nco(T') be a set of all the GTSP tours which visit the clusters in dxalee same
order as inI". The size of theNco(T') neighborhood i ", |C;| € O(s™) but there




exists a polynomial algorithm (we call@luster Optimization, CO) which finds the best
tour in Nco(T) in O(ms®) operations (Fischetti et al., 1997). Moreover, it requoely
O(ms? - min; |C;|) time, i.e., if the instance has at least one cluster of 6ize), CO
proceeds irD(ms?). (Recall thats is the size of the largest cluster= max; |C;|.)

The following theorem shows that splitting the GTSP into fwoblems (local search
in Ntsp(T") and then local search iNco(7")) does not guarantee any solution quality.

Theorem 1. Thebest tour among Nco(T)UN+s(T') canbealongest GTSP tour different
from a shortest one.

Proof. Consider the GTSP instanc¢gin Figure[2a. It is a symmetric GTSP containing
5 clusters{1}, {2,2'}, {3}, {4} and{5}. The weights of the edges not displayed in the
graph are as followsy(1 — 3) = w(l — 4) =0andw(2 = 5) = w(2' — 5) = 1.

Observe thatthe todf =1 — 2 — 3 — 4 — 5 — 1, shown in Figur€ 2b, is a local
minimum in bothN¢o(T') and Ntsp(T'). The dashed line shows the second solution in
Nco(T') but it gives the same objective value. It is also clear fia a local minimum
in Ntsp(T'). Indeed, all the edges incident to the vertex 2 are of weigand, hence, any
tour through the vertex 2 is at least of weight 2.

The tourT is in fact a longest tour iiz. Observe that all nonzero edgesGhare
incident to the vertices 2 aritd. Since only one of these vertices can be visited by a tour,
at most two nonzero edges can be included into a tour. Heheeyeight of the worst
tourinG is 2.

However, there exists a better GTSP tdgpy = 1 — 2’ - 4 — 3 - 5 — 1 of

weight 1, see Figufe Ra.
0 /

@@\@/

(a) The instancér and the optimal GTSP tour  (b) A local minimum1" which is the worst pos-
Topt. sible GTSP tour.

Figure 2: An example of a local minimum in bofkrsp(7') and Nco(7') which is a
longest possible GTSP tour.

O
In fact, the TSP and the GTSP behave quite differently duspitgmization. Observe
that there exists no way to find out quickly if some modificatad the cluster order im-
proves the tour. Indeed, choosing wrong vertices withistelts may lead to an arbitrary
large increase of the tour weight. And since a replacemeatvefitex within one cluster
may require a replacement of vertices in the neighbor disisé@y local change influences
the whole tour in general case.

3.1. Local Search Adaptation
Atypical local search with the neighborhoddT") performs as follows:



Require: The original solutiori".
for all 77 € N(T) do
if w(T") < w(T) then
T+ T.
Run the whole algorithm again.
return 7.

Let N1(T') € N1sp(T') be a neighborhood of some TSP local seakéh (T'). Let
No(T) € Nco(T') be a neighborhood of some GTSP local sedrSh(T") which leaves
the cluster order fixed. Then one can think of the following t&wdaptations of a TSP local
search for the GTSP:

(i) Enumerate all solution$” € N;(T'). For every candidat&” runT’ <— LS5(1") to
optimize it in No(T").

(i) Enumerate all solution” € No(T'). For every candidaté’ run7” « LS;(71") to
optimize itin Ny (T").

Observe that the TSP neighborha®d(T') is normally harder to explore than the clus-
ter optimization neighborhool¥>(7"). Consider, e.9.N1(T) = Ntsp(T) andNo(T') =
Nco(T). Then both options yield an optimal GTSP solution but Opifdrrequires
O(m!ms®) operations while Optiori{ii) require3(s™m!) operations.

Moreover, many practical applications of the GTSP have doaadization of clusters,
ie, lwxz — y1) —w(® — y2)| < w(x — y1) on average, wher€luster(y1) =
Cluster(y2) # Cluster(z). Hence, the landscape 8% (T") depends on the cluster order
more than the landscape &% (7") depends on the vertex selection. From above it follows
that Option[{i) is preferable.

Option [i) was used by Hu and Raidl (2008) as follows. Thestdu optimization
neighborhoodV,(T) includes there all the tours which differ frofmin exactly one ver-
tex. For everyI’ € N»(T) the Lin-Kernighan heuristic was applied. This results:in
runs of the Lin-Kernighan heuristic which makes the aldonitunreasonably slow.

Option [1) may be implemented as follows:

Require: The original tourT".
for all 77 € N,(T') do
T + QuickImprove(T").
if w(T") < w(T) then
T « SlowImprove(T").
Run the whole algorithm again.
return 7.

Here QuickImprove(T) and SlowImprove(T) are some tour improvement heuristics
which leave the cluster order unchanged. Formally, thesesies should meet the fol-
lowing requirements:

o QuickImprove(T), SlowImprove(T) € Nco(T) for any tourT’;
o w(QuickImprove(T)) < w(T) andw(SlowImprove(T)) < w(T') for any tourT".

QuickImprove is applied to every candidafE’ before its evaluation.SlowImprove is
only applied to successful candidates in order to furth@rowe them. One can think of
the following improvement functions:



e Trivial I(T) which leaves the solution without any chang€l’) = T
e Full optimizationCO(T) which applies the€€O algorithm to the given solution.

e Local optimizationL (7). It updates the vertices only within clusters, affected by
the latest solution change. E.qg., if a tayr— 2 — 3 — x4 — 21 was changed
tox; — x3 — x2 — x4 — x1, Some implementation ok (7") will try every
T1 — Th — ThH — x4 — 11, Wherez!, € Cluster(x) andzb € Cluster(xs).

There are five meaningful combinations@f.ickImprove andSlowlImprove:

1. QuickImprove(T) = I(T) andSlowImprove(T) = I(T). This actually yields the
original TSP local search.

2. QuickImprove(T) = I(T) and SlowImprove(T) = CO(T), i.e., the algorithm
explores the TSP neighborhood but every time an improvemdatind, the solu-
tion T' is optimized inNco(7'). One can also considélowImprove(T) = L(T),
but it has no practical interest. IndeetlpwImprove is used quite rarely and so its
impact on the total running time is negligible. At the samnmeetj CO(T') is much
better than’(T") with respect to solution quality.

3. QuickImprove(T) = L(T) and SlowImprove(T) = I(T), i.e., every solution
T’ € N(T) is improved locally before it is compared to the originalgmin.

4. QuickImprove(T) = L(T) and SlowImprove(T) = CO(T'), which is the same
as Optior B but it additionally optimizes the solutidhglobally in Nco(7”) every
time an improvement is found.

5. QuickImprove(T) = CO(T) andSlowImprove(T) = I(T), i.e., every candidate
T’ € N(T) is optimized globally inNco(7”) before it is compared to the original
solutionT'.

These adaptations were widely applied in the literaturer éxample, the heuris-

tics G2 and G3[(Renaud and Bottor, 1998) are actually 2-apBampt adapted accord-
ing to Option[®. An improvement over the naive implementatid 2-opt adapted in
this way is proposed by Hu and Raidl (2008); asymptoticatllys faster by factor 3.
However, this approach is still too slow. Adaptations off@z-and some other heuris-
tics according to Optiofid3 were used by Fischetti etlal. (19Gutin and Karapetyan
(2010),| Silberholz and Golden (2007), Snyder and Daskidgp0and Tasgetiren etlal.
_%) Some unadapted TSP local searches (Opfion 1) wexk i Bontoux et al.

(2010)) Gutin and Karapetydn (2010), Silberholz and G6{@607), and Snyder and Daskin
(2006).

3.2. Adaptation of LKqsp

In this section we present our adaptatldf of LK;s, for the GTSP. A pseudo-code
of the whole heuristic is presented in Algorithih 2. Some sfdétails are encapsulated
into the following functions (note thatK;s, is not a typical local search based on some
neighborhood and, thus, the framework presented abovetherapplied to it straight-
forwardly):

e Guain(P, x — y) is intended to calculate the gain of breaking a patht an edge
T —y.



Algorithm 2 LK general implementation

Require: The original tourT".
Initialize the number of idle iterations« 0.
whilei < m do
Cyclically select the nextedge— b € T'.
Let P, = b — ... — e be the path obtained froffi by removing the edge — b.
RunT’ < ImprovePath(P,,1, ) (see below).
if w(T') < w(T) then
SetT = ImproveTour(T").
Reset the number of idle iterations— 0.
else
Increase the number of idle iterations- i + 1.

Procedure ImprovePath(P, depth, R)

Require: The pathP = b — ... — e, recursion depthiepth and the set of restricted
verticesR.
if depth > o then
Find the edger — y € P, = # b, © ¢ R such that it maximizes the path gain
Gain(P,x — y).
else
Repeat the rest of the procedure for every edge y € P, x # b,z ¢ R.

Conduct the local search movR:«+ RearrangePath(P, x — y).
if GainlsAcceptable(P, x — y) then
Replace the edge — y with x — e in P.
T" = CloseUp(P).
if w(T") > w(T) then
RunT’ + ImprovePath(P, depth + 1, R U {x}).
if w(T') < w(T) then
return 7.
else
Restore the patfr.
return 7.

e RearrangePath(P, x — y) removes an edge — y from a pathP and adds
the edger — e, whereP = b — ... -z — y — ... — e, see Figuré]l.
Together withClose Up, it includes an implementation duickImprove(T) (see
Sectior 3.11), sdearrangePath may also apply some cluster optimization.

e GainlsAcceptable(P, x — y) determines if the gain of breaking a pathat an
edgexr — y is worth any further effort.

e CloseUp(P) adds an edge to a pafh to produce a feasible tour. Together with
RearrangePath, it includes an implementation ofuickImprove(T) (see Sec-
tion[31), soClose Up may also apply some cluster optimization.



e ImproveTour(T) is atourimprovementfunction. Itis an analoguétowlmprove(T)
(see Section 311).

These functions are the key points in the adaptatiohtqf, for the GTSP. They
determine the behaviour of the heuristic. In Sectiond 38a8d 3.5 we describe different
implementations of these functions.

3.3. TheBasic Variation

The Basic variation of LKsp (in what follows denoted byB) is a trivial adapta-
tion of LK according to Optior ]l (see Sectibn13.1). It definks functionsGain,
RearrangePath, CloseUp andImprove Tour as follows:

Gaing(b— ... » e,z > y) =w(x = y) —wle = x),

RearrangePathg(b— ... 2z —y—...2e,z—2y)=b—...32x—>e— ... >y,
CloseUpg(b— ... > e)=b— ... >e—Db,

and Improve Tourg(T) is trivial. We also consider 8 variation (Option 2) which
appliesCO every time an improvement is foundinprove Tour(T) = CO(T).
The implementation ofiainIsAcceptable(G, P) will be discussed in Sectidn3.6.

3.4. The Closest and the Shortest Variations

The Closest and theShortest variations (denoted a€ and S, respectively) are
two adaptations ofKis, according to Optiof]3, i.e.QuickImprove(T) = L(T) and
SlowImprove(T) = I(T). In other words, a local cluster optimization is appliedvery
candidate during the path optimization.

Consider an iteration of the path improvement heurigtigprove Path. Let the path
P=b—...—x—y—...— cbebroken at the edge — y (see Figur&l3). Then,

w(xz—re)

N ) N )
O—O——Cr - -O~—O0—O
Figure 3: Path optimization.

to calculateGain(P, x — y) in C, we replacer € X with 2/ € X such that the edge
x — e is minimized:

Gaing(b— ... v p—z—=y—...>e x—Y)
=wlp—z—y) —wp—a2 —e)),

wherez’ € Cluster(x) is chosen to minimize(z’ — e).
In S, we update bothr ande such that the path — = — e — r is minimized:

Gaing(b— ... op—ozx—y—...=>r—e x—y) =
wp—=x—=y)+wlr—e)—wp—a —e —=r),

10



wherez’ € Cluster(z) ande’ € Cluster(e) are chosen to minimize(p — =’ — ¢’ —
).

Observe that the most time-consuming part Kfis the path optimization. In case of
the S variation, the bottleneck is the gain evaluation functidrich takesO(s?) opera-
tions. In order to reduce the number of gain evaluationS,imve do not consider some
edgesr — y. In particular, we assume that the improvement is usualtjarger than
Winin (X, Y) — wmin (X, E), whereX = Cluster(z), Y = Cluster(y), E = Cluster(e)
and wmin (A, B) is the weight of the shortest edge between some clusteasid B:

Wmin(A, B) = rgingw(a — b). Obviously, all the valuesv,,i,(A, B) are precal-
acA,be

culated. Note that this speed-up heuristic is used only whpth > «, see Algorithni .
One can hardly speed up tli&iin function inB or C.
The RearrangePath function does some further cluster optimization in @earia-
tion:

RearrangePathe(b— ... > p =2 =y — ... > e, T —Y)
=b—...=p—=a se—... >y,

wherex’ € Cluster(z) is chosen to minimize the weight(p — =’ — e). In S it just
repeats the optimization performed for tGin evaluation:

RearrangePathg(b— ... > p—=ax =y —...=>r—e x—y)
=b—...=p—=a s =r—... =y,

wherex’ € Cluster(z) ande’ € Cluster(e) are chosen to minimize(p — =’ — ¢’ —

7).
Every time we want to close up the path, b&@fandS try all the combinations of the
end vertices to minimize the weight of the loop:

CloseUpc slb—=p— ... qg—e)=b—=p—...5qg—e =
b' € Cluster(b),e’ € Cluster(e) andw(q — ¢’ — b — p) is minimized.

We also implemented the®® andS®° variations such thatO is applied every time a
tour improvement is found (see Optibh 4 abovB)prove Tour(T') = CO(T).

3.5. The Exact Variation

Finally we propose th&xact (E) variation. For every cluster ordering under consid-
eration it finds the shortest path from the first to the lasstelu(via all clusters in that
order). After closing up the path it always appl@® (see Optiofib above). However, it
explores the neighborhood much faster than a naive impl&tien would do.

The Gain function forE is defined as follows:

Gainglb— ... 2z —=y—...—>e =y =
Weo(b— ... @z —e— ...y —Weo(b— ... 2T =y —...>e),
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wherewco(P) is the weight of the shortest path through the corresponalirsiers:

Weo(T1 = Tg — oo = Ty) = min w@) —ah— ... —a2l).
z, € Cluster(x;),i=1,...,m

Note that/mprovePath runs this function sequentially for every— y € P. In case of
a naive implementation, it would take(m?s?) operations. Our implementation requires
only O(ms?) operations but in practice it is much faster (alm@$tns?)). Also note that
typically m > s.

Our implementation proceeds as follows. L¢t, X, ..., X,, be the sequence of
clusters in the given path (see Figlre 4a). Lebe the length of the shortest path from

’UEXj qEXjH ee X,
) )
Lo e
(a) The original sequence of clusteks, Xa, ..., X,,. The valuel, denotes the shortest path

from the clusterX; through Xz, X3, ..., X;_1 to the vertexv € X;. It takesO(|X;_1]|X;])
operations to calculate dll for some;j. Valuel; denotes the shortest path from the verdex X,
through X, 1, Xin—2, ..., X102 to the vertexg € X;;1. It takesO(| Xm || Xj42||Xj11])
operations to calculate dlf for somej.

v EX; q€ Xj1 u e X; ec X,
Ly . - l}; s
(b) An improved algorithm. Let clusteK; be the smallest cluster amorg; 2, X3, ..., Xm.
To calculate all the shortest pattgs fromu € Xy toq € X4 via Xy 1, X¢—2, ..., X0,

one need®) (| X¢||X;2||X;+1]) operations for somg, i.e., it is| X, |/| X¢| times faster than the
straightforward calculations. The valuEsare calculated as previously, see Fiduré (a).

Inserted edge

’UEXj u e X;
D e O B D
L, I I

(c) The sequence of clusters after the local search movendalfe shortest path frolk; to X |
via X2, X3, ..., X, Xm, Xm—1, ..., Xj42, we need to find all the shortest patfisfrom X

to everye € X, asl, = min,{l, +w(v — e)} in O(s?) operations, then find all the shortest
pathsl/, from X1 to everyu € X; asll, = min.{l’ + 1} in O(s?) operations and, finally, find
the whole shortest patt from X to X1 asl’ = miny, ¢{l}, + 1%} in O(s?) operations.

Figure 4: A straightforward and an enhanced implementatiditheE variation.

X, tov € X through the cluster sequende, X3, ..., X;_1:

ly = min w(xy = T2 — ... > Tj_1 = 0).
2 €Xq i=1,...,j—1
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It takesO(s*>m) operations to calculate dll using the algorithm for the shortest path in
layered networks.

Let/; be the length of the shortest path frerg X, to ¢ € X+, through the cluster
sequenceX,,_1, X,,—2, ..., Xjyo!

1= “min w(e = Typ—1 = Tm—2 — ... = Tjt2 — Q).

It takesO(sm) operations to calculate dlj using the algorithm for the shortest path in
layered networks.

As a further improvement, we propose an algorithm to cateufawhich also takes
O(s3m) operations in the worst case but in practice it proceedsfiigntly faster.

Note that a disadvantage of a straightforward use of thees$tqrath algorithm to find
lg is that its performance strongly depends on the sizE,gf indeed, the straightforward
approach requirelsX,, || X;;2|| X ;41| operations for every. Assume|X,| < |X,,| for
somet, j + 1 < t < m, and we know the values for everyu € X; (see Figur€4b).
Now for every;j < ¢t — 1 we only need to calculatg, whereu € X; andg € X;;. This
will take | X||X;+1||X ;| operations for every, i.e, it is|X,,|/|X;| times faster than the
straightforward approach. A formal procedure is shown igofithm[3.

Algorithm 3 Calculation of the shortest pattfsand(; for E.

Require: The sequence of clustes;, Xo, ..., X,,.
for everye € X,, and everyy € X,,,_; do
lg « w(e — q).
Y «+— X,,.
forj« m—-—3,m—4,...,1do
if |Xj+2| < |Y| then
if Y # X,, then
for everye € X,,, and everyu € X, ;- do
Iy, < minyey {I5 + 1%}
Y «— Xj+2.
for everyy € Y and every; € X, do
1Y + ming,ex, {1 +w(u — q)}.

Having alll,,, ¢, andlg, wherev € Xj, g€ X, ee Xppandue Xy, j+1<t <
m, one can find the shortest path through all the clust#&rsXs, ..., X;, X, Xp—1,
..., Xj1+11n O(s?) time, see Algorithri4 and FiguFel4c.

In our experiments this speed-up heuristic decreased tiverrg time of theE algo-
rithm by 30% to 50%.

The RearrangePath function for E replaces the edge — y with x — e and opti-
mizes the vertices in the path:

RearrangePathg(b— ... 5 x —y—...—e)=b — ... =2 -y = ... =€,

where all the vertices are selected to minimize the weighthefresulting path. The
CloseUp function forE simply applie<CO to the tour:

CloseUpg(b — ... 5 e)=CO(b— ... > e—D).
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Algorithm 4 Calculation of the whole shortest path tor

Require: The index;.
Require: The valued,, [{ andl“ wherev € X, ¢ € Xjq1, e € X, andu € Xy,
j+1<t<m.
Calculatel, < minyex, I, +w(v — e) for everye € X,,.
if t < mthen
Calculatel,, +— min.cx,, l. + [ for everyu € X,.
Calculatel, < min,ex, lu + ly for everyq € X, 1.
else
Calculatel, < mincex,, o + I foreveryg € X; 1.
return mingex; ., lq-

Observe that, unlike other adaptations of the origlri&k, heuristic,Exact is natu-
rally suitable for asymmetric instances.

Note that another approach to implement@@ algorithm is proposed
It is based on an integer formulation of the GTSP; a more genase is studied ih (Pop et aI
) However, we believe that the dynamic programming@agh enhanced by the
improvements discussed above is more efficient in our case.

3.6. The Gain Function

The gain is a measure of a path improvement. It is used to fm@élst path improve-
ment and to decide whether this improvement should be aedepfo decide this, we
use a boolean functiofainlsAcceptable(P, x — y). This function greatly influences
the performance of the whole algorithm. We propose fouledéht implementations of
GainlsAcceptable( P, © — y) in order to find the most efficient ones. For the notation,
see Algorithni .

1. GainlsAcceptable(P, x — y) = w(P) < w(P,), i.e., the function accepts any
changes while the path is shorter than the original one.

2. GainlsAcceptable(P, v — y) = w(P) + # < w(T), i.e., itis assumed that an
edge of an average weigﬁfw%) will close up the path.

3. GainlsAcceptable(P, x — y) = w(P) + w(z — y) < w(T), i.e., the last
removed edge is ‘restored’ for the gain evaluation. Notettimweight of the edge
2 — y cannot be obtained correctly v Instead ofw(x — y) we use the weight
wmin (X, Y") of the shortest edge betwe&h= Cluster(z) andY = Cluster(y).

4. GainlsAcceptable(P, x — y) = w(P) < w(T), i.e., the obtained path has to
be shorter than the original tour. In other words, the wedgdhihe ‘close up edge’
is assumed to be 0. Unlike the first three implementations,ahe is optimistic
and, hence, yields deeper search trees. This takes morétinaéso improves the

solution quality.
5. GainlsAcceptable(P, © — y) = w(P) + % < w(T), i.e., itis assumed that
an edge of a half of an average weight will close up the patlis d mixture of

Optiond2 an@4.
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4, Experiments

In order to select the most successful variations of thegweg heuristic and to prove
its efficiency, we conducted a set of computational expenime

Our test bed includes several TSP instances taken from BM@) con-
verted into the GTSP by the standard clustering proceduFéschetti et al.[(1997) (the
same approach is widely used in the literature, see, e.atif@nd Karapetyan, 2010;
Silberholz and Goldén, 2007; Snyder and Daskin, 2006; Tasgeet al.| 2007)). Like
[Bontoux et al.[(2010), Gutin and Karapetyan (2010), lande$filblz and Golderi (2007),
we do not consider any instances with less than 10 or moreaharclusters (in other
papers the bounds are stricter).

Every instance name consists of three parts: ' n’, where m is the number of
clusters¢ is the type of the original TSP instance (i@%ﬂ(}ietails) anch
is the number of vertices.

Observe that the optimal solutions are known only for sonstaimces with up to
89 clusters|(Fischetti et al., 1997). For the rest of theaimses we use the best known
solutions, see (Bontoux etlal., 2010; Gutin and Karape®@n0j Silberholz and Golden,
2007).

The following heuristics were included in the experiments:

1. TheBasic variations, i.e.B% andBg ©°, wherea € {2,3,4} andz € {1,2,3,4,5}
define the backtracking depth and the gain acceptancegtyagspectively. The
letters ‘co’ in the superscript mean that t8© algorithm is applied every time a
tour improvement is found (for details see Secfion 3.1).

. TheClosest variations, i.e.CS andC2 °, wherex € {2, 3,4} andz € {1,2,3,4,5}.

. TheShortest variations, i.e.S% andS2 °°, wherex € {2,3,4} andz € {1,2,3,4,5}.

. TheExact variations, i.e.E%, wherea € {1,2,3} andz € {1,2,3,4,5}.

. Adaptations of the 2-opt2¢) and 3-opt 8o) local searches according to Sec-

tion[3.1.
6. A state-of-the-art memetic algorithma by/Gutin and Karapetyah (2010).

Observe thama dominates all other GTSP metaheuristics known from thealite
ture. In particular, Gutin and Karapetyan (2010) compate ithe heuristics proposed
bylSilberholz and Goldéh (2007), Snyder and Daskin (2006|Tasgetiren et al. (2007),
and it appears thaha dominates all these algorithms in every experiment witipees
to both solution quality and running time. Similarly, onencgee that it dominates two
more recent algorithms by Bontoux et al. (2010) and Tasgrett al.|(2010) in every ex-
periment. Note that the running times of all these algorghmere normalized according
to the computational platforms used to evaluate the algmst Hence, we do not include
the results of the other metaheuristics in our comparison.

In order to generate the starting tour for the local seardtgutures, we use a sim-
plified Nearest Neighbour construction heuristiN). Unlike proposed by Noon (1988),
our algorithm tries only one starting vertex. Trying evegytex as a starting one signif-
icantly slows down the heuristic and usually does not imprihe solutions of the local
searches. Note that in what follows the running time of allsearch includes the running
time of the construction heuristic.

a b~ wWN
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All the heuristics are implemented in Visual C++. The evthraplatform is based
on an Intel Core i7 2.67 GHz processor.

The experimental results are presented in two forms. Thefdimn is a fair compe-
tition of all the heuristics joined in one table. The secooihf is a set of standard tables
reporting solution quality and running time of the most sssful heuristics.

4.1. Heuristics Competition

Many researchers face the problem of a fair comparison @raélieuristics. Indeed,
every experimentresult consist of at least two paramesgetstion error and running time.
It is a trade-off between the speed and the quality, and baitkdand low-quality) and
slow (and high-quality) heuristics are of interest. A hsticishould only be considered
as useless if it isominated by another heuristic, i.e., it is both slower and yields sohs
of a lower quality.

Hence, one can clearly separate a set of successful fromoad@ninated heuristics.
However, this only works for a single experiment. If the evipent is conducted for
several test instances, the comparison becomes not obvimdesed, a heuristic may be
successful in one experiment and unsuccessful in anotleerAdnatural solution of this
problemis to use averages but if the results vary a lot fédedkht instances this approach
may be incorrect.

In a fair competition, one should compare heuristics whabetsimilar running times.
For every timer; € {0.02s,0.05s,0.15,0.2 s, ..., 50ve compare solution quality of
all the heuristics which were able to solve an instance is feanr;. In order to further
reduce the size of the table and to smooth out the experifestialts, we additionally
group similar instances together and report only the awevatyes for each group.

Moreover, we repeat every experiment 10 times. It requoesesextra effort to ensure
that an algorithnid proceeds differently in different runs, i.é1(I) # H’(I) in general
case, wherg andj are the run numbers. Fana” the run number is the random
generator seed value. MN", we start the tour construction from the veri€x;, i.e.,
from the first vertex of the'th cluster of the instance. This also affects all the local
searches since they start from thB" solutions.

Finally we get Tabl€l1. Roughly speaking, every cell of thisl¢ reports the most suc-
cessful heuristics for a given range of instances and beirgngome limited time. More
formally, let = {7, 72, ...} be a set of predefined time limits. L&t= {Z;,Z,, ...} be
a set of predefined instance groups such that all instanaaeeiyZ; have similar diffi-
culty. Let be a set of all heuristics included in the competitiéh(. )ime and H (1 )eror
are the running time and the relative solution error, resypaly, of the heuristicH € H
for the instancd € 7:

w(H (1)) — w(Ipesy
w(Ibest) ’

where Iest is the optimal or the best known solution for the instafice (Z; )ime and
H(Z;)eror denote the corresponding values averaged for all the iossdne Z; and all
re{l,2,...,10}.

For every cell, j we define a winner heuristit/inner; ; € H as follows:

H(I)error -

1. Wmner;j (I)ime < 7, for every instancd € Z; and everyr € {1,2,...,10}.
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2. Winner; ;j(Z;)eror < Winner;_1_;(Z;)eror (it is only applicable ifi > 1).

3. If several heuristics meet the conditions above, we ahtitssone with the smallest
H, ;(Z;)eror

4. If several heuristics meet the conditions above and Hevsame solution quality,
we choose the one with the smallést ; (Z; )time-

Apart from the winner, every cell contains all the heursti¢ € H meeting the
following conditions:

1. H"(I)ime < 7; for every instancé € Z; and every- € {1,2,...,10}.
2. H(Zj)ewor < Winner;_1 ;(Z;)eror (it is only applicable ifi > 1).

3. H(Ij)error S 1.1- WZ'TLTLGT‘Z',J' (Ij)error-

4. H(I7 )time S 1.2- WZ'TLTLGT‘Z',J' (I7 )time-

SinceLK is a powerful heuristic, we did not consider any instanceh leiss than 30
clusters in this competition. Note that all the smalleramsies are relatively easy to solve,
e.g.,ma was able to solve all of them to optimality in our experimetsd it took only
about 30 ms on average, and 8§ it takes, on average, less than 0.5 ms to get 0.3%
error, see Tablgl 3.

We use the following groups; of instances:

Tiniest: 30ch150, 30kr 0A150, 30kr 0B150, 31pr 152, 32u159 and39r at 195.
Tiny: 40kr 0a200, 40kr 0b200, 41gr 202, 45t s225, 45t sp225 and46pr 226.
Small: 46gr 229, 53gi | 262,56a280, 60pr 299 and64! i n318.

Moderate:80r d400, 84f | 417,87gr 431, 88pr 439 and89pch442.
Large:99d493,107att 532,107al i 535,113pa561,115u574 and115r at 575.
Huge:132d657, 134gr 666, 145u724 and157r at 783.

Giant:200dsj 1000, 201pr 1002,212ul1060 and217vni084.

Note that the instance®5si 175, 36br g180, 40d198, 53pr 264, 107si 535,
131p654 and207si 1032 are excluded from this competition since they are signif-
icantly harder to solve than the other instances of the spmeding groups. This is
discussed in Sectidn 4.2 and the results for these instamedscluded in Tabldd 4 ahdl 5.

One can see from Tallé 1 that there is a clear tendency: tip@ged Lin-Kernighan
adaptation outperforms all the other heuristics in a widgesof trade-offs between solu-
tion quality and running time. Only the state-of-the-artmetic algorithmma is able to
beatLK being given large time. There are several occurrenc@sagt in the upper right
corner (i.e., for Huge and Giant instances and less than &hme$ but this is because this
time is too small for even the most basic variation&éf Note that2og and20g® denote
the 2-opt local search adapted for the GTSP according to Opfibns [laresgectively,
see Sectioh311.

Clearly, the most important parameter Idf is its variation, and each of the four
variations Basic, Closest, Shortest andExact) is successful in a certain running time
range.B wins the competition for small running times. For the middlage of running
times one should chooge or S. TheE variation wins only in a small range of times;
having more time, one should choose the memetic algonittam

Here are some tendencies with regards to the rest dfkhgarameters:

e Itis usually beneficial to applZO every time a tour improvement is found.
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Table 1: The fair competition. Every cell reports the mostcassful heuristics being
given some limited time (see the first column) for a given mog instances (see the
header). Every heuristic is provided with the average ika&aolution error in percent.

To make the table easier to read, all BlandE adaptations ofK are selected with bold

font. All the cells where the dominating heuristic@Gsor S are highlighted with grey

background.

Tiniest Tiny Small Moderate Large Huge Giant
2co
sgco 1.2 Sgw 2'1
<2ms SECO 12 C§*°10 Ci®35 4, BI®78 208034 205227
{ol0) .
CE 1.3 Béw 6.5
BZ0 95
CI® 1.2 Bi° 72 Bi®96
< 3co . 3co X 2co . Ci .
<5ms S¥X°0.0 C¥X°05 sgco 1, Ci*24 ng 73 B%COJ.O.l 205743
B5%10.3
4co 2co 2co CZCO 6.1 2co
<10 ms — — Ci°0.8 C3®13 CZ°29 Cgco 63 B3°79
S 0.4
<20ms — S 05 SZCO o5 G813 Ci®24  CE*40 —
S8 22 SE29
<50 ms — Sy 02 S¢ 02 sjo11 s%co 52 c§°° 30 G540
<0.1s — S3© 0.2 S;°0.0 — C¥c1.0 C¥017 SX03.0
<0.2s — — — E2 0.6 — — S ie
<0.5s — ma 0.0 — — — G 1.2 —
<1s — — — E2 04 — E3 1.0 S3°12
<2s — — — — — st 1.0 —
<5s — — — ma 00 E 08 E} 08 —
<10s — — — — ma 0.0 — —
<20s — — — — — ma 0.1 —
<50s — — — — — — ma 0.2

e The most successful gain acceptance optionElare Bland 5¢ster3.6).

e The larger the backtracking depth the better the solutions. However, it is an
expensive way to improve the solutions; one should nornkadpa € {2,3,4}.

Table[1, however, does not make it clear what parametershanddsuse in practice.
In order to give some advice, we calculated the distad¢és) between each heuristic
H € H and the winner algorithms. For every columof Table[d we calculated,; (H):
H(Ij)error - Winneri,j (Ij)error
Winnerid’ (Ij)error

dj(H) =

)

wherei is minimized such thatl " (I )ime < 7; for everyl € Z; andr € {1,2,...,10}.

Thend; (H) were averaged for ajl to get the required distancé({H) = d;(H). The list
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of the heuristics? with the smallest distance& H) is presented in Tab[d 2. In fact, we
added20%’, B2 andE3 to this list only to fill the gaps. Every heuristig in Table[2 is
also provided with the average running tifiéH ), in % of ma running time:

T(H)=T(H,I,r)is averaged for all the instancés Z and allr € {1,2,...,10},
HT(I)time

MA(I)time

and MA(I)ime = MA"(I)ime is averaged for alt € {1,2,...,10}.

whereT'(H,I,r) =

Table 2: The list of the most successful heuristics. Theibtcs H are ordered according
to their running times, from the fastest to the slowest o2eg’ denotes th&-opt local
search adapted for the GTSP according to Ofiflon 2, see 8&flo

H d(H), % Time, % ofma time

20%° 44 0.04
B2co 34 0.10
czeo 12 0.40
Sgeo 19 0.97
Sieo 19 2.53
Sace 35 8.70
S;ee 32 15.34
EZ 56 43.62
ma 0 100.00

4.2. Detailed Data For Selected Heuristics

In this section we provide the detailed information on theeximental results for
the most successful heuristics, see Sediioh 4.1. TAbldsBd% include the following
information:

e The ‘Instance’ column contains the instance name as destabove.

e The ‘Best’ column contains the best known or optimal (Fistile all,/1997) ob-
jective values of the test instances.

e The rest of the columns correspond to different heuristickraport either relative
solution error or running time in milliseconds. Every vaisi@veraged for ten runs,
see Sectioh 411 for details.

e The ‘Average’ row reports the averages for all the instamtdise table.
e The ‘Light avg’ row reports the averages for all the instanesed in Sectidn4.1.

e Similarly, the ‘Heavy avg’ row reports the averages for h# instancesig > 30)
excluded from the competition in Sectionk4.1.
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All the small instances < 30) are separated from the rest of the test bed to Tdble 3.
One can see that all these instances are relatively easyvig sofact several heuristics
are able to solve all or almost all of them to optimality in Bveun and it takes only a
small fraction of a second. A useful observation is E@solves all the instances with up
to 20 clusters to optimality, and in this rangéis significantly faster thama.

As regards the larger instances (> 30), it is worth noting that there exist several
‘heavy’ instances amongther®5si 175,36br g180,40d198,53pr 264,107si 535,
131p654 and207si 1032. Some heuristics perform extremely slowly for these in-
stances: the running time &, S, S3¢° andE3 is 3 to 500 times larger for every
‘heavy' instance than it is for the other instances of a simdlize. OtheLkK variations
are also affected, though, this mostly relates to the onéshwirse the ‘optimistic’ gain
acceptance functions (Options 4 &id 5), see Selctidn 3.6.

Our analysis has shown that all of these instances have auahueight distribution.

In particular, all these instances have enormous numbehe#vy’ edges, i.e., the the
weights which are close to the maximum weight in the instapoevail over the smaller
weights. Recall thatK bases on the assumption that a randomly selected edge will
probably have a ‘good’ weight. Then we can optimize a pattattope to find a good
option to close it up later. However, the probability to findgaod’ edge is low in a
‘heavy’ instance. Hence, the termination conditiGninlsAcceptable does not usually
stop the search though a few tour improvements can be fouhis, dbviously, slows
down the algorithm.

Note that a similar result was obtained by Karapetyan anih@2010) for the adap-
tation of the Lin-Kernighan heuristic for the Multidimensial Assignment Problem.

Observe that such ‘unfortunate’ instances can be easictiat before the algorithm’s
run. Observe also that even the fast heuristics yield welgtigood solutions for these
instances (see Tablgk 4 ddd 5). Hence, one can use a lightéstitgo get a reasonable
solution quality in a reasonable time in this case.

5. Conclusion

The Lin-Kernighan heuristic is known to be a very success&iP heuristic. In this
paper we present a number of adaptations of Lin-Kernighathi® GTSP. Several ap-
proaches to adaptation of a TSP local search for the GTSHsaesded and the best ones
are selected and applied to the Lin-Kernighan heuristie &tperimental evaluation con-
firms the success of these approaches and proves that trespobadaptations reproduce
the efficiency of the original TSP heuristic.

Based on the experimental results, we selected the mosessfat Lin-Kernighan
adaptations for different solution quality/running timeguirements. Only for the very
small running times (5 ms or less) and huge instances (13%ckiand more) our heuris-
tic is outperformed by some very basic local searches justuse none of our adaptations
is able to proceed in this time. For the very large runningsnthe Lin-Kernighan adap-
tations are outperformed by the state-of-the-art memddizriahm which usually solves
the problem to optimality.

To implement the most powerful adaptation ‘Exact’, a newrapph was proposed.
Note that the same approach can be applied to many other T&8B&arches. Comparing
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to the previous results in the literature, the time compjeaf exploration of the corre-
sponding neighborhood is significantly reduced which makésadaptation practical.
Though it was often outperformed by either faster adaptatar the memetic algorithm
in our experiments, it is clearly the best heuristic for drimetances (up to 20 clusters in
our experiments) and it is also naturally suitable for thenasetric GTSP.

Further research on adaptation of the Lin-Kernighan heaifier other combinatorial
optimization problems may be of interest. Our future pldss aclude a thorough study
of different GTSP neighborhoods and their combinations.
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Table 3: Details of experiment results for the small (10 te¢kSters) instances.

Solution error, %

Running time, ms

Instance Best 20 C2Z®© sXo EZ ma 20§ CcZo  gZeo E3 ma

10att48 5394 6.3 0.0 0.0 0.0 0.0 0.24 0.25 0.28 2,53 18.72
10gr48 1834 4.9 0.0 0.0 0.0 0.0 0.01 0.03 0.06 1.45 12.48
10hk48 6386 0.0 0.3 0.0 0.0 0.0 0.01 0.08 0.17 1.36 18.72
11eil51 174 4.0 0.6 0.0 00 0.0 0.01 0.04 0.13 1.23 17.16
11berlin52 4040 0.0 0.0 0.4 0.0 0.0 0.01 0.06 0.12 1.17 12.48
12brazil58 15332 2.1 0.0 0.0 0.0 0.0 0.01 0.06 0.11 1.67 12.48
14st70 316 6.3 0.0 0.3 0.0 0.0 0.02 0.07 0.16 3.18 21.84
16eil76 209 4.8 0.0 0.0 0.0 0.0 0.01 0.06 0.23 423 21.84
16pr76 64925 1.6 1.4 0.0 0.0 0.0 0.02 0.11 0.27 4,10 26.52
209r96 29440 2.4 1.0 0.0 0.0 0.0 0.03 0.22 0.42 9.09 28.08
20rat99 497 7.8 0.2 0.0 0.0 0.0 0.03 024 0.64 15.05 37.44
20kroal00 9711 4.2 5.8 0.0 0.0 0.0 0.03 0.17 0.46 1459 31.20
20krob100 10328 0.0 0.0 0.0 0.0 0.0 0.01 0.10 0.36 15.64 28.08
20kroc100 9554 10.1 0.1 0.0 0.0 0.0 0.03 0.17 0.54 8.05 31.20
20krod100 9450 1.5 0.0 20 0.0 0.0 0.05 0.17 0.44 10.12 39.00
20kroel00 9523 1.3 4.4 0.0 0.0 0.0 0.03 0.15 0.37 8.33 31.20
20rd100 3650 7.1 0.1 0.9 0.0 0.0 0.03 0.15 0.53 18.02 34.32
21eil101 249 4.4 0.4 0.8 04 00 0.02 0.16 0.30 7.24 43.68
21lin105 8213 0.1 0.0 0.0 0.0 0.0 0.02 0.14 0.36 5,50 32.76
22pr107 27898 4.4 0.0 0.0 0.0 0.0 0.01 0.23 042 2448 31.20
249r120 2769 20.5 2.8 26 0.0 0.0 0.03 0.24 0.77 10.77 43.68
25pri124 36605 4.5 0.0 0.5 0.0 0.0 0.05 039 0.81 14.76 46.80
26bierl27 72418 6.9 8.6 0.0 0.0 0.0 0.08 0.36 0.69 1245 54.60
26¢ch130 2828 12.1 0.0 0.0 0.0 0.0 0.09 0.24 0.71 18.14 48.36
28pr136 42570 9.7 0.8 0.0 0.0 0.0 0.04 049 0.77 1424 49.92
289r137 36417 1.9 1.4 1.3 0.1 0.0 0.04 0.27 0.97 62.66 51.48
29pri44 45886 4.0 0.0 0.0 0.0 0.0 0.03 0.36 058 15.31 40.56
Average 4.9 1.0 0.3 0.0 0.0 0.04 0.19 043 11.31 32.07
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Table 4: Detailed experiment results for the moderate amyg lmstances® > 30). The

reported values are relative solution errors, %.

Instance

Best 20§ B3 CcZo g0 g gl gice EZ ma

30ch150 2750 6.5 71 17 11 00 00 03 11 00
30kroa150 11018 16.2 82 01 16 00 00 00 00 00
30krob150 12196 54 54 00 10 00 05 00 00 00
31pri52 51576 4.1 33 39 19 00 00 00 12 00
32u159 22664 249 102 08 04 00 00 00 11 00
35si175 5564 2.6 38 00 00 00 00 00 00 00
36brg180 4420 3145 3145 05 783 00 00 00 00 00
39rat195 854 76 125 14 20 02 13 01 00 00
40d198 10557 1.3 35 13 03 00 05 00 02 00
40kroa200 13406 83 48 06 04 04 04 04 00 00
40krob200 13111 146 140 01 27 02 01 00 00 00
41gr202 23301 10.5 71 31 43 25 19 00 00 00
45ts225 68340 7.2 68 01 03 03 01 03 01 00
45tsp225 1612 12.3 66 06 10 19 03 03 00 00
46pr226 64007 14.2 21 11 11 00 00 00 00 00
469r229 71972 7.6 81 12 10 00 00 00 09 00
53gil262 1013 206 111 36 07 08 07 00 02 00
53pr264 29549 9.9 07 08 08 10 04 02 05 00
562280 1079 5.9 33 23 08 03 03 00 06 00
60pr299 22615 80 40 39 10 02 00 00 01 00
64lin318 20765 10.1 83 37 25 09 00 00 26 00
80rd400 6361 11.4 79 23 13 28 11 20 07 00
841417 9651 0.5 15 18 16 05 00 01 00 00
87gr431 101946 5.1 52 26 32 36 25 11 00 00
88pra39 60099 9.7 59 18 12 14 13 00 11 00
89pcha42 21657 7.8 56, 29 01 10 00 17 21 00
99d493 20023 8.3 58 21 33 24 07 14 23 00
107ali535 128639 15.9 50 31 26 05 00 04 05 00
107att532 13464 11.3 56 08 15 05 08 01 01 00
107si535 13502 2.4 13 03 01 01 00 00 03 00
113pa561 1038 10.7 63 14 29 17 16 16 06 00
1150574 16689 10.4 95 57 51 02 11 10 16 00
115rat575 2388 134 115 44 42 35 32 32 13 02
131p654 27428 2.0 14 03 25 02 00 00 02 00
132d657 22498 10.6 95 46 39 17 16 05 19 01
1349r666 163028 10.7 57 22 24 19 25 20 10 02
1450724 17272 125 131 46 23 13 29 03 13 00
157rat783 3262 197 129 47 29 35 03 16 13 01
200dsj1000 9187884 14.8 89 43 44 08 15 19 26 01
201pr1002 114311 16.3 84 36 02 02 15 08 01 02
207si1032 22306 5. 41 17 12 09 01 01 09 00
212u1060 106007 13.7 90 36 23 18 17 21 07 02
217vm1084 130704 12.4 82 31 30 22 20 21 18 03
Average 171 139 22 36 10 08 06 07 00
Light avg. 11.4 76 25 20 11 09 07 08 00
Heavy avg. 423 413 08 106 03 01 01 03 00
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Table 5: Detailed experiment results for the moderate amy lmstancest > 30). The
reported values are running times, ms.

Instance 20§ B3 CZo gzo  gieo Sco Sjco E3 ma
30ch150 0.1 01 0.5 1.4 2.8 2.7 8.0 46.7 56.2
30kroal50 0.0 01 0.4 1.0 1.8 4.0 4.2 32.3 57.7
30krob150 0.0 0.1 0.4 1.2 1.5 2.5 7.0 50.6 65.5
31prl52 0.0 0.2 0.4 1.4 4.5 25.3 334 38.8 39.0
32ul159 0.1 0.1 0.3 0.9 2.7 4.2 25.7 31.9 62.4
35si175 0.1 0.2 1.8 3.6 10.0 235 358.8 232.5 64.0
36brg180 0.0 0.2 0.4 0.4 1.2 2.3 279.3 46.4 53.0
39rat195 0.1 01 0.7 1.2 3.1 7.3 13.7 64.9 138.8
40d198 0.2 0.6 2.0 3.7 21.9 134.2 3104 98.7 126.4
40kroa200 0.1 0.1 0.7 1.6 3.2 4.1 11.7 60.6 123.2
40krob200 0.1 0.2 0.5 1.4 2.4 4.2 16.2 56.3 157.6
419r202 0.1 0.3 0.8 1.9 7.8 11.0 81.2 86.1 198.1
45ts225 0.1 0.3 0.7 3.0 8.0 10.0 19.9 273.0 191.9
45tsp225 0.1 0.2 0.8 2.3 3.1 7.6 15.5 112.3 156.0
46pr226 0.1 04 1.0 1.9 4.5 12.7 21.7 44.1 95.2
469r229 0.1 0.2 1.0 3.2 35 8.8 13.9 145.1 224.6
53gil262 0.2 0.3 1.9 3.8 7.9 9.2 21.3 107.8 290.2
53pr264 0.2 1.0 5.7 6.5 66.2 282.4 505.4 230.9 204.4
56a280 0.2 0.3 1.1 2.2 11.2 9.3 43.9 148.2 291.7
60pr299 0.1 0.2 1.5 3.8 8.7 12.6 31.4 146.7 347.9
64lin318 0.2 0.3 2.0 4.2 17.3 48.6 81.4 223.1 404.0
80rd400 0.3 0.7 3.8 5.6 18.2 36.7 74.4 305.8 872.0
84fl417 0.3 2.3 5.9 9.7 59.0 174.8 315.1 645.8 583.4
87gr431 0.4 0.8 4.4 9.3 19.8 59.6 107.9 485.2 1673.9
88pr439 0.3 0.8 3.0 116 24.4 54.3 109.3 764.4 1146.6
89pch442 05 0.8 4.1 9.5 23.1 42.9 88.8 656.8 1530.4
99d493 0.7 20 75 131 1483 2666.1 1616.2 591.2 3675.4
107ali535 1.0 23 7.1 134 29.9 52.2 170.2 795.6 3558.4
107att532 06 1.9 80 17.1 33.1 715 312.1 932.9 29422
107si535 05 55 329 46.7 337.0 19219 12725.0 3503.8 2449.
113pa561 0.7 1.3 54 116 28.6 51.0 104.2 695.8 2931.3
115u574 0.7 1.9 6.8 10.7 53.3 63.9 156.1 956.3 3017.1
115rat575 0.5 1.3 6.4 17.9 41.0 92.9 128.0 697.3 2867.3
131p654 1.2 94 409 273 2139 1074.8 2964.0 3293.2 2137.2
132d657 09 23 136 220 1094 1009.3 2322.9 794.0 4711.2
134gr666 1.0 23 8.7 28.1 51.5 135.9 374.4 1425.8 10698.6
145u724 1.0 27 134 326 62.8 105.8 242.0 1326.0 7952.9
157rat783 1.5 22 17.7 30.8 73.7 131.3 248.3 2165.3 9459.9
200dsj1000 3.5 10.3 80.7 1045 592.8 5199.5 8032.5 9361.60422
201pr1002 23 6.2 391 570 1564 290.6 539.8 2719.1 21443.9
207si1032 3.5 37.4 839.3 875.2 7063.7 195644.0 306944.892612 17840.3
212u1060 3.7 71 364 802 1955 307.5 1040.5 2990.5 31201.8
217vm1084 25 6.6 514 785 204.8 496.1 978.1 4687.8 27587.2
Average 0.7 26 293 36.3 2264 4890.9 7941.8 3604.6 4310.1
Light avg. 0.7 1.6 95 16.8 56.0 315.7 488.5 972.0 4653.6
Heavy avg. 0.8 7.1 1161 121.6 971.6 24907.3 40550.4 15122807.2
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