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Abstract We re-visit the two-agent scheduling on a parallel-batch machine to mini-
mize the makespan, where the jobs have release dates and linear deteriorating process-
ing times. The objective is to minimize the makespan of agent A with the makespan
of agent B being bounded. In the paper [Tang, L.X., Zhao, X.L., Liu, J.Y., & Le-
ung, J.Y.T. (2017) Competitive two-agent scheduling with deteriorating jobs on a single
parallel-batching machine. European Journal of Operational Research, 263, 401-411.],
the authors reported comprehensive research for this scheduling model. Especially, they
presented polynomial-time algorithms for the following four problems. In the first, the
batch capacity is unbounded and the two agents are compatible. In the second, the batch
capacity is bounded, the two agents are incompatible, the A-jobs have a fixed number
of normal processing times, and the B-jobs have a common release date. In the third
and forth, the batch capacity is bounded, the two agents are compatible, and the release

dates and normal processing times are either agreeable or reversely agreeable. But their
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discussions for the above four problems are logically confusing. In this paper we present
a more efficient polynomial-time algorithm for the first problem and show that the other
three problems are N P-hard. We also present a pseudo-polynomial-time algorithm for
the version where the batch capacity is bounded, the two agents are incompatible, and the
A-jobs and the B-jobs have their common release dates, respectively. We finally present a
strongly polynomial-time algorithm for the version where the batch capacity is unbounded

and the two agents are incompatible.

Keywords: parallel-batch; two agents; release dates; deterioration

1 Introduction

This paper is related to several well-studied scheduling models. For our purpose, we only

review the most pertinent studies.

Multi-agent scheduling was first introduced by Baker and Smith (2003), and Agnetis
et al. (2004). Especially, in two-agent scheduling, there are two agents A and B. Each
agent X = A, B has its own set of jobs J* = {J{X,J5,...,JX }. The jobs of agent
X are called the X-jobs. We assume that the A-jobs and the B-jobs are disjoint, i.e.,
JANJE = 0. In a scheduling environment, agent X has a scheduling cost f¥ that
only depends on the scheduling of the X-jobs. The two agents compete for a common
processing resource to process their jobs. The problem has been widely studied in the
literature. The methodology and development of multi-agent scheduling can be found in
Leung et al. (2010), Perez-Gonzalez and Framinan (2014), Agnetis et al. (2014), Fan and
Cheng (2016), and Yuan (2016).

Parallel-batch scheduling was first introduced by Lee et al. (1992). In this scheduling
model, a parallel-batch processor is a production facility that can handle up to a batch of
¢ jobs simultaneously, where ¢ is the batch capacity, and the processing time of a batch
is equal to the longest processing time of the jobs contained in the batch. All the jobs
contained in the same batch have a common starting time and a common completion
time. There are two variants of parallel-batch scheduling, namely the unbounded model,
in which ¢ = oo, and the bounded model, in which ¢ < n. The unbounded model was

first studied in Brucker et al. (1998). In the literature a scheduling problem in the



parallel-batch machine setting is denoted by 1|p-batch, r;, ¢|f, where “p-batch” refers to
the parallel-batch machine, r; means that the jobs have release dates, ¢ is the batch
capacity, and f is the scheduling cost to be minimized. For the two-agent scheduling on
a parallel-batch machine, we use

1|p-batch, r, ¢, OF/IF|f*: f? < Qp

(A

to denote a problem, where C'F' means that the two agents are compatible, i.e., the
jobs from different agents can be assigned to a common batch, and I F means that the
two agents are incompatible, i.e., the jobs from different agents cannot be assigned to a
common batch. The goal of the problem is to find a feasible schedule that minimizes f4,
subject to the restriction that fZ < Qp. Research on two-agent parallel-batch scheduling
can be found in Li and Yuan (2012), Fan et al. (2013), and Wang et al. (2017).

Scheduling with deteriorating jobs was first studied by Melnikov and Shafransky
(1979). Although there are many models in this research setting, we only consider the
linear deterioration version in which the processing time of a job J; in a schedule is given
by p; = aj(a+bt) with a > 0, b > 0, and a; > 0, where «; is called the normal processing
time of job J; and ¢ is the starting time of job J; in the schedule. In this scheduling
model, a useful observation is that, if a set of jobs J is consecutively processed (in an

arbitrary order) starting at time ¢, then the last job is completed at time

a a

(t+3) JJ];[ja +bay) — 7. (1)
Equation (1) has been repeatedly used in the literature and will also used in this paper.
Li et al. (2011) studied problem 1|p-batch,p; = a;t, r;j, ¢|Crmax. Specifically, they pre-
sented an O(nlogn)-time algorithm to solve problem 1|p-batch, p; = a;t, r;, ¢ = 00|Cpax.
We show in Section 2 that their algorithm can be easily extended to solve problem

1|p-batch, p; = (a4 bt),7;, ¢ = 00|Chax in O(nlogn) time.

In this paper we consider the two-agent scheduling on a single parallel-batch machine,
where the jobs have release dates and linear deteriorating processing times. The objective
is to find a feasible schedule that minimizes the makespan of one agent with the restriction
that the makespan of the other agent cannot exceed a given bound. In this scheduling
model, there are two agents A and B, the X-jobs (for X = A, B) are given by J* =
{5,155, T} with AN TP = 0, each job JX has a release date ¥ > 0, and the
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actual processing time of job JX is given by p¥ = o (a + bt), where o is the normal
processing time of job JjX for j = 1,2,...,nx, a > 0 and b > 0 are constants, and ¢t
is the starting time of job JjX in a real schedule. A schedule is determined by a batch
sequence ™ = (By, Bs, ..., B,,), which indicates that the n = ns +np jobs in JAUJPE are
partitioned into m batches By, Bs, ..., B,, and are processed in this order. If B; C JX
for some i, we call B; an X-batch or an X-pure batch. We use r5, = max{r; : J; € B;}
to denote the release date of batch B; and ap, = max{«a; : J; € B;} to denote the
normal processing time of batch B;. Hence, if batch B; starts at time ¢ in schedule 7,
then ¢t > rp, and the actual processing time of batch B; in 7 is ap,(a + bt), so batch B;
is completed at time ¢ + ap,(a 4 bt). For a given schedule 7, we use C;¥() to denote
the completion time of job JjX in . Then the makespan of agent X under 7 is given by
Covax(m) = max{CX(7) : j = 1,2,...,nx}. Following the notation in Tang et al. (2017),
we use [ F' and C'F to represent incompatible agents and compatible agents, respectively.
Then the scheduling problems studied in this paper can be denoted by

1|p-batch, p = a3 (a + bt), 7, c, CF/IF|CA., - CB < Qp, (2)

» g

which aims to find a feasible schedule that minimizes CZ _, subject to the restriction that

max;
CB < @Qp. In order to express a problem more efficiently in the following table, we just
state the choices of ¢ and CF/IF, together with the notation TJX . For example, problem
(¢ =00, CF, TJX ) refers to a problem in (2) in which the batch capacity is unbounded, the
two agents are compatible, and the jobs have their respective release dates, while problem
(c<n,IF, r;( ) refers to a problem in (2) in which the batch capacity is bounded, the two
agents are incompatible, and the jobs have their respective release dates. For the case

where TJX

is omitted, all the jobs are released at a common time ¢35 > 0.

The scheduling model in (2) was first studied by Tang et al. (2017), who considered
other regular scheduling costs such as fyax, »_ Cj, and > U;. The work in Tang et al.
(2017) is innovative as they proposed a scheduling model of a real production problem for
the ingot soaking process of a primary rolling plant in the steel industry. We complement
their study by analyzing some open cases to complete the research on this scheduling
model related to makespan minimization. Table 1 summarizes the comprehensive research

in Tang et al. (2017) concerning makespan minimization with release dates.

Table 1: The related results in Tang et al. (2017).
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Scheduling Problem Algorithm Reference in Tang et al. (2017)

¢c=o00, CF, r¥ O(n?) Discussion of Algorithm 1
c<n, IF, rX, (I,rP) O(n3ch) Discussion of Algorithm DP6
c<n, CF, agr(rj, a;) O(n?c) Discussion of Algorithm 2

c <n, CF, revagr(rj,a;) | O(n*c) Discussion of Algorithm 2
c=o0, IF, 1 O(nangnlog(Qy — Q7)) | Theorem 3.2.3

Note that the following notations are used in Table 1:

and Q' is a lower bound on CA

max*

e (Q}; is an upper bound on C4,

e (I,rB) denotes the restriction that the A-jobs have [ distinct normal processing times

and the B-jobs have a common release date 5.

e agr(r;,c;) denotes that the release dates and normal processing times of the jobs are

agreeable, i.e., r; < r; implies that o; < a;.

e revagr(rj, a;) denotes that the release dates and normal processing times of the jobs

are reversely agreeable, i.e., r; < r; implies that o; > a;.

Among the plentiful results obtained by Tang et al. (2017) are polynomial-time solu-

tion algorithms for the following four problems.

¢ =00,CF|Chuy  Ciax < @5

CB

max max

Problem 1. 1|p-batch pj =a; X(a 4+ bt),r i,

Problem 2. 1|p—batch,pj = (a + bt), r¥ ri,e <n JIF|C4 < (@Qp with the
restriction that the A-jobs have l (a constant) distinct normal processing times and the

B-jobs have a common release date.
Problem 3. 1|p-batch,pX = a(a + bt), agr(r;,o;), ¢ < n,CF|Ca,, Cgax <Qp.

Problem 4. 1|p-batch,p) = a(a + bt),revagr(r;, a;),c < n,CF|C,, : CF. < Qp.

Unfortunately, their discussions for the above four problems are logically confusing.

Then we re-visit these problems and make the following contributions.

e For Problem 1, we present an O(n?logn)-time algorithm, which is more efficient
than their O(n?)-time algorithm.

e For Problems 2-4, we study the following related problem:



Problem 5. 1|p-batch,p; = o (a4 bt),r™,c < n|Ch,, : CF .

that the X-jobs have a common release date r*, X = A, B.

< Qp, where X means

We show that Problem 5 is N P-hard even when ¢ = 1, ny = 1, and either the condition
agr(rj, ;) holds or the condition revagr(r;, o;) holds. Note that ¢ = 1 implies that C'F
and IF have no difference. As a consequence, Problems 2-4 are N P-hard. We further

present a pseudo-polynomial-time algorithm for Problem 5 under the I F' assumption.

e Finally we study the following problem.

Problem 6. 1|p-batch,p) = aX(a+bt),r ), ¢ =00, IF|Ch,, : CF. < Qp.

For this problem, Tang et al. (2017) presented an O(nanpnlog(Q},—@Q"))-time algorithm,

which is weakly polynomial. In this paper, we present an O(n?)-time algorithm, which is

strongly polynomial.

We organize the rest of the paper as follows: In Section 2 we present a fundamental
algorithm, which is repeatedly used in this paper. In Section 3 we study Problem 1. In
Section 4 we study Problem 5, together with discussions of the N P-hardness of Problems
2-4. In Section 5 we study Problem 6. We conclude the paper in the last section.

2 A fundamental algorithm

For problem 1|p-batch,p; = a;t,rj,¢ = 00|Cpax, Li et al. (2011) presented a dynamic
programming algorithm to solve the problem in O(nlogn) time. In the following we

borrow their method to solve problem

1|p-batch, p; = a;(a + bt),7;, ¢ = 00|Cryax. (3)
By the job-shifting argument, the following lemma can be easily verified.
Lemma 2.1. For the problem in (3), there exists an optimal batch sequence m = (By, Bo,

.., By) such that if two jobs J; and J; belong to distinct batches with J; € B,, J; € B,
and x <y, then a; > a.

If there exists two jobs J; and J; such that r; < r; and a; < o, then we can put J; in
the same batch as J; without increasing the makespan. Thus, we can delete job J; from

the job set. Therefore, by an O(nlogn)-time reduction, we may assume that the jobs can
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be re-indexed such that 1 < ry, < --- <r, and a; > ay > --- > «,. This assumption,

together with Lemma 2.1, leads to the following corollary.

Corollary 2.1. There exists an optimal batch sequence m = (By, Ba, ..., By) for the
problem in (3) such that each batch B, is in the form B, = {J; : | < j < u} for some
numbers | and u.

Now we present a dynamic programming algorithm to solve the problem in (3).

Algorithm DP1. Define F'(k) as the minimum makespan C,.x of a partial schedule of
the jobs Ji, Js, ..., Ji. By Corollary 2.1, in an optimal schedule of the jobs Ji, Js, ..., Ji
assuming F'(k), the last batch can be chosen as {J;11, Jit2, ..., Ji} for some index i. The
initial condition is F'(0) = 0 and the recursive formula for F'(k) is given by

F(k)= min {max{F(i),rx} - (1 + ba;t1) + a1} (4)

0<i<k—1

The optimal value of the problem in (3) is F'(n). A straightforward implementation of the
algorithm requires O(k) time to compute F'(k), given F(i), 0 < i < k — 1, so algorithm
DP1 runs in O(n?) time.

Similar to the discussion in Li et al. (2011), we can also adopt the technique provided
by Poon and Zhang (2004) to reduce the running time of DP1 to O(nlogn) in the following
way.

First, we set F'(0) = 0. Generally, if F'(0), F(1),...,F(k—1) with 1 < k < n are

given, we can easily calculate the value F'(k). Note that
0=F0)<F(1)<---<F(n). (5)

Since F'(k) > ry, from (5), there is a unique index my, such that F(my) <, < F(mg+1).

This implies that

{ ( ) } Tk, if ¢ S mg,
max{ F(2),r,} =
F(i), otherwise.

Thus, the recursive relation in (4) can be re-written as

k(1 + bayn, +1) + Ay, 41,
F(k) = min ' ' (6)
F(i)(l—i—baiﬂ)—i-aoziﬂ, mk+1 Slék—l
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Next, let Ay = {F(i)(1 + bayy1) + aayyq : my + 1 <@ < k — 1}, which is the main part
for calculating F'(k) in (6). To obtain Ay, from Ag, we compute myq (by a sequential
search for 74,1 on the sequence F(my + 1), F(my + 2),...,F(n)), deleting the elements
in Ap\Ar1 = {FE)(1 + bay1) + aciyq - myp + 1 < i < myyq}, and insert the element
F(k)(1 + baygy1) + aaygy1. Third, we store Ay as a heap and keep an array P of pointers
so that P[i] points to the element F(7)(1 + ba;y1) 4+ acyy1 in the heap when it is inserted.
Note that finding the minimum value in A; takes a constant time and each value of the
form F(k)(1 4 bagy1) + aoyyq is inserted into and deleted from the heap at most once.

Thus, our algorithm requires O(nlogn) time in total. Then we have the following result.

Theorem 2.1. The problem in (3) can be solved in O(nlogn) time.

3 The first problem

In Section 3.2.1.1 of Tang et al. (2017), the authors studied Problem 6, i.e.,
1|p—batch,p§( = osz(a + bt),rjx,c = oo,IF]C’rﬁaX 0B < Qp,

and provided the following lemma.

Lemma 3.2.1 in Tang et al. (2017). For Problem 6, there is an optimal batch schedule
m = (B, Bs,...,By,) such that if two jobs J; and J; belong to the same agent and distinct
batches with J; € B,, J; € B, and v <y, then oy > «;.

In Section 3.2.1.2 of Tang et al. (2017), the authors studied Problem 1, i.e.,

1|p-batch, p* = o (a + bt), 7, ¢ = oo, CF|CA . CB <Qp.

sy g

It is not hard to see that the result in their Lemma 3.2.1 is still valid for Problem 1. But
their following statement is unreasonable. As in the first paragraph of Section 3.2.1.2 in
Tang et al. (2017), the author wrote the statement:

In view of Lemma 3.2.1, we may assume that the jobs have been indexed such that

rp <o <r,and a; > - > . (7)



After this statement, the authors established the following properties for Problem 1.

Lemma 3.2.4 in Tang et al. (2017). For Problem 1, there is an optimal schedule in
the form (my, ma, 73) that has the following properties:

(1) the partial schedule wo contains only all the B-pure batches, 3 contains part of A-pure
batches (if any), and m contains the remaining batches;

(2) all the jobs (batches) in the partial schedules m; and wy are scheduled in decreasing
order of their normal processing times, all the jobs (batches) in the partial schedules m

and w3 are also scheduled in decreasing order of their normal processing times.

Finally, based on Lemma 3.2.1 (in fact, the above statement) and Lemma 3.2.4, the
authors presented an O(n?) algorithm (their Algorithm 1) for Problem 1.

Since two jobs belonging to distinct agents cannot be absorbed by each other, the
statement in (7) does not hold in general. From the context of Tang et al. (2017), it
seems that they studied Problem 1 under the assumption that the jobs are indexed in
such a way that r; < --- < r, and a; > -+ > «,. In this case, property (2) in their
Lemma 3.2.4 is inaccurate and the implementation of their Algorithm 1 is confusing. So

we present in the following a new algorithm for Problem 1.

Consider an instance {Ji, Ja, ..., J,} of Problem 1 as follows:

1|p—batch,pj( = a;-((a + bt), TJX, c=o00,CF|CA OB <Qp.

If there exist two jobs J; and J; belonging to the same agent such that r; < r; and
a; < «;, from the fact that ¢ = oo, we can always put J; in the same batch as J; without
increasing the makespan of each agent. This implies that we can delete job J; from the
job set in our discussion. Therefore, we may assume that, for every two jobs J; and J;
belonging to the same agent, we have that r; # r; and «; # «;, and moreover, r; < r;
implies that o; > «a;. As a result, we can re-index the jobs of each agent X such that

i <ry <---<ryoandog >af > >0, for X = A B.

Note that the result of Lemma 3.2.1 in Tang et al. (2017) for incompatible agents are

also valid for compatible agents and can be re-stated in the following form.

Lemma 3.1. For Problem 1, there is an optimal batch schedule m = (B, Ba,. .., By)



such that if two jobs J; and J; belong to the same agent and distinct batches with J; € By,
J; € By, and x <y, then o; > «;.

The problem in (3), i.e., 1|p-batch, p; = a;j(a+0bt), r;, c = 00|Cpax, is important for our

discussion. Relating to this problem, we consider the following three auxiliary problems.

Problem Aux(ka,kp): This is the single-agent scheduling problem in (3) for the job set
{J{‘,...,J,ﬁq,JlB,...,J,i}, where 0 < k4 < mny and 0 < kg < ng. We use C(ka, kp) to
denote the optimal value of Problem Aux(ka,kp) and 7(ka, kp) to denote an arbitrary

optimal schedule.

Problem Aux”(k}): This is the single-agent scheduling problem in (3) for the job set
{J,éﬁl, cee JfA}, where 0 < ky < ny — 1, with the restriction that no jobs start earlier
than C(ka,np). We use CA(k}) to denote the optimal value of Problem Aux?(k7) and

use 74 (k}) to denote an arbitrary optimal schedule.

Problem Aux?(k}): This is the single-agent scheduling problem in (3) for the job set
{JP 11, JD.}, where 0 < kg < np — 1, with the restriction that no jobs start earlier

than C(na, kg). We use CB(k}) to denote the optimal value of Problem Aux?(k}) and

use 7P(k}) to denote an arbitrary optimal schedule.

Lemma 3.2. For Problem 1 with a feasible instance, one of the following n + 1 sched-
ules is optimal: (i) w(na,ng); (i) (7(ka,ng), 74(k})), 0 < ka < na — 1; and (iii)
(W(HA,I{?B),WB(/{IE)), 0 § k’B S np — 1.

Proof. Let m = (By, By, ..., By,) be an optimal schedule for Problem 1 with the property
stated in Lemma 3.1. We consider the following three distinct cases.

Case 1: CA (7)) = CE (7). Then both J4 and JZ are included in the last batch
nA ng

By, of m. Let 7 = m(na,np). Then max{CA, _(7*),CB (1)} = Chax(7*) < Cnax(7) =
CA . (m)=CB_ (r). This means that 7* = 7m(n4,np) is also optimal for Problem 1.

max

Case 2: C4 (7) > CB_(m). Then the last batch of 7 consists of some jobs of agent
A. From Lemma 3.1, there is a job index k4 < ny4 and a batch index y < m such
that J? € B, and Byy1 UByy U---UBy, = {J 1, J{ 10, -, J;t }. Let @' be the
sub-schedule of By, By, ..., B, in m and let 7" be the sub-schedule of By, By1a,..., By,

in 7. Then m = (7/,7"), CB_(7) = Chax(7'), and C’;ﬁax(ﬂ) = Chax(m) = Chax(7").

m.

Now let 7 = (m(ka,np), 7 (k})) be the schedule for Problem 1 that is obtained from
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7 = (7', 7") by replacing 7" and 7" with 7(ka, np) and 74(k}), respectively. For Problem
Aux(ka,np), m(ka,npg) is an optimal schedule and 7’ is a feasible schedule. Then

Crnax(7") < C(ka,n8) < Crnax() = Cr (). (8)

max

The inequality in (8) also implies that 7" (which starts no earlier than Cp.(7’)) is a
feasible schedule for Problem Aux? (k7). From optimality, we further have

Crnax(77) = CA(k) < Cnax(7") = Cipp (). (9)

max max

From (8) and (9), we have that C4, (7*) < C4 (7)) and CB_(7*) < CB

quently, 7 = (w(ka,ng), 74 (k})) is also optimal for Problem 1.

Case 3: CB_(7) > CA (). This case is essentially the same as Case 2. By replacing
the roles of A and B, we can show that (7(na, kg),72(k};)) is optimal for Problem 1 for

some job index kg with 0 < kg < np — 1. The lemma follows. O

(m). Conse-

By Theorem 2.1, the problem in (3) for a set of n jobs is solvable in O(nlogn) time.
Then each of the n+ 1 schedules in Lemma 3.2 can be obtained in O(nlogn) time. Thus,
we can first generate the n+1 schedules in O(n? logn) time and then pick the best feasible

schedule for Problem 1. This leads to the following result.

Theorem 3.1. Problem 1 is solvable in O(n*logn) time.

4 Study on Problem 5 and extensions

4.1 N P-hardness proof

The N P-hardness of the single-agent problem 1|p-batch,p; = «a;t,7;,¢ < n|Cypax Was
established in Li et al. (2011). This implies that the two-agent problem
1|p-batch, p} = a7 (a +bt),r,c < n|CA - CB <Qp (10)

is also N P-hard for both incompatible agents and compatible agents. Tang et al. (2017)
presented polynomial-time algorithms for Problems 2-4, all of which are sub-problems of
the problem in (10). However, their treatments of Problems 2-4 are logically confusing.
We now show that Problem 5, i.e.,

1|p—batch,ij = onX(a +bt), 75, c<n|Cd - CB < Qp,

is NV P-hard, which implies that Problems 2-4 are N P-hard, too.
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Theorem 4.1. Problem 5 s NP-hard even when ¢ = 1 and ny = 1. Moreover, the
problem is also N P-hard under each one of the following restrictions:

(1) The release dates and normal processing times of the jobs are agreeable, i.e., r; < r;
implies that o; < a;.

(ii) The release dates and normal processing times of the jobs are reversely agreeable,
i.e., r; < rj implies that o; > «;.

Proof. We use the Subset-Product Problem for the reduction. For this problem, Garey
and Johnson (1979) erroneously reported its strong N P-completeness. The binary N P-
completeness of the problem was established in Ng et al. (2010).

Subset-Product Problem: Given ¢ + 1 positive integers {ai, as,...,a;, H} such that
H§:1 a; = H* and a; > 2 for i = 1,2,...,t, does there exist a subset N; of the index set
N ={1,2,...,t} such that [],.y, @i = H?

For a given instance (ay, as, ..., a;; H) of the Subset-Product Problem, we construct a
job instance of the decision version of Problem 5 as follows:
ea=0,b=1,c=1,na=1,and ng =t.

e Job J{ has a release date r{* = H and a normal processing time af* = h — 1, where
2<h<H.

e Jobs JB,JB ..., JB have release dates r® = 1 and normal processing times a? = a; — 1
fori=1,2,...,t

e The decision asks whether there is a feasible schedule 7 such that C4_
CB (7)< hH?.

max

() < hH and

The above construction can be performed in polynomial time. In the following we
show that the Subset-Product Problem instance has a solution if and only if the above
constructed job instance has a feasible schedule 7 such that C4, (7) < hH and CZ_ (%) <
hH?.

Necessity Proof: Suppose that the Subset-Product Problem instance has a solution.
Then there exists a subset N; of the index set N = {1,2,...,¢} such that [[,.y a; = H.
Let No = N\N;. Set J§ = {J7 :j € N;} for i = 1,2. Then we construct a schedule
™= (Jg < Ji* < JL) in the following way.

— The B-jobs in J§ are processed consecutively from time 7% = 1. Since [y, a; =
H, the completion time of the last job in Jy is given by C(J%) =1 - [[;cn, (@f +1) =
1-[I;en, @ = H. Thus, the B-jobs in J3} are scheduled in the time interval [1, H] in 7.

— The A-job J{! is processed from time r{' = H. Then the completion time of J;! is
given by C{(r) = S{(7) - (af' + 1) = hH. Thus, CA_(7) = hH.

m.

— Finally, the B-jobs in 7 J\% are processed consecutively from time hH. Since [ [, y, @i =
H, the completion time of the last job in Jy, is given by C(J,) = hH -[[;cy, (@’ +1) =
hH -l,cy, ai = hH?. 1t follows that CF, (7) = hH?.

max
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Figure 3 displays the structure of schedule m. The above discussion implies that 7 is
our required feasible schedule.

B B
IN, Jp TNy

L L L L J
0 1 H hH hH?

Figure 3. The schedule 7

Sufficiency Proof: Suppose that 7 is a feasible schedule of the above job instance such
that C4,  (7) < hH and CB_(7) < hH? We prove that the Subset-Product Problem
instance has a solution in the following. Note that ¢ = 1.

Let 7 be the starting time of job J{* in 7. Then 7 > r{! = H and hr =7 (af + 1) =
C4. (7) < hH. This just implies that 7 = H. Consequently, job Ji is scheduled in the
time interval [H, hH] in 7.

max (M) < hH?,
we deduce that the B-jobs are processed between 1 and hH?. We use J. ]{?1 to denote the
set of the B-jobs processed in the time interval [1, H] and ‘71\% to denote the set of the
B-jobs processed in the time interval [hH, hH?], where N; and N, form a partition of the

index set {1,2,...,t}. Then

From the fact that the B-jobs have a common release date r® = 1 and C5

i€EN1
and
C(J%) =hH - ] a; < hH*.
i€ N2
It follows that [[,cy, @ < H and [],cy, @ < H. Since [[;cy, @i [ien, @i = H?, we have
that [],cn, @ = [licn, @ = H. This implies that the Subset-Product Problem instance
has a solution.

Since ¢ = 1 in our job instance, the above discussion implies that Problem 5 is N P-
hard for both compatible agents and incompatible agents.

Note that our job instance satisfies the conditions that
rlBZTQB:-~-:rf:1<Tf‘:H
and
af =a;—1<H-1 for i=1,2,...,L

When h = H, we have that o =a; —1 < o' = H—1fori=1,2,...,t. In this case, all
the job release dates and normal processing times are agreeable. When h = 2, we have
that a? =a; —1>a! =h—1=1fori=1,2,...,t. In this case, all the job release
dates and normal processing times are reversely agreeable. It follows that Problem 5 is
also N P-hard under each one of the restrictions (i) and (ii). The result follows. O

13



As a consequence of Theorem 4.1, we have

Corollary 4.1. Problems 2-4 are N P-hard.

4.2 Problem 5 under the [F' assumption

We now consider Problem 5 under the [ F' assumption, i.e.,

1|p—batch,p§( = a])-((a +bt), 7, c<n, IF|CA . CB < Qg (11)

To present a pseudo-polynomial-time algorithm, we assume that all the parameters a, b,
X
70
Full Batch Longest Normal Processing Time (FBLNPT) rule to form the batches in our

o, and ¥ are non-negative integers. As in Tang et al. (2017), we use the following

discussion.

FBLNPT: Sort the jobs in the non-increasing order of their normal processing times and
form full batches by always assigning the first ¢ unassigned jobs into a full batch. Finally,

the remaining fewer than c jobs, if any, are assigned to a non-full batch.

It is easy to verify that, for the single-agent problem with a common release date rg,
ie.,

1|p-batch, p; = aj(a + bt), 79, ¢ < n|Ciax, (12)

the schedule in which the batches are generated by the FBLNPT rule, starting at time 7

and processed consecutively, is an optimal schedule.

Lemma 4.1. For a feasible instance of the problem in (11), there exists an optimal
schedule satisfying the following conditions:

(i) the batches of each agent X = A, B are generated by the FBLNPT rule;
(ii) if r* < rP, the batches of agent B are processed consecutively; and

(iii) if rP < r?, the batches of agent A are processed consecutively.

Proof. Since the jobs of agent X = A, B have a common release date r~, by using the
job-swapping argument and job-shifting argument, we can show that the batches of agent
X can be generated by the FBLNPT rule in an optimal schedule for the problem in (11).
This proves result (i).

14



Now let m = (By, Bs, ..., By,) be an optimal schedule with satisfying result (i). Sup-
pose first that 74 < rB. Let B; be the first batch in 7 that starts no earlier than r?
and let 7 be the starting time of B;. For X = A, B, let BX be the set of X-batches in
{B;, Biy1,...,Bn}. Note that BP consists of all the B-batches since the jobs of agent B
are released at time 7?2, so they cannot be scheduled earlier than 2. We define 7’ as a
new schedule that is obtained from 7 by re-scheduling the batches in {B;, Biy1,..., By}
in the following way.

— If B,, is a B-batch, then starting at time 7, first schedule the batches in B consec-
utively, followed by scheduling the batches in B? consecutively.

— If B,, is an A-batch, then starting at time 7, first schedule the batches in B? con-
secutively, followed by scheduling the batches in B4 consecutively.

It is not hard to verify that CA, (') < CA () and CB_(7') < CB, (7). Then 7/

is also an optimal schedule satisfying result (i). Since the batches in B? (i.e., all the

B-batches) are processed consecutively in 7', it follows that 7" also satisfies result (ii).

When 74 > rB by exchanging the roles of A and B, a same argument leads to an
optimal schedule 7" that satisfies results (i) and (iii). The lemma follows. O

From Lemma 4.1(i), we may suppose that all the batches of each agent have been
obtained by using the FBLNPT rule, which takes O(nlogn) time. By regarding each
batch as a single job, we reduce the problem in (11) to its sub-version with ¢ = 1, which
is the traditional single-machine two-agent scheduling problem, denoted as

lp} =af(a+ bt),r¥|Ca. : CB < Qp. (13)

m.

When only the B-jobs are considered, by processing all the B-jobs consecutively starting

at time r”, the makespan is given by (r® + ) T].”, (1 + ba)) — %. Hence, to guarantee

feasibility of the problem in (13), by using the expression in (1), we assume in the following
that

np

Qs> (P + ) [J(1+baf) - . (14)

k=1

We consider the following three distinct cases.

Case 1. 74 = rB. In this case, we define two schedules 7 = (74,73) and 0 = (0p,04),
where

— 74 is the partial schedule of 7 that processes all the A-jobs consecutively starting

A_ B

at time r re,

15



— 7 is the partial schedule of 7w that processes all the B-jobs consecutively starting

at time C4,_(74),

— op is the partial schedule of ¢ that processes all the B-jobs consecutively starting

A_ B

at time r ro,

— 04 is the partial schedule of o that processes all the A-jobs consecutively starting

at time CZ._(op).

From Lemma 4.1, one of 7 and ¢ is an optimal schedule for the problem in (13). Since
7 and o can be generated in O(n) time, the problem in (13) is solvable in O(n) time in

this case.

Case 2. r* < rB. In this case, we first construct a schedule 7 in which all the A-jobs are
scheduled consecutively from time 74 and all the B-jobs are scheduled consecutively from
time max{C4, _ rP}. If CB_(7) < Qp, then 7 is clearly an optimal schedule. Hence, we

ax?

assume in the following that CZ_(7) > Qp. This means that the last job in an optimal

max

schedule must be an A-job.

According to Lemma 4.1, together with its proof, there is an optimal schedule in which

the jobs are scheduled in the order
(j1A <JP =< jzA)a (15)

where J* and J5' form a partition of J4 such that J;* is the set of A-jobs starting at
the time interval [r#,r8), and J5* is the set of the A-jobs starting after rZ. It is easy
to see that in an optimal schedule of the form in (15), we can further require that, for
i = 1,2, the jobs in J/ are processed in non-increasing order of their normal processing
times. Note that in an optimal schedule of the form in (15), the starting time of the

first B-job, denoted as s, is less than r® + o, (a + b - rP) since at most one job in
A

J is completed after 2, where o/t = max{a : i = 1,2,...,n4}. This means that

TB§S<7’B—|—aA

max

(a+b-rB). We enumerate all the possible choices of s. For each given
s, we find an optimal schedule of the form in (15) and pick the best one as the solution
for the problem in (13).

We now re-index all the A-jobs such that ozf‘ > o/24 > > a,’:‘ - Fix a positive integer

“h B B A
swith r? < s <r” 4ol

(a+b-rP). For each pair (i,t) of integers with 0 < i < mn4 and
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r4 <t <s, let f(i,t) be the minimum makespan of a partial schedule that contains the
jobs J{, Jgt, .. JA, JP JP, ... P and has the processing structure (Ji* < TP < J5')
in (15), where J/* and J5* form a partition of {J, J3',. .., JA}, the last job in J;* starts
before 7P and is completed at time ¢, and the processing of the jobs in J? starts at time
s. This implies that s > max{t, r®}.

In an optimal schedule assuming f,(i,t), J; is either the last job of J* or the last

job of J5*. Then we have the following dynamic programming algorithm for calculating
fs(i,t) with fixed s.

e The initialization is

(s+%) Zﬁl(l+bak3)—%, if s > 7P and t = r4,

fs(ovt) =

0, otherwise.
e The recursive relation is

fs(iat) = min{fs<i - 17t*)7 (1 + ba?)fs(l - 1’t) + aa?}u

t—aoalA
(1+ba)

t = (1+ba)t* + aai.

where t* = , which means that if J/ starts at time t*, then it is completed at time

e The optimal value of the problem in (13) is given by
min{ fy(na,t) : 7% <s <M, t <s, fo(0,r") < Qp},

where M = rB + o4

max

(a +b-rB). The corresponding optimal schedule can be found by
backtracking.

Note that there are a total of O(naM?) states and each recursion runs in a constant

time. So the time complexity of the above dynamic programming algorithm is O(n4M?).

Case 3. r4 > rB. According to Lemma 4.1, there is an optimal schedule in which the

jobs are scheduled in the order
(J7 =T =< T), (16)

where Jf and J form a partition of J?. We further distinguish the following two

distinct cases.

17



(1) JP = 0. We construct a schedule m in which all the B-jobs are scheduled
consecutively from time r® and all the A-jobs are scheduled consecutively from time

max{C5__ r4}. Obviously, 7 is an optimal schedule for the problem in (13).

(2) JP # 0. In this case, by exchanging the roles of A and B, the argument for Case
2 is still valid. We only highlight the major differences here.

Fix a positive integer s with 14 < s < r4 + a8, _(a +b-r?). For each pair (i,t)
of integers with 0 < i < ng and r® < t < s, let fi(i,t) be the minimum makespan
of a partial schedule that contains the jobs JZ, JZ, ... JB JA Ji, ..., JfA and has the
processing structure (Jf < J4 < JP) in (16), where JP and JP form a partition of
{JB, JB ..., JB}, the last job in J72 starts before 4 and is completed at time ¢, and the
processing of the jobs in J# starts at time s. This implies that s > max{t,r}. Then we

have the following dynamic programming algorithm for calculating f,(i,¢) with fixed s.

e The initialization is

(s + I+ bail) = . if s > 7t and £ =rP,

fS(Ovt) =

0, otherwise.

e The recursive relation is

fo(i,t) = min{ fo(i — 1,t*), (1 + ba’) fo(i — 1,t) + aa’},

B

x _ t—aoy
where t* = Hbaly”

e The optimal value of the problem in (13) is given by
min{ f,(0,77) : v < s < M, there exists t < s such that f,(ng,t) < Qz},

where M = r4 4+ o

max

(a +b-7r4). Note that the time complexity of the above dynamic

programming algorithm is O(ngM?).
From the above analysis, we have the following result.

Theorem 4.2. Problem 1|p-batch, pY = o (a +bt),r™, ¢ < n,IF|Ch,. - CE.. < Qp is
solvable in O(nM?) time, where M = max{r® + ol (a+b-r?), r4+ab (a+b-r)}.

max
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5 A new algorithm for Problem 6

We present in this section a strongly polynomial-time algorithm to solve Problem 6, i.e.,

1|p—batch,pj-( = onX(cH— bt),rjx,c =00, [F|CA OB < Qp.

Related to our research is the following two-agent scheduling problem

1|p—batch,pf = Oéj)-((a + bt), T])'(, Cc = 00, IF|OmaX7 (17>

in which the jobs from distinct agents cannot be assigned to a common batch and the

goal is to find a feasible schedule that minimizes the makespan of all the jobs, i.e., Cr.x =

maX{CII?laX ) CIE&X} °

Consider an instance {.Jy, Jo, ..., J,} of Problem 6 and the problem in (17). If there
exist two jobs J; and J; belonging to the same agent such that r; < r; and o; < o, from
the fact that ¢ = oo, we can always put J; in the same batch as J; without increasing the
makespan of each agent. This implies that we can delete job J; from the job set in our
discussion. Therefore, we may assume that, for every two jobs J; and J; belonging to the
same agent, we have that r; # r; and a; # «;, and moreover, r; < r; implies that a; > «;.
As a result, we can re-index the jobs of each agent X such that r* <ry <-.. <r; and

of >ay > >0 for X =AB.

Noting that the result of Lemma 3.2.1 in Tang et al. (2017) for Problem 6 is also valid

for the problem in (17), we re-state it in the following lemma.

Lemma 5.1. For Problem 6 and the problem in (17), there is an optimal batch schedule
m = (By, By, ..., By,) in which if two jobs J; and J; belong to the same agent and distinct
batches with J; € B, J; € By, and x <y, then o; > «;.

As in Section 3.2, we consider the following auxiliary problem.

Problem Aux*(ka,kp): This is the two-agent scheduling problem in (17) for the job set
{J{“,...,JQ, JE, .. .,J,fB}, where 0 < ky < ny and 0 < kg < ng. We use C*(ka, kp) to
denote the optimal value of Problem Aux*(ka, kp) and 7*(ka, k) to denote an arbitrary

optimal schedule possessing the property stated in Lemma 5.1.
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From Lemma 5.1, given (ka, kp) with 1 < ky < nu and 1 < kg < np, the last batch
of m(ka, kg) is either J4(l4, k) for some I4 € {0,1,...,ka — 1} or JE(Ip, kp) for some
Il €{0,1,..., kg — 1}, where

jX(lX7kX) = {Jl))((-i,-l)‘]li—f—%"'a‘]lg;}? X = AvB

If the last batch is 7 (14, k4), then it starts at time max{C*(l4, kg), 7} } and is completed
at time max{C* (I, k), i} }(1+b-of! ) +a-af . If the last batch is T (I, kg), then
it starts at time max{C*(ka,lp), 7., } and is completed at time max{C*(ka,lp), 7} }(1+
boof ) +a-aof .

The above discussion implies that all the values C*(ky4, kp) with 0 < ks < n4 and

0 < kp < np can be calculated by the following dynamic programming algorithm.
e The initialization is C*(0,0) = 0.
e The recursive relation is

min{7;} (ka,kp) : 0 <y <ka—1}, if ka>1,
C*(ka, kp) = min
min{Tl]B;(kA,kB) -0 S lB S /{,'B — 1}, if kB Z 1,
where

7y (ka, kp) = max{C*(La, kg), i, (L +b- o) +a-aj
and
Tlg(l{?A, kp) = max{C*(ka,lp), TEB}<1 +b- aiﬂ) +a- ozf;H.
Finally, the optimal schedule 7*(k4, k) can be obtained by backtracking.

Note that there are a total of O(nang) states and each recursion runs in O(n) time.
Then the time complexity of the above dynamic programming algorithm is O(nangn).
We also notice that the optimal value of the problem in (17) is C*(n4,ng). Then we have

the following result.

Lemma 5.2. Problem Aux*(ka,kp) with 0 < kqa < na and 0 < kg < ng, including the
problem in (17), is solvable in O(nanpgn) time.

Let us return to Problem 6 now. As for the analysis of Problem 1, we also need the

following two auxiliary problems.
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Problem Aux**(k}): This is the single-agent scheduling problem in (3) for the job set
{Jléﬁl’ cee J;;‘A}, where 0 < ky < ny — 1, with the restriction that no jobs start earlier
than C*(k4,np). We use C*4(k}) to denote the optimal value of Problem Aux*4(k¥)

and 7*4(k1) to denote an arbitrary optimal schedule.

Problem Aux*®(k}): This is the single-agent scheduling problem in (3) for the job set
{JP 11, JD.}, where 0 < kg < np — 1, with the restriction that no jobs start earlier
than C*(na, kg). We use C*B(k}) to denote the optimal value of Problem Aux*Z(k})

and 7*B(k}) to denote an arbitrary optimal schedule.

Lemma 5.3. For Problem 6 with a feasible instance, one of the following n schedules
is optimal: (i) (7*(ka,ng),m*4(k})), 0 < ka < na—1 and (i) (7*(na, kg), 7*B(kE)),
0 < kB < np — 1.

Proof. Let m = (By, Ba, ..., By,) be an optimal schedule for Problem 6 possessing the
property stated in Lemma 5.1. Then the last batch B,, is either an A-batch or a B-batch.

If B,, is an A-batch, from Lemma 5.1, there is a job index k4 < n4 and a batch index
y < m such that JZ € B, and By;1 U By U---UBy, = {J 4, Jit o, J2L ). Let o/
be a sub-schedule of By, Bs, ..., B, in m and 7" be a sub-schedule of Byi1, By1o,..., By
in 7. Then 7 = (7',7"), CB _(7) = Chnax(7'), and CA_ (1) = Crax(7) = Crax(7").
Now let 7 = (7*(ka,ng), 74 (k})) be the schedule for Problem 6 that is obtained from
7w = (7/,7") by replacing 7' and 7" with 7*(ka,ng) and 7*4(k}), respectively. For
Problem Aux*(ka,ng), 7*(ka, ng) is an optimal schedule and 7’ is a feasible schedule. For
Problem Aux*4(k}), 7*4 (k1) is an optimal schedule and 7" is a feasible schedule. Hence,
cA (m) < CA (7)) and CE _(7*) < CB, (7). Consequently, 7* = (7*(ka,ng), T (k}))

max max

is also optimal for Problem 6.

Similarly, if B, is a B-batch, we can show that (7*(na, kg), 7*?(k})) is optimal for
Problem 6 for some job index kg with 0 < kg < ng — 1. The lemma follows. O

To solve Problem 6, from Lemma 5.2, we can first generate the n schedules 7*(k4, ng)
with 0 < k4 < ny — 1 and 7*(na, k) with 0 < kg < np — 1 in O(ngngn) time. Next,
from Theorem 2.1, the problem in (3) for a set of n jobs is solvable in O(nlogn) time.
Then the n schedules 7*4(k}) with 0 < k4 <na — 1 and 7*P(k}) with 0 < kg <np —1
can be obtained in O(n?logn) time. Consequently, the n schedules in Lemma 5.3 can be
obtained in O(n?) time, from which we pick the best feasible one for solving Problem 6.

This leads to the following result.
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Theorem 5.1. Problem 6 is solvable in O(n®) time.

6 Conclusion

We re-visit the problem of two-agent scheduling on a parallel-batch machine to minimize
the makespan, where the jobs have release dates and time-dependent proportional-linear
deteriorating processing times. We correct four invalid results in the literature and present
some new results. We summarize in Table 2 the known algorithms and complexity of the

two-agent scheduling problem in (2), i.e.,

1|p-batch pj = q; Xa+bt),r~, ¢, CF/IF|CA  CB < Qp.

Y J Y

Table 2: The latest results for the problem in (2).

Scheduling Problem Algorithm/Complexity | Reference

c=o0, CF, rf O(n?logn) Theorem 3.1
c<n, IF/CF, r* ny=1 N P-hard Theorem 4.1
c<n, IF/CF, agr(r;, o) N P-hard Theorem 4.1
c<n, IF/CF, revagr(rj,a;) | NP-hard Theorem 4.1
c<n, IF, rX O(nM?) Theorem 4.2
c=o0, IF, 1} O(n?) Theorem 5.1

For further research, it is worth studying the Pareto-optimization versions of Problems
1 and 6, i.e., 1|p-batch,p¥ = a; (a + bt), 1, ¢ = oo, CF/IF|#( maX,CgaX) As for the
NP-hard problems 1|p-batch, p¥ = a7 (a + bt),rX, ¢ < n,IF/CF|CL,. : CE.. < Qs,
heuristics with good performances are expected, and the algorithms in Tang et al. (2017)

Y ] 9 max

can act as possible choices. In addition, we believe that a more refined research can lead
to a pseudo-polynomial-time algorithm for the (¢ < n, CF, r¥) case of the problem , i.e.,
1[p-batch, p¥ = o (a + bt),r*, ¢ < n,CF|Ch, : CE. < Qp.

max
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