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Abstract

The locating-dominating set problem is a special domination problem, challenging
both from a theoretical and a computational point of view. Hence, a typical line
of attack is to determine minimum locating-dominating sets of special graphs or to
provide bounds for their size. Here, we study the locating-dominating set problem
from a polyhedral point of view and demonstrate how the associated polyhedra can
be entirely described for some basic families of graphs. The latter enables us to
determine minimum weight locating-dominating sets in the studied graph classes
for arbitrary integral node weights. We discuss further lines of research in order
to apply similar techniques for other graph classes, to obtain the exact values or
strong lower bounds for the size of minimum locating-dominating sets, stemming
from linear relaxations of the polyhedra, enhanced by suitable cutting planes.
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1 Introduction

Many practical problems can be formulated to find certain combinatorial sub-
structures in related graphs. Some safeguard applications of facilities as, e.g.,
placing detectors for fault detection in networks or motion/fire detection in
buildings, can be modeled by so-called locating-dominating sets in graphs.

In a graph G = (V, E), the open neighborhood N (i) of i € V' is the set of
all nodes adjacent to ¢ and N[i] = {i} U N(i) is the closed neighborhood of 1.

Slater [7,8] defined a locating-dominating set in a connected graph G to be
a node subset C' such that N(i)NC and N(j)NC are non-empty and different
sets for all © #£ j € V — (. By definition, V is trivially a locating-dominating
set in G = (V, F). The locating-dominating number v*P(G) of a graph G is
the minimum cardinality of a locating-dominating set of G.

Determining vP(G) is in general NP-complete [3]. From a graph theo-
retical point of view, the problem was studied in [4,5,7,8] among others. To
apply polyhedral methods, a reformulation as set covering problem is in or-
der. For a 0/1-matrix M with n columns, the set covering polyhedron is
Q*(M) = conv{z € Z? : Mz > 1} and Q(M) = {z € R} : Mx > 1} is its
linear relaxation. A cover of M is a 0/1-vector z such that Mx > 1, and
the covering number 7(M) equals min 17z, 2 € Q*(M). We obtain such a
constraint system Mz > 1 for the locating dominating set problem as follows:

Theorem 1.1 C is a locating-dominating set of G = (V, E) if and only if its
characteristic vector x satisfies

(i) ©(N[i]) > 1 for alli €V, and
(i) x(N(i) A N(5)) > 1 for alli,j €V with dist(i,j) =1,
(111) x(N[i] A N[j]) > 1 for alli,j €V with dist(i,j) = 2.

As the matrix encoding the constraints from Theorem 1.1 may contain rows
which are equal to or dominated by other rows in it, we define the correspond-
ing clutter matrix, the locating-dominating set clutter Cpp(G) of G, obtained
by removing repeated or dominated rows. We define the locating-dominating
set polyhedron as Prp(G) = Q*(CLp(G)) = conv{z € Z'X' : Crp(G) © > 1},
and its linear relaxation as Qr;p(G) = Q(CrLp(G)). Determining v*P(G
can be done by solving the set covering problem v*P(G) = 7(Crp(G))
min{17x : z € P p(G)}.

Due to the hardness of the problem, we cannot expect to find a complete
facet description of Ppp(G) for all graphs G (which would allow us to solve
the weighted problem by linear programming techniques).
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So we propose to determine the locating-dominating set clutter Cpp(G)
for special graphs and then to study which constraints have to be added to
Qrp(G) in order to strengthen the linear relaxation. That way, we provide the
complete description of Ppp(G) for complete p-partite graphs (Section 2) and
thin suns (Section 4), and formulate an according conjecture for paths (Section
3). Finally, we discuss some consequences and future lines of research.

2 Complete multipartite graphs

Consider complete p-partite graphs K, . = (Vi,...,V,, E) where each V;
induces a stable set, all edges between any V; and V; are present, |V;| = n; for
i=1,...,pand |V| = n. We establish a connection between Crp(Ky, . 1,)
and matrices R? having as rows all the possible 0/1-vectors with two 1-
entries, called complete 2-roses of order n by Sassano [6]. Using the complete
facet description of Q*(R2) from [1], we can provide such a description for
Prp(Ky,....n,) which allows us to determine VLD(Km,,,_mp) directly (and the
weighted version by linear programming techniques).

We start with the two special cases of stars K ,, (i.e., ny = 1,p = 2) and
cliques K, (ie., ng =---=n, =1).

Lemma 2.1 IfG = (V,E) is a star Ky, or a clique K,,, we have
(i) CLp(G) = R},
(1) Prp(G) is described by the inequalities x(V') > |V'| — 1 for all nonempty
subsets V' C 'V, and, thus, v'P(G) =n — 1.

The above inequalities yield for |V’| = 1 and |V'| = 2 the inequalities
describing Q;p(G). On the other hand, V' = V yields the full rank facet
z(V) > |V| — 1 which immediately implies v2P(G) = |V| — 1.

Lemma 2.2 For a complete p-partite graph Ky, n,.. n, withng =1, n; > 2
fori=2,...,p, and p > 2, we have

0R ... 0
CLD<K1,n2,...,np) = . )
0. 0 R

Prp(Kin,,..n,) is described by the inequalities (V') > |V'|=1 for all nonempty
subsets V! CV; fori=2,...,p, and P (K1, n,) =n—p.



Lemma 2.3 For a complete p-partite graph Ky, n,...n, withng =---=mn, =
I,n;>2fori=r+1,...,pand 1 <r < p, we have

R 0 ... 0
0 R, ... 0

CLD(Kl,...71,nr+1,...,np) = i . . )
0 ... 0 R

Prp(Ki,.1mi1,my) 18 given by (V') > |V'| =1 for all nonempty V' C Vi U
UV and V' CV; fori=r+1,...,p, andy*P (K1 1n0iy,m,) = n—p+r—L.

The latter result includes complete split graphs since K . 1 ,, equals G =
(CUS, E) where C' =V U---UV,_; induces a clique and S = V,, a stable set.

Lemma 2.4 For a complete p-partite graph K, n, . n, with n; > 2 for i =

P

1,....p, we have
R0 ... 0
0 R, ... O
CLD<Kn1,...,np) = . . . s
0 ... 0 R}
Prp(Ky,....n,) is described by the inequalities x(V') > |V'| =1 for all nonempty

subsets V! CV; fori=1,...,p, and v*P(K,, . )=n—p.

Note that the latter result includes complete bipartite graphs K, ,,.

If G is a complete p-partite graph different from a star or a clique, Ppp(G)
does not have the full rank facet x(V) > v“P(G). But combining the con-
straints (V') > |V’| — 1 from the previous lemmas for the largest possible
subsets V' yields that z(V) > P (G) is valid for the respective values. Tt is
easy to find a locating-dominating set of the same size, which shows that the

values are indeed tight.

3 Paths

Consider paths P, with node set {1,...,n} and edge set {12,...,n—1n}. We
construct C'p(P,) and the resulting linear relaxation Qpp(P,).



Lemma 3.1 For a path P, withn > 5, Qrp(P,) is given by the

o trivial inequalities x; > 0 for alli € V(P,),

e closed neighborhood inequalities x1 + zo > 1, z; + 41 + Tino > 1 for
3<i1<n-3, and x,,_1 +x, > 1,

e closed symmetric difference inequalities v1+x3+x4 > 1, 2, _3+x, o+, > 1
and i1+ x; + Tiso + xin3 > 1 forall 3 <i<n—4.

Theorem 3.2 For a path P, with n > 5, P.p(P,) has as facets

* 1+ Te w3+ Ty > 2, Ty + Tp-2+ Tn1+ Ty > 2,

* T+ T+ Tigo + Tigz + Tiga > 2 fori=2,...,n—5.

It is known that v“P(P,) = [2] [8]. It is casy to see that combining the

inequalities in Theorem 3.2 for every i = 1,...,n yields that z(V) > 2?” is
valid for Prp(P,). If we round up the right hand side, we obtain v*P(P,).

Conjecture 3.3 The complete description of the polyhedron Prp(P,) is ob-
tained by adding all facets in Theorem 3.2 to the inequalities in Qrp(P,).

This conjecture has been verified in some experiments for n < 20.

4 Thin suns

A sun is a graph G = (C' U S, E) whose node set can be partitioned into S
and C, where S = {s1,...,s,} is a stable set and C' = {¢1,...,¢,} a (not
necessarily chordless) cycle. A thin sun T,, = (C' U S, E) is a sun where s; is
adjacent to c; if and only if 7 = j.

Lemma 4.1 For a thin sun T,, we have Cpp(T,) = ( 1,1 ) and Prp(T,)
coincides with its linear relaxzation Q(CrLp(T,)).

Adding up all constraints from the system Cpp(7T,)z > 1 yields the valid
full rank inequality z(C' U S) > n. On the other hand, both C' and S are
clearly locating-dominating sets of 7;,. This immediately implies:

Corollary 4.2 For T, with n > 4, ¥*P(T,) = n holds.

These results are independent from the subgraph that C' induces in 7}, and
apply particularly to thin suns where C' induces a hole, called sunlets.

5 Conclusions

In this contribution, we studied the locating-dominating set problem from a
polyhedral point of view. For that, we firstly reformulated the problem in



terms of set covering. For all considered graph families, we determined the
resulting locating-dominating set clutters and provided the complete descrip-
tion of Prp(G) for all cases of complete p-partite graphs and thin suns, and
formulate an according conjecture for paths.

On the one hand, these complete descriptions allow us to compute the exact
value of the locating-dominating number (generalizing some results from [8])
and even extend to the weighted version. On the other hand, they provide
us with information about the relation between Q*(Crp(G)) and its linear
relaxation Q(Crp(G)): we identified a case where Cp(G) is an ideal matrix
by @*(CLp(G)) = Q(CLn(G)).

A further goal is to identify the full rank constraint (V) > P (G) for
P.p(G) (e.g., by means of the Chvatal-Gomory procedure) in order to obtain
the exact value of the locating-dominating number for other graphs G where
Crp(G) is not ideal. Note that this is a general approach based on polyhedral
arguments which can be applied to the locating-dominating set polyhedra of
all graphs, even if the system of facet-defining inequalities is very complex.
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