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Abstract

In 1998, Reed conjectured that every graph G satisfies x(G) < [$(A(G) + 1 4+ w(@))],
where x(G) is the chromatic number of G, A(G) is the maximum degree of G, and w(G) is the
clique number of G. As evidence for his conjecture, he proved an “epsilon version” of it, i.e.
that there exists some £ > 0 such that x(G) < (1 —€)(A(G) + 1) + ew(G). It is natural to ask
if Reed’s conjecture or an epsilon version of it is true for the list-chromatic number. In this
paper we consider a “local version” of the list-coloring version of Reed’s conjecture. Namely,
we conjecture that if G is a graph with list-assignment L such that for each vertex v of G,
|L(v)| > [5(d(v) + 14 w(v))], where d(v) is the degree of v and w(v) is the size of the largest
clique containing v, then G is L-colorable. Our main result is that an “epsilon version” of this
conjecture is true, under some mild assumptions.

Using this result, we also prove a significantly improved lower bound on the density of
k-critical graphs with clique number less than k/2, as follows. For every a > 0, if ¢ < %,
then if G is an L-critical graph for some k-list-assignment L such that w(G) < (3 — @)k and
k is sufficiently large, then G has average degree at least (1 + ¢)k. This implies that for every
o > 0, there exists € > 0 such that if G is a graph with w(G) < (3 — a)mad(G), where mad(G)
is the maximum average degree of G, then x/(G) < [(1 —¢)(mad(G) + 1) + ew(G)]. It also
yields an improvement on the best known upper bound for the chromatic number of K;-minor

free graphs for large ¢, by a factor of .99982.
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:v € V(Q)) be a collection of lists which we call available
colors. If each set L(v) is non-empty, then we say that L is a list-assignment for G. If k is an
integer and |L(v)| > k for every v € V(G), then we say that L is a k-list-assignment for G. An
L-coloring of G is a mapping ¢ with domain V(G) such that ¢(v) € L(v) for every v € V(G) and
o(u) # ¢(v) for every pair of adjacent vertices u,v € V(G). If G has an L-coloring, then we say
G is L-colorable. We say that G is k-list-colorable, or k-choosable, if G has an L-coloring for every
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k-list-assignment L. If L(v) = {1,...,k} for every v € V(G), then we call an L-coloring of G a
k-coloring, and we say G is k-colorable if G has a k-coloring. The chromatic number of G, denoted
X(@Q), is the smallest k such that G is k-colorable. The list-chromatic number of G, denoted x¢(G),
is the smallest k such that G is k-list-colorable.

It is easy to see that for every graph G,

w(G) < x(G) < xe(G) < A(G) + 1, (1)

where w(G) denotes the size of a largest clique in G and A(G) denotes the maximum degree of
a vertex in G. If G is a clique or an odd cycle then the upper bound in () is tight for both the
chromatic number and list-chromatic number. A classical theorem of Brooks [2] says that for the
chromatic number, this is essentially the only case in which it is tight.

Theorem 1.1 (Brooks’ Theorem [2]). If G is a connected graph that is not a cliqgue or odd cycle,
then x(G) < A(G).

In 1998, Reed [20] famously conjectured that, up to rounding, the chromatic number of a graph
is at most the average of its clique number and maximum degree plus one.

Conjecture 1.2 (Reed’s Conjecture [20]). For every graph G,

X(©) = [ 386 +1+w(6)]

As evidence for his conjecture, Reed [20] proved that the chromatic nuumber of a graph is at
most a weighted average of its clique number and maximum degree plus one. We call this an
“epsilon version” of Reed’s Conjecture.

Theorem 1.3 (Reed [20]). There exists € > 0 such that for every graph G,
X(G) < (1-¢e)(AG) +1) + ew(G).

Reed [20] originally proved that Theorem [[3] holds for graphs of sufficiently large maximum
degree for ¢ = 1.4 -1078. In 2016, Bonamy, Perrett, and Postle [1] improved this to ¢ = %.
Recently, Delcourt and Postle [5] (see [6] for an extended abstract) improved this further to e = 4.
The blowup of a 5-cycle demonstrates that Theorem [L.3] does not hold for ¢ > % and that the
rounding in Reed’s Conjecture is necessary.

It is natural to wonder if Brooks’ Theorem or even Reed’s Conjecture is true for the list-chromatic

number. We conjecture that for Reed’s Conjecture this is the case.

Conjecture 1.4. For every graph G,

6) < 386 +1+4(0)].

The result of Delcourt and Postle [f] is actually proved for the list-chromatic number, implying
an “epsilon version” of Conjecture [[4l

In 1979, in one of the papers that introduced list-coloring, Erdds, Rubin, and Taylor [8] proved
the following classical theorem.



Theorem 1.5 (Erdés, Rubin, and Taylor [8]). Let G be a connected graph with list-assignment L.
If for every v € V(G), |L(v)| > d(v), then G is L-colorable, unless every block of G is a clique or
an odd cycle and for every v € V(G), |L(v)| = d(v).

Note that Theorem [[L5limplies that Brooks’ Theorem is true for the list-chromatic number. We
consider Theorem to be the archetype of what we call a “local version.” The main focus of
this paper is the following conjecture, which we consider to be the natural “local version” of Reed’s
Conjecture and Conjecture [[L4

Conjecture 1.6 (Local Version of Reed’s Conjecture). If G is a graph with list-assignment L such
that for every v € V(G),

1
L) 2 |5d)+ 1+ 00)|.
where w(v) is the size of the largest clique containing v, then G is L-colorable.

Note that if true, Conjecture [[L6l implies Reed’s Conjecture and Conjecture .4l As evidence for
Conjecture [L8) we prove an “epsilon version” of it, under certain mild assumptions. The following
is the main result of this paper.

1 . . . .
Theorem 1.7. Let € = 535. If G is a graph of sufficiently large maximum degree and L is a

list-assignment for G such that for all v € V(Q), |L(v)] > w(v) + log'*(A(G)) and
[L(v)] = (1 = )(d(v) + 1) + ew(v),
then G is L-colorable.

We prove Theorem [I.7] by proving structural properties of a “minimum counterexample” that
enable us to then find an L-coloring using the probabilistic method. The assumption in Theorem L7
that for each vertex v, |L(v)| > w(v)+log'’(A(G)), implies both that no vertex has a neighborhood
that is “too close” to being a clique and that the minimum number of available colors for a vertex is
sufficiently large. As we will see, this in turn implies that a minimum counterexample to Theorem[L.7]
has sufficiently large minimum degree. It would be interesting to prove Theorem [[.7] with the
hypothesis that |L(v)| > w(v) +1og'’ (A(G)) for each vertex v replaced with the weaker assumption
that the minimum degree of G is at least log'’(A(G)). As we discuss in Section 2] this may be
possible to prove with an extension of our methods, at the expense of a worse value of £. However,
since we use the probabilistic method, we do not believe our techniques could be extended to to
prove Conjecture in full.

In Section 2] we provide an overview of the proof of Theorem [[.7] and Sections are devoted
to its proof. In order to prove Theorem [[L7] we needed to develop a new version of Talagrand’s
“Concentration Inequality,” Theorem [6.3, which we prove in Appendix[Al Our proof of Theorem 6.3
corrects a flaw in a version of Talagrand’s Inequality in the book of Molloy and Reed [I5], Talagrand’s
Inequality II] (see Remark [ in Section []).

We now discuss some applications of our result.

1.1 King’s Conjecture
In 2009, King [I1] conjectured the following strengthening of Reed’s Conjecture.



Conjecture 1.8 (King [11]). For every graph G,

1
X(O) < o |0+ 1+ w(w)]

King’s idea behind Conjecture [[8 was that a strengthened form of Reed’s Conjecture may be
easier to prove using induction. For certain classes of graphs, this idea has been useful. Using this
and the structure theory of claw-free graphs of Chudnovsky and Seymour, King [I1] proved that
Reed’s Conjecture is true for claw-free graphs. The proof also appears in [12]. In 2013, Chudnovsky
et al. [4] proved that King’s Conjecture holds for quasi-line graphs, and in 2015 King and Reed [12]
proved it for claw-free graphs with a 3-colorable complement.

Note that Conjecture [[LG] if true, implies Conjecture [[.§], even for list-coloring. The first ap-
plication of our main result is that it implies that an “epsilon version” of Conjecture [I.8is true,

assuming G does not contain a clique of size within a factor of % — 0(1) of the maximum degree
of G. The following corollary follows easily from Theorem [L.7]
Corollary 1.9. Let ¢ < ﬁ. If G is a graph of sufficiently large maximum degree such that

w(@) < (1 —e)A(G) —log" (A(G)), then
X¢(G) < max (1 —¢e)(d(v) 4+ 1)+ ew(v).

veV(G)

1.2 Critical Graphs

Now we discuss an application of Theorem [[.7] to critical graphs. A graph G is k-critical if G is not
(k—1)-colorable but every proper induced subgraph of G is, and if L is a list-assignment for G, then
G is L-critical if G is not L-colorable but every proper induced subgraph of G is. A list-assignment
L is k-uniform if for every vertex v, |L(v)| = k. We denote the average degree of a graph G by
ad(@). The average degree of critical graphs has been extensively studied. Note that a k-critical
graph has no vertex of degree less than k& — 1, so the average degree of a k-critical graph is trivially
at least k — 1. Much work has been devoted to improving this bound. In a breakthrough result
from 2014, Kostochka and Yancey [14] proved the following lower bound on the number of edges in
k-critical graphs.

Theorem 1.10 (Kostochka and Yancey [14]). If k > 4 and G is k-critical, then

(k+ 1)(k — 2)|V(G)] — k(k — 3)}
20k — 1) '

B> |

Theorem [L.T0 implies the following asymptotic lower bound on the average degree of k-critical
graphs.

Corollary 1.11 (Kostochka and Yancey [14]). Let k > 4, and let G be a k-critical graph on n
vertices. Then as n approaches infinity,

ad(G) > k — Ll —o(1).

Theorem [[L.T0is tight for every k for an infinite family of graphs, as shown by Ore [I8]. Therefore
the asymptotic bound in Corollary [LTT] can not be improved. Kostochka and Yancey asked if their
bound can be improved by excluding certain subgraphs, such as cliques, and if similar results hold
for list-coloring. This was considered earlier by Kostochka and Stiebitz [13].



Theorem 1.12 (Kostochka and Stiebitz [13]). For every fized r, if G is L-critical for some (k—1)-
uniform list-assignment L and w(G) < r, then

ad(G) > 2k — o(k).

It is natural to not only consider graphs with bounded clique number but also graphs with clique
number bounded by a function of k. Theorem [[7] implies that the bound in Corollary [[L.TT] can be
improved for large k if G is an L-critical graph for some k-list-assignment L and G has no clique of
size at least k/2, as follows.

Theorem 1.13. For every a > 0, if e < % then the following holds. If G is an L-critical graph
for some k-list-assignment L such that w(G) < (3 — @)k and k is sufficiently large, then

ad(G) > (1 + e)k.

1.3 Maximum Average Degree

The bound on the chromatic number supplied by Reed’s Conjecture can be viewed as the average
of the lower and upper bounds provided in (), as previously mentioned. However, the upper bound
in ([ can easily be improved by replacing A(G) with |mad(G)], where mad(G) = maxgcq ad(H),
the mazimum average degree of G. In the spirit of Reed’s Conjecture, we conjecture the following
which, if true, implies Reed’s Conjecture.

Conjecture 1.14. For every graph G,
1
xe(G) < {5 (mad(G) + 1+ w(G))-‘ :

Note that Conjecture [[L.T4] if true, would be tight for K5 4, since x¢(K2.4) = 3. More generally,
xe(Ky ) =t+1 and mad (K, ) = 2t'/(1+¢'~') < 2¢, so the graphs K, ;+ provide an infinite family
for which the difference of the right and left side of the inequality in Conjecture[[.I4lis at most one.

Another application of Theorem [[.7] is an “epsilon version” of Conjecture [[L14] for graphs with
clique number less than half their maximum average degree.

Theorem 1.15. For every o > 0, there exists € > 0 such that the following holds. For every graph
G such that w(G) < (3 — a)mad(G),

xe(G) < [(1 —¢)(mad(G) + 1) + ew(G)] .

Theorem follows easily from Theorem [[L.T3l We include the proof in Section [7

1.4 K;-minor free graphs

We conclude this section with an application of Theorem [[L.13 to Hadwiger’s conjecture, which is
considered one of the most important open problems in graph theory. Hadwiger [9] conjectured in
1943 that if a graph has no K;;-minor, then it has chromatic number at most ¢t. The best known
upper bound on the chromatic number of K;-minor free graphs to date uses the fact that the
chromatic number of a graph is at most its maximum average degree, combined with the following



theorerjri of Thomason [23] providing a tight upper bound on the average degree of K;-minor free
graphs

Theorem 1.16 (Thomason [23]). If G is a graph with no Ki-minor, then

ad(G) < (v + o(1))t\/logt,
where v = 0.63817... is an explicit constant.

By combining Theorem [[L.T3] with Theorem [[L.T6, we can improve the best known upper bound
on the chromatic number of K;-minor free graphs by a constant factor, as follows.

Corollary 1.17. If G is a graph with no K¢-minor, then

Xe(G) < (199982 - v + o(1))t+/logt,
where 7y is the explicit constant from Theorem [L.10.

Proof. Tt suffices to show that for every € > 0, if k; = .99982(v+&)t\/logt, then for sufficiently large
t, every Ky-minor free graph is k;-list-colorable. Suppose not. Then there exists a graph G with no
K;-minor that is L-critical for some k;-list-assignment L where k; > 1000¢t. Using Theorem [L.16]
we may assume ad(G) < k;/.99982.

Let a = 499/1000 and € = o?/1350. Since w(G) < t, w(G) < (3 — @)k;. Since G is L-critical,
by Theorem [[I3] ad(G) > (1 + ¢)k¢. But 1+ > 1/.99982, a contradiction. O

2 Overview of the Proof of Theorem [1.7] and Outline of the
Paper

The following definition will be useful.
Definition 2.1. Let G be a graph. For each v € V(G) we let

Gapg(v) =d(v) + 1 — w(v),
and if L is a list-assignment for G, we let
Saver,(v) = d(v) + 1 — |L(v)].

If the graph G or list-assignment L is clear from the context, we may omit the subscript G or L
in Gap and Save, respectively. Note that the conditions of Theorem [[.7] imply that for each vertex
v € V(G), Gap(v) — Save(v) > log'°(A(G)) and Save(v) < eGap(v).

First we discuss our strategy for proving Theorem [[L71 We use a variant of a technique called
the “naive coloring procedure,” given its name by Molloy and Reed [I5]. Essentially, we analyze
a random partial coloring of a graph and prove that with nonzero probability this partial coloring
can be extended deterministically to a coloring of the whole graph. The random partial coloring is
described formally in Definition B8 After the random partial coloring, we let G’ be the subgraph

IFollowing acceptance of this paper for publication in JCTB, further improvements were made by Norin and
Song [17] and Postle [19].



induced by G on the vertices that are not colored, and we let L’ be a list-assignment for G so that
any L’-coloring of G’ can be combined with the random partial coloring to obtain an L-coloring of
G. We prove that with nonzero probability G’ is L’-colorable. To do this, we would like to show
that with high probability, for every vertex v € V(G’), |L'(v)| > dg(v), i.e. that Saver/(v) < 0.
However, this is not the case. In fact, it may be likely that Saver/(v) = Saver,(v). For example, the
neighborhood of a vertex v may form /d(v) cliques, while for the list-assignment L, the vertices in
each clique have the same list of available colors and vertices in different cliques have disjoint lists
of available colors. Nevertheless, if a vertex v has many neighbors with at least as many available
colors, we are able to show that Saver(v) < Saver (v). This motivates the following definitions.

Definition 2.2. Let a be some constant to be determined later. Let G be a graph with list-
assignment L, let v € V(G), and let u € N(v).

o If |L(u)| < |L(v)|, then we say u is a subservient neighbor of v.

o If |L(u)| € [|[IL(v)], (1 + )| L(v)]), then we say u is an egalitarian neighbor of v.

o If |L(u)| > (14 «)|L(v)|, then we say u is a lordlier neighbor of v.
For convenience, we will let Lord(v) denote the set of lordlier neighbors of v, Egal(v) denote the
set of egalitarian neighbors of v, and Subserv(v) denote the set of subservient neighbors of v.

Definition 2.3. Let 8 be some constant to be determined later. Let G be a graph with list-
assignment L, let v € V(G), and let u be an egalitarian neighbor of v.

o If |L(u)| < |L(v)| + BGap(v), then we say u is a strongly egalitarian neighbor of v.

o If |L(u)| > |L(v)| + BGap(v), then we say u is a weakly egalitarian neighbor of v.
For convenience, we will let SEgal(v) denote the set of strongly egalitarian neighbors of v, WEgal(v)
denote the set of weakly egalitarian neighbors of v, and NEgal(v) = N(v) — Egal(v).

If a vertex v has many subservient neighbors, then we say v is lordly. The names “subservient”,
“egalitarian”, and “lordlier” neighbors are evocative of feudalism in medeival Europe, where power
is analogous to list size. As mentioned previously, if v is a lordly vertex, we are unable to guarantee
that Saver:(v) < Saver(v) for certain list-assignments for v’s subservient neighbors. We resolve
this issue by coloring vertices before their subservient neighbors when finding an L’-coloring, thus
giving “priority” to the lordly vertices.

A lordlier neighbor also has the power to choose from more colors. If v has many lordlier
neighbors or weakly egalitarian neighbors, then it is likely that after the random partial coloring v
has many neighbors receiving a color not in L(v). If v has many egalitarian neighbors, then it is
likely that after the random partial coloring there are many colors assigned to multiple neighbors
of v. In both cases, Saver (v) < Saver, (v).

A common technique in coloring is to attempt to greedily color a vertex of smallest degree,
since fewer neighbors means fewer potential color conflicts. However, for our “local version,” this
technique is not so useful because vertices of lower degree also have fewer available colors. Our
trick to finding an L’-coloring of G’ is to order the vertices of G’ by the size of their list in L,
from greatest to least, and color greedily, which may seem counterintuitive. This works because
we are able to guarantee for every vertex v € V(G'), that Saver,(v) is smaller than the number of
neighbors of v in G’ that will be colored after v in this ordering, and thus |L'(v)] is larger than the
number of neighbors of v in G’ that will be colored before v in this ordering.

For each vertex v, after an application of our naive coloring procedure, we refer to the number of
neighbors of v receiving a color not in L(v), plus the multiplicity less 1 of each color in L(v) assigned
to multiple neighbors, plus the number of uncolored subservient neighbors of v as the “savings”



for v. In order to prove Theorem [I[.7 we first prove Theorem B.11] which essentially says that it
suffices to show that the expected savings for each vertex is at least Saver,(v) and is also sufficiently
large. Here “sufficiently large” means poly log A, which we need in order to show that the savings
for each vertex is sufficiently close to its expectation with probability inverse to a polynomial in
A, in which case we can apply the Lovasz Local Lemma to guarantee an outcome for which the
savings for every vertex is close to its expectation.

Using Theorem BT it suffices to show that the expected savings for a vertex v is Q(Gap(v)).
If the savings for each vertex v is at least (Gap(v)), then the condition in Theorem [[7] that
Save(v) < eGap(v) guarantees that the savings for v is at least Save(v) if e is small enough.
Moreover, the technical condition in Theorem [ that Gap(v) — Save(v) > log'®(A(G)) ensures
that the savings are large enough to obtain concentration. In order to prove Theorem [I.7] without
this latter condition with our methods, it is necessary to find a way to show that a vertex v with
Gap(v) = O(log'’(A(G))) still has savings at least on the order of log'’(A(G)).

2.1 Outline of the Paper

We prove Theorem and Theorem in Section [[l The rest of the paper is devoted to the
proof of Theorem [I.7]

In Section Bl we formalize the previous discussion on the “naive coloring procedure” and prove
Theorem B.11] which could be considered a “metatheorem.” We also use Theorem B.11]in a follow-
up paper [10]. In order to prove Theorem B we need to show that the savings for each vertex
is concentrated around its expectation. Lemma .14 makes this precise. We prove Lemma [3.14] in
Section

Before proving Theorem [[7] in Section Ml we prove that a minimum counterexample to Theo-
rem [[.7 has some desirable structure. The main result of Section [d]is Theorem [4.3] which says that
in a minimum counterexample G, each v € V(G) either has many non-adjacent egalitarian neigh-
bors, many lordlier neighbors, or many subservient neighbors. The idea to separate the strongly
egalitarian neighbors from the weakly egalitiarian neighbors is crucial here, because the weakly
egalitarian neighbors of a vertex v are also likely to receive a color not in L(v).

In Section Bl we exploit this structure to lower bound the expected value of each type of savings
in Lemmas (£.2] B3] and 5.4l Using these lemmas in conjunction with Theorem [B.I1] we prove
Theorem [L7 in Section

In Section[Glwe prove Lemma[3.14] which completes the proof of Theorem 311l In order to prove
this lemma we needed to develop a new “concentration inequality,” Theorem [6.3] which provides
sufficient conditions for a random variable to be concentrated around its expectation with high
probability. Theorem is similar to results provided in [3] [I5], but those did not work for our
purposes. We prove Theorem in Appendix [A] using Talagrand’s inequality.

As mentioned above, in Section [ we prove Theorem and Theorem

3 The Local Naive Coloring Procedure

The main result of this section is Theorem B.11l which gives sufficient conditions for our naive
coloring procedure to be extended to a coloring of the whole graph. Namely, we need that the
expected “savings” for each vertex is at least Saver,(v) and is sufficiently large. Before we can state
Theorem [B.17] we need to formalize our naive coloring procedure.



In this section, we let G be a graph with list-assignment L, ¢,0, € [0,1), p € [0,1], and < be a
partial ordering of V(G). When we apply Theorem B.11] to prove Theorem [ in Section Bl we let
o be 0 and for u,v € V(G), we have u < v if |L(u)| < |L(v)|. We include these parameters because
we plan to use Theorem [B.11] in a follow-up paper in which ¢ > 0 and < is different. In order to
demonstrate how o will be used, we need the following definition.

Definition 3.1. For each v € V(G) and u € N(v), we say u is a o-egalitarian neighbor of v if u
has at least (1 — o)|L(v)| available colors. We let Egal_(v) denote the set of o-egalitarian neighbors
of v.

As we will see in Section [G] and as alluded to in Section [2] we cannot prove that the number
of colors assigned to multiple neighbors of v that are not o-egalitarian is concentrated around its
expectation.

To simplify our probabilistic analysis, we use a generalization of list-coloring known as corre-
spondence coloring, first introduced by Dvoidk and Postle [7]. Using correspondence coloring also
helps improve the value of € in Theorem [[L7] because we can assume egalitarian neighbors of a
vertex v have at least |L(v)| colors in common, thus making it more likely that a color is assigned
to more than one of them. Recall that L is a list-assignment for G.

Definition 3.2.

o If M is a function defined on E(G) where for each e = uwv € E(G), M, is a matching of
{u} x L(u) and {v} x L(v), then (L, M) is a correspondence assignment for G. If for each
e = uwv € E(G) the matching M, saturates at least one of {u} x L(u) or {v} x L(v), then we
say (L, M) is total.

e An (L, M)-coloring of G is a function ¢ : V(G) — N such that ¢(u) € L(u) for every u € V(G),
and for every e = uv € E(G), (u, p(v))(v,d(v)) ¢ M. If G has an (L, M)-coloring, then G is
(L, M)-colorable.

One defines a k-correspondence assignment and the correspondence chromatic number in the
natural way, but we do not need these terms. For convenience, if uv € E(G), ¢1 € L(u), ca € L(v),
and (u,c1)(v,c2) € My, we will just say cica € My,. Note that if for each e = uv € E(G) and
¢ € L(u) N L(v), cc € My, then an (L, M)-coloring is an L-coloring.

For the remainder of this section, let (L, M) be a correspondence assignment for G. We will
actually define our naive coloring procedure for correspondence coloring. First, we need some
definitions.

Definition 3.3.

o We say a naive partial (L, M)-coloring of G is a pair (¢,U) where ¢ : V(G) — N such that
¢(u) € L(u) for every u € V(G) and U C V(G) is a set of uncolored vertices such that
@lv(a)—v is an (L, M)-coloring of G — U.

o If (¢, U) is a naive partial (L, M )-coloring of G, for each v € U, let

LPY(v) = L(w)\{c € L(v) : Ju € N(w)\V(G), cp(u) € My}

and for each uv € E(G[U]), let M%Y be the matching induced by M, on {u} x L%Y (u) and
{v} x LY (v).

If (¢,U) is a naive partial (L, M)-coloring of G, then we call a vertex v uncolored if it is in U,
and otherwise we call it colored.
The following proposition is self-evident.



Proposition 3.4. If (¢,U) is a naive partial (L, M)-coloring of G and G[U] is (L»Y, M*U)-
colorable, then G is (L, M)-colorable.

The following is a variant of the naive coloring procedure, but it is not the one we use in
Theorem B.11l Recall that p € [0, 1].

Definition 3.5. The local naive random coloring procedure with activation probability p samples a
random naive partial (L, M )-coloring (¢, U) and a set of activated vertices A in the following way.
For each v € V(G),
1. let v € A independently at random with probability p,
2. choose ¢(v) € L(v) independently and uniformly at random, and
3. let U= (V(G)\ A)UU’, where v € U’ if there exists u € N(v) N A such that |L(u)| > |L(v)|
and ¢(u)$(v) € My,.

We also consider the following proposition to be self-evident.

Proposition 3.6. If (¢,U) is a random naive partial (L, M)-coloring sampled using the local naive
random coloring procedure with activation probability p, then for each v € V(G) and ¢ € L(v),

Plog Ulo(v) = = p I IR
{weN (v):|L(u)|>|L(v)|} < |L(u)|>

Recall that € € [0,1). Let K, , = .999pe%. We need the following proposition.

Proposition 3.7. There exists 6 = 6(g) such that the following holds. Let (¢,U) be a random naive
partial (L, M)-coloring sampled using the local naive random coloring procedure with activation
probability p. If for each v € V(G), |L(v)| > (1 —€)d(v) and G has minimum degree at least 0, then
for each v € V(G) and ¢ € L(v),

Plv ¢ U|¢p(v) =c| > K, ,.

Proof. By Proposition 3.6

P[U¢U|¢(v)=c]2p(1—m)d(v)2p(1—%>e—1p5.

We let §(¢) = 1000/(1 — €)?, and the result follows. O

Now we introduce the random coloring procedure that we use in Theorem B.IT] which is slightly
easier to analyze than the local naive random coloring procedure.

Definition 3.8. If for each v € V(G), |L(v)| > (1 —¢)d(v) and G has minimum degree at least 0(¢)
(as in Proposition B.7), then the local naive random coloring procedure with activation probability
p and e-equalizing coin-flips samples a random naive partial (L, M )-coloring (¢,U) (and a set of
activated vertices A) in the following way.
1. Sample a random naive partial (L, M)-coloring (¢, U’) and a set A of activated vertices using
the local naive random coloring procedure with activation probability p,
2. for each v € V(G) and ¢ € L(v), conduct a “coin flip” for v and ¢ that is “heads” with
probability 1 — K, ,/P[v ¢ U’ | ¢(v) = ], and
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3. let U=U"UU", where v € U" if the coin flip for v and ¢(c) is heads.

For the remainder of this section, we assume G and (L, M) satisfy the assumptions of Defi-
nition 3.8 and we let (¢, U) be a random naive partial (L, M)-coloring and A a set of activated
vertices sampled using the the local naive random coloring procedure with activation probability
p and e-equalizing coin-flips. The following proposition shows why the e-equalizing coin-flips are
useful.

Proposition 3.9. For each v € V(G) and ¢ € L(v),
P[’U ¢ U | ¢(v) = C] = K. p.

Proof. Let U =U"UU"” as in Definition 8.8 Note that Plv ¢ U | ¢(v) =] =Pv ¢ U" | ¢(v) = ¢]-
Plv ¢ U' | ¢(v) = ¢]. By the choice of U”, wehave Plv ¢ U" | p(v) =] = K. ,/Plv ¢ U | p(v) = ¢],
and the result follows. O

Recall that a vertex u is a o-egalitarian neighbor of a vertex v if |L(u)| > (1 — o)|L(v)|. Recall
also that < is a partial ordering of V(G). We can now formalize what we mean by the “savings”
for each vertex, as follows.

Definition 3.10. For each v € V(G), we define the following random variables.

e Let unmatched, , count the number of colored o-egalitarian neighbors u of v such that ¢(u)
is not matched by M,,,.

e Let pairs, , and trips, , count the number of pairs and triples respectively of colored o-
egalitarian neighbors of v that receive colors that are matched to the same color in L(v).

e Let inactive, 4 count the number of non-activated neighbors u of v such that u < v.

e Let savings, , . = unmatched, , + inactive, < + pairs, , — trips, ,.

More precisely, we have that ' '

unmatched, , = [{u € Egal, (v) \ U : ¢(u) ¢ V(Muy)},

pairs, , = |[{z,y € Egal,(v) \ U,c € L(v) : ¢(z)c € My, and ¢(y)c € My, }|,

trips, , = [{z,y,2 € Egal, (v) \ U,c € L(v) : ¢(x)c € My, (y)c € My,, and ¢(2)c € M, }|, and
inactive, v = |{u € N(v) \ A:u < v}|.

Remark 1. In the journal version of this paper, there are a few mistakes in the preceding part of
this section that we have corrected. In Sections [l and [0l and in the remainder of this section, we
make minor adjustments to account for these changes. We descrbe these changes below.

1. In the journal version of this paper, Proposition [3.0] is incorrect. We correct this mistake by
reversing the inequality in Step Bl of Definition However, in the previous version, instead
of inactive, <, we used the random variable uncolored, 4 where uncolored, <(¢,U) =
{u € Nw)NU : u < v}, and with the change to Definition B.5 uncolored, < is no longer
concentrated around its expectation. Thus, this version introduces activation probabilities,
a commonly used technique, in order to define inactive, . We replace uncolored, - with
inactive, _ throughout the paper with minimal changes. Similarly, in the previous version,
instead of unmatched, ,, we used unmatched, where unmatched,(¢,U) = [{u € N(v) \
U : ¢(u) ¢ V(My,)}|, and with the change to Definition 35 unmatched, is no longer
concentrated around its expectation. Nevertheless, unmatched, , is, and we can replace
unmatched, with unmatched, , throughout the paper with minimal changes.
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2. In Definition B.§ of the journal version of this paper, we conduct only one e-equalizing coin flip
for each vertex. However, with this definition, if u € N(v), then the events “¢(u) ¢ V(Myy)”
and “u ¢ U” (as in the definition of unmatched, ) are not necessarily independent, and
likewise, if =,y € Egal, (v) and ¢, € L(x),cy, € L(y) are colors such that cc, € M,, and
ccy € M,,, then the events “z ¢ U”, “y ¢ U”, and “¢(z) = ¢, and ¢(y) = ¢,” are not
necessarily independent (even if c,c, ¢ My, ), but we assume so in Section 5l By conducting
an e-equalizing coin flip for each vertex and color in its list, this issue is resolved.

3. The journal version of this paper incorrectly defines pairs and triples to count only nonadjacent
pairs and triples. In the list coloring setting, specifying nonadjacency makes no difference,
as any pair of colored neighbors receiving the same color are nonadjacent. However, in the
more general setting of correspondence coloring, the distinction matters. In particular, (3]
did not hold with the previous definition, and this definition corrects that mistake. We need
to slightly adjust Lemmas [5.4] and to account for this difference.

We are now prepared to state Theorem [3.111

Theorem 3.11. For every &1,& > 0, e,0 € [0,1), and p € [0,1], there exists Ay such that the
following holds. If G is a graph with correspondence-assignment (L, M) and a partial ordering <
of V(G) such that

1. A> Ay,

2. G has mazimum degree at most A and minimum degree at least 6(¢) (as in Proposition[3.7),

and for each v € V(G),

3. A>|L(v)| > (1—¢)d(v), and

4. E[savings, , .| > max{(1+ & )Saver (v), & log'® A},
then G is (L, M)-colorable.

In order to prove Theorem B.11] we need the following lemma.

Lemma 3.12. Under the conditions of Theorem [311], if (¢,U) is a random naive partial color-
ing sampled using the local naive random coloring procedure with e-equalizing coin-flips, then with
nonzero probability every v € V(Q) satisfies

Savepe.v (v) < inactive, <. (2)

Observe that by the inclusion-exclusion principle, if we let the repetitiveness of color ¢ € L(v)
be one less than the number of colored neighbors u € N (v) such that ¢(u)c € M,,, then pairs, , —
trips, , undercounts the total repetitiveness of colors assigned to neighbors of v. Therefore

Saver,(v) — Savers,v(v) > unmatched, , + pairs, , — trips, ,. (3)

We need to show that with high probability, these random variables are close to their expectation.
We make this precise in the following definition.

Definition 3.13. We say a random variable X is A-concentrated if
A_4
P[|X —E[X]| > 2max{E[X]*°log® A}} <5

We will use the following lemma to prove Lemma [3.12)
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Lemma 3.14. If A is sufficiently large, G has maximum degree at most A, and max, |L(v)| < A,
then for each v € V(G), unmatched, ., inactive, <, pairs and trips, , are A-concentrated.

v,0 v,0
We defer the proof of Lemma B4 to Section Lemma [BI4] is the reason why we need to
include the parameter o.

To prove Lemma [3.12] we will also use the Lovasz Local Lemma.

Lemma 3.15 (Lovdsz Local Lemma). Let p € [0,1) and A a finite set of events such that for every
Ae A,

1. P[A4] <p, and

2. A is mutually independent of a set of all but at most d other events in A.
If 4pd < 1, then the probability that none of the events in A occur is strictly positive.

Now we are ready to prove Lemma [3.12

Proof of Lemma[312 For each v € V(G), let A, be the event that (2)) does not hold, and let
A ={A, : v € V(G)}. Note that for each v € V(G), A, depends only on trials at vertices at
distance at most two from v, so if u € V(G) has distance at least five to v, then A,, and A, do not
depend on any of the same trials. Therefore each A, is mutually independent of a set of all but at

most A? events in A.
By Lemma [3.T5] it suffices to show that for each v € V(G), P[A,] < A™%/4. Let

Z, = 2(max{E [unmatchedv,g]w6 ,log” A} + max{E [inactivevK]S/6 log? A}
+ max{E [pairs, | 5/8 ,log” A} — max{E [trips, | 5/6 Jlog? AY),
and let A/ be the event that
savings

<E [savingsvﬁgﬁ] — Zy.

v,0,<
By Lemma 314 and the Union Bound, P [A]] < A~*/4. We claim that A, C A}, which completes
the proof. By (@), it suffices to show

Saver,(v) < E [savings, , .| — Z,. (4)

vo<] =& log'’ A, Z, = o(E [savings, , _]). Since A is suffi-
ciently large, we may assume that Z, < & Saver(v). Since E [savings, , -] > (14 & )Saver (v), @)
holds, which completes the proof. o

By the assumption that E [savings

We conclude this section with the proof of Theorem B.11]

Proof of Theorem [311l. By Proposition B4} it suffices to show that G[U] is (L*Y, M®V)-colorable
with nonzero probability. Thus it suffices to show that for some instance of (¢, U), for each v € U,

IL2Y(v)| =1 > {ue N@w)NU :u £ v}, (5)

because then we can color G[U] greedily in the ordering provided by <, breaking ties arbitrarily.
By Lemma [B.12] we may consider the instance in which each v € V(G) satisfies (2]).
For each v € V(G), since U D V(G) \ 4,

Hue Nw)NU :u A v} =dy(v) — [{ue Nw)NU :u < v}|| > dy(v) — inactive, <.
Therefore if () holds, then (B]) holds. Thus, G[U] is (L*Y, M#Y)-colorable, as desired. O
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4 Structure

The main result of this section is Theorem [£3] which lower bounds the number of non-adjacent
egalitarian neighbors of a vertex in terms of the number of its neighbors that are lordlier, subservient,
or weakly egalitarian.

First we need to prove Theorem [£1] which may be of independent interest. It bounds the
number of edges of a critical graph in terms of the size of a matching in the complement. Recall
that a graph G with list-assignment L is L-critical if G is not L-colorable but every proper induced
subgraph of G is.

Theorem 4.1. If G is L-critical, H is an induced subgraph of G, and M is a matching in H, then

|BE(E)| = [M|(V(H)| - |M]) = Y Saver(u).
ueV (H)

We will apply Theorem 1] to an appropriate subset of the neighborhood of each vertex. In
order to prove Theorem [l we need an improved version of a classic result of Erdds, Rubin, and
Taylor []] about list-coloring a complete graph with a matching removed, proved by Delcourt and
Postle [5]. We include a proof for completeness.

Lemma 4.2 (Delcourt and Postle [B]). If G = K,, — M, where M is a matching and L is a
list-assignment for G such that

1. for all ab € M, |L(a)|,|L(b)| > |M| and |L(a)| + |L(b)| > n,

2. for allv e V(G—-V(M)), |[L(v)| >n—|M]|,
then G is L-colorable.

Proof. We proceed by induction on n. If n < 1, then M = @ and by 2, |L(v)| > n for all v € G. So
we may assume n > 2.

Suppose there exists ab € M such that L(a) N L(b) # @&. Let ¢ € L(a) N L(b), and for all
v € V(G)\{a,b}, let L'(v) = L(v)\{c}. Let G’ =G —a—band M' = M — ab. Then G’',M’, and
L’ satisfy conditions 1 and 2. By induction, G’ has an L’-coloring. Therefore G has an L-coloring,
obtained from an L’-coloring G’ by coloring a and b with color ¢, as desired.

Therefore we may assume that for all ab € M, L(a) N L(b) = @&. Since |L(a)| + |L(b)| > n,
|L(a)UL(b)| > n. We claim for all X C V(G), |U,cx L(v)| > |X]. If there exists ab € M such that
a,b e X, then |J,cx L(v)| > n > |X|, as claimed. Therefore we may assume that |X| < n —|M].
If X\V(M) # @, then |U,cx L(v)] > n —|M]| > |X]|, as claimed. Hence, we may assume that
X CV(M). But then |{J,cx L(v)] > M| > |X]|, as claimed.

Therefore || J,cx L(v)| > |X] for all X C V(G). By Hall’s Theorem, there is a matching from
V(G) to U, L(v), and thus G has an L-coloring, as desired. O

Now we prove Theorem [£.11
Proof of Theorem[{.1] We proceed by induction on |V(H)|. Since G is L-critical, G — V(H) has
an L-coloring ¢. For all v € V(H), let L'(v) = L(v)\{¢(u) : u € N(v) N V(G — V(H))}. Since G
does not have an L-coloring, H does not have an L’-coloring. By Lemma [£.2] either there exists
ab € M such that |L(a)| < |M] or |L(a)| + |L(b)| < |V (H)| or there exists v € V(H — V(M)) such
that |L'(v)| < |V(H)| — |M]. Note that for all v € V(H),

1L (0)] = |L(v)| = dg—v (1) (v) (©)
=dg(v) + 1 — Saver (v).
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If there exists ab € M such that |L'(a)| < |M|, then let H' = H —a and M’ = M — ab. By (@),
dp(a) + 1 — Saver(a) < |M|. Hence,

dgg(a) = [V(H)] ~ 1~ dpr(a)
> [V(H)| — | M| — Saver (a).

By induction, |E(H )| = |M|([V(H")] = |M']) = >, ev(n) Saver(u). Therefore,

|E(H)| = |EH )|+d—()

> |M|(|[V(H)| - M) - Z Saver,(u) + |V (H)| — |M| — Saver(a)
weV(H')
= (M| = )([V(H)| = [M]) + [V(H)| = M| = Save(u
uweV (H)
= |M|(V(H)| = |[M[) = > Saver(u
ueV (H)

as desired.

If there exists ab € M such that |L'(a)| + |L'(b)| < |V(H)| then let H' = H —a — b and
M' =M — ab. By (@), dg(a) + 1 — Saver,(a) + dg(b) + 1 — Saver,(b) < |V(H)|. Hence,
)=
)=

0g({a,b})] = 2(|V(H)[ = 2) — dru(a) — du(b)
> 2(|[V(H)| —2) — |V(H)| + 2 — Saver, (a) — Saver (b)
= |V(H)| — 2 — Saver,(a) — Saver, (b),

where 057 ({a,b}) is the set of edges in H incident to precisely one of a and b.
By induction, |E(H )| > |M|(JV(H')| = |M']) = > ev(#r) Saver(u). Therefore,

\B(H)| = |EM)| + 5—<{a b}) + 1

> |M'|(|V(H)| - |M']) - Z Saver, (u) 4+ |V(H)| — Saver (a) — Saver, (b)
weV (H')
= (M| = 1)([V(H)| = [M|-1)+ |[V(H)|— Y Saver(u
ueV (H)
> M|(|V(H)| = M[) = ) Saver(u
u€eV (H)

as desired.
Otherwise, there exists some v € V(H — V(M)) such that |L'(v)| < |[V(H)| — |M], so let
H' =H —wv. By @), dg'(v) + 1 — Saver,(v) < |V(H)| — |M|. Hence,

dg(v) = |V(H)| =1 = dg(v)
> |M| — Saver, (v).
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By induction, |E(H )| > |M|(|V (H")| — |M|) — > uev () Saver (u). Therefore,

|E(H)| = |E(H)| + dg(v)

> MV - M) =Y Saver(u) + [M] - Saver (v)
u€eV (H")
= |M|(JV(H)| = M| - 1)+ M| = Y Savey(u
ueV (H)
= |M|([V(H)| - M) - ) Savey(u
ueV (H)
as desired. O

Recall that if v is a vertex of a graph G and u € N(v), we say u is a subservient neighbor of v if
|L(u)| < |L(v)], a strongly egalitarian neighbor of v if |L(u)| € [|L(v)|, |L(v)| + 8Gap(v)), a weakly
egalitarian neighbor of v if |L(u)| € [|L(v)| + Gap(v), (1 + a)|L(v)]), and a lordlier neighbor
of v if |L(u)] > (1 + a)|L(v)|]. Recall also that this partitions the neighbors of v into the sets
Subserv(v), SEgal(v), WEgal(v), and Lord(v), the sets of subservient, strongly egalitarian, weakly
egalitarian, and lordlier neighbors of v, respectively, and that we let NEgal(v) = N(v) — Egal(v).

The following is the main result of this section.

Theorem 4.3. Lete € (0,1). If G is an L-critical graph for some list-assignment L such that for
every v € V(G), |L(v)] > ew(v) + (1 — &)(d(v) + 1), then for all v € V(G),

I 1 e(d+B+2a) 1 e(1+p5)
E(CEzI0))] > (1 - ﬁ) Gap(v)d(v) - (5 - ﬁ) d(v)|NEgal(v)
— (i — %) Gap(v)|WEgal(v)|.

For the remainder of this section, we assume that G is a graph with list-assignment L satisfying
the conditions of Theorem

Theorem is useful because it implies that if v does not have many lordlier or subservient
neighbors, or many weakly egalitarian neighbors, then it has many non-adjacent egalitarian neigh-
bors. We prove Theorem [£3] by considering a maximum antimatching M among v’s egalitarian
neighbors and applying Theorem ] with H = G[V(M) U SEgal(v)]. If u is a strongly egalitarian
neighbor of v, then Saver, (u) is close to Saver, (v). If u is a weakly egalitarian neighbor of v, then we
can not bound Saver,(u) well enough, so we do not include u in H unless u is in the antimatching.

We will use the following propositions to prove Theorem [£.3l First, we need to bound the size
of a maximum antimatching taken among the egalitarian neighbors, as in the following proposition.

Proposition 4.4. If M is a mazimum matching in G[Egal(v)], then
Gap(v) — [NEgal(v)|
2
Proof. Since M is maximum, G[Egal(v) — V (M)] is a clique, so 2|M| > |Egal(v)| — w(G[Egal(v)]) >
|[Egal(v)| — w(v) = Gap(v) — |[NEgal(v)|, as desired.
Since no clique in G[Egal(v)] contains an edge in M, w(G[Egal(v)]) < |Egal(v)| — |M]|. Note
that for any H C G[N(v) U{v}], |V(H)| — w(H) < Gap(v). Hence, |M| < Gap(v), as desired. O

< |M| < Gap(v).
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Proposition 4.5. If u is an egalitarian neighbor of a vertex v (i.e. u € Egal(v)), then

1+«

Gap(u) <

d(v).

Proof. Since G is L-critical, |L(v)| < d(v). Since u € Egal(v), |L(u)| < (1 + «)|L(v)|. Hence,
|L(u)| < (14 a)d(v). Since |L(u)| > (1 —e)d(u), d(u) < 3E2d(v). Since Gap(u) < d(u), the result
follows. O

+
)

Since we will apply Theorem 4], we will need to upper bound Savey,(u) for egalitarian neighbors
u of v. Since Saver,(u) < eGap(u), it suffices to upper bound Gap(u). Proposition provides a
rough bound on Gap(u) that we will use for the egalitarian neighbors in the antimatching. The
next proposition provides an improved bound on Gap(u) if u is a strongly egalitarian neighbor that
is not in the antimatching.

Proposition 4.6. If M is a maximum matching in G[Egal(v)] and u € SEgal(v) — V(M), then

(2 + B)Gap(v) + [NEgal(v)|
1—¢ '

Gap(u) <

Proof. Since M is maximum, G[Egal(v) — V(M)] is a clique, so
w(u) > [Egal(v)| — 2|M|. (7)

Since u € SEgal(v), |L(u)| < |L(v)| + fGap(v). Since G is L-critical, |L(v)| < d(v). Hence,
|L(u)| < d(v) + fGap(v). Since d(u) < w,

d(u) < d(v) + ﬁGlag(:) - aw(u)' (8)

Now the result follows from (), (8], and Proposition F4l O

Now we are ready to prove Theorem [£.3]

Proof of Theorem [[.3 Let M be a maximum matching in G[Egal(v)]), and let WEgal'(v) = WEgal(v)—
V(M). Let H = G[V (M) USEgal(v)]). By Theorem [AT]

|E(H)| > [M|(|V(H)| - |M[)— ) Save(u (9)
u€V (H)
By Proposition [£.6]

Z Save(u) < Z eGap(u)

weV (H—V (M)) weV (H—V (M))

< qvn|- v (5

=) (24 B)Gap(o) + [NEgal(o)]). - (10)

By Proposition and 441

e(1+4+ a)

e(1+ a)Gap(v)d(v).
1—-¢

d(v)| M| <
(] < SO

(11)
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By (ED? mv and @:[Da

()| > (V)| — M) <|M| _ e((2+ B)Gap(v) + |NEgal(v)|)> e+ oz)Gap(v)d(v)'

12
1—c¢ 1—c¢ (12)

Note that |M| < |[V(H)|/2, so |V(H)| — |M| > |V (H)|/2. Therefore by Proposition 4] and ([I2]),

\E(H)| > (@) (Gap(v) (% - 5(12—13)) — |NEgal(v)| (% + E))

1 i 5(1 + a)Gap(v)d(v). (13)

Since |V (H)| = d(v) — [NEgal(v)| — |[WEgal'(v)|, by combining terms in (I3]) and ignoring some
positive terms, we have that

— Gap(v)|NEgal(v)] (i - %) — Gap(v)|WEgal' (v)| (i - 782((21t€))> ,

Since Gap(v) < d(v), [WEgal’ (v)| < |WEgal(v)|, and |E(G[Egal(v)])| > |E(H)|,

|E(G[Egal(v)])| > (l _ M) Gap(v)d(v) — (1 e(1+ )

4 2(1—¢) 2 2(1- a)) d(v) NEgal(v)]
1 24P

_ (Z ~ m) Gap(v)WEgal(v)|,

as desired. O

Note that we could take a maximum antimatching among the strongly egalitarian neighbors of
a vertex v and follow the same proof strategy of Theorem to obtain a bound of

[E(G[SEgal(v)])| > Q(Gap(v)d(v)) — O(d(v))|N(v) — SEgal(v)|.

However, this is not a good enough bound, because if there are Q(Gap(v)) weakly egalitarian
neighbors of v, we do not have enough non-adjacent strongly egalitarian neighbors to expect many
colors assigned to multiple neighbors of v, and we do not expect enough weakly egalitarian neighbors
to receive a color not in L(v).

5 Proof of Theorem [1.7]

In this section, we prove Theorem [[.7 In order for the proof of Theorem [[.7] to work inductively,
we actually prove the following.

Theorem 5.1. Lete = ﬁ. There exists Ag such that for all A > A, if G is a graph of mazimum
degree at most A with a list assignment L such that for all v € V(QG),

1. |L(v)] > w(v) +log'°(A) and
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2. |L(v)| > ew(v) + (1 —€)(d(v) + 1),
then G is L-colorable.

Note that Theorem [[7 follows immediately from Theorem BIl If G is a graph with list-
assignment L that satisfies the conditions of Theorem[5.1], then so does any subgraph of G. Therefore
in proving Theorem [B.1] we may assume G is L-critical, and hence we can apply Theorem

For the remainder of this section, unless specified otherwise, G, L, e, p, and A are assumed to
satisfy the conditions of Theorem [5.1] and we assume that G is L-critical. For each edge e € E(G),
we let M. be a matching of {u} x L(u) and {v} x L(v) such that (L, M) is a total correspondence
assignment for G where every (L, M )-coloring of G is an L-coloring. Let (¢,U) be a random naive
partial coloring and A a set of activated vertices sampled using the local naive random coloring
procedure with activation probability p and e-equalizing coin flips. Note that we are assuming G is
L-critical before assuming the correspondence assignment is total, since Theorem [£.3] does not hold
for correspondence coloring. Recall that we let K. , = .999¢7=. For convenience, let K = K, ,.
For u,v € V(G), let u < v if |L(u)| < |L(v)].

Before proving Theorem [[.7] we need to lower bound the expected savings for each vertex, as
in the following lemmas.

Lemma 5.2. For each v € V(G),
E [inactive, <] = (1 — p)|Subserv(v)|.

Proof. Since each neighbor of v is in A with probability p, the lemma follows by linearity of expec-
tation. O

Lemma 5.3. For each v € V(G),

o BGap(v)
> -
E [unmatched, o] > K (1 s |Lord(v)| + g

—(v) T 3Gap(®) |WEga1(v)|) )

Proof. Let
unmatched!® = |{u € Egal(v) : ¢(u) & V(Muv)}],
and note that E [unmatched,, o] = K-E [unmatched’"] by Proposition3.9 For each u € Lord(v),

Q
14+«

Plp(u) ¢ V(Muy)] =

3

and for each u € WEgal(v),

BGap(v) BGap(v)
Plo(w) ¢ V(Muw)l 2 1rrs=sm 00y 2 @) 1 5Cap(e)”

Therefore it follows that

Gap(v)

E tched!®] > % |Lord(v)] + 2P ypeai)).

[unmac € v }_1+Oé| or (U)|+d(v)+ﬂ(}ap(v)| ga(v)|

Since E [unmatched, o] = K - E [unmatched; "], the result follows. O

Recall that we apply Theorem [B.11] with o = 0. Thus we need to bound pairs, , — trips, o, as
in the following lemma.
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Lemma 5.4. For each v € V(G),

) k358

E [pai — tri > mi B
[palrsv)o rlpsv,o] = zen{lig <|L(’U)| 1+ CY)2 3|L(U)|

where e = |E(G[Egal(v)])| and e = (d(;)).
Proof. We let T(H) denote the set of triangles in a graph H. We define the following random
variables for each ¢ € L(v):

pairs;’; = |{z,y € Egal(v) : ¢(2)c € My, and ¢(y)c € My, }|, and

trips,’. = [{2,y, 2 € Egal(v) : ¢(x)c € My, d(y)c € My,, and ¢(2)c € M., }],

and we define pairs'®" = ECQL(U) pairs'®’ and trips!”® = ZceL(v) trlpst"t

For each ¢ € L(v), let H, be the subgraph of G[Egal(v)] defined as follows. A vertex z € Egal(v)
is in V(H,) if there exists a color ¢; € L(z) such that cc, € My, and xy € E(H,) if zy € E(G)
and moreover czcy € My, where cc, € My, and ccy € M,y,. For any pair zy € E(H.), we
have Plz,y ¢ U | ¢(x) = ¢z, ¢(y) =c¢,] > K?. Moreover, for any triple zyz € T(H.), we have
Plz,y,2 ¢ U| d(w) =cp Vw € {x,y,2}] <Pz ¢ U] < K. Hence,

E [pairs, o — trips, o] > K°E [pairs}”*| — KE [trips™] . (14)

In 2002, Rivin [21I] proved that

()| < QEEDDE

15
< BIEU (15)
For every ¢ € L(v), we have V(H,.) = Egal(v) since (L, M) is total, so
1
E [palrsmt] = Z _ .
L(z)||L
= @I
By the definition of Egal(v), if x,y € Egal(v),
1 . 1
(L@ L) — (14 a)?[L{v)*
Therefore _
E(H.)|
E [pairs,’;] > |— 16
el 2 G a PGP 1o
Similarly,
1
E [trlpsmt] = Z ,
L(z)||L(y)||L
L @G
and

1 1
IL@) L)L)~ [L()?
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Therefore

E [trlpsmt] < ||111((€I)c|)3| (17)
By (m) and (H)7 mt \/_|E( )|3/2
It follows from (I4)), (I8]), and ([I8) that
. . K|E(H,)| K 2|E(H.)|
eipairs, —trivs > 3 (SEE) | iy - Yz )

ceL(v)

Since H. C G[Egal(v)] for every ¢ € L(v), we have |E(G[Egal(v)])| < |E(H,)| < (d(”)) For any
constants a and b, the function (a — by/x)x is increasing for 0 < x < (2a/(3b))? and decreasing for
x> (2a/(3b))%. Letting a = K/(1+4 «)? and b = +/2/(3|L(v)|), this fact implies that each term in
the sum in the right side of (1) is at least as large as the minimum of two values: the value of the

term when |E(H,)| is either |E(G[Egal(v)])| or simply (“, d(v ) Since there are |L(v)| terms in the
sum, the result follows. O

Combining Theorem with Lemmas[5.2] 53] and [5.4] we prove that the expected savings for
each vertex v is larger than eGap(v), as follows.

Lemma 5.5. Let a = 3= 5 and p=1—e 'a/(1 +a). For each vertex v € V(G),
E [savings, , -] > 1.01eGap(v).
Proof. By Theorem [4.3]

BRI > (- Ton 2 Gapwat) - (5 - S0 ) do)NBao)
— 1 E(2+ﬁ) aplv allv
(1 502 Gap(o)WEgalw)l. - (20)

By Lemmas and [5.3] we may assume that

Ka

(1= p)lSubserv(v)] + —— (|L d(v)] + G20

d(v)

Subject to this inequality, since 1 — p > 1ro and % ;((14_,3) > % Z(( 5)) the right side of (20)
is at least as large as the case when [Subserv(v)| = |[WEgal(v)| = 0 and |Lord(v)| < 1.01e(1 +

a)Gap(v)/(Ka), that is

|WEga1(v)|> < 1.01e - Gap(v).

Ot

i 1 e(4+B+2a) l+a (1 e(1+5)
Therefore, since Gap(v), |L(v)| < d(v) < |L(v)|/(1 —¢€), by Lemma [5.4] we have
K . o 1/2
E [savings, , .| > zenf{li%} K <(1 T (2 Sparzl(till_(ag,)ﬁaa)) ) Gap(v) - sparsity; (, 8, €),

(21)
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where sparsityl (a7ﬁ7g) = % _ e(d4B+2a) 1.01elte (1 e(14p)

50-2) =2 (5 2(175)> and sparsity,(«, 8,e) = 1/2.
Since a = 8 = 1/50, ¢ = 1/330, and K = .999pe~330°/329 the right side of (ZI)) is at least
1.01eGap(v), as required. O

Finally we can prove Theorem [L.7

Proof of Theorem [1.71 Actually we prove Theorem 5.1l Recall that we assume G is L-critical, and
we assume (L, M) is a total correspondence assignment for G such that an (L, M)-coloring is an
L-coloring. We will apply Theorem BTl with & = 1.01, & = ¢, p = 1 — 1/(50e(1 + 1/50)), and
o = 0 to show that G is (L, M)-colorable, contradicting that G is L-critical.

Let v € V(G). Since G is L-critical, d(v) > |L(v)| > log'®(A). Hence we may assume that G
has minimum degree at least §(¢). By Lemma [5.5] since Gap(v) — Save(v) > log'®(A),

E [savingsmOA] > & log' A,

and since Save(v) < eGap(v),
E [savings, , ] > & Save(v).

Therefore by Theorem B.11] G is (L, M )-colorable, a contradiction. O

6 Concentrations

In this section we prove Lemma [BI4l Recall that €,0 € [0,1), p € [0,1], G is a graph with
correspondence-assignment (L, M) satisfying the assumptions of Definition B.8] G has maximum
degree at most A, max, |L(v)] < A, and A is sufficiently large.

We prove Lemma [3.14] using Talagrand’s Inequality. Instead of applying Talagrand’s Inequality
in its original form (see Theorem [A.3)), it is common to derive from it a “concentration inequality”.
The following theorem is such an example; it appears in the book of Molloy and Reed [I5, Chapter
10].

Theorem 6.1 (“Talagrand’s Inequality II” [I5]). Let X be a non-negative random variable, not
identically 0, which is determined by n independent trials Ty, ..., Ty, and satisfying the following
for some c¢,r > 0:

1. changing the outcome of any one trial can affect X by at most ¢, and

2. for any s, if X > s then there is a set of at most rs trials whose outcomes certify that X > s,
then for any 0 <t <E[X],

42
P[|X —E[X]| >t + 60c\/rE [X]} < dexp < o [X]> .

Remark 2. As we explain in Appendix [A] Molloy and Reed’s [15] proof of Theorem [G.1]is flawed,
and we correct this flaw. After submitting the initial version of this paper, we discovered that
Molloy and Reed [16] later published a corrected version of Theorem [6.1] but they did not mention
that the initial version is incorrect nor did they explain the flaw. We discuss this correction further
later in this section in Remark [B] and also in Appendix [Al We remark that all applications of
Theorem [6.1] that we know of follow from the version in [I6] as well as Theorem
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Unfortunately Theorem is too restrictive for us. In our situation, changing the outcome of
a trial is changing either whether or not a vertex is activated, the color assigned to a vertex, or
the outcome of an “equalizing coin flip,” and this affects the value of our random variables if many
vertices are randomly assigned the same color. For example, if G is A-regular and v is a vertex,
then we may sample a naive partial coloring (¢, U) such that v ¢ U and ¢(u) ¢ V(My,) for each
u € N(v). In this case, the value of unmatched, , is A; however, if there is a vertex w such that
N(w) = N(v), then changing the outcome of the trial determining ¢(w) could make unmatched, ,
become 0 (if every u € N (v) is assigned a color corresponding to ¢(w)). Therefore in order to apply
Theorem [6.1]to unmatched, ., the value of ¢ needs to be at least d(v), and we do not get a useful
bound.

However, it is very unlikely that every neighbor of v is assigned a color corresponding to ¢(w). It
is possible to derive a concentration inequality from Talagrand’s Inequality with conditions similar
to Theorem that apply for all but an unlikely set of exceptional outcomes. One example is
“Talagrand’s Inequality V” in the book of Molloy and Reed [I5, Chapter 20]; another example was
proved by Bruhn and Joos [3, Theorem 12]. These results are also not enough for us to prove
Lemma [3.14] as we discuss later. Now we need some definitions in order to state our concentration
inequality.

Definition 6.2. Let ((2;,3;,1P;))"_, be probability spaces, let (Q, X, P) be their product space, let
Q* C Q2 be a set of exceptional outcomes, and let X : @ — R>( be a non-negative random variable.
Let r,d > 0.
o If w=(w1,...,wn) € Qand s > 0, an (r,d)-certificate for X, w,s, and Q* is an index set
I C{1,...,n} of size at most rs such that for all k > 0, we have that

X(w') > s—kd,

for all W' = (w],...,w}) € 2\ Q* such that w; # w} for at most k values of i € I.
o If for every s > 0 and w € Q\ Q" such that X (w) > s, there exists an (r, d)-certificate for
X,w, s, and Q*, then X is (r, d)-certifiable with respect to Q*.

Note that if Q* = &, then a random variable being (r, d)-certifiable with respect to Q* is similar
to it satisfying the conditions of Theorem [6.1] with ¢ = d (we use d because later we use ¢ to denote
a color). We introduce k into the definition of (r,d)-certificates rather than consider changing the
outcome of only one trial because it is necessary in order to apply the original form of Talagrand’s
Inequality, for reasons we will see in Appendix [Al

Now we state our concentration inequality, as follows.

Theorem 6.3. Let ((%,%;,P;)), be probability spaces, let (2, X, P) be their product space, let
QF CQ be a set of exceptional outcomes, and let X : @ — R>q be a non-negative random variable.
Let r,d > 0.

If X is (r, d)-certifiable with respect to Q*, then for anyt > 96d+/rE [X]+128rd>+8P [Q2*] (sup X),

8d%r(AE [X] + ¢)

2
P[|X—E[X]|>t]§4exp( )+4P[Q*].

Theorem is similar to Theorem 12 of Bruhn and Joos [3]. Bruhn and Joos defined upward

(s, c)-certificates. If a random variable is (r,d)-certifiable with respect to a set of exceptional

outcomes Q*, then it has upward (s, ¢)-certificates with ¢ = d and s = r-sup X, and for the random
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variables with which we are concerned, they have upward (s, ¢)-certificates only if s > sup X. The
important difference between the bounds supplied by their result and Theorem is that we have
r(4E [X]+t) whereas they simply have s. Bruhn and Joos [3] apply their concentration inequality to
random variables for which E [X] = Q(sup X), so this difference does not concern them. However,
as mentioned, in our situation it is possible that sup X = A and yet E[X] = log'® A. Thus, we
are unable to use the result of Bruhn and Joos to prove Lemma B.14l “Talagrand’s Inequality V”
in [15] has essentially the same problem, with D taking the role of s. We prove Theorem [6.3] in
Appendix [A} our proof is similar to the proof of Bruhn and Joos.

Remark 3. We should expect Theorem [6.1] to effectively follow from Theorem [63]in the case when
O* = @, but this is not the case due to the presence of the 128rd? term in the lower bound on
t in the hypothesis. Molloy and Reed’s [16] corrected version of Theorem similarly introduces
a 64rc? term inside of the probability that X deviates from its expectation. Fortunately, in all
applications of Theorem that we know of, we can still apply Theorem with this additional
term. Indeed, in most applications r and d are constants and ¢ is arbitrarily large, and almost
always rd?> = o(E[X]), in which case this term is subsumed by the 96d\/rE[X] term. In this

paper, d may be log® A and E [X] may be small, but we always apply Theorem [63 with ¢ > log” A.

The exceptional outcomes we consider when applying Theorem [6.3] will involve many neighbors
of a vertex v receiving the same color (from some vertex w’s perspective), so we need this to be
unlikely. This explains why we need o < 1 to apply Theorem to unmatched, ,, pairs, ,, and
trips, ,. In the extreme case, a vertex v could have many neighbors with only two available colors,
one of which does not correspond to a color in L(v) and one of which corresponds to the same
color for v. Switching the color of a vertex may cause many neighbors of v to become uncolored
(or colored), which will significantly affect either pairs, , and trips, , or unmatched, ,, or all
three. However, it is unlikely that many o-egalitarian neighbors of v receive the same color, as long
as |L(v)] is large.

We always apply Theorem with ¢ = max{E [X]5/6 Jog? A, r <9, and d < log® A. Note
that, assuming A is sufficiently large and P [Q2*] is sufficiently small, ¢ is large enough to apply
Theorem

The following proposition will be useful.

Proposition 6.4. If X is a non-negative random variable and t = max{vy-E [X]5/6 ,log” A} where
v >0, then
12 log®%/® A
> .
AE[X] 11 = 1+ 4/70/5

Proof. Since E[X] < (t/7)%/°,
12 2 14/5
> > .
AR [X]+t = 4(t/7)8/5 +t = 144/~6/5

Since t > log9 A, the result follows. O

The following proposition bounds the probability that many non-subservient neighbors of a
vertex receive the same color.
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Proposition 6.5. For each v € V(G), let 0} , be the set of events where there exists u € V(G),c €
L(u), and a set X C (Egal,(v) N N(u)) of size at least log A such that for each w € X, we have
that p(w)c € Myy.,. Now

pls) <8 (g =g 1ogA>logA'

Proof. For each u € V(G) and ¢ € L(u), let
Yi.c = {w € (N(u)NEgal,(v)) : ¢p(w)c € Myy}-

Now "
d(v
d(v) 1
PV, > logA] < Z ( . >—i.
i=[log A ¢ ((1 - 0)|L(U)|)
By applying the bound (d(iv)) < (‘f'di(”))Z and using the fact that \L(lv)| < (1_81)d(v),
d(v) i d(v) i
e-d(v) 1 e

sz 8 () 1y

i=[log A ! (1 - E) d(’U) i=[log A] (1 - U)(l - E)Z

log A
Since each term in the sum is at most (W) and there are at most A terms, it
g
follows that

log A
e
> < '
PYyc>log Al <A ((1 —0)(1—¢) logA)

Since |N(u) N Egal, (v)| = 0 for all but A? vertices u, and each has at most A available colors,
by the Union Bound,

P[] <A <(1 - g)(1e— ) 1ogA>logA ’

as desired. O

Observe that P [} ,] = o(A™%).

Now we can prove Lemma B4 For each v € V(G), let (Q,1,%4,1,Py,1) be the probability
space where 2,1 = L(v), the sigma-algebra ¥, ; is the discrete sigma-algebra, and P, is the
uniform distribution (i.e. this probability space corresponds to assigning v a color from L(v) uni-
formly at random), let (€2y,2,3y,2, Py 2) be the probability space where €, 2 = {heads, tails}, the
sigma-algebra 3, 5 is again discrete, and P, o[heads] = p (i.e. this probability space corresponds to
activating v with probability p), and for each ¢ € L(v), let (y.¢, Xu.c, Pu,c) be the probability space
where €, . = {heads, tails}, the sigma-algebra ¥, . is again discrete, and P, .[heads] =1 — K. ,/p,
where p is the probability that v is not uncolored after an application of the local naive random
coloring procedure with activation probability p, conditioned on the event that v is assigned color
¢ (i.e. this probability space corresponds to an e-equalizing coin-flip for v and ¢). Let (Q,3,P) be
the product space of (.5, Xv.i, Po.i)vev(@)icf1,2y and (Qv.c, Loes Poc)vev(@),ceL(v). In order to
sample a naive partial coloring using the local naive random coloring procedure with activation
probability p and e-equalizing coin flips, we sample from Q. If w is an outcome in 2, then we let
(¢w, U,,) be the corresponding naive partial coloring and let A, be the set of activated vertices. We
prove each random variable is A-concentrated individually, as follows.
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Proof that inactive, < is A-concentrated. We claim that inactive, < is (r, d)-certifiable with re-
spect to Q* = @, where r =1 and d = 1. Let s > 0 and let w € Q such that inactive, < (w) > s.
We show that there is an (r, d)-certificate, I, for inactive, <,w, s, and &.
Since inactive, <(w) > s, there is a set S of s neighbors u of v such that v < v and u ¢ A,,.
Thus,
inactive, 4(w) > |S| = s. (22)

We let I index the trials determining if u € A,, for the u € S, so |I| = s.
We claim that I is an (r, d)-certificate for inactive, <,w, s, and @. To that end, let w’ € Q and
k > 0 such that w and w’ differ for at most k trials indexed by I. Let T'= S\ A,. Note that

inactive, <(w') > |T|. (23)
Since w and w’ differ in at most k trials indexed by I,
S\T| < k. (24)

Therefore by (22), @3), and (24), inactive, <(w’) > s — kd, so I is an (r,d)-certificate for
inactive, <,w, s, and &, as claimed. Thus, inactive, < is (r,d)-certifiable with respect to &,

as claimed, and we can apply Theorem [6:3 We choose ¢t = max{E [inactivev).<]5/ % log” A}, so by
Proposition and Theorem [6.3] for some constant v; > 0,

P [Jinactive, . — E [inactive, <] | > ] < 4exp(—v1 (log?®/°(A))).
Since A is sufficiently large, the result follows. O

Proof that unmatched, , is A-concentrated. We cannot show that unmatched,  is (r, d)-certifiable
with respect to any appropriate set of exceptional outcomes, but we can express unmatched, .
as the difference of two random variables that are. To that end, we define the following random
variables in which (¢, U) is a random naive partial coloring:

unmatched!® = |{u € Egal_(v) : ¢(u) ¢ V(Myy)}|, and
unmatched™' = |{u € Egal, (v) N U : ¢(u) ¢ V(Mu)}.

Note that unma‘cchedff’t is (r, d)-certifiable with respect to Q* = &, where r,d = 1, by the same
argument as in the proof that inactive, < is A-concentrated. Note also that E [unmatched, ,| =

K. ,E [unmatched}'| = K. ,'E [unmatchedﬁ“wl} /(1-K.,). Let t = max{E [unmatchedw,]w6 ,
log? A}, so by Proposition [64] and Theorem [6:3] for some constant v, > 0,

P [lunmatched;” — E [unmatched}"] | > t] < 4exp(—y2(log®*/?(A))). (25)

Now we show that unmatched"™ is (r,d)-certifiable with exceptional outcomes Q; , from
PropositionG.5 with 7 = 3 and d = log A. Let s > 0 and let w € Q\(Q; , such that unmatched"*!(w) >

s. Since unmatched™°'(w) > s, there is a set Sy of s o-egalitarian neighbors u of v such that
d(u) ¢ V(Myy) and u € U. Each such vertex u € S; either has a neighbor v’ € A, such that
|L(uw')| > |L(u)] and ¢u(uw)dy(u') € Myy, is itself not in A, or is uncolored by an e-equalizing
coin-flip. In the first case, we choose precisely one such neighbor u’ of w, let ©’ be in the set Sy,
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and let u be in the set S,,. In the second case, let u € S7, and in the third case, we let u € S7. By
the definition of these sets,

unmatched"'(w) > |S]| +|SY| + Z [Su] = s. (26)
Uu€ESs

We let I index the trials determining if v € A, for the u € S{ U Sa, we let I index the trial for
the e-equalizing coin flip for w and ¢, (u) for each u € SY, and for each u € S1 \ (S] U SY), there
exists u' € N(u) NSz, and we let I index the trial determining ¢, (u'). We also let I index the trial
determining ¢, (u) for each u € S;. Note that |I| < 3s.

We claim that I is an (r, d)-certificate for unmatchedu“wl w,s, and QF . To that end, let
w' e Q\QF  and k > 0 such that w and w’ differ for at most k trlals 1ndexed by I We say a vertex
keeps its color if ¢(u) = ¢ur(u). Let T] be the set of vertices in S| \ A, that keep their color,
let T}’ be the set of vertices in S} that keep their color and are also uncolored by an e-equalizing
coin-flip in the outcome w’, let T5 be the set of vertices in Sy N A, that keep their color, and for
each u € Ts, let T}, be the set of vertices in S, that keep their color. Note that

unmatched" ! (w') > [T]| + |T}'| + Z | T |- (27)
u€eTs

Moreover, the sets in the above inequality are pairwise disjoint. Since w and w’ differ in at most k
trials indexed by I,

ISUNT A+ [STANTY] + [S2\ To| + | Uuer, Su\ Tul < k. (28)

Since w ¢ Q , for each u € Sz, we have that |S,| < log A = d. Therefore by (26), [217), and (28],

unmatchedgnml( ") > s — kd, so I is an (r, d)-certificate for unmatched"**!, w, s, and Q ,, as
claimed.
By Proposition and Theorem 6.3 for some constant 3 > 0,

P [|unma‘cched3nCOl —-E [unmatchedgnml} | > t} < dexp(—v3(log?/®(A))) + 4P [QF].  (29)

Since unmatched, , = unmatched'® — unmatched™™*, it follows from (25), [29), and
Proposition [6.5] that unmatched, , is A-concentrated, as desired. O

Proof that pairs, , and trips, , are A-concentrated. As in the proof that unmatched, , is A-
concentrated, we do not show that pairs,, , and trips, , are (r, d)-certifiable with respect to some
set of exceptional outcomes. Instead, we express pairs, , and trips, , as differences of such random
variables and apply Theorem [6.3] to each of these new random variables. If H is a graph, recall that
T(H) denotes the set of triangles in H. We define the following random variables in which (¢, U)
is a random naive partial coloring;:

pairs,’, = |{z,y € Egal,(v),c € L(v) : ¢(z)c € My, and ¢(y)c € My},
trips,’, = [{z,y, 2 € Egal,(v),c € L(v) : ¢(x)c € My, d(y)c € My,, and ¢(z)c € M., }|,
palrsu“wl H{z,y € Egal_ (v),c € L(v): {z,y} NU # &,
d(z)c € My, and ¢(y)e € My, }|, and
trlpsunCOl {z,y,z € Egal, (v),c € L(v),c € L(v) : {z,y,2} NU # &,
p(x)c € Myy, p(y)c € Myy, and ¢(z)c € My, }].
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uncol uncol

Note that pairs, , = palrstOt pairs, and trips, , = trlpstOt — trips,
that E [pairs, ,] = O(E [pairs,’;]) = G(E [palrsunml}) and E [trips, ,] = O(E [trips,’y]) =
OE {trlpsu“wl})

We claim that palrsto

Note also

 and palrs‘”1001 are (r, d)-certifiable with respect to exceptional outcomes

uncol

27 , from Proposition IBE where 7 = 6 and d = log? A. We only provide a proof for pairs, ",
since the proof for pairs.°! is easier. Let s > 0 and let w ¢ Q7 _ such that palrsunml( ) > s. We

show that there is an (r, d) certificate, I, for palrsunCOl w, 8, and Q.

For each ¢ € L(v), define S, as follows. If the set of uncolored o- egalitarian neighbors u of v
such that ¢, (u)c € My, has size at least two, then let that set be S ;. Otherwise, let S.; = @.
For each ¢ € L(v), each vertex u € S¢1 either has a neighbor u’ € A, such that |L(u’)| > |L(u)|
and ¢, (u)p, (u') € My, is itself not in A, or is uncolored by an e-equalizing coin-flip. In the first
case, we choose precisely one such neighbor u’ of u, let v’ be in the set S 2, and let u be in the set

Scur- In the second case, we let u € S}, 1, and in the third case, we let u € . By the definition
of these sets,
uncol _ |SC,1|
pairs, " (w) = Z ( 5 ) (30)
ceL(v)
and
Ser=8,08Lul U Sew
UESe,2
Since w ¢ Q ., for each ¢ € L(v), we have that |S. 1| <log A, and for each u € Sc 2, we have that

| Uer 'eL(v) SC’.,u| <logA.

For each ¢ € L(v), we let I. index the trials determining ¢, (u) for the u € S. 1 U S, 2, for each
u € S; 1 USy, we let I. index the trial determining if u € A, and for each u € S/, the vertex u is
uncolored by an e-equalizing coin flip, and we also let I. index this trial. We let I= UceL(v) e

We claim that I is an (r, d) certificate for palrsu“w1 w,s, and 2 . To that end, let w’ € Q\Q |
and k > 0 such that w and ' differ for at most k trials mdexed by I We say a vertex u keeps its
color if ¢, (u) = dur(u). For each ¢ € L(v), let T, be the set of vertices in S, ; \ A,/ that keep
their color, let T}/, be the set of vertices in Sy, that keep their color and are also uncolored by an
g-equalizing coin-flip in the outcome w’, let Tc)g be the set of vertices in S. 2 N A, that keep their
color, and for each u € T 5 , let T, ,, be the set of vertices in S, that keep their color. For each

ce€ L(v),let Ten =T, UT/; U (UuETC ) Tc,u)- Note that

pairstl(yf) > 37 <'T;1'). (31)

ceL(v)

> (5N - (%) = T s\ allsal + 12l -2

ceL(v) ce€L(v)

Recall that for each ¢ € L(v) and u € S 2, we have that | Uyer () Seru| < log A, Since w and w’
differ for at most k trials indexed by I, it follows that >_ .7, (91 \ Te,1| < klog A. Also note
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that |Sc 1| + |Te1] — 1)/2 < log A. Therefore by @0), @I)), and (32), palrsunml( "y > s —kd, as
required.
Note that for each ¢ € L(v), we have that |I.| < 3|S¢ 1], and hence |I.| < 6(|S°*1‘). Therefore

uncol

|I| < 6s, as required. It follows that I is an (r, d)-certificate for pairs,””, w, s, and €2} ,, and hence

v,0

palrsunCOl is (r, d)-certifiable with respect to 2 _, as claimed. Therefore we can apply Theorem [6.3]

v,0

We choose t = max{E [pairs, | 5/6 ,log? A}, so by Proposition 4 and Theorem B3} for some
constant 4 > 0,

[|pa\1rstOt - E [palrsmt} | > t] < 4dexp(— 74(10g16/5(A))) +4P Q] (33)

and
[|palrsunCOl E {palrsunml} | > t} < dexp(—v4(log'®/®(A))) + 4P Q). (34)

It follows from (33)), (34), and Proposition 6.5 that pairs, , is A-concentrated, as desired.

t uncol

Similarly, we can apply Theorem [6.3] to trlpsto and trlps with exceptional outcomes €27 ,

r=9,and d = log® A. Letting t = max{E [trlpsma] 5/8 ,log? A}, we observe that for some constant
Y5 > Oa

P [|trips,’, — E [trips,’y] | > t] < 4exp(— v5(log®? (A))) + 4P Q] (35)

and
{|tr1psunCOl E {trlps“nml} | > t} < dexp(—v5(log®? (A))) + P[] . (36)
It follows from (33)), (3), and Proposition 6.5 that trips, , is A-concentrated, as desired. O

7 Critical Graphs and Maximum Average Degree

In this section we prove Theorems [[.13] and [1.15

7.1 Proof of Theorem 1.13

We prove Theorem by finding an appropriate induced subgraph G’ of the graph G, using the
criticality of G to L-color G — V(G’), and then using Theorem [[7 to extend this coloring to an
L-coloring of G, contradicting the criticality of G. In order to extend the L-coloring of G — V(G’)
to one of G using Theorem [T, the vertices of G’ need to have few neighbors in G — V(G’). The
following lemma provides the existence of such a subgraph.

Lemma 7.1. For every 1 > a > € > 0, every graph H with ad(H) < (1 + ¢)d(H) contains a
nonempty induced subgraph H' C H such that for every v € V(H')

2 du(v) < (14 L£22) o(H).
Proof. We use the discharging method. For each v € V(G), let the charge of v be ch(v) = d(v) —
ad(H). Note that 3, .y (g) ch(v) = 0. Let X denote the set of vertices of H with degree greater than
(1 + e ) 0(H). Note that X is a proper subset of the vertices of H since ad(H) < (1 +¢)d(H).
We may assume §(H — X) < (152) 6(H) or else H — X is the desired induced subgraph.
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We redistribute the charges in the following way. Let every v € X send ch(v)/d(v) charge to
each of its neighbors. Note that for every v € X,

ch(v) ad(H) 1 ad(H) S

d(v) d(v) (14 Lz2c) o)

QIm

Therefore every vertex in X has zero charge, and every v € V(H — X)) has charge at least dg(v) —
ad(H) + £(dy(v) —dy—x(v)). If dg(v) —dg—x(v) > 0, then the inequality is strict.

Now we claim we can iteratively remove vertices from H — X of minimum degree to obtain a
nonempty graph of minimum degree at least ( 1*70‘) 0(H). When we remove a vertex of H — X, we
add it to a new set X', and we let it send charge £ to every neighbor not in X U X". It suffices to
show that every vertex in X’ has nonnegative charge and that at least one vertex in X’ has positive
charge, because then the sum of the charges taken over vertices in H — (X U X’) is negative, and
thus H' = H — (X U X’) is nonempty.

Note that if v ¢ X U X’ has degree at most (152)6(H) in H — (X U X’), then v has at least
(1£2) 6(H) neighbors in X U X’. Therefore v receives at least £(1£%)5(H) charge and sends at
most £ (152) 6(H) charge. Hence the difference in charge received and sent is at least e6(H), and
if v has a neighbor in X, the inequality is strict. Therefore v has nonnegative charge, and since
at least one vertex of X’ has a neighbor in X, there is a vertex of X’ with positive charge, as
desired. O

Now we can prove Theorem [[.T3

Proof of [[LI3 Let a > 0, and let e < %. Let G be an L-critical graph for some k-list-assignment L

such that w(G) < (2 —a)k. Note then that o < 1. Suppose for a contradiction that ad(G) < (1+e€)k.
Since G is L-critical, G has minimum degree at least k. By Lemma [I.I] there exists G’ C G such
that for every v € V(G'),

1. de(v) > (152) 6(G), and
2. dg(v) < (1 + ;Lj;s) ().
Since G is L-critical, G — V(G’) is L-colorable. Let ¢ be an L-coloring of G — V(G’), and for each

v e V(G), let
L'(v) = L)\ {ce€ L) :3ue Nw) \V(G): ¢(u) = c}.

Note that G’ is not L’-colorable, because we can combine an L’-coloring of G’ with ¢ to obtain an
L-coloring of G.
Since de (v) > (152) 6(G), 6(G) > k, and w(v) < w(G) < (3 — a)k for each v € V(G'),
Ga’pG' (U) Z k

Since each v € V(G’) has at most dg(v) — dgr(v) neighbors in V(G) \ V(G'),

Saver(v) < de(v) — k < ((1 +1 +a5> (1+¢)— 1) k.

o — &
Since ¢ < % and a < %,
1+a a [(1+a)(1+a?/1350) «
1 < < —.
ot tes 1350( 1— a/1350 = 660
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Therefore Saver: (v) < z25k. Now for every vertex v € V(G'), Saver (v) < 55Gapg (v) and for

sufficiently large k, Gap: (v) —Saver (v) > log'®(A(G’)). Thus, by Theorem 7, G is L'-colorable,
a contradiction. O

7.2 Proof of Theorem [1.15
In this subsection we prove Theorem [[.I5 It follows fairly easily from Theorem [[.13}

Proof of Theorem .14 Given « > 0, we let € > 0 be some constant chosen to be small enough to
satisfy certain inequalities throughout the proof. Let G be a graph such that w(G) < (1 —a)mad(G),
and let

k=1 - ¢)(mad(G) + 1) + ew(G)] .

First we prove that there exists an integer ko such that if mad(G) > ko, then x/(G) < k.
We choose kg such that k is large enough to apply Theorem [[I3l Since k¥ > (1 — ¢)mad(G) and
(3 — a)mad(G) > w(G), assuming ¢ is small enough, w(G) < (3 — 9)k.

Let ¢’ > 0 according to Theorem [[.T3 for «/2. We may assume L is a k-list-assignment for G
such that G is not L-colorable, or else x¢(G) < k, as desired. Therefore G contains an L-critical

subgraph G’, and by Theorem [[LT3] ad(G’) > (1 4 ¢’)k. Hence,

k

(1+&)k <mad(G) < T

But we may assume ¢ is sufficiently small so that (1 +¢’) >
Xx¢(G) < k if mad(G) > ko.
It remains to show that x¢(G) < k if mad(G) < ko. If we choose € to be less than Wl—ﬂ’ then

—1i -, a contradiction. Therefore

k> [(1 - m) (mad(G) +1)w . {mad(G) + mw > [mad(@)] + 1.

Therefore we can obtain an L-coloring of G for any k-list-assignment L by coloring greedily. Thus,
X¢(G) < k, as desired. 0

References

[1] M. Bonamy, T. Perrett, and L. Postle. Colouring graphs with sparse neighbourhoods: Bounds
and applications. arXiv:1810.06704, October 2018.

[2] R. L. Brooks. On colouring the nodes of a network. Mathematical Proceedings of the Cambridge
Philosophical Society, 37(2):194-197, 1941.

[3] H. Bruhn and F. Joos. A stronger bound for the strong chromatic index. Combin. Probab.
Comput., 27(1):21-43, 2018.

[4] M. Chudnovsky, A. King, M. Plumettaz, and P. Seymour. A local strengthening of Reed’s w,
A, x conjecture for quasi-line graphs. STAM J. Discrete Math., 27(1):95-108, 2013.

[5] M. Delcourt and L. Postle. On the list coloring version of Reed’s Conjecture. manuscript.

31



[6] M. Delcourt and L. Postle. On the List Coloring Version of Reed’s Conjecture. Electronic Notes
in Discrete Mathematics, 61:343 — 349, 2017. The European Conference on Combinatorics,
Graph Theory and Applications (EUROCOMB’17).

[7] Z. Dvoidk and L. Postle. Correspondence coloring and its application to list-coloring planar
graphs without cycles of lengths 4 to 8. J. Combin. Theory Ser. B, 129:38-54, 2018.

[8] P. Erdds, A. L. Rubin, and H. Taylor. Choosability in graphs. In Proceedings of the West Coast
Conference on Combinatorics, Graph Theory and Computing (Humboldt State Univ., Arcata,
Calif., 1979), Congress. Numer., XXVI, pages 125-157. Utilitas Math., Winnipeg, Man., 1980.

[9] H. Hadwiger. tiber eine Klassifikation der Streckenkomplexe. Vierteljschr. Naturforsch. Ges.
Ziirich, 88:133-142, 1943.

[10] T. Kelly and L. Postle. On the density of critical graphs with no large cliques. submitted.

[11] A. King. Claw-free graphs and two conjectures on omega, Delta, and chi. ProQuest LLC, Ann
Arbor, MI, 2009. Thesis (Ph.D.)-McGill University (Canada).

[12] A. King and B. Reed. Claw-free graphs, skeletal graphs, and a stronger conjecture on w, A,
and x. J. Graph Theory, 78(3):157-194, 2015.

[13] A. Kostochka and M. Stiebitz. On the number of edges in colour-critical graphs and hyper-
graphs. Combinatorica, 20(4):521-530, 2000.

[14] A. Kostochka and M. Yancey. Ore’s conjecture on color-critical graphs is almost true. J.
Combin. Theory Ser. B, 109:73-101, 2014.

[15] M. Molloy and B. Reed. Graph colouring and the probabilistic method, volume 23 of Algorithms
and Combinatorics. Springer-Verlag, Berlin, 2002.

[16] M. Molloy and B. Reed. Colouring graphs when the number of colours is almost the maximum
degree. J. Combin. Theory Ser. B, 109:134-195, 2014.

[17] S. Norin and Z.-X. Song. Breaking the degeneracy barrier for coloring graphs with no K
minor. arXiv:1910.093878, October 2019.

[18] O. Ore. The four-color problem. Pure and Applied Mathematics, Vol. 27. Academic Press,
New York-London, 1967.

[19] L. Postle. Halfway to Hadwiger’s Conjecture. arXiw:1911.01491, October 2019.
[20] B. Reed. w, A, and x. J. Graph Theory, 27(4):177-212, 1998.

[21] 1. Rivin. Counting cycles and finite dimensional LP norms. Adv. in Appl. Math., 29(4):647-662,
2002.

[22] M. Talagrand. Concentration of measure and isoperimetric inequalities in product spaces.
Publications Mathématiques de UInstitut des Hautes Etudes Scientifiques, 81(1):73-205, 1995.

[23] A. Thomason. The extremal function for complete minors. J. Combin. Theory Ser. B,
81(2):318-338, 2001.

32



A Proof of Theorem

In order to prove Theorem [6.3] we prove the following theorem which yields concentration around
the median under the same conditions.

Theorem A.l. If X is (r,d)-certifiable with respect to Q*, then for any t > 0,

t2
Ad2r(Med(X) + 1)

P[|X — Med(X)| > 1] < 4exp (— ) + 4P (0]

We then prove that the expectation and median are close as in the following lemma.
Lemma A.2. If X is (r,d)-certifiable with respect to Q* and M = sup X, then
|E [X] — Med(X)| < 48d+/rE [X] + 64rd* + 4MP [Q*].

Proof. Let Y = X + E[X]. Note that E[Y] — Med(Y) = E[X] — Med(X), Med(Y) > E[X] > 0,
and E [Y] < 2E [X]. Note also that

E[Y] - Med(Y)] < E[[Y — Med(Y)]].

Let L = [M/(dy/rMed(Y))], and note that |Y — Med(Y)| < (L + 1)d/r Med(Y). By parti-
tioning the possible values of |Y — Med(Y')| into intervals of length dv/r Med(Y), we get

E[lY — Med(Y XL: VrMed(Y) (€ + 1) (IP’ [|Y—Med(Y)| ZKd\/Wd(Y)}
£=0
P [|Y ~ Med(Y)| > (¢ + 1)d\/Wd(Y)D :
d\/rMed(Y) ( [|Y Med(Y)] > ed\/WD

[
M=

~
Il
o

By applying Theorem [AT] with ¢ = £d+/r Med(Y) to every summand,

E[|Y — Med(Y)[] < 4d+/r Med(Y Z ( <—4d2T(Me§ d TTZE/&T ) P[Q* ]) .

Note that for each £ € {0,..., L},

2d?r Med(Y) c o Cdr Med(Y)
P\ar(Med(Y) + tdy/rMed(v)) ) =1 \ 8drmax{Med(Y), fdy/r Med(Y)}
< exp <€2d2TM7€d(Y>> +exp< 22 Med(Y) )  exp (£2/8) 1 exp (A/Med(Y))l

8d?r Med(Y') 8d3r(+/r Med(Y)} 8dy/r
Note also that

4d+/r Med(Y ZP ] <AMP[Q].
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Therefore

E[|Y — Med(Y)]] < 4d+/r Med(Y Z <exp (—£%/8) + exp (-givégl\flj_ﬁm)) +4MP[Q*].

Note that Ze:o e tr = m. Note also that § <1 —e™* if x < % Since

< max{2, 2}. Therefore

5 (), ]

8dv/r Med(Y)

Note that Y252 e~*/® < 4. Therefore

E[|Y — Med(Y)|] < 4d\/r Med(Y) (4 + max {2, _L6dvr }) +AMP[Q].

Med(Y)

1 3
m<2WheHCE2§,

1
l—e—®

Since the maximum of two numbers is at most their sum,
E[|Y — Med(Y)|] < 24d+/r Med(Y) + 64rd? + 4MP [Q*].
Since Med(Y) < 2E[Y] < 4E[X],
E[Y — Med(Y)|] < 48d\/rE [X] + 64rd? + 4MP [Q*],
as desired. O

Lemma [A2]is similar to Fact 20.1 in [15]. However, the proof of Fact 20.1 is flawed, as we now
describe. Molloy and Reed upper bound P [|X — Med(X)| > ic\/rMed(X)} by 4e=""/8 for every

positive integer i using Talagrand’s Inequality I; however, Talagrand’s Inequality I only applies if
0 <icy/rMed(X) < Med(X). Our proof of Lemma[A.2] avoids this flaw, since Theorem [A.T] has no

restriction on t. However, for these large values of 7, we bound this probability by exp (— %)

instead, which leads to the additional 64rd? term.
Now we can prove Theorem assuming Theorem [A.T]

Proof of Theorem 63, Since t > 96d+/rE [X] + 128rd? + 8MP [Q*],
% > 48d+\/rE [X] + 64rd? + 4MP [Q*]. (37)
By applying Lemma and then (31),
P[X —E[X]| > <P [|X—Med(X)| > g] .

Since Med(X) < 2E [X|, Theorem [AJ] implies that

t (t/2)? "
P [|X — Med(X)| > 5} <4dexp <_4d2r(2E[X] m (t/2))) + 4P [Q7],
2
= dexp (_ 82r(4E [X] + 1)
as desired. O

) + 4P Q7]
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It remains to prove Theorem [A.T]
Let ((Q;,%;,P;))™; be probability spaces and (€2, X, P) their product space. For a set A C Q
and event w € (), let

d(w,A) = sup (7: Z a; >Tforallw € A . (38)
[lel[=1 !
1w Fw,

We use the original version of Talagrand’s Inequality.

Theorem A.3 (Talagrand’s Inequality [22]). If A, B C Q are measurable sets such that for all
w € B, d(w,A) > 7, then

2

P[A]P[B] <e 3 .
We can now prove Theorem [A1]
Proof of Theorem [A 1l Tt suffices to show that

P[X < Med(X) — #] < 2exp <_ o (Metd SOE: t)> + P[] (39)
and 2

P[X > Med(X) + 1] < 2exp <— PO t)) +2P Q. (40)
Let

A={we N0 : X(w) >Med(X)+t}, and
B={we N0 : X(w) <Med(X)}.

We need to show the following.

Claim A.4. For allw € B, d(w, A) > W.

To that end, let w’ € A. Since X is (r,d)-certifiable, there exists an (r,d)-certificate, I, for
X,w', Med(X) + t, and Q*. Thus, the outcomes w and w’ differ in at least t/d coordinates of I.
Therefore if we set a = 1/+/|I| - 11 where 1; is the characteristic vector of I, then w and w’ have
a-hamming distance at least ¢/(d+/r(Med(X) + t)). Hence, the claim follows.

Now Q) follows from Claim [A4] and Theorem [A3] The proof of (B9) is similar, so we omit
it. o

The proof of Claim[A4] demonstrates why we introduce k into the definition of (r, d)-certificates,
rather than considering changing the outcome of only one trial. We may change the outcome of
one trial and obtain an exceptional outcome, in which case we need that changing the outcome of
yet another trial does not greatly affect X, or else the outcomes w and w’ may differ for only two
trials.
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