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Abstract

(O Estimating the impact of environmental processes on vertical reef development in geological time is a very challenging task.
O\l pyReef-Core is a deterministic carbonate stratigraphic forward model designed to simulate the key biological and environmental
processes that determine vertical reef accretion and assemblage changes in fossil reef drill cores. We present a Bayesian framework
called Bayesreef for the estimation and uncertainty quantification of parameters in pyReef-Core that represent environmental con-
ditions affecting the growth of coral assemblages on geological timescales. We demonstrate the existence of multimodal posterior
distributions and investigate the challenges of sampling using Markov chain Monte-Carlo (MCMC) methods, which includes par-
allel tempering MCMC. We use synthetic reef-core to investigate fundamental issues and then apply the methodology to a selected
reef-core from the Great Barrier Reef in Australia. The results show that Bayesreef accurately estimates and provides uncertainty
quantification of the selected parameters that represent environment and ecological conditions in pyReef-Core. Bayesreef provides
insights into the complex posterior distributions of parameters in pyReef-Core, which provides the groundwork for future research
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in this area.
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1. Introduction

Developing data-driven models of reef evolution is challeng-
ing because the complexity of the process exceeds the amount
of available data necessary. Reef evolution is determined by the
interaction between environmental factors such as water chem-
istry, light availability, sedimentation and hydrodynamic en-
ergy [1l]. The data for understanding and modelling reef evolu-

! tion can be extracted from the geological record of reef-drilled
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cores, which is sparse, and also expensive to obtain; hence, lim-
ited work has been done in this area.

pyReef-Core [2] is an example of a carbonate stratigraphic
forward model (SFM) for reef evolution that captures a number
of important ecological dynamics in coral reef systems. pyReef-
Core is the first modelling attempt to constrain hydrodynamic
energy and sediment input exposure thresholds for coralgal as-
semblages on a geological timescale. It is a one-dimensional (1-
D) model that simulates the vertical (and not lateral, hence 1-D)
coralgal growth patterns observed in a reef drill core. pyReef-
Core has several parameters representing external environmen-
tal factors which impact reef development. Examples of these
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factors include sea-level changes and the relationship between
sediment input and depth. It also has parameters describing the
response of coralgal assemblage growth to these environmental
factors, such as water flow and parameters for internal popu-
lation dynamics such as the Malthusian parameter. Figure
shows the workflow of pyReef-Core, which shows vertical ac-
cumulation contributed by different coralgal assemblages over
a timeframe.

Given limited and sparse data, we need to quantify uncer-
tainty from different factors in the estimation of unknown pa-
rameters in stratigraphic forward models such as pyReef-Core.
Moreover, geophysical and stratigraphic forward models rarely
have a unique solution [3, 4] which is also known as non-
uniqueness [S]. For example, different combinations of a range
of environmental parameters such as water flow, temperature
and population dynamics of the coral assemblages in pyReef-
Core may give rise to the same simulated reef-core stratigra-
phy. Stratigraphic forward models produce a set of solutions
that represent multiple and competing hypotheses regarding ge-
ological system evolution [6,[7]]. However, the explicit temporal
and depth structure simulated by pyReef-Core presents an op-
portunity to restrict the number of possible solutions and thus
reduce uncertainty.

Bayesian inference provides a rigorous methodology for es-
timation and uncertainty quantification of unknown parameters
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in a given model by incorporating information from multiple
sources [8]]. The information from prior research, expert opin-
ion, and knowledge regarding the nature of specific physical
processes can be incorporated via a set of prior beliefs, also
known as priors. Moreover, information from observed data is
used to update these prior beliefs via the likelihood function.
In the case of environmental modelling, Bayesian inference for
uncertainty quantification has been deployed for a number of
problems [9} 10} (11} [12]].

We present a novel probabilistic framework for the estima-
tion and uncertainty quantification of environmental processes
and factors which impact the depth and temporal distribution
of communities of corals and coralline algae (coralgal assem-
blages) found in fossil reef drill cores. The framework is called
Bayesreef which employs Bayesian inference using Markov
Chain Monte Carlo (MCMC) sampling to estimate the un-
known parameters of pyReef-Core Although we chose pyReef-
Core to demonstrate the idea, the framework is general, and can
be adapted, for other stratigraphic forward models. The goal
of Bayesreef is to provide estimation and uncertainty quantifi-
cation for complex processes with sparse data which presents
four significant contributions to the literature.

First, we transform a selected deterministic stratigraphic
forward model (pyReef-Core ) into a probabilistic frame-
work known as Bayesreef, where the parameters are sampled
via MCMC and represented using a probability distribution.
Bayesreef employs a multinomial likelihood using the data
from drilled reef-core featuring the coralgal assemblages over
a timeframe. The expert opinion and the results of previous
studies are incorporated into the prior, while knowledge of the
physical processes from the pyReef-Core is connected to the
observed assemblage in the reef core via the multinomial like-
lihood.

Second, we use Bayesreef to constrain the number of solu-
tions that represent the unique palaco-environmental history of
the reef core by incorporating two different types of data rep-
resentation, where one features the temporal structure and the
other the depth structure of the reef core. By depth structure, we
refer to the thickness and type of coralgal assemblage at vary-
ing depths. By temporal structure, we refer to the thickness and
type of sediment and/or coralgal material laid down at varying
points in time. We use this feature of pyReef-Core to show how
incorporating the time series structure constrains the number of
possible outcomes.

Third, we demonstrate the effectiveness of Bayesreef with
two sampling methods, that includes single-chain MCMC and
parallel tempering MCMC, for synthetic and real reef-core
drilled from a selected location in the Great Barrier Reef.

Fourth, we make the methodology and its implementation
available for other researchers as a software tool ['] which can
be used to make inference regarding the factors affecting reef
evolution.

The rest of the paper is outlined as follows: Section 2 pro-
vides background and related work, while Section 3 presents

Bayesreef: https://github.com/intelligentEarth/BayesReef

the methodology and techniques used including the multino-
mial likelihood function. Section 4 presents experiments and
results. Section 5 provides discussion, and Section 6 concludes
the paper with a discussion of future research.

2. Background

2.1. Coral reef evolution

The ability of corals to vigorously grow and build reef struc-
tures is dependent upon favourable environmental conditions
[13]]. Three related environmental factors examined in pyReef-
Core are vital in influencing coral reef evolution on multi-
decadal to centennial timescales. They are water depth (accom-
modation), hydrodynamic energy, and autochthonous (reef-
derived) sediment input.

The accommodation is the vertical space in the water col-
umn above the substrate within which corals can grow and af-
fects hydrodynamic energy and sediment flux. Hydrodynamic
(wave and water flow) energy decreases with depth, such that
corals growing in shallower water experience increased hydro-
dynamic energy [14]. At the organism level, currents, water
flow and oscillatory motion induced by waves are critical in
modulating physiological processes in coral and thus influence
coral growth rates [15|16]. Similarly, fluxes of reef-derived car-
bonate sediments typically increase with depth as they are less
disturbed by currents and settle on corals [17]. The sediment
input inhibits coral reef growth and even causes mortality via
turbidity, reducing light and the ability of corals to meet energy
requirements via photosynthesis [18] [19], and via smothering
and abrasion [20].

Over geological timescales, these environmental distur-
bances are essential determinants of the composition of coralgal
assemblages and their spatial distribution in specific environ-
mental niches across the reef and with depth [21} 22) 23] 24]].
However, inferring the long-term trend of these processes from
a geological perspective is difficult given missing data in the
reef drill cores, which are an incomplete record of reef devel-
opment through time.

The palaco-environmental analyses of drill cores have in-
formed a prevailing theory of reef evolution in response to
Holocene sea-level changes [25, [26]. The shallowing-upward
sequences are found in Holocene reef drill cores globally
[27.2822]. An example of a drill core appears in Figure[I] The
lower parts of drill cores are characterised by deep-water (~20-
30 m), massive and branching corals, and bioclastic sediments.
These are replaced in shallower palaco-water depths (<6 m)
by robust-branching corals, representing high-energy coralgal
assemblages [29, 21 (Figure [T). The shallowing-upward se-
quences have been proposed to express a ’catch-up’ vertical reef
growth strategy, as coralgal vertical accumulation was not ini-
tially fast enough to keep up with rapid sea level rise, but caught
up once sea level stabilised (Figure|I).

2.2. pyReef-Core

pyReef-Core represents one of the first attempts to incorpo-
rate coral ecological dynamics into carbonate system modelling



[2]. The tool simulates the interaction of the main biological
and physical reef-building processes, including hydrodynamic
energy (flow velocity), sediment input and the ecological inter-
actions between different coralgal assemblages (Figure [2)).

The physical process encoded in pyReef-Core provides a ba-
sis for constraining essential biological and physical processes
to investigate the key drivers of a reef’s evolution and thus fore-
cast how they are affected by mid and long-term environmental
changes. Some of the input parameters to pyReef-Core are ob-
servable, such as the relative sea-level history, depth-dependent
rate of sediment input and depth-dependent water velocity (Fig-
ure[3). Other pyReef-Core parameters are not observed and un-
known, and hence they need to be estimated. The unknown
parameters include those governing the population dynamics,
the environmental threshold functions such as the intrinsic rate
of growth/decline of coralgal assemblage populations, and pa-
rameters defining competitive dynamics between assemblages
such as the assemblage interaction matrix (AIM). We incorpo-
rate the competitive coralgal assemblage interactions in pyReef-
Core via the generalised Lotka-Volterra system of equations
[30] (GLV), also known as predator-prey equations.

The environmental threshold function controls the rate of
vertical accumulation for different coralgal assemblages which
can be enhanced or limited by environmental factors (Figures
and[). The environmental threshold functions in pyReef-Core
measure the assemblage sensitivity to sediment input exposure
and exposure to the hydrodynamic energy. In pyReef-Core, four
values define each exposure threshold, where the outer two val-
ues indicate the absolute minimum and maximum values of the
environmental stress which are known to be tolerable to an as-
semblage and beyond which, the effects of exposure are lethal
[L8]. The remaining two values within the minimum and max-
imum bounds indicate where flow velocity or sediment input
begins to restrict growth [2]]. During each time step, flow veloc-
ity and sediment input intersect different points of the threshold
curves for each assemblage. The environmental factor, F,,
that limits growth during each time step is found by taking the
minimum of all threshold functions (i.e. faepim, fsea and friow;
Figure[d). We multiply the environment factor by the maximum
vertical accretion rate for each assemblage to limit growth ac-
cording to environmental exposure (Figure [2)).

While there are clear theoretical relationships between the
duration and rates of sedimentation and flow velocity on coral
mortality [[18] 31], determining these thresholds quantitatively
as inputs into pyReef-Core remains challenging to estimate. In
the next section, we use a data fusion approach to employ the
existing state of knowledge within a Bayesian framework to es-
timate the unknown parameters.

2.3. Bayesian inference

It is common to denote unknown parameters generically by
0; if there is only one parameter, or by @ given in a vector of
parameters. In the Bayesian paradigm, prior belief about 6 is
updated from information featured in an observed data point via
the likelihood, and inference about 6 proceeds via the posterior
distribution. The relationship between these three quantities;

the prior, the likelihood and the posterior is given by Bayes
theorem PDIO)P(O)

PO|D) = P(D) ey
where D is the data, P(D|0) is the likelihood, P(@) is the prior
and P(0|D) is the posterior. Unfortunately, this posterior dis-
tribution is rarely available in closed form which is particularly
true for nonlinear inverse problems in geophysical models like
pyReef-Core, where no analytical expression for the forward re-
lation between data and model parameters is available [33]. In
situations such as these, we use MCMC sampling methods to
approximate the posterior [34] which involves proposing draws
of the quantity of interest from some proposal distribution, and
accepting them with a probability ensuring that the Markov
chain is reversible [35}136]].

The applications of Bayesian inference via MCMC sam-
pling methods have been well established in areas of Earth
and environmental sciences such as applications to modelling
geochronological ages [37], modelling the effect of climate
changes in land surface hydrology [11]], inferring sea-level and
sediment supply from the stratigraphic record [38] and infer-
ring groundwater contamination sources [39]. However, to our
knowledge, no work has used Bayesian inference for reef mod-
elling, despite evidence of their usefulness when handling mod-
els with complex, interrelating parameters [40, 41]. However,
there exists work on Bayesian belief networks to assess the rate
of changes in coral reef ecosystems [? ] which further moti-
vates the use of Bayesian methods for reef modelling.

Multimodal and discontinuous posterior distributions pose
enormous challenges for MCMC methods [42]. In the pyReef-
Core model, gradient information is not available which limits
the use of MCMC sampling with gradient-based proposal dis-
tributions such as Hamiltonian MCMC, and Riemann Manifold
Langevin and Hamiltonian Monte Carlo, [43] 44} 45| 146]]. In
such situations, canonical MCMC with random-walk proposals
is an option, but their efficiency is limited in the presence of
multiple modes.

Parallel tempering MCMC provides efficient exploration of
multimodal posteriors [47, 48] by featuring an ensemble of
replica chains that are typically executed in parallel. The replica
ensemble uses a temperature ladder to diffuse the likelihood,
where the replicas with higher temperature values are more
likely to accept weaker proposals, enabling them from escap-
ing local minima. Apart from this, we change the config-
uration in neighbouring replicas during sampling which fur-
ther helps in providing a balance of exploration and exploita-
tion. Each chain, k, has a stationary distribution of the form
e = p(OD)"/Pr where B € [1, o) is referred to as the replica’s
temperature. The temperature ladder 8 = (8, ...,Bk),isa Kx1
vector of temperature values, where K is the number of repli-
cas. The elements of the temperature ladder have the property
B1=1<p,...,< Bk, so that k = 1 corresponds to the poste-
rior. For values k > 1, the stationary distribution diffuses pro-
gressively, thus allowing the chain to escape from local modes.

We propose the values of 6 in each replica to swap with the
values in neighbouring replicas so that the 6’s from replicas
k > 1 have the potential to reach the replica corresponding to
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Figure 1: (A) pyReef-Core output of the synthetic 30-metre-long reef drill core (ground truth) representing a catch-up growth sequence. The first column of pyReef-
Core output represents the amount of vertical accumulation contributed by the respective assemblages or by sediment deposition within the 50-year time intervals.
The second and third columns represent the vertical accumulation of each assemblage as a proportion of each depth interval. Where coral growth is absent, the
carbonate sand dominates according to pyReef-Core model. The fourth column represents the amount of vertical accumulation in 50-year increments throughout
the simulation. The fifth column represents the simulated drill core displaying the dominant assemblage (or sediment deposition) at each depth interval. (B) A
schematic of modern coral zonation with depth on a reef representing a shallowing-upward growth strategy, displaying associated assemblage compositions and

transitions (adapted from Dechnik [32]).

k = 1, for which the stationary distribution is the posterior. In
this way, parallel tempering explores the posterior via both local
and global moves enabling them to explore multimodal distri-
butions efficiently [48]]. Parallel tempering has been popular in
geophysical inversion problems that have complex multimodal
posterior distributions [49] 50} [51],52]]. More recently, we used
parallel tempering for landscape evolution models [33]], and
three-dimensional joint inversion for mineral exploration [34]]
which motivate their use in the proposed Bayesreef framework.

3. Methodology: Bayesreef

While deterministic models of long-term interactions of or-
ganisms in a marine ecosystem exist [53], and software tools
for coral reef evolution are available [2}[36], there are no prob-
abilistic methods which combine these deterministic models
with observed data. We note that such models have several
or many non-unique solutions; however, even if we manage to
constrain them to be unique, there remains uncertainty with the
solution. For example, we could estimate the Malthusian pa-
rameter in pyReef-Core as a value of 0.5, which defines the pop-
ulation growth of the coralgal assemblages over a timeframe.
We need to make a probabilistic statement which expresses the
uncertainty of this estimate, such as the statement that the pa-
rameter lies between 0.25 and 0.87 with probability 0.90. To

make such statements, we need a consistent framework which
fully accounts for different sources of uncertainty [12]. In ad-
dition, there are several other factors of variability, such as lim-
ited, sparse, or missing geological data [10} 1T} [12].

In this section, we present the Bayesreef framework and
demonstrate how heterogeneous sources of information can be
combined to estimate the unknown parameters which govern
coralgal vertical accumulation over time. We assess the per-
formance of our method by creating synthetic reef core ground-
truth and compare with the pyReef-Core output for coralgal ver-
tical accumulation (prediction). We first discuss the creation of
the synthetic core and then present the Bayesreef framework.

3.1. Creation of synthetic ground truth

We create a synthetic drill-core using pyReef-Core that repre-
sents an idealised shallowing-upward fossil reef sequence with
a catch-up growth strategy consistent with the Holocene evo-
lution of several reefs globally, shown in Figure [I] If a coral-
gal assemblage is present, the type of coralgal assemblage is
recorded (shown in green, light blue, and dark blue); otherwise
pyReef-Core produces sediment deposition (shown in color or-
che) in Figure I}

We represent the information from the drill-core in two
forms, as the depth-structure and the time-structure. The depth
structure records the coralgal assemblage present at various
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Sea-level [m] Water flow [m/sec] Sediment input [m/year]

254 30 4
8000

4 25 4
7000 204

6000

w
g
3
S
o}

4000 4

Time [years]
Depth [m]

5

3000 104
2000

1000

1.0e-03 1.5e-03 2.0e-03 2.5e-03 3.0e-03
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thetic ground-truth (Figure and subsequent Bayesreef experiments.

depths in the drill core, while the time structure records the time
at which the coralgal assemblage in the core was formed and
both representations are present it pyReef-Core.

The timeframe used to create the synthetic drill core was
from 8.5 thousand years ago (ka), where water depth was likely
to be 5 metres below sea level (MBSL), to present-day [57]].
This period is within the take-off envelope for Holocene growth
for outer-platform reefs, which ranges from 8.6 to 6.6 ka [58].
The initial reef surface was set to be 30 MBSL, which is consis-
tent with the base of shallowing-upward sequences exhibited in

drill cores from the Great Barrier Reef (GBR) and Indo-Pacific
Reef [14].

In the case of the synthetic reef-core, there are three types of
coralgal assemblages produced in the pyReef-Core simulation;
shallow, moderate deep, and deep. They are consistent with
those found on southern GBR reefs and capture the full extent
of the shallowing-upward sequence in a high-energy and ex-
posed setting. We set the initial populations for all three assem-
blages to zero. The initial conditions for the population dynam-
ics, the hydrodynamic energy, sediment input and maximum
vertical accretion (VA) rates, for both fixed and free parame-
ters, appear in Table [IL We chose these values to mimic the
thicknesses of facies and the timing of deposition when com-
pared to a review of all Holocene drill cores [14]]. The VA rates
for the three assemblages are defined based on a full analysis of
all Indo-Pacific reef drill cores [14} [32].

We assume that flow velocity and related hydrodynamic en-
ergy is an exponentially decreasing function of depth (Fig-
ure [3). The flow velocity varies from extremely low, laminar
flow (<4 cm/sec) on the deep forereef (>30 m depth) to mean
flow speeds of 20-30 cm/sec in <1 m depth [60]. This rela-
tionship has been validated by lab and field studies [61} 62} 63]]
and based on them, we restrict the maximum flow velocity in
pYReef-Core to 30 centimeters/second.

The environmental threshold functions for the ground-truth
depicted in Figure [4] entail the growth response of coralgal as-
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semblages to changing depth, sediment input, and hydrody-
namic energy. We construct the pyReef-Core model so that
maximum VA rates for the respective assemblage only reach
under optimal conditions. Elsewhere, growth is proportional
to the environmental factor determined by exposure threshold
functions [2] (Figure [).

The depth exposure thresholds for each coralgal assemblage
are well-defined in the literature [32} |64]]; however, there is lit-
tle to no data on the optimal growth environment in relation
to other environmental factors which is not at the species level
and certainly not on greater-than-decadal timescales. There-
fore, we manually estimate the threshold functions for sediment
input and hydrodynamic energy for the creation of the synthetic
ground-truth (Figure[d). This manual estimation is done mainly
by trial and error, until we obtain the desired shallowing-
upward sequence that accurately reflects the expected shift from
deep to moderately-deep assemblages at ~15-20 MBSL, and
from moderately-deep to shallow assemblages at ~6 MBSL
[29.32] (Figure[T).

The simulations in pyReef-Core use a depth-dependent sedi-
ment input function to approximate the spatial variation in sed-
imentation rate resulting from hydrodynamic conditions. Fol-
lowing the same approach as for the definition of the hydrody-
namic energy, we use a sedimentation-depth relationship con-
ceptualised by Chappell [17] to simulate sediment deposition in
this study (Figure[3).

We simplified the vertical accommodation, which refers to
the vertical space available for potential reef accumulation, to
be a function of Holocene sea-level changes and vertical coral

Table 1: A summary of unknown (free) and fixed parameters used in Bayesreef
experiments. The true values of free parameters are used to obtain the synthetic
ground-truth (Figure[T). Note that the true values of the hydrodynamic energy
and sediment input exposure thresholds for each assemblage are graphically
represented in Figure[d]

reef growth only. The Holocene relative sea-level (RSL) curve
for the Australian East Coast is used as the sea-level boundary
condition, presented in Figure[3][57]. The data indicates a RSL
history characterised by a mid-Holocene highstand of 1.8 m at
~ 4ka, before returning slowly to present sea-level. We obtain
the temporal and vertical evolution of the produced synthetic
core at user-defined intervals and depend on each assemblage
production rate that varies based on the aforementioned input
parameters.

3.2. Data and parameters

To demonstrate the convergence of MCMC sampling for
Bayesreef, we consider the synthetic ground-truth reef-core as
observed data. In this way, we conduct experiments to find if
we can recover the true parameter values used to create the syn-
thetic ground-truth. The observed coralgal assemblages given
in the reef-core is given as yj, = J(I)>>,1’ - ,yﬁ’D,D), where yp , is
the type of coralgal assemblage at depth d, ford = 1,...,D.
The superscript o denotes observed data, while the subscript D
denotes that the data has a depth structure.

We denote the coralgal assemblage data as y; =
(y"m1 AU y%’T), where the subscript T is to denote that the data
has a time structure, and y7., is the type of coralgal assemblage
observed at time ¢, fort = 1,...,7T. We note that there can be
many time structure combinations which give rise to the same
depth structure, but not vice-versa. Thus, the time structure
contains more information than the depth structure. Hence there
is only a one-to-one correspondence between the two if the rate
of coralgal growth is constant over the entire timeframe in ques-
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tion. We show how using this knowledge of the time structure
allows us to constrain the parameter space. For conciseness, we
drop the subscripts D and T and develop the general model for
the data.

Given the data y’, inference about the unknown parameters
6, proceeds via the posterior distribution, p(8ly°). The denomi-
nator in Equation (1)) is merely a normalizing constant and does
not depend upon 6, so that Equation () is often expressed as

p(Oly”) o p(y°16) X p(6).

where p(-) represents a probability density function, p(y’|0) is
the likelihood function, and p(6) is the prior distribution.

The unknown parameters of interest (6) are; the Malthusian
parameter (€); the elements of the assemblage interaction
matrix, denoted by the matrix A; four critical points that
define the hydrodynamic energy exposure threshold func-
tion for each assemblage, f; son = ( l.’lﬂow,..., ]”if‘flgw)where
i denotes the assemblage type; and four critical points
defining the exposure threshold function of sediment input
food = ( Sle ST ffe ,)-- Hence, the vector of parameters for
inference is 6 = (€, A, T\ fiow, £2 fiows B3 fiow, £sea). The details
about the “true” value of these parameters used in producing
the synthetic ground-truth, y° appear in Table[T]

3.3. Likelihood

The likelihood is a probabilistic model of the data-generating
process given some parameters 6. It is used to describe how
likely the observed data are if we knew the true value of 6. The
existence and type of coralgal assemblage that grows at various
points in time are random variables that take on a discrete num-
ber of outcomes; either coral grows or it does not (in which case
we observe sediment). For instance, if the coral grows, then the
assemblage type is either shallow, moderate-deep or deep; and
hence, the likelihood function should reflect the discrete nature
of these outcomes.

The observations in Bayesreef are discrete; namely the type
of coralgal assemblage that forms at a given point in time and/or
depth. Therefore we choose the product of independent multi-
nomial distributions for the likelihood function. There is no
closed form expression for p(y°|@), however there is a deter-
ministic relationship between 6 and the proportion of various
assemblages at equally spaced points in time. We denote these
proportions by Il = (my,...,77), where nr]" = (ﬂ’t’f,...,ﬂ;’}(),
fort =1,...,T, with Zf:] mg = 1 given coralgal assemblage
m. These proportions are time-varying and depend determinis-
tically on 6 via the pyReef-Core forward model.

This deterministic relationship between 6 and I, allows us
to evaluate the likelihood because p(y°|@) = p(y°|II). We con-



sider the elements of the 7" X K matrix II, namely my, to be the
probability that assemblage k is present at time ¢, and use these
probabilities as inputs for the multinomial likelihood. So that

Pr(y’|0™) =

T
t=1

1_[ el 2)

K
k=1

where z = 1 if y; = k, and z; = 0, otherwise.

3.3.1. Priors for € and A

We made some modifications in pyReef-Core to simplify it
by reducing the number of unknown parameters to make the
Bayesreef framework computationally feasible. First, we as-
sume that the value of the Malthusian parameter is equal for all
coralgal assemblages and we place an uninformative prior on &,
so that p(e) ~ U[0,0.15]. Second, we assume the assemblage
interaction matrix (A), to be symmetric and block diagonal with
equal diagonal elements, so that

a, a; O
A=l|la, a, a
0 a, a,

The zeros in the matrix indicate conditional independence
between two assemblages that are not close together in space
and time [65)]. The prior for p(a,), and p(ey) is U[-0.15,0],
which represent the interaction between the different coralgal
assemblages.

There are additional restrictions imposed upon combina-
tions of € and A. We use the Runge-Kutta-Fehlberg (RKF-45)
method as the numerical ordinary differential equation (ODE)
solver; however, it becomes linearly unstable when the magni-
tude of the difference between € and @, or «; is too large. This
is because RKF-45 uses an adaptive step-size, which has lim-
ited stability when dealing with stiff equations [[66]]. We address
this issue and ensure stability, by limiting the range of €, a; and
@, to the interval (0.15 and -0.15), respectively (Table [2).

3.3.2. Priors for hydrodynamic energy and sediment input

The parameters that define the sediment input exposure
threshold function f.,, and the hydrodynamic energy exposure
threshold function fy,,, serve as constraints that restrict verti-
cal growth to only occur within a range of values for these envi-
ronmental stressors. There are four parameters for each assem-
blage that define the exposure threshold function to sediment-
input, and four parameters that define the exposure threshold
function to the hydrodynamic energy ( flow velocity). Hence, if
there are three assemblages, then the total number of parame-
ters which define the sediment-input and flow velocity is 24 (12
parameters for f;.; and another 12 parameters for fy,,). In the
case of six assemblages, there are 48 parameters (24 parame-
ters for fy,; and another 24 parameters for f;,,). In both cases,
3 other parameters are always included, i.e. the Malthusian and
two AIM parameters.

Based on the sediment-depth and flow-depth relationships
established in Section [3.I] the maximum flow velocity is
0.3 meters/second (m/s) and the maximum sediment-input is

0.005 meters/thousnad years (m/kyr). The limits on these en-
vironmental factors have been informed by physics and prior
knowledge of reef systems. The prior distributions for all el-
ements of f; s, and fy; ensure an ordering. For example,
fifiow = (f} low> fi’zﬂow, fﬂuw, ]‘if‘flow) has a prior distribution
such that

4
j 1
P(fepiow) = PUELyiod) X [ | PO o )
j=2

with f;{flow ~ U(f;{j:lizw’ 03]

Table 2: Prior distributions and the proposal standard deviation (o) for the
Metropolis-Hasting kernel in the MCMC sampling scheme in Bayesreef. Note
that proposal standard deviation is 1% of the width of the absolute range of the
prior.

Parameters Priors Step-size (o)
fflnw P(f}"luwl ) X H_A}':z p(f}'luw,- |fflowj,1 ) 0.00300
f.ved P(fsed| ) X Hj‘:z p(fved/ |fvedj_| ) 0.00005
& U[0.00, 0.15] 0.00150
A U[-0.15,0.00] 0.00150
g U[-0.15,0.00] 0.00150

There is little to no quantitative data collected on the growth
response of coral species (let alone coralgal assemblages) in re-
sponse to different values of flow velocity and sediment-input.
As such, we cannot incorporate more information into the prior.
The relaxed constraint we chose gives the best chance for coral-
gal vertical accretion to be simulated in the model by avoiding
situations where a threshold is too narrow to allow growth to oc-
cur at all. Therefore, they formally express the state of limited
knowledge regarding long-term effect of hydrodynamic energy
and sediment flux regimes on coral growth. The details regard-
ing their corresponding prior distributions appear in Table

3.4. Estimation via Bayesian inference

3.4.1. Proposal constraints

The elements of 6, which correspond the flow velocity and
sediment-input parameters, need to be ordered, as described in
Section [3.3.2] and shown in Figure [ To impose these con-
straints during MCMC sampling, we use random-walk proposal
distribution, but then we sort selected parameters to preserve or-
der in the flow velocity and sediment-input parameters. We can
view this as a bi-level constraint parameter optimisation prob-
lem where the first level constraints are the parameter limits,
and second-level constraint is the sorting of certain adjacent pa-
rameters. Hence, after we check the limits for each proposed
value, we sort the adjacent parameters, which is a simple but
effective method while efficiently exploring the posterior [67].
Algorithm describes the first-level constraints for the three GLV
(Malthusian and community interaction) parameters and heuris-
tic for bi-level constraints given for the flow and sediment-input
parameters for the respective assemblages. Creating proposal
distributions for generating such constraints adds further chal-
lenges for MCMC sampling.



Result: Valid proposal vector
Get current state vectors:
i. GLV parameters(v)
ii. Flow parameters for all assemblages (x)
ii. Sediment-input parameters for all assemblages (w)
Get minimum and maximum limit for all parameters. Note that
flow and sediment-input parameters used the same limits
(uniform priors) for all assemblages as shown in Table
First three parameters
GLYV parameters
1. First level constraint: check limits
for i in each GLV do

v-new[i] = v[i] + Gaussian-Noise()

if v[i] > v-min[i] and v[i] < v-max[i] then

| v[i] = v-newl[i]
else
| Set v[i] to previous value

end
end
Flow parameters

for i in each Assemblage do
1. First level constraint: check limits
for j in each Flow do
x-new|i][j] = x[il[j] + Gaussian-Noise()
if x/[i][j] = x-min[j] and x[i][j] < x-max[j] then
| x[l[j] = x-newlil[j]
else
| Set x[i][j] to previous value
end
end
2. Second level constraint:
Sort to ensure: x[1][0] <x[i][1] < x[i][2] < x[i][3]

end
Sediment-input parameters

for i in each Assemblage i do
3. First level constraint: check limits
for j in each Sediment-input do
w-newl[i][j] = w[il[j] + Gaussian-Noise()
if w/i][j] = w-min[j] and w[i][j] < w-max[j] then
| wlill[j] = w-newl[i][j]
else
| Set wl[i][j] to previous value
end
end
4. Second level constraint:
Sort to ensure: w[i][0] <w[i][1] < w[i][2] < w[i][3]

end
Algorithm 1: Heuristic for implementing bi-level constraints
in proposals

3.4.2. MCMC Sampling

As noted earlier, we take a Bayesian approach and use the
posterior distribution p(@ly’) and make inference regarding 6.
We denote the predictive distributions of an assemblage at time
T +1 to be Pr(y;_,1y”); where the notation y* indicates an unob-
served prediction and y” indicates the observed value from time
t = 0 to time t = 7. We integrate over all possible values of 6,

Pr(y7,ly°) = f Pr(y"ly’, 6)p(6ly”)dé 3

Then, the integral in Equation (3) is approximated by
| u
POTAlY) = o ; Pr(y7 v 6 4)

where 6! is drawn from the posterior distribution p(8]y°). We
use MCMC sampling to obtain these draws, where the transi-
tion kernel is a random-walk (RW) Metropolis-Hastings kernel
with a proposal distribution ¢(.), which is ¢(6°, X); where 6° is
the current value of @ in the chain and ¢(u, X) is the multivari-
ate normal probability density function with mean vector g and
covariance matrix X.

Algorithm2]presents the single-chain MCMC and Algorithm
presents parallel tempering MCMC. We note that both algo-
rithms compute the acceptance probability for within chain pro-
posals by

. p (y|H[l7]) p (0[17]) q (0[1'—1] |0[p])
Paccepr = miny 1, p(y|11”’”)p(0“‘”) ' q(0[p||gu-11) )

where, p(y|II) is given by Equation |2} Note that if any of the
constraints for £ and the elements of A are not met, the accep-
tance probability is set to zero. The Bayesreef framework is
shown in Figure [5| which highlights single-chain MCMC sam-
pling shown in Algorithm 2 where Algorithm 3 can also be
used.

In Algorithm 2] single-chain MCMC draws the initial values
6,, from the prior p(6) and moves onto the sampling stage. We
update the chain when the proposal is accepted/rejected using
the Metropolis-Hastings acceptance criterion given by Step 3,
where we add the accepted proposal to the posterior distribu-
tion. We repeat the procedure until the termination condition is
satisfied as given by the maximum number of iterations (sam-
ples), Itermax-

In Algorithm 3] parallel tempering MCMC uses an ensemble
of replica with a temperature ladder to provide balance between
exploration and exploitation during sampling. The replicas with
higher temperature values provide exploration while those with
lower temperature values enforce exploitation. In the begin-
ning, the number of replicas M, the maximum number of it-
erations, Iterp,y, and the temperature ladder 8 = (By,...,B1)
is defined. We draw the initial values of 6,, form = 1,..., M



Result: Posterior distribution
Initialise chain, 6 = 6'"':
Draw 6"°! from the joint prior distribution 81 ~ p(@)
for i until Itery,, do
1. Propose 871161 ~ g(01~1) where ¢(.) is the selected
proposal distribution (Algorithm 1).
2. Given 8!, use pyReef-Core to predict the reef-core in
order to evaluate the likelihood (Equation[2)
3. Calculate acceptance probability (Equation [5)
Draw «a from a uniform distribution, @ ~ U(0, 1)
if puccepr < @ then
| set current value as proposed value, 8! = 6!
else
| current value remains unchanged, 8" = 9"
end

end
Algorithm 2: Single-chain MCMC sampling

from the prior p(#), and move onto the sampling stage. We up-
date each replica 8 when the respective proposal is accepted/re-
jected using the Metropolis-Hastings acceptance criterion given
by Step 1.3. Once all the replicas have sampled, we check if we
can swap the neighbouring replicas using Metropolis-Hastings
criterion (Step 2.2). We repeat the procedure until the termina-
tion condition is satisfied as given by the maximum number of
iterations.

3.4.3. Adaptive proposal for GLV parameters

We investigate the use of two different covariance matrices
for the 3 GLV parameters. The first is to fix X to be diagonal,
so that ¥ = diag(s%, e, sf,); where s; is the step size of the
j™ element of the parameter vector @ given in Table [2| for j =
1,..., P, and P is the length of 6.

The second covariance matrix allows for the dependency
between elements of € and changes throughout the sampler
and known as adaptive random-walk proposal distribution [68]].
Here, we adapt the elements of the step-size X for the proposal
distribution using the sample covariance of the current chain
history: = = cov({6”,...,0/"'1}) + diag(22,...,23); where
6" is the i" iterate of @ in the chain and A; is the minimum
allowed step-size for each parameter 6;. Although X depends
on the history of the chain, rather than just on the current val-
ues which make them not Markov, the proposals such as these
with vanishing adaptation have guarantees of ergodicity in the
long-term limit, allowing the adapted chain to sample from the
desired distribution [69]. The rest of the parameters make the
majority of the parameters in Bayesreef, which need second-
level constraints and can only be created using Algorithm 1.

4. Experimental design and results

We investigate the performance of Bayesreef using the multi-
nomial likelihood function outlined in the previous section for
the time and depth structure and their associated time-based and
depth-based likelihoods as the basis of prediction and evalua-
tion of results. We use two different MCMC sampling methods

10

Result: Posterior distribution

1. Set maximum number of iterations (Iter,,,), the number of
replicas (M), the percentage of iterations for parallel tempering

phase, and the temperature ladder 8 = (By, . .., B1)-
ii. Initialize replica 6,, = QE’?[]O], form=1,...,M.
iii. Set the current values; ¢, = 9’[3[]0] ,and m¢ = mY;
fork=1,..., Itern,/M do

form=1,...,Mdo
Step 1: Replica sampling

proposal distribution (Algorithm 1)

in order to evaluate the likelihood (Equation@
1.3 Compute acceptance probability (Equation ;
Draw u from uniform distribution, u ~ U[O0, 1]
if u < a then

| set current value as proposed value, 6% = 67;
else

‘ current value remains unchanged, ok = ge;
end
end
form=1,...,M-1do
Step 2: Replica Exchange
2.1 Select a pair of neighbouring replica, [6,,, 6,111
2.2 Compute acceptance probability
Draw u from uniform distribution, u ~ U[0, 1]

if u < a then
| exchange neighbouring replica, 6,, < 6,1,

else

end

end
end
Algorithm 3: Parallel tempering MCMC sampling

1.1 Propose 67)18""! ~ g(8"1) where ¢(.) is the selected

1.2 Given 0!, use pyReef-Core to predict the reef-core



Parameftmse Time likelihood Depth likelihood
value
Mean Mode AR | Mean Mode AR
(%) (%)
2 free parameters
a; -0.03 | -0.029 -0.035 -0.033  -0.043
e 0.08 0.081 0.082 36.7 0.136  0.133 61.4
4 free parameters
ffllow 0.008 | 0.014  0.037 0.018 0.041
f?]ow 0.051 | 0.049 0.042 311 0.041 0.041 782
f;low 0.172 | 0.116  0.049 0.131 0.116
ff410w 0.185 | 0.227 0.296 0.201 0.213

Table 3: Results showing posterior mean, mode and acceptance rate (AR) for
parameter estimates from time and depth-based likelihood with two and four
free parameters.

for synthetic - reef-core and apply on a selected real-world ap-
plication from the Great Barrier Reef. The experiments follow
the plan below.

1. Single-chain MCMC sampling (Algorithm 2) for two free
parameters for time structure versus depth structure set-
ting.

. Single-chain MCMC sampling (Algorithm 2) for four free
parameters for time structure versus depth structure set-
ting.

3. Single-chain MCMC sampling (Algorithm 2) for three

free parameters to evaluate adaptive random-walk and
random-walk proposals for depth structure setting.

4. Convergence diagnosis for experiments above (Part 3).

. Compare single-chain MCMC (Algorithm 2) with parallel
tempering MCMC (Algorithm 3) for the 27 free parame-
ters.

Use parallel tempering MCMC sampling (Algorithm 3)
for application to a fossil reef core from One Tree Reef
from the southern Great Barrier Reef that features six as-
semblages; hence, 51 free parameters.

We note that all of the above steps use synthetic reef-core
for experiments, except for the last step. The performance of
Bayesreef is measured in two ways: by its ability to recover
the reef-core structure of coralgal assemblage composition and
transitions when compared with the ground truth. In the case
of the synthetic reef-core experiments, the evaluation is also
by the estimation accuracy of the parameters used to create the
reef-core. Note that the two performance measures are related
but not the same. It could be that the same coralgal assemblage
reef-core is predicted by different combinations of the parame-
ters.

All experimental runs feature a 15% burn-in period, where
the samples (iterates) are not included in the posterior which is
standard for MCMC sampling. It takes about ~11-12 hours to
run 10,000 samples using a a single core from Intel Core i7-
8700 Processor (6 Cores, 12 MB cache, 4.6 GHz).
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4.1. Results for two free parameters

Figure [6] presents the results of two-parameter experiments
where the Panels (a) to (c) present the results for the time-
based likelihood while Panels (d) to (f) present the results for
the depth-based likelihood.

‘We observe that with time-based likelihood the parameter es-
timates are highly accurate. The posterior distributions of a;
and & contain the true values, with the mean and modes nearly
centered on the true values (Figures[6a]and[6b} Table[3). In con-
trast, the posterior distributions of @, and ¢ using depth-based
likelihood (Figures [6d| and are wider, reflecting greater un-
certainty and in the case of &. It is unlikely that the histogram
estimates approximates the exact posterior distribution (Figure
[6e). The trace plots suggest that the MCMC chain has con-
verged to a sub-optimal mode of the posterior distribution for
Malthusian parameter . This can be seen in Figure [/| Panel
(b) where a series of sub-optimal modes are present in the log-
likelihood surface.

The mean prediction with the 5% and 95% credible interval
for the time-based and depth-based estimation are presented in
Figures [6c| and [6f] respectively. The predictions using the time-
based likelihood are remarkably accurate at estimating both the
time and depth structures of the reef-core data. In contrast,
while predictions of the depth structure are accurate, predic-
tions of the time structure are not at certain segmentation times
(Panel f). The prediction shows that the shallow assemblage de-
veloped earlier and ceased growth earlier in time, with a longer
period of sedimentation between ~3000-4500 years of the sim-
ulation. This verifies the concept that many different time-based
structures can lead to very similar depth-based structures.

In order to visualise the true log-likelihood, we use a grid-
search that considers the combination of selected parameters as
shown in Figure[7] which displays the time-based (Panel a) and
depth-based (Panel b) log-likelihood surface as a function of @
and ¢ . Figure[7ashows one distinct peak that is centered near
the true values of @, and & (-0.03 and 0.08 respectively). In
contrast, Figure [7b] shows a flat log-likelihood surface indicat-
ing that an area of equally likely combinations of e and €.

4.2. Results for higher number of free parameters

We present further results with four free parameters us-
ing single-chain MCMC sampling (Algorithm 2) to handle a
slightly higher-dimensional problem using random-walk pro-
posal distribution with bi-level constraints shown in Algorithm
[[l In this setting, we sample the four flow velocity parame-
ters of the medium-deep assemblage, while we fix the remain-
ing parameters to their true values. We summarize the results
as shown in Figure |8} where Panel (a) shows that the param-

eters f ., and f7, are well estimated by the model with

time-based likelihood; however, f; fiow and 1 flow 1€ N0t ell

estimated which indicates local convergence. The trace plots
for £ 1,,,, and f3' ,,,, in Figure E Panels (c and d), show a high
degree of auto-correlation in the iterates and suggests that the
MCMC sampler has converged to one of the sub-optimal modes
in the multimodal likelihood landscape. Note that rather than
using a histogram, visualise the the posterior differently using
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Figure 6: The results from experiment with only two free parameters, o, and €. The time-based likelihood predictions are in Panels (a) to (c), and depth-based
likelihood predictions are in Panels (d) to (f). Panels (a,b) and (d,e) give posterior distributions (upper) and trace plots (lower) for the free parameter. The solid,
black line in the histograms indicates the true values used to generate the ground truth. Panels (c) and (f) are pyReef-Core coralgal assemblage (reef-core) prediction
on the basis of the (c) time structure and (f) depth structure of the ground-truth. We compare the credible interval (5th and 95th percentile) and mean prediction with

the ground-truth (black line).

the coordinates of the flow velocity parameters in Figure
Panel (a and b). We converge to a sub-optimal mode since
we find that we recover the true value (synthetic data) within
the credible interval. A similar story emerges for the results of
depth-based likelihood, where le, Flow and f22’ Flow AT€ well esti-
mated but not as well as the time-based likelihood, while f23 Flow
and f24 Flow Are not that well estimated, and a high degree of

auto-correlation for f3

In the sampling and prediction for both time and depth-based

4 .
and f Flow 15 shown.
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likelihood, Figure , left side of Panels (e) and (f), are gener-
ally comparable to the estimates for the two free parameter set-
ting. We find that the estimates of the time-based likelihood are
well approximated and consistent with the two free parameter
setting, but not so well captured by the depth-based likelihood
as shown in Figure , right side of Panels (e) and (f).

We show the log-likelihood surface as a function of ffzow and
3

Fow in Figure [9) Panel (a) for the time-based likelihood and
Panel (b) for depth-based likelihood. Panel (a) shows a marked
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Figure 7: Log of the likelihood surface as a function of @, and € using (a) time-based and (b) depth-based likelihood.

peak for fflow = 0.05; however, this log-likelihood value is the

3

same across a range of values for s
flow

f]glow = 0.05.

Furthermore, we evaluate the performance of Bayesreef us-
ing random-walk (RW) and adaptive random-walk (ARW) pro-
posal distributions. We show the results in Table 4] with miss-
classification score (MC Score) for reef-core predictions us-
ing the depth-based likelihood, for only 3 parameters, that in-
cludes the Malthusian and two community interaction param-
eters (&,a,,,@;). We note that this is because the ARW is not
feasible for the rest of the 24 parameters (ffiow,, . Fsedy o)
due to the bi-level constraints given in Algorithm 1.

As a measure of convergence, we run multiple chains using
different initial values, and use them to calculate the potential
scale reduction factor (PSRF) [70] for each parameter; this is
the ratio of each parameter’s sampling variance across all chains
to its variance within any single chain. Values of the PSRF near
1 indicate convergence, whereas values much larger than 1 indi-
cate either significant posterior uncertainty due to limited sam-
ples or that individual chains have not yet explored the entire
posterior distribution. Figure [T0] shows trace plots of the iter-
ates for the Malthusian parameter and for the elements of the
competition matrix which gives further insights for the 3 free
parameters for 10,000 samples in Table @] Figure shows
that the independent chains from both proposal distributions
have integrated auto-correlation times for all parameters that
are comparable to their total length, making them difficult to
estimate numerically. However, AWR does a better job of mak-
ing large jumps in parameter space that different sample regions
of the posterior, despite its lower overall acceptance rate. In the
Malthusian parameter, we get the PSRF of 6.6 for the RW sam-
pler which is evident in the broadly divergent trace plots seen
in the top panel of Figure [[0a] For the ARW sampler, we get
PSRF of only 1.16 for the Malthusian, while the rest of the pa-
rameters have less than 1.2 PSRF. We get a lower acceptance
rate for ARW when compared to RW proposal distribution and
despite this, we find that ARW provides a better estimate of the

shown by the ridge at
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uncertainty in the final results.

4.3. Parallel tempering MCMC

Using depth-based likelihood, we compare the results of
single-chain (SC) with parallel tempering (PT) MCMC. We use
burn-in phase (50 % ) with 10 replicas and execute the algo-
rithms on single processing cores. Table [5] shows a summary
of results with misclassification (MC) score given by mean
and standard deviation, acceptance percentage, and approxi-
mate computational time for the different number of samples.
We notice that while both methods have similar MC score that
falls within the range of the standard deviation, SC-MCMC has
a much lower acceptance rate. This could be due to lack of ex-
ploration ability when compared with PT-MCMC that explores
multimodal posterior distribution. Figure [T1] shows the poste-
rior distribution and trace-plot for a selected parameter, where
we recover the true value (shown as vertical blue line) as one of
the modes in the multimodal posterior. Figure[I2]shows the pre-
diction for the reef-core by the respective methods for 10,000
iterates after removing the burn-in. We notice that both meth-
ods have a similar prediction performance in terms of MC rate;
however, PI-MCMC shows more uncertainty in prediction at
specific intervals.

4.4. Application to reef-core from the Great Barrier Reef

We selected a fossil reef-core from the Capricorn-Bunker
Group of the Southern Great Barrier Reef (GBR), occurring
80 kilometers from the Queensland Coast. This is among one
of the most studied location in the GBR due to the presence
of a research station that has hosted decades of biological and
geological reef research (Figure [I3). In our experiments, we
selected OTI-5 that was collected from the northwestern lee-
ward, low-energy margin and records a complex history of fos-
sil reef changes [[71]. We find that the modern coralgal assem-
blages found on OTR match well with fossil coralgal assem-
blages classified by in terms of coralgal composition,
location and palaeo-water depth indicators.
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Figure 8: Results for an experiment with four free parameters governing the flow velocity of the moderate-deep assemblage. Panels (a), (c) and (e) use a time-
dependent likelihood and Panels (b), (d), and (f) use a depth-dependent likelihood. Panels (a) and (b) are the flow velocity exposure threshold composed of four
parameters (f /'.Iaw, s f;,ow, left-to-right), which function as coordinates. They are visualised to represent how coral growth is limited according to the shape of these
functions. The black line represents the initial thresholds used to create the synthetic data. The blue line presents the modal estimates of each parameter with an
envelope that represents the 95% credible interval. We show the associated trace-plots of MCMC chains for f fllow’ f?low in Panels (c) and (d). Panels (e) and (f)
show the coralgal assemblage predictions showing the mean and 95% credible interval . ' '
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Log likelihood

Figure 9: The log-likelihood surface for fle o and f;low for the moderate-deep assemblage using(a) time-based and(b) depth-based likelihood. The areas of lowest

likelihood below the diagonal represent impossible values due to the condition that f;low > f]%low for all values of f]%low.

MCMC Method Parameters Parameter List Samples MC Score (mean, std)  Accepted %

RW 3 [£.amas] 5000 (247, 0.85) 34.36
ARW 3 [£,@msts] 5000  (2.76,0.69) 0.86
RW 3 [£,0mss] 10000 (2.48,0.88) 38.56
ARW 3 [£,Qmss] 10000 (2.30,0.79) 0.77
RW 3 [£,@mss] 20000  (2.51,0.83) 38.46
ARW 3 [£,@m,s] 20000 (255, 1.07) 1.02

Table 4: Results showing miss-classification score (MC Score) using depth-based likelihood for different scenarios.
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Figure 10: Trace plots for parameters sampled via random-walk (RW) and adaptive random-walk (ARW) proposal distribution of the single-chain MCMC sampler.
The different colors in the sampling trace-plot represent runs from four different starting points, after a burn-in of 3000 samples.
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Method Parameters Samples MC Score Accept %  Time (hours)
SC 27 10 000 (48.33,14.55) 1.15 36.20
PT 27 10 000 (51.79, 14.45) 5.48 35.80
SC 27 20 000 (50.35,12.00) 0.18 68.50
PT 27 20 000 (56.26,13.45)  1.36 69.20

Table 5: Results showing miss-classification score (MC Score) with (mean, standard deviation) using depth-based likelihood for different methods for the synthetic

reef-core, and the predictions are shown in Figurelg
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While data exists for the assemblages in the reef-core (i.e.
characteristics, depths, ages), the response of these assemblages
to prevailing environmental conditions can only be inferred in-
directly from data, and are not systematically quantified. Figure
[I4] shows the details of the composition of the reef-core given
different types of assemblages and assemblage age information.
We note that unlike that synthetic reef-core experiments that
feature three assemblages, the real reef-core features six assem-
blages; where three are in the windward (W) and the other three
are in the leeward (L) side. This requires an estimation of 6 x 4
flow-velocity parameters and 6 x 4 sediment-input parameters,
along with 2 AIM and 1 Malthusian parameter. Hence, we have
51 parameters in total that are estimated by Bayesreef, which
presents a more difficult situation.

The results in Figure[T5]show that Bayesreef can successfully
predict the windward (W) shallow assemblages and the sedi-
ment deposition, but has not been able to predict the deep as-
semblages very well. However, the predictions are close given
the uncertainty quantification for the respective experiments.
This could be due to the limitations in the proposal distribu-
tion and challenges of sampling given the irregular multimodal
posterior distributions shown earlier. Table [6] gives further de-

(b) Parallel tempering MCMC



Queensland

0 230
 —————

Sykes Reef

{

Heron Island Reef

6,500 13,000

One Tree Reef
kM

AOne Tree Reef
N

Figure 13: Reef-core was drilled from the Capricorn-Bunker Group of the
Southern Great Barrier Reef, One Tree Reef island (OTI-5) [39].

tails for each experiment configuration, where we see that the
core predictions are similar given the MC score. OTI-5 dis-
plays a complex reef growth history [72], rather than a typi-
cal shallowing-upward sequence. Therefore the mismatch be-
tween the model predictions and actual core data may indicate
that our prior assumptions about some environmental parame-
ters through time (i.e. sediment input and flow velocity), and
their thresholds are currently too poorly constrained in the cur-
rent pyReef-Core set-up.

Figure |16 shows an example of the posterior distribution of
a selected parameter, where we notice that there is multimodal-
ity present and with the multiple replicas and there is a good
exploration of the parameter space.

Figure [I7] shows an example of estimation of flow-velocity
and sediment-input parameters for the first assemblage (W-
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Iterates Parameters Samples MC Score Accept %
10000 51 10 000 (65.17,15.60)  25.92
20000 51 20 000 (64.17,15.79) 4.46

Table 6: Results showing miss-classification score (MC Score) with (mean,
standard deviation) using depth-based likelihood with parallel tempering
MCMC for selected One Tree Island reef core (OTI-5). The predictions are
shown in Figure@ We use different configurations (Exp) that considered dif-
ferent limits (priors) for the respective parameters.

shallow) using parallel tempering MCMC for OTI-5 reef-core
prediction shown in Figure T3]

5. Discussion

We apply Bayesreef to infer how coralgal community struc-
ture changes in relation to prevailing changes in accommoda-
tion, hydrodynamic energy and sediment input. The results
show that Bayesreef provides a reliable prediction of the syn-
thetic ground truth data in the experiments that consider the
depth and time-based likelihood and different combination of
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Figure 15: Reef-core predictions using parallel tempering MCMC for One Tree
Island reef-core (OTI-5) ground-truth given in Figure@

selected free parameters. Moreover, the estimated parameters
provide an accurate prediction of the reef-core when compared
to the synthetic reef-core data, which demonstrates convergence
to one of the modes of the multimodal posterior distribution.
Bayesreef provides the groundwork for an insight into the com-
plex posterior distributions of parameters in pyReef-Core.

We constrained the number of dimensions in the experiments
to investigate how Bayesreef performs with low-dimensional
and high dimensional settings. The results show that depth-
based likelihood gives equally-accurate predictions in selected
low and high-dimensional experiments. This promotes confi-
dence in this technique in achieving accurate predictions with
higher-dimensional problems. However, this is limited to syn-
thetic reef-core with a limited number of unknown parameters.
Therefore, we need more experiments in future work to eval-
uate them for the real-world reef-core example. Regardless of
the type of likelihood, the experiments could not constrain cer-
tain parameters. The large uncertainty around some of the mean
estimates highlight how a broad range of values can achieve the
equivalent core prediction (Figures [8a] and [8b). Similarly, the
log-likelihood surface show that, beyond a certain point, any
given parameter values produce equivalent high-likelihood val-
ues (Figure[9). This indicates that we do not have enough infor-
mation available to constrain these parameters and informative
priors or reef-core data containing more information may be
able to improve the inference.

Alternatively, the results could reflect the environmental sen-
sitivity of the moderate-deep assemblages. As the lower limit of
fluid flow is better constrained, we may understand moderate-
deep coralgal assemblages can tolerate extremely low flow,
<5 centimeters/second (Figure 8a)). In addition the lack of con-
straints regarding the maximum tolerable fluid flow may indi-
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Figure 17: Example of posterior distribution of flow-velocity and sediment-
input parameters using parallel tempering MCMC for OTI-5 reef-core experi-
ment summarized in Table[6] Note that the mean prediction is shown in solid
line with 95 % credible interval as error bar.
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cate that the moderate-deep assemblage is robust to turbulent
water flow (Figure[9). Moreover, this may lead us to investigate
factors other than the flow velocity that prevent the assemblage
from colonising in shallow water environments. Therefore, the
results provide insight into the influence of the flow velocity on
coralgal assemblage accretion.

Similarly, we infer from log-likelihood surface that £ has a
marginally greater control on the population dynamics of as-
semblages than «;, (Figure [7a). The Malthusian parameter (g)
governs the intrinsic rate of growth and decline of coral popula-
tions, whereas the sub-diagonal assemblage interaction matrix
parameter (@) governs the intensity of the competition between
coralgal assemblages. The inference is that the competition be-
tween assemblages is less important than the rate of population
growth in determining biological interactions between assem-
blages.

In summary, Bayesreef has enabled greater insight into the
importance of the Malthusian parameter and assemblage inter-
action matrix parameters. Furthermore, it is demonstrably use-
ful in quantifying unobservable parameters such as a coralgal
assemblage’s response function to long-term hydrodynamic en-
ergy exposure.

5.1. Non-unique solutions

The results show that reef-core predictions are better using
a time rather than a depth based likelihood. This is best high-
lighted by the log-likelihood of a; and & (Figure [7). We ob-
serve only a narrow peak in maximum likelihood using time-
based likelihood, and a large plateau of maximum likelihood
using depth-based likelihood (Figure ). The flat surface of
the depth-based likelihood indicates a variety of combinations
of population dynamics parameters can give similar observed
stratigraphy. Therefore, the depth-based likelihood of pyReef-
Core simulations can be considered to have no unique solution.

In some cases, we observed that Bayesreef cannot reliably
estimate the true parameter values, while at the same time
produce accurate prediction of the drilled cores which implies
multi-modality which is also visible by the likelihood surface.
Such cases of multi-modality also appear in other geoscientific
problems such as landscape evolution models where different
combinations of parameters such as precipitation and landscape
erodibility have shown to produce similar topography evolu-
tion [[73]]. The non-uniqueness in solutions makes it difficult to
disentangle the different process parameters (i.e. environmen-
tal parameters and population dynamics parameters) that pro-
duced a particular stratigraphy and consequently several com-
peting hypothesis regarding the dominant controls on reef de-
velopment [74, 156]. Reef geologists get a limited understand-
ing of the temporal evolution of reefs based on the composi-
tion and depth-based likelihood of a drill core alone. The drill
cores must have core samples radiometrically dated to be able
to constrain the timing of reef accretion, the rates of coralgal
accumulation and the rates of sedimentation.

With Bayesreef, we can constrain the environmental condi-
tions that elicit growth responses from corals over time, and
thus can better understand the dominant controls on reef devel-
opment and compare competing hypotheses of reef evolution



(e.g. [25) [75]). In this way, we can isolate the far-fewer pa-
rameter combinations that produce a particular time series of
reef-growth events and hiatuses. Although pyReef-Core a use-
ful tool for reef geologists who wish to understand a reef’s tem-
poral evolution, Bayesreef is a significant contribution as it can
constrain environmental and biological controls using a core’s
time structure. To our knowledge, there are no other tools avail-
able for studying temporal reef evolution in a statistically robust
way.

5.2. Implications and extensions

In future experiments, we can implement parallel tempering
MCMC using a multi-core architecture for high performance
computing in order to address the computational requirements
when the number of parameters increases. Such implementa-
tions have shown to be very useful for inference of landscape
evolution models [53].

The use of a multinomial likelihood produces accurate pre-
dictions, however one can argue that it does not fully convey
the nature of reef-building processes since it assumes indepen-
dence of observations. In other words, deposition of an assem-
blage in the past is independent of deposition in the present.
In reality, the substrate composition of a reef is a strong pre-
dictor of which assemblage will colonise it since corals tend
to grow vertically on their skeletons and populate areas where
assemblages of their type flourish [76]. A degree of depen-
dence between observations is captured by pyReef-Core, where
the assemblage ’populations’ depend on the relative abundance
of their same assemblages. Nevertheless, future developments
of Bayesreef must account for the dependence of observations
through time to better capture the nature of biological reef-
building processes.

We can facilitate other proposal distributions and MCMC
methods in Bayesreef. Unfortunately more efficient proposals
such as those that use Langevin-gradient MCMC, or the No-U-
Turn-Sampler (NUTS), [[77] cannot be used, because gradient
information is not available from py Reef-core. However, we
can take advantage of the use of heuristic methods for efficient
proposal distribution that feature constraint satisfaction [[78]].
We can use other adaptive MCMC methods such as delayed
rejection adaptive metropolis, and delayed rejection evolution
adaptive metropolis [[19} 180] provided that they can suit the
unique constraints in the proposals required for pyReef-Core.

6. Conclusion and Future Work

We presented Bayesreef, which is a comprehensive Bayesian
framework that incorporates multiple sources of information,
including forward models, priors and empirical data from geo-
logical reef-cores. The Bayesreef framework employed single-
chain and parallel tempering MCMC sampling to address the
challenges of multimodal posteriors distributions given syn-
thetic reef-core and an application from the Great Barrier Reef.
The framework addresses geophysical inverse problem posed
by unobserved environmental conditions and non-unique path-
ways to reef stratigraphies. The results show that the framework
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efficiently estimates and provides uncertainty quantification of
the parameters that represent environment and ecological con-
ditions in pyReef-Core using the (posterior) probability distri-
bution.

In future work, we plan to further enhance parallel tempering
MCMC using better proposal distributions and implementation
in high performance computing to address the computational
requirements when the number of parameters and the depth of
the reef-core increases. textcolorblackFurthermore, we can in-
crease the number of assemblages to give a more realistic view
of coralgal evolution in reef-systems; however, this further in-
creases the complexity of the problem.

Acknowledgements

We would like to acknowledge Australian Research Coun-
cil (ARC - DP120101793 and FT140101266) and Sydney Re-
search Excellence Initiative 2017, The University of Sydney for
providing the grants for supporting this work. We also wish to
acknowledge Sydney Informatics Hub for providing research
engineering support for this project.

Data and software

The source code that implements the framework of
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Supplementary results for selected experiments are given
here: P

7. References

References

[1] J. E. N. Veron, “Mass extinctions and ocean acidification: biological
constraints on geological dilemmas,” Coral Reefs, vol. 27, no. 3,
pp. 459-472, Sep 2008. [Online]. Available: https://doi.org/10.1007/
s00338-008-0381-8

T. Salles, J. Pall, J. M. Webster, and B. Dechnik, “Exploring
coral reef responses to millennial-scale climatic forcings: insights
from the 1-d numerical tool pyreef-core v1.0,” Geoscientific Model
Development, vol. 11, no. 6, pp. 2093-2110, 2018. [Online]. Available:
https://www.geosci-model-dev.net/11/2093/2018/

V. Isakov, “Uniqueness and stability in multi-dimensional inverse prob-
lems,” Inverse Problems, vol. 9, no. 6, p. 579, 1993.

K. Charvin, K. Gallagher, G. L. Hampson, and R. Labourdette, “A
bayesian approach to inverse modelling of stratigraphy, part 1: Method,”
Basin Research, vol. 21, no. 1, pp. 5-25, 2009.

P. M. Burgess and G. D. Prince, “Non-unique stratal geometries: implica-
tions for sequence stratigraphic interpretations,” Basin Research, vol. 27,
no. 3, pp. 351-365, 2015.

T. A. Cross and M. A. Lessenger, “Construction and application of a
stratigraphic inverse model,” in Numerical Experiments in Stratigraphy:
Recent Advances in Stratigraphic and Sedimentologic Computer Simula-
tions, J. Harbaugh, W. Watney, E. Rankey, R. Slingerland, R. Goldstein,
and E. Franseen, Eds.  Special publications of Society for Sedimentary
Geology, 1999, ch. 62, pp. 69-83.

(2]

(3]
[4]

(3]

(6]

2https:// github.com/intelligentEarth/Bayesreef/tree/master/MCMC_Sampling

3https://github.com/intelligentEarth/Bayesreef/tree/master/MCMC_Sampling/suppleme


https://doi.org/10.1007/s00338-008-0381-8
https://doi.org/10.1007/s00338-008-0381-8
https://www.geosci-model-dev.net/11/2093/2018/

[7]

[8]
[9]

[10]

(11]

(12]

[13]

[14]

[15]

[16]
(17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

(26]

(27]

(28]

[29]

P. L. Heller, B. A. Burns, and M. Marzo, “Stratigraphic solution sets for
determining the roles of sediment supply, subsidence, and sea level on
transgressions and regressions,” Geology, vol. 21, no. 8, pp. 747-750,
1993.

C. Robert, C. N., and J. Rousseau, “Harold jeffreyss theory of probability
revisited,” Statistical Science, vol. 24, no. 2, pp. 141-172, 2009.

A. OHagan, “Probabilistic uncertainty specification: Overview, elabora-
tion techniques and their application to a mechanistic model of carbon
flux,” Environmental Modelling and Software, vol. 36, pp. 35 — 48, 2012,
thematic issue on Expert Opinion in Environmental Modelling and Man-
agement.

A. E. Hassan, H. M. Bekhit, and J. B. Chapman, “Using markov chain
monte carlo to quantify parameter uncertainty and its effect on predic-
tions of a groundwater flow model,” Environmental Modelling & Soft-
ware, vol. 24, no. 6, pp. 749-763, 2009.

D. Raje and R. Krishnan, “Bayesian parameter uncertainty modeling in
a macroscale hydrologic model and its impact on indian river basin hy-
drology under climate change,” Water Resources Research, vol. 48, no. 8,
2012.

J. C. Refsgaard, J. P. van der Sluijs, A. L. Hjberg, and P. A. Vanrolleghem,
“Uncertainty in the environmental modelling process a framework and
guidance,” Environmental Modelling & Software, vol. 22, no. 11, pp. 1543
— 1556, 2007.

T. Done, “Corals: environmental controls on growth,” Encyclopedia of
Modern Coral Reefs: Structure, Form and Process, pp. 281-293, 2011.
L. F. Montaggioni, “History of indo-pacific coral reef systems since the
last glaciation: development patterns and controlling factors,” Earth-
Science Reviews, vol. 71, no. 1, pp. 1-75, 2005.

J. L. Falter, M. J. Atkinson, and M. A. Merrifield, “Mass-transfer limita-
tion of nutrient uptake by a wave-dominated reef flat community,” Lim-
nology and Oceanography, vol. 49, no. 5, pp. 1820-1831, 2004.

R.J. Lowe and J. L. Falter, “Oceanic forcing of coral reefs,” Annual re-
view of marine science, vol. 7, pp. 43—66, 2015.

J. Chappell, “Coral morphology, diversity and reef growth,” Nature, vol.
286, no. 5770, pp. 249-252, 1980.

P. L. Erftemeijer, B. Riegl, B. W. Hoeksema, and P. A. Todd, “Environ-
mental impacts of dredging and other sediment disturbances on corals: a
review,” Marine pollution bulletin, vol. 64, no. 9, pp. 1737-1765, 2012.
C. S. Rogers, “Responses of coral reefs and reef organisms to sedimenta-
tion,” Marine ecology progress series, pp. 185-202, 1990.

D. Sanders and R. C. Baron-Szabo, “Scleractinian assemblages under
sediment input: their characteristics and relation to the nutrient input
concept,” Palaeogeography, Palaeoclimatology, Palaeoecology, vol. 216,
no. 1, pp. 139-181, 2005.

L. F. Montaggioni and G. Faure, “Response of reef coral communities to
sea-level rise: a holocene model from mauritius (western indian ocean),”
Sedimentology, vol. 44, no. 6, pp. 1053-1070, 1997.

C. Hongo and H. Kayanne, “Relationship between species diversity and
reef growth in the holocene at ishigaki island, pacific ocean,” Sedimentary
Geology, vol. 223, no. 1, pp. 86-99, 2010.

P. Kench, “Eco-morphodynamics,” in Encyclopedia of Modern Coral
Reefs. Springer, 2011, pp. 359-363.

G. F. Camoin and J. M. Webster, “Coral reef response to quaternary sea-
level and environmental changes: State of the science,” Sedimentology,
vol. 62, no. 2, pp. 401428, 2015.

A. Neumann and I. Macintyre, “Reef response to sea level rise: keep-
up catch-up or give-up,” Proceedings of the 5th International Coral Reef
Congregation, Tahiti, vol. 3, pp. 105-110.

P. Davies, J. Marshall, and D. Hopley, “Relationship between reef growth
and sea-level in the great barrier reef,” Proceeding of the second interna-
tional coral reef symposium, vol. 3, pp. 95-103, 1985.

C. J. Braithwaite, H. Dalmasso, M. A. Gilmour, D. D. Harkness, G. M.
Henderson, R. L. F. Kay, D. Kroon, L. F. Montaggioni, and P. A. Wilson,
“The great barrier reef: the chronological record from a new borehole,”
Journal of Sedimentary Research, vol. 74, no. 2, pp. 298-310, 2004.

R. Grigg, “Holocene coral reef accretion in hawaii: a function of wave
exposure and sea level history,” Coral Reefs, vol. 17, no. 3, pp. 263-272,
1998.

G. Cabioch, G. Camoin, and L. Montaggioni, “Postglacial growth history
of a french polynesian barrier reef tract, tahiti, central pacific,” Sedimen-
tology, vol. 46, no. 6, pp. 985-1000, 1999.

21

[30]

[31]

[32]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

C. M. Dafermos, “An abstract volterra equation with applications to linear
viscoelasticity,” Journal of Differential Equations, vol. 7, no. 3, pp. 554—
569, 1970.

T. Baldock, A. Golshani, D. Callaghan, M. Saunders, and P. Mumby, “Im-
pact of sea-level rise and coral mortality on the wave dynamics and wave
forces on barrier reefs,” Marine pollution bulletin, vol. 83, no. 1, pp. 155—
164, 2014.

B. Dechnik, “Evolution of the great barrier reef over the last 130 ka; a
multifaceted approach, integrating palaeo ecological, palaeo environmen-
tal and chronological data from cores,” Ph.D. dissertation, School of Geo-
sciences, The University of Sydney, Sydney, Australia, 2016.

K. Mosegaard and M. Sambridge, “Monte carlo analysis of inverse prob-
lems,” Inverse problems, vol. 18, no. 3, p. R29, 2002.

A. Gelfand and A. Smith, “Sampling-based approaches to calculating
marginal densities,” Journal of the American Statistical Association,
vol. 85, pp. 398—409, 1990.

W. K. Hastings, “Monte carlo sampling methods using markov chains and
their applications,” Biometrika, vol. 57, no. 1, pp. 97-109, 1970.

N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and
E. Teller, “Equation of state calculations by fast computing machines,”
The journal of chemical physics, vol. 21, no. 6, pp. 1087-1092, 1953.
A.Jasra, D. A. Stephens, K. Gallagher, and C. C. Holmes, “Bayesian mix-
ture modelling in geochronology via markov chain monte carlo,” Mathe-
matical Geology, vol. 38, no. 3, pp. 269-300, 2006.

K. Charvin, K. Gallagher, G. L. Hampson, and R. Labourdette, “A
bayesian approach to inverse modelling of stratigraphy, part 1: Method,”
Basin Research, vol. 21, no. 1, pp. 5-25, 2009.

H. Wang and X. Jin, “Characterization of groundwater contaminant
source using bayesian method,” Stochastic environmental research and
risk assessment, vol. 27, no. 4, pp. 867-876, 2013.

C. J. Brown, S. D. Jupiter, S. Albert, C. J. Klein, S. Mangubhai, J. M.
Maina, P. Mumby, J. Olley, B. Stewart-Koster, V. Tulloch et al., “Tracing
the influence of land-use change on water quality and coral reefs using a
bayesian model,” Scientific reports, vol. 7, no. 1, p. 4740, 2017.

C. Franco, L. A. Hepburn, D. J. Smith, S. Nimrod, and A. Tucker, “A
bayesian belief network to assess rate of changes in coral reef ecosys-
tems,” Environmental Modelling & Software, vol. 80, pp. 132-142, 2016.
K. Gallagher, K. Charvin, S. Nielsen, M. Sambridge, and J. Stephenson,
“Markov chain monte carlo (mcmc) sampling methods to determine op-
timal models, model resolution and model choice for earth science prob-
lems,” Marine and Petroleum Geology, vol. 26, no. 4, pp. 525-535, 2009.
R. M. Neal et al., “Mcmc using hamiltonian dynamics,” in Handbook of
Markov Chain Monte Carlo, vol. 2, no. 11. CRC Press New York, NY,
2011, pp. 113 -162.

M. D. Hoftman and A. Gelman, “The no-u-turn sampler: adaptively set-
ting path lengths in hamiltonian monte carlo.” Journal of Machine Learn-
ing Research, vol. 15, no. 1, pp. 1593-1623, 2014.

M. Girolami and B. Calderhead, “Riemann manifold langevin and hamil-
tonian monte carlo methods,” Journal of the Royal Statistical Society:
Series B (Statistical Methodology), vol. 73, no. 2, pp. 123-214, 2011.

R. Chandra, K. Jain, R. V. Deo, and S. Cripps, “Langevin-gradient
parallel tempering for bayesian neural learning,” Neurocomputing, vol.
359, pp. 315 — 326, 2019. [Online]. Available: http://www.sciencedirect.
comy/science/article/p11/S0925231219308069

E. Marinari and G. Parisi, “Simulated tempering: a new monte carlo
scheme,” EPL (Europhysics Letters), vol. 19, no. 6, p. 451, 1992.

C.J. Geyer and E. A. Thompson, “Annealing markov chain monte carlo
with applications to ancestral inference,” Journal of the American Statis-
tical Association, vol. 90, no. 431, pp. 909-920, 1995.

M. Sambridge, “A parallel tempering algorithm for probabilistic sampling
and multimodal optimization,” Geophysical Journal International, vol.
196, no. 1, pp. 357-374, 2013.

M. K. Sen and P. L. Stoffa, “Bayesian inference, gibbs’ sampler and un-
certainty estimation in geophysical inversion,” Geophysical Prospecting,
vol. 44, no. 2, pp. 313-350, 1996.

M. Maraschini and S. Foti, “A monte carlo multimodal inversion of sur-
face waves,” Geophysical Journal International, vol. 182, no. 3, pp.
1557-1566, 2010.

M. K. Sen and P. L. Stoffa, Global optimization methods in geophysical
inversion. Cambridge University Press, 2013.

R. Chandra, R. D. Miiller, R. Deo, N. Buttersworth, T. Salles, and


http://www.sciencedirect.com/science/article/pii/S0925231219308069
http://www.sciencedirect.com/science/article/pii/S0925231219308069

[54]

[55]

[56]

(571

[58]

[59]

(60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

(711

(72]

(73]

S. Cripps, “Multi-core parallel tempering bayeslands for basin and land-
scape evolution,” arXiv preprint arXiv:arXiv:1806.10939, 2018.

R. Scalzo, D. Kohn, H. Olierook, G. Houseman, R. Chandra,
M. Girolami, and S. Cripps, “Efficiency and robustness in monte carlo
sampling for 3-d geophysical inversions with obsidian v0.1.2: setting
up for success,” Geoscientific Model Development, vol. 12, no. 7, pp.
2941-2960, 2019. [Online]. Available: |https://www.geosci-model-dev.
net/12/2941/2019/

R. Clavera-Gispert, 0. Gratacds, A. Carmona, and R. Tolosana-Delgado,
“Process-based forward numerical ecological modeling for carbonate sed-
imentary basins,” Computational Geosciences, pp. 1-19, 2017.

S. J. Barrett and J. M. Webster, “Reef sedimentary accretion model (reef-
sam): Understanding coral reef evolution on holocene time scales using
3d stratigraphic forward modelling,” Marine Geology, vol. 391, pp. 108—
126, 2017.

C. R. Sloss, C. V. Murray-Wallace, and B. G. Jones, “Holocene sea-
level change on the southeast coast of australia: a review,” The Holocene,
vol. 17, no. 7, pp. 999-1014, 2007.

D. Hopley, S. G. Smithers, and K. Parnell, The geomorphology of the
Great Barrier Reef: development, diversity and change. — Cambridge
University Press, 2007.

M. Salas-Saavedra, B. Dechnik, G. E. Webb, J. M. Webster, J.-x. Zhao,
L. D. Nothdurft, T. R. Clark, T. Graham, and S. Duce, “Holocene reef
growth over irregular pleistocene karst confirms major influence of hy-
drodynamic factors on holocene reef development,” Quaternary Science
Reviews, vol. 180, pp. 157-176, 2018.

K. Sebens, B. Helmuth, E. Carrington, and B. Agius, “Effects of water
flow on growth and energetics of the scleractinian coral agaricia tenuifolia
in belize,” Coral Reefs, vol. 22, no. 1, pp. 35-47, 2003.

S. Comeau, P. Edmunds, C. Lantz, and R. Carpenter, “Water flow modu-
lates the response of coral reef communities to ocean acidification,” Sci-
entific reports, vol. 4, 2014.

C. Fulton, D. Bellwood, and P. Wainwright, “Wave energy and swimming
performance shape coral reef fish assemblages,” Proceedings of the Royal
Society of London B: Biological Sciences, vol. 272, no. 1565, pp. 827—
832, 2005.

P. Davies and D. Hopley, “Growth fabrics and growth-rates of holocene
reefs in the great barrier-reef,” BMR Journal of Australian Geology &
Geophysics, vol. 8, no. 3, pp. 237-251, 1983.

B. Dechnik, J. M. Webster, G. E. Webb, L. Nothdurft, A. Dutton, J.-C.
Braga, J.-x. Zhao, S. Duce, and J. Sadler, “The evolution of the great
barrier reef during the last interglacial period,” Global and Planetary
Change, vol. 149, pp. 53-71, 2017.

R. W. Eppley, “Temperature and phytoplankton growth in the sea,” Fish.
Bull, vol. 70, no. 4, pp. 1063-1085, 1972.

J. C. Butcher, “A history of runge-kutta methods,” Applied numerical
mathematics, vol. 20, no. 3, pp. 247-260, 1996.

A. Jasra, C. C. Holmes, and D. A. Stephens, “Markov chain monte carlo
methods and the label switching problem in bayesian mixture modeling,”
Statist. Sci., vol. 20, no. 1, pp. 50-67, 02 2005. [Online]. Available:
https://doi.org/10.1214/088342305000000016

H. Haario, E. Saksman, and J. Tamminen, “An Adaptive Metropolis
Algorithm,” Bernoulli, vol. 7, no. 2, p. 223, 2001, iSBN: 1350-
7265. [Online]. Available: http://www.jstor.org/stable/3318737?origin=
crossref

G. O. Roberts and J. S. Rosenthal, “Coupling and ergodicity of adaptive
Markov chain Monte Carlo algorithms,” Journal of Applied Probability,
vol. 44, no. March 2005, pp. 458-475, 2007. [Online]. Available:
http://projecteuclid.org/euclid.jap/11836674 14

A. Gelman and D. Rubin, “Inference from Iterative Simulation Using
Multiple Sequences,” Statistical Science, vol. 7, no. 4, pp. 457-472, 1992.
B. Dechnik, J. M. Webster, P. J. Davies, J.-C. Braga, and P. J. Reimer,
“Holocene turn-on and evolution of the southern great barrier reef: Re-
visiting reef cores from the capricorn bunker group,” Marine Geology,
vol. 363, pp. 174-190, 2015.

“Evolution of the Great Barrier Reef over the last 130 ka; a multi-
faceted approach, integrating palaeo-ecological, palaco-environmental
and chronological data from cores,” Ph.D. dissertation.

R. Chandra, D. Azam, R. Dietmar Miiller, T. Salles, and S. Cripps,
“BayesLands: A Bayesian inference approach for parameter uncertainty
quantification in Badlands,” ArXiv e-prints, May 2018.

22

[74]

[75]

[76]

[771

[78]

[79]

[80]

B. Dechnik, J. M. Webster, L. Nothdurft, G. E. Webb, J.-x. Zhao, S. Duce,
J. C. Braga, D. L. Harris, A. Vila-Concejo, and M. Puotinen, “Influence of
hydrodynamic energy on holocene reef flat accretion, great barrier reef,”
Quaternary Research, vol. 85, no. 1, pp. 44-53, 2016.

S. J. Barrett and J. M. Webster, “Holocene evolution of the great barrier
reef: Insights from 3d numerical modelling,” Sedimentary Geology, vol.
265, pp. 56-71, 2012.

R. Babcock and P. Davies, “Effects of sedimentation on settlement of
acropora millepora,” Coral Reefs, vol. 9, no. 4, pp. 205-208, Jan 1991.
[Online]. Available: jhttps://doi.org/10.1007/BF00290423

M. D. Homan and A. Gelman, “The no-u-turn sampler: Adaptively setting
path lengths in hamiltonian monte carlo,” J. Mach. Learn. Res., vol. 15,
no. 1, pp. 1593-1623, 2014.

V. Kumar, “Algorithms for constraint-satisfaction problems: A survey,”
Al magazine, vol. 13, no. 1, pp. 32-32, 1992.

J. A. Vrugt, C. Ter Braak, C. Diks, B. A. Robinson, J. M. Hyman, and
D. Higdon, “Accelerating markov chain monte carlo simulation by dif-
ferential evolution with self-adaptive randomized subspace sampling,”
International Journal of Nonlinear Sciences and Numerical Simulation,
vol. 10, no. 3, pp. 273-290, 2009.

H. Haario, M. Laine, A. Mira, and E. Saksman, “Dram: efficient adaptive
memce,” Statistics and computing, vol. 16, no. 4, pp. 339-354, 2006.


https://www.geosci-model-dev.net/12/2941/2019/
https://www.geosci-model-dev.net/12/2941/2019/
https://doi.org/10.1214/088342305000000016
http://www.jstor.org/stable/3318737?origin=crossref
http://www.jstor.org/stable/3318737?origin=crossref
http://projecteuclid.org/euclid.jap/1183667414
https://doi.org/10.1007/BF00290423

	1 Introduction
	2 Background
	2.1 Coral reef evolution
	2.2 pyReef-Core
	2.3 Bayesian inference

	3 Methodology: Bayesreef
	3.1 Creation of synthetic ground truth
	3.2 Data and parameters
	3.3 Likelihood
	3.3.1 Priors for  and A
	3.3.2 Priors for hydrodynamic energy and sediment input

	3.4 Estimation via Bayesian inference
	3.4.1 Proposal constraints
	3.4.2 MCMC Sampling
	3.4.3 Adaptive proposal for GLV parameters


	4 Experimental design and results
	4.1 Results for two free parameters
	4.2 Results for higher number of free parameters
	4.3 Parallel tempering MCMC 
	4.4 Application to reef-core from the Great Barrier Reef

	5 Discussion
	5.1 Non-unique solutions 
	5.2 Implications and extensions 

	6  Conclusion and Future Work 
	7 References

