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Abstract

Reliability-oriented sensitivity analysis methods have been developed for understanding the influence of
model inputs relative to events which characterize the failure of a system (e.g., a threshold exceedance
of the model output). In this field, the target sensitivity analysis focuses primarily on capturing
the influence of the inputs on the occurrence of such a critical event. This paper proposes new
target sensitivity indices, based on the Shapley values and called “target Shapley effects”, allowing
for interpretable sensitivity measures under dependent inputs. Two algorithms (one based on Monte
Carlo sampling, and a given-data algorithm based on a nearest-neighbors procedure) are proposed for
the estimation of these target Shapley effects based on the 2 norm. Additionally, the behavior of these
target Shapley effects are theoretically and empirically studied through various toy-cases. Finally, the
application of these new indices in two real-world use-cases (a river flood model and a COVID-19

epidemiological model) is discussed.

Keywords: sensitivity analysis, reliability analysis, Sobol’ indices, Shapley effects, input correlation

1. Introduction

Nowadays, numerical models are extensively used in all industrial and scientific disciplines to de-
scribe physical phenomena (e.g., systems of ordinary differential equations in ecosystem modeling,
finite element models in structural mechanics, finite volume schemes in computational fluid dynamics)
in order to design, analyze or optimize various processes and systems. These numerical models are
often useful from either a scientific standpoint (e.g., by improving the understanding of modeled phys-
ical phenomena) or from an engineering standpoint (e.g., to better assist a decision-taking process). In
addition to this tremendous growth in computational modeling and simulation, the identification and
treatment of the multiple sources of uncertainties has become an essential task from the early design
stage to the whole system life cycle. As an example, such a task is crucial in the management of com-
plex systems such as those encountered in energy exploration and production (De Rocquigny et all,
2008) and in sustainable resource development (Bever, [2008).

In addition, the emergence of global sensitivity analysis (GSA) of model outputs played a funda-
mental role in the development and enhancement of these numerical models (see, e.g., [Pianosi et al.

(2016); Razavi et all (2021) for recent reviews). Mathematically, if the model inputs (resp. output)



are denoted by X (resp. Y) and the model is written G(-), such as
Y = G(X), (1)

GSA aims at understanding the behavior of Y with respect to (w.r.t. ) X = (X1,...,X4)" the vector
of d inputs. GSA has been extensively used as a versatile tool to achieve various goals: for instance,
quantifying the relative importance of inputs regarding their influence on the output (a.k.a. "rank-
ing”), identifying the most influential inputs among a large number of inputs (a.k.a. screening) or
analyzing the input-output code (i.e., the numerically modeled phenomenon) behavior ,
12008; lTooss and Lemaitre, 2015).

When complex systems are critical or need to be highly safe, numerical models can also be of great

help for risk and reliability assessment (Lemaire et alJ, M) Indeed, to track potential failures of

a system (which could lead to dramatic environmental, human or financial consequences), numeri-

cal models allow a simulation of its behavior far from its nominal one (see, e.g., Ri

) in flood hazard assessment). In such a context, analytical or experimental approaches can
be inappropriate, too expensive, or too difficult to perform. Based on numerical simulations, the
tail behavior of the output distribution can be studied and typical risk measures can be estimated

dBm;k@fgl]@Lam_RQ#sgﬂ, |2Q1ﬁ) Among others, the probability that the output Y exceeds a given

threshold value t € R, given by P(Y > t) and often called a failure probability, is widely used in many

applications. When {Y > t} is a rare event (i.e., associated to a very low failure probability), ad-

vanced sampling-based or approximation-based techniques i , ) are required
to accurately estimate the failure probability. In this very specific context, dedicated sensitivity anal-

ysis methods have been developed, especially in the structural reliability community (see, e.g.,

(IM); Song et alJ (IM), Wei et alJ (IM)) In such a framework, called reliability-oriented sensitiv-
ity analysis (ROSA) th_ainjs]Qd, |2Ql§; Mmd_]kﬁamsl, |2Ql_d), the idea is to provide importance
measures dedicated to the problem of rare event estimation.

Formally, standard GSA methods mostly focus on quantities of interest (Qol) characterizing the
central part of the output distribution (e.g., the variance for Sobol’ indices (i@j
distribution for moment-independent indices (hfmrggmmml, |2_O_01|)), while ROSA methods focus on risk

measures and their associated practical difficulties (e.g., costly to estimate, inducing a conditioning

, ), the entire

on the distributions, non-trivial interpretation of the indices). Following Raguet and Marrgd 12!!1é),
ROSA methods can be categorized regarding the type of study they consider, i.e., according to the

following two categories:

e target sensitivity analysis (TSA) aims at measuring the influence of the inputs (considering their
entire input domain) on the occurrence of the failure event. This means considering the following

random variable, defined by the indicator function of the failure domain: 1(g(x)>¢};

e conditional sensitivity analysis aims at studying the influence of the inputs on the conditional
distribution of the output Y|{G(X) > t}, i.e., exclusively within the critical domain. By Eq. (@),

a conditioning also appears on the inputs’ domain.

Various indices have been proposed to tackle these two types of studies (see, e.g., m (@),

Wei et all (2012); [Perrin and Defausl (2019); Marrel and Chabridon| (2021)). The present paper is




dedicated to ROSA (under the assumption that the Qol is a failure probability) and focuses on a TSA
study. However, a new consideration for TSA is addressed in the present work: the possible statistical
dependence between the inputs.

Indeed, most of the common GSA methods (and it is similar for the ROSA ones) have been
developed under the assumption of independent inputs. As an example, the well-known Sobol” indices

, ) which rely on the so-called functional analysis of variance (ANOVA) and Hoeffding
decomposition (@, ), can be directly interpreted as shares of the output variance that
are due to each input and combination of inputs (called “interactions”) as long as the inputs are
independent.

When the inputs are dependent, the inputs’ correlations dramatically alter the interpretation of the
Sobol’” indices. To handle this issue, several approaches have been investigated in the literature. For
instance, lJacques et alJ (IM) proposed to estimate indices for groups of correlated inputs. However,
this approach does not allow for a quantification of the influence of individual inputs. Amongst other

similar works, |L.1£J;JLL| dZQld), mﬂmw dZQlj) proposed to extend the functional ANOVA

decomposition to a more general one (e.g., taking the covariance into account). However, the in-

dices obtained for these approaches can be negative, which limits their practical use due to inter-
pretability challenges (i.e., as a share of the output’s variance). In addition to this, other works (see,

e.g., biujuniﬁﬂim;d dZD_Oé); M&Mﬁhamglal dZQLLﬂ)) considered a Gram—Schmidt procedure to

decorrelate the inputs and proposed to estimate two kinds of contributions for each variable (an un-

correlated one and a correlated one). These developments finally resulted in the proposition of a
set of four Sobol’ indices (instead of the two standard ones which are the first-order index and total

index in the independent case) which enable the correlation effects to be fully captured in a GSA

,|2Qlﬂ) Despite this achievement, this approach remains difficult to implement in practice
(see &Wlm& (IZOﬁ) for extensive studies). Finally, the VARS approach
(Do and Bazaxi, M) (allowing a thorough analysis of the inputs-output relationships) can handle in-
put correlation but is out of scope of the present work which only focuses on variance-based sensitivity

indices, directly computed from the numerical model.
Recently, another method has been developed by considering another type of indices: the Shapley
effects. The initial formulation originates from the “Shapley values” developed in the field of Game

Theory (lS_ha@Leyl, |_l_9£)d; bﬂmmmﬂﬂﬂnsﬁﬂd, [139_4) The underlying idea is to fairly distribute

both gains and costs to multiple players working cooperatively. By analogy with the GSA framework,

the inputs can be seen as the players while the overall process can be seen as attributing shares of the

output variability to the inputs. Considerini the variance of the output in a GSA formulation leads to

the so-called “Shapley effects” proposed by M) In the same vein, M&umuj_Emmd dZD_lZI),
I nd Pri 12!!1d); Benoumechiara and Elie-Dit- (2!!1§) bridge the gap between Sobol’
indices and Shapley effects while illustrating the usefulness of these new indices to handle correlated

inputs in the GSA framework.

Thus, the present work attempts to to extend the use of Shapley effects to the ROSA context.
Overall, the main objective is to develop a ROSA index which enables TSA to be performed (i.e., cap-
turing the influence of the inputs on a risk measure, typically a failure probability here) under the

constraint of dependent inputs. This work relies on the use of recent promising results and numerical



tools (both in field of TSA |Spagnol (2020) and Shapley effects’ estimation Broto et all (2020)).

The outline of this paper is the following. Section[2is devoted to a pedagogical introduction of the
statistical dependence challenges for variance-based sensitivity indices, that can be solved by Shapley
effects. Section [ presents a new formulation of TSA, based on Shapley effects leading to the novel
target Shapley effects, while Section [4] develops two algorithms for their estimation. Section Bl provides
illustrations on simple toy-cases which give analytical expressions of the target Shapley effects, allowing
deeper appreciation of their behavior. Section [0l applies these new sensitivity indices to two use-cases:
a simplified model of a river flood and an epidemiological model applied to the COVID-19 pandemic.
Finally, Section [ gives conclusions and research perspectives.

Throughout this paper, the mathematical notation E(-) (resp. V(-)) will represent the expectation

(resp. variance) operator.

2. Variance-based sensitivity analysis with dependent inputs: the Shapley solution

While devoted to computer experiments, GSA has close connections with multivariate data anal-
ysis and statistical learning (Christensen, [1990; Hastie et all, 2002). Indeed, in all these topics, one
important issue is often to provide a weight to some variables (the inputs) w.r.t. its impact on another
variables (the outputs). Depending on the domain, such a weight can either be called a “sensitivity
index” or an “importance measure”. A very convenient way is to base these weights on the ANOVA
(analysis of variance) decomposition (Christensen, 1990; [Sobol, [1993) of the output variance. Indeed,
such a decomposition provides a natural division of the output’s variance in shares attributed to each
input. The principle of the “variance-based sensitivity indices” (Saltelli et all, |2008) consists then in
understanding how to separate the contribution of each X; from the variance of Y. However, due to
potential statistical dependencies between inputs, this decomposition cannot be directly performed.
Starting from a simple example of a linear model, chosen for pedagogical purposes, this section provides

a reminder on this topic while illustrating the important potential of Shapley effects in practice.

2.1. Understanding the correlation issues via the linear model case

In this section, the aim is to quantify the relative importance of d scalar inputs X; (j =1,...,d)
by fitting on a data sample (coming from the model Eq. () a linear regression model so as to predict

a scalar output Y:

d
Y(X)=) BiX;+e, 2)
§=0
where Xo =1, 8= (Bo,...,84) " € R is the effects vector and ¢ € R the model’s error of variance o2.
If a sample of inputs and outputs (X", Y") = (Xl(i), e ,Xlgi), Y(i)) is available (with n > d),
< 1=1,..., n

the Ordinary Least Squares method (see, e.g., [Christensen (1990)) can easily be used to estimate the
parameters (3 and o2 in the linear regression model in Eq. (). Moreover, one obtains the predictor
17(:10*) of Y at any prediction point z*. An important validation metric of this model is the classical

coefficient of determination given by:

B (x) = E P -v] / yo —v] 3)



where Y is the output empirical mean. R%,( x) represents the percentage of output variability explained
by the linear regression model of Y on X. Finally, from Eq. (2], the variance decomposition expresses
as:
d
V(Y) =Y BV(X;) +2) B;BkCov(X, Xi) + 0 . (4)
j=1 k>j
In the specific case of independent inputs, the covariance terms cancel and the standard ANOVA
(ie., V(Y) = Y B7V(X;) + 0°) is obtained. Then, global sensitivity indices, called Standardized
Regression Coefficients (SRC), can be directly computed:

SRC; = B/ V(X;5)/V(Y) . (5)

The estimation of the SRC is made by replacing the terms in Eq. (Bl by their estimates. Interestingly,
this metric for relative importance is signed (thanks to the regression coefficient sign), giving the sense
of variation of the output w.r.t. each input. Moreover, SRC? represents a share of variance and the
sum of all the SRC? approaches R? (i.e., the amount of explained variance by the linear model). Note
that, in a perfect linear regression model (i.e., without any random error term ¢), SRC; is equal to
the linear Pearson’s correlation coefficient between X; and Y (denoted by p(X;,Y)). Note also that
the ANOVA and SRC? extend to the functional ANOVA and Sobol’ indices in the general (non-linear
model) case (see [Appendix A]).

When the inputs are dependent, the main concern is to allocate the covariance terms in Eq. (@) to
the various inputs. In this case, the Partial Correlation Coefficient (PCC) has been promoted in GSA
(Helton et all, 12006; [Saltelli et al), [2008) as a substitute to the SRC, in order to cancel the effects of

other inputs when allocating the weight of one input X in the variance of Y:

e

PCC; = p(X; — X,V —Y;) (6)

where X_; is the vector of all the d inputs except Xj, )/(jj is the prediction of the linear model
expressing X; w.r.t. X_; and S//_\J is the prediction of the linear model ¥ w.r.t. X_;. However, PCC
is not a right sensitivity index of the input. Indeed, it consists in measuring the linear correlation
between Y and X, by fixing X_,, and is then a measure of the linearity (and not the importance)
between the output and one input.

Instead of controlling other inputs X_; such as done in the PCC, the Semi-Partial Correlation
Coefficient (SPCC) quantifies the proportion of the output variance explained by X; after removing
the information brought by X_; (on X;) (Johnson and LeBreton, 12004):

—

SPCC; = p(X; — X_;,Y). (7)

SPCC can also be expressed by using the relation SPCC? = R%,(X) — R%/(X,j)v which clearly shows
that SPCC gives the additional explanatory power of the input X; in the linear regression model of Y
on X. However, the SPCC of highly correlated inputs will be small, despite their “real” explanatory
power on the output. This aspect seems to be the main drawback of SPCC and probably explains its
lack of popularity for GSA purposes.



To give an intuitive view of the limitations induced by the multicollinearity of the inputs (i.e., when
inputs are linearly correlated to each other), Venn diagrams can be used (see, Figure [I]) in the case
of two inputs, X; and X5, and one output Y. From Figure [ the coefficient of determination can be
written as:

a+b+c

2 —
R E g ®)

where a 4+ b + ¢ + 0?2 is equal to the variance of Y and a + b + ¢ represents the part of explained
variance by the regression model (with & = 0 in the uncorrelated casei. In this elementary example,

):

the previously introduced sensitivity indices are given by

SRCT] = (a+b)/lat+b+c+o?), SRC3 = (c+b)/(a+btc+o?),
PCC! = af(a+0?), PCC3 = c¢/(c+0?), (9)
SPCC? = a/la+b+c+0?), SPCC: = c¢/(a+b+c+0?).

Thus, one can understand the limitations of SRC, PCC and SPCC when correlation is present: the
variance share which comes from the correlation between inputs (i.e., the b value in Figure[ll- right) is
allocated two times with the SRC but not allocated at all with SPCC, while PCC does not represent

any variance sharing.

Y Y

X, o X, X, o’ X,

Figure 1: Inspired from [Clouvel M) Tllustration scheme of the effect of two inputs X; and X2 on an output variable
Y when they are: uncorrelated (left) or correlated (right).

The three problems above can be solved by using another sensitivity index which finds a way to
partition the R? among the d inputs: the LMG dLindma.nﬂ_alJ, ll%d; lG.mmmné, IZOQd) (acronym

based on the authors’ names, i.e., “Lindeman - Merenda - Gold”) uses sequential sums of squares from

the linear model and obtains an overall measure by averaging over all orderings of inputs. Mathemat-
ically, let A be a subset of indices in the set of all subsets of {1,...,d} and X4 = (X, : j € A) a group
of inputs. LMG is based on the measure of the elementary contribution of any given variable X; to a
given subset model Y (X 4) by the increase in R? that results from adding that predictive variable to
the regression model:
LMG; = & > R? — R? (10)
J d' Y(Xvu{j}) Y(XU)

' wEpermutations
of {1,...,d}

with v the indices entered before j in the order w. In Eq. (I0), the sum is performed over all the



permutations of {1,...,d}. For the case of two inputs (see Figure[Il), we can easily show that:
LMG; = (a+b/2)/(a+b+c+0?), LMGy = (c+b/2)/(a+b+c+ 7). (11)

Then, in the LMG framework, the Rf, (X1,X3) has been perfectly shared into two parts with an equitable
distribution of the b term between X; and X5.

This allocation principle exactly corresponds to the application of the Shapley values (Shapley,
1953) on the linear model. This attribution method has been primarily used in cooperative game
theory, allowing for a cooperative allocation of resources between players based on their collective
production (see for a more formal definition). The Shapley values solution consists in
fairly distributing both gains and costs to several actors working in coalition. In situations when the
contributions of each actor are unequal, it ensures that each actor gains as much or more as they
would have from acting independently. Now, if the actors are identified with a set of inputs and the
value assigned to each coalition is identified to the explanatory power of the subset of model inputs

composing the coalition, one obtains the LMG in Eq. (0Q)).

2.2. Shapley effects

In the general case, when no assumption is made on the model G(-) (see Eq. (), variance-based
sensitivity indices have been developed (see, [Sobol (1993);[Saltelli et al) (2008)) and applied to perform
a GSA of complex models (see, e.g., Nossent et all (2011)).

When the inputs are assumed to be independent, they allow the variance of the model output to be
decomposed according to each possible subsets of inputs (called “Sobol’ indices”). They are a means
to measure the individual effects of inputs, as well as the effect of their interaction (see,
for the theoretical details).

When the inputs are effectively dependent, the Sobol” indices lose their inherent interpretation
(i.e., decomposition in individual and interaction effects). To remedy this drawback, Owen (2014)
recently proposed game theoretic GSA indices, in the same fashion as the LMG indices (see, Eq. (I0)),
inspired by the Shapley values of cooperative games. They are defined by:

sm=5 3 (")) GalAU G - ). (12)

Ac{-j}

where val(A) is called cost function (or walue function) assigned to a subset A € Py of inputs, Pqg
denotes the set of all possible subsets of {1,...,d}, {—j} denotes the set of indices {1,...,d}\ j and
|A| denotes the cardinal number of A.
For GSA purposes, [Ower (2014) proposes to use the “closed Sobol’” indices” as the value function
in Eq. (I2):
V(E[G(X) | Xa])
vGXx))

val(A) = §5° = (13)

The attribution properties of the Shapley values applied to this particular cost function, leads to the



definition of the Shapley effects:

1 d—1 - clos clos
Shi== (|A|) (s - 55) - (14)

Ac{-i}

These indices allow for a quantification of the importance of each input, which intrinsically takes into
account both interaction and dependence effects on the output’s variance. Moreover, two important
properties of the Shapley effects allow for their interpretation: they sum up to one and are non-negative.
Thus, they can be considered as a decomposition of the output’s variance. They allow for input ranking
by attributing to each input a percentage of the variable of interest’s variance. These indices have
been extensively studied by [Owen and Prieur (2017); Iooss and Prieur (2019). An alternative way of
defining the Shapley effects has also been proposed, by taking the following cost function:

E [V(G(X)|X5)]

WA = = Em)

(15)

where A = {1,...,d} \ A. This alternative definition leads to an equivalent definition of the Shapley
effects (Eq. (I4)), as outlined by ISong et all (2016), and allows for additional estimation methods.

In order to illustrate Shapley effects’ attributions, one can first consider a model with three inputs
X = (X1, Xo,X3)". From Eq. (I4), one has:

1 S
Shy = 55510
1 i i . .
it s + (st -5
1 S S
+ 3 (5?1?2,3} - 5?2(?3})-
If the three inputs are assumed to be independent, this result leads to:
1 1 1
Shy =51+ 55{1,2} + 55{1,3} + 55{1,2,3}

where one can notice that the Shapley effects’ decomposition consists in allocating the initial Sobol’
index, plus an equal share of the interaction effects between all the inputs. However, if dependence
between inputs is assumed, this behavior cannot be clearly illustrated, except when a linear model
G() is assumed (see Subsection 2]).

The quantity (Szlff{j} — Sﬂ"s) can be interpreted as being a quantification of the marginal effects
of the input j in relation to the subset of variables A. It is heavily linked to the notion of marginal
contributions of cooperative games, aiming at quantifying the bargaining power of a player in an
allocation process (Brandenburger, 2007). If S5 is believed to contain the initial effects of the inputs
in A, plus their interaction effects, and any effect due to their dependence structure, then the increment
(Sg&s{j} - Sfﬁ,los) quantifies the initial effect of the input j, its interaction effects with the inputs in A,
and the effects due to their dependence. Then, the Shapley attribution weighs all the marginal effects,
in order to assess the effective influence of the involved inputs through their marginal contributions,

in the same fashion as the LMG indices for a linear model, as depicted in Section 211



It is important to note that the above mentioned alleged decomposition of S9° cannot be verified
due to the lack of a univocal functional variance decomposition when inputs are dependent. However,
the interpretation of the Shapley effects does not rely on the chosen cost function to be meaningful,
but rather on its ability to quantify marginal contributions. Empirical studies and analytical studies

show that the choice of S¢° as a cost function remains pertinent, even when inputs are dependent

(see, Tooss and Prigml (IM))

3. Reliability-oriented Shapley effects for target sensitivity analysis

8.1. A brief overview of reliability-oriented sensitivity analysis

When focusing on complex systems, one often needs to prepare for possible critical events, which
potentially have a low occurence probability but lead to a system failure. Such failures may have
dramatic human, environmental and economic consequences, depending on the context. The fields of

reliability assessment and risk analysis dLﬂnmm_alJ, |2£)D_d; mmw, |2Ql_d), aim to pre-

vent these failures. Mathematically, a reliability problem focuses on a risk measure computed from

the tail of the variable of interest’s distribution (Rockafellar and Bgyggﬂ, 2!!1&). Performing sensi-

tivity analysis in such a context requires the use of dedicated tools, which have been developed by

various authors under the denomination of “reliability-oriented sensitivity analysis” (ROSA) (see,

e.g., |&;rnn_amLD&£ams| (IZQLd); hkr@nn.es_@_aﬂ dZQZ]J); |M.an@1m1d_Qh.ahude )). A large panel
of ROSA methods have been proposed in the structural reliability community such as, for exam-

ple, several variance-based approaches (see, e.g., Mgrid (2!!15 Wei et al J 2012); [Perrin and Dgfauﬁ
(|2QL‘J) |Qh_aimdgmﬂ_al,| dZQZd) and moment-independent approaches (see, e.g., Im M),

); )). From the GSA community, several extensions have also been

proposed in order to study risks, or reliability measures. The contrast-based indices proposed by
Fort et al (@) are, amongst others, an example of a versatile tool which can handle several types of

Qol. They were applied in the works of|B_umnu_tJLLJ (IZQlj); Mmmmmamumm dZQlé) in

quantile-oriented formulations. Other formulations such as the quantile-based global sensitivity mea-

sures (Kucherenko et alJ, 2[21§) or other indices related to dependence measures (Raguet and Marrgi,
|2Q1§; Manﬁﬂﬂﬁhahtidgd, |ZQZ].|) have been proposed.

In the context of reliability assessment, a typical risk measure is the failure probability given by:

py EPY > 1) =P(G(X)>1) =E [Ligx)>n(X)] = E[1£(X)] (16)

where ¢t € R represents a threshold characterizing the state of the system. Typically, the event {Y > ¢}
denotes a failure event (i.e., the system described by the model G(X) enters a failure state). As for
Ft, it represents the input failure domain, i.e., F; def {X | G(X) >t}

Performing a ROSA study poses a few challenges: firstly, the variable of interest here is not directly
Y anymore, but rather a binary random variable whose occurrence is characterized by the indicator
function 1x,(X); secondly, in practice, these failure events are typically “rare events”, associated to
a low failure probability which might be difficult to estimate in practice through typical sampling

methods dMQﬁmm_EﬁaJ@sd&nﬂ, |2Qlj), thirdly, the type of study one desires to perform has to be
reinterpreted regarding the new Qol. Regarding this last point, [Raguet and Marrgi 2018) focus on




two types of studies when dealing with critical events: the first one, called target sensitivity analysis
(TSA), aims at catching the influence of the inputs on the occurrence of the failure event, while the
second one, called “conditional sensitivity analysis” aims at studying the influence of the inputs once
the threshold value has been reached (i.e., within the failure domain). The present paper is dedicated
to ROSA (under the assumption that the Qol is a failure probability given by Eq. (I6))) and aims at
developing tools for TSA.

To illustrate this paradigm in plain text, one can refer to the study of the water level in a river
protected by a dyke. From the traditional GSA point of view, the central question would be “Which
inputs influence the water level?”, while in the TSA paradigm, one focuses more on the question
“Which inputs influence the occurrence of a flood?”. Note that this particular example is studied in
depth in Subsection [G.11

When the inputs are assumed to be independent, a first category of sensitivity indices dedicated
to TSA are the “target Sobol” indices” whose first formulation has been proposed by [Li et all (2012).

In this document, the original Sobol” indices, in the TSA context, are denoted:

T-Sa = Z(_l)IAI_IBV(Ex[zﬂgiii(');ﬁ]) 17)

where V (1£,(X)) = p{ (1—p]). Similarly, the closed Sobol’ indices (see are defined as

follows:
V(E[Qz(X) | X4)

clos __
T84 = TN s (%)

(18)

Several estimation schemes for these indices have been proposed when dealing with rare failure events
(Wei_et. all,12012; |Perrin and Defaux,2019). To illustrate the behavior of these indices, one can consider
a linear model given by Y = X + X5 + X3, with X = (X, Xo, X3) T, three standard Gaussian random
variables assumed to be independent. The left plot of Figure [2] represents the probability density
function (pdf) of Y, along with four different threshold values, corresponding to four different failure
probability levels. The right plot of Figurel presents the different values of T-S 4, w.r.t. the threshold ¢.
Note that, when the inputs are assumed to be independent, the second-order Sobol’ indices (i.e., when
|A] = 2) verify T-S; 9y = T-Sq1,33 = T-St2,33. One can additionally remark that as soon as ¢ induces
a low or high failure probability (i.e., “close” to 0 or 1), the third-order (i.e., |A| = 3) closed Sobol’
index for TSA increases, indicating high interaction between the three inputs. Note that studying this
behavior falls under the conditional sensitivity analysis paradigm, which is out of the scope of this
paper. However, the acknowledgment of this phenomenon remains important for better understanding
the proposed indices’ behavior.

Another category of sensitivity indices dedicated to TSA fall under the category of “moment-
independent” ROSA indices. Among others, one can mention the two indices proposed by [Cui et al
(2010) which are given by:

1

na = E [pf —py } (19a)
1 2

da=5E {(pf —pf‘X”‘) } (19Db)
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Figure 2: Probability density function of the output with four different threshold values (left) and the related target
Sobol’ indices (right) for Y being the sum of three independent Gaussian random variables.

where pf'XA denotes the conditional failure probability when X 4 is fixed. Note that, if n4 does not
require any independence assumption for a meaningful quantification of input influence, it is known
to be difficult to estimate in practice (Derennes et all, [2021)). As for d4, it is simply proportional to
the target closed Sobol’ index given in Eq. (I8). Note that an extension of §4 has been proposed in
Li et all (2016) for correlated inputs. It relies on a similar orthogonalization procedure strategy as
proposed by [Mara and Tarantola (2012) for usual Sobol’ indices. However, as mentioned previously,
this tends to increase the number of estimated indices to properly interpret the inputs’ influence.
The following section aims at introducing the distance-based TSA indices, while highlighting their
links with existing TSA indices. New TSA indices inspired from the Shapley values (see, Section [2.2))

are then proposed.

3.2. Distance-based TSA indices

As outlined by several authors (Fort et all, 12016; [Raguet and Marrel, 2018), it can be noted that
VE[Y|Xa]) = E {(E [Y|Xa]—E [Y])Q} This equality can be interpreted as the expected squared
distance between two expectations, and thus allows to apprehend closed Sobol’ indices (see Eq. (I3))) as
a particular case of distance-based indices. This broader point of view has been adopted by [Fort et al.
(2016) to provide a generalization of the Sobol’ indices using contrast functions.

By applying a similar idea for TSA, one can extend the standard T-S4 and 14 definition to more
general cases based on distances. One can then define more general distance-based TSA indices,

relative to a subset of inputs A € Py, as follows:

E[D (o} 5]

i E[D (0 )]

(20)
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where D(+, ) can be any distance function. Links can be made between this definition and the indices
presented previously, through the use of specific distance functions. For example, by choosing the
distance derived from the ¢! norm (i.e., the absolute difference), one can remark that the corresponding

distance-based TSA index is proportional to the 14 index:

o E[[ElLr (0] - Elr (X)|X4]] )
154 = = 1A (21)
E[hlft (X)-E[1s, (X)]ﬂ E[|11ft (X)-E[Lr, (X)]|]

Moreover, by using the distance derived from the ¢? norm (i.e., the squared difference), one can
remark the resulting distance-based TSA indices are equal to the closed Sobol” index for TSA, as
defined in Eq. ([I8):

V(E[17,(X) | X4])

V(nﬂ (X))

As outlined, the distance-based TSA indices are intimately related to existing ones (i.e., 74 and the

T-S4 = T-8¢ = (22)

closed Sobol’ indices for TSA), and can thus be seen as a broader class of indices. Moreover, they
are relevant candidates as cost functions for defining Shapley values inspired TSA indices, following a
similar line of thinking as in Section

3.8. (D)-target Shapley effects

In this subsection, a novel family of TSA indices is proposed, namely the (D)-target Shapley effects.
As briefly mentioned previously, these indices are constructed by taking distance-based TSA indices,
defined in Eq. (20), as cost functions in a Shapley attribution procedure (see Eq. (I2])). For a specific
input j € {1,...,d}, its (D)-target Shapley effects can be defined as being;:

p_ 1 d—1\" D D
TSP =~ 3" ( |A| (T-sAu{j} —T-SA) (23)
AC{=3}

where {—j} = {1,...,d} \ j. The main property allowing for a clear interpretation of the (D)-target

Shapley effects is the following:

Property 1 ((D)-target Shapley effects decomposition). Let A € Py, and val(A) = T-S5. For any
distance function D(.,.), the following property holds:

d
> T-ShY =1. (24)
j=1

It is important to note that this decomposition property does not rely on any independence as-
sumption about the probabilistic model of the inputs. However, in order to ensure a meaningful
interpretation of these indices, (i.e., as a percentage of a statistical dispersion), one needs to ensure
that the T-Sh; are non-negative, for all j =1,...,d.

By choosing T—Sf: as a cost function (i.e., D(z,y) = |x — yl|), one can then define the (¢!)-target

12



Shapley effect associated to a variable j € {1,...,d} as being:

~1
ot 1 d — 1 ot o
T-Shf == Y- ( " ) (T—SAU{j} —T-SA). (25)
Ac{-j}
These indices are non-negative (see the proof in which allows the (¢1)-target Shapley

effects to be interpreted as the percentage of the mean absolute deviation of the indicator function
(i.e., IE“ll]:t(X) —E [-ﬂ]-'t(X)H:|), allocated to each input X, j € {1,...,d}.

By choosing T—Sf: as a cost function (i.e., D(z,y) = (v — y)?), the (£?)-target Shapley effect
associated to the variable j € {1,...,d} can be defined as:

—1
e 1 d—1 22 2
TShf =~ Y- ( |A| ) (T-sAu{j} —T-SA). (26)
Ac{-j}
Being also non-negative (see the proof in [Appendix C.2), they can be interpreted as a percentage
of the variance of the indicator function allocated to the input X;, j € {1,...,d}. Moreover, using

Eq. (22), by analogy with Eqs. ([I3) and (&) (in a similar fashion as the alternate cost function
proposed by [Song et all (2016)), if one chooses to define the cost function val(A) as being:

g, 4o B[V (L (017)|
V(]l . (X))

(27)

with A = {1,...,d} \ 4, then one has an equivalent way of defining the (¢£2)-target Shapley effect.
In the following, the (£?)-target Shapley effect T—Shﬁ2 will be referred to as “the” target Shapley
effect and denoted T-Sh;:

def

T-Sh; < T-Sh!. (28)

4. Estimation methods and practical implementation of target Shapley effects
The estimation of the target Shapley effects Eq. (26]) can be done into two distinct steps:

e Step #1: estimation of the conditional elements, i.e., the estimation of T—Sf or T-E4 for all
A€ Pd;

e Step #2: an aggregation procedure, i.e., a step to compute the T-Sh; by plugging in the previous
estimations of Step #1 in Eq. (26).

In the following, two estimation methods are proposed: the first one based on a Monte Carlo sampling

procedure, and the second one based on a nearest-neighbor approximation technique.

4.1. Monte Carlo sampling-based estimation

This procedure, introduced in [Song et al| (2016) for the estimation of Shapley effects, relies on a
Monte Carlo estimation of the conditional elements. It requires the ability to sample from the marginal
distributions of the inputs (i.e., Px, for all A C {1,...,d} \ @), as well as from all the conditional
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distributions (i.e., Px_|x,, for all possible subsets of inputs A). Additionally, one also needs to be
able to evaluate the model G(-) which is usually the case in the context of uncertainty quantification of
numerical computer models (ignoring the potential difficulties related to the cost of a single evaluation
of G()) (De_Rocquigny et all, 2008).

In order to estimate a conditional element T —Sf:, one needs to randomly draw several i.i.d. samples:

e an i.i.d. sample of size N drawn from Px and denoted by (XM ... X)),

e another i.i.d. sample of size N,, drawn from Px, and denoted by ( 1(41), ceey XI(LXN“));
e for each element XX),i =1,...,N,, acorresponding sample of size N, drawn from Pxx, given
that X4 = XS) and denoted by ()N(i(l), . ,)Z'i(Np)).
Then, the Monte Carlo estimator of T—Sf: can be defined as:
. . 2
N, N, iy i A~
’f\S Zi:l (NLP Zj:1 17, (Xz'(J)v X,(ax)) - p}/) (29)
-OAMC = = px
(No = 1)py (1 =p))
with
1 .
B =LY ), 30
i=1
Finally, the aggregation procedure gives:
— 1 d—1\ """ /— _
T-Shj e = ~ > ( A ) (T-SAU{J-},MC - T-SAMC) : (31)

Ac{-i}

Thus, one gets that T/‘—§1j7M0 is an unbiased consistent estimator of T-Sh;.

Algorithm [ provides a detailed description on how to implement this estimator in practice. This
estimation method requires (N +d! x (d—1) X N, x Np) calls to the numerical model G(-). Its empirical
convergence w.r.t. N, is illustrated in As expected, this first estimation method can
become quite expensive in practice. Moreover, numerical models usually encountered in industrial
studies can be costly-to-evaluate, which can strongly limit the use of such a method in practice.

Another algorithm has been proposed in [Song et all (2016), by leveraging an equivalent definition
of the Shapley allocations, as an arithmetic mean over all the d! permutations of {1,...,d}. In the

same fashion as in Eq. ([I0), it writes:

— 1 — —
TShjnie = — 3 | (T-svu{j}7MC - T-SUVMC) (32)
mepermutations
of {1,...,d}

with v being the indices before j in the order 7. In Eq. (82)), the sum is not performed over all
the permutations of {1,...,d} but only on m randomly chosen permutations. By sampling m < d!
permutations, one can drive the computational cost of this algorithm to (N +m X (d — 1) x Ny x N,)

calls to G(+), for a less precise, but still convergent estimator.
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Algorithm 1: Target Shapley effects estimation by a Monte Carlo procedure.

Input: G,t,d, N,N,, N, simJoint, simMarginal, simConditional
Output: (T-Sh;mc)j=1,..4

/* Sample from the joint distribution */
1 (XM XN < sim_joint(N)
/* Estimate the failure probability */
2 B+ % 2 Tiaxaysn (X D)
/* For every subsets of inputs */
3 for A € P; do
/* Sample from the marginal distribution */
4 (X( ). ,XI(L‘N”)) + simMarginal(A, N,)
/* For every element of the marginal distribution sample */

5 fori=1,...,N, do

/* Sample from the conditional distribution given the element of the marginal distribution

*/
6 (Xl-(l), .. ,XZ-(NT’)) + simConditional(A, N, XX))
/* Compute the conditional element */
2
1 N X x @y _ 5y
7 _TSA<_ _127, 1(NPEP]1 (Xz ) pt) XAY(l pt)
/* Aggregation step */

g8 for j=1,...,ddo
—_—
9 T—Shj7MC +~0
10 for AcC {—j} do
\; /* Apply the Shapley weights to every computed increments */

11 ﬁlj7Mc+ = é((fgll)il (’I/‘EAU{J-} — ﬁA)

4.2. Given-data estimation using a nearest-neighbor procedure

A “given-data” estimation method has been introduced by Broto et all (2020) to estimate the
Shapley effects. This method can be seen as an extension of the Monte Carlo estimator when only a
single i.i.d. input-output sample is available. This method is appropriate when the input distributions
are not known or when the numerical model G(-) is not available anymore. The main idea behind this
method is to replace the exact samples from the conditional distributions Px1x, by approximated
ones based on a non-parametric nearest-neighbor procedure.

Let (X®W,...,X™) be an ii.d. sample of the inputs X and A € Py \ {0,{1: d}}. Let k{(l,n)
be the index such that ngﬁ(l’n)) is the n-th closest element to XX) (X(l) .. X(N)). Note that,

(

if two observations are at an equal distance from X ) , then one of the two is uniformly randomly

selected. Finally, one can define an estimator of the equwalent cost function defined in Eq. [27):

A s - 2
PO (ﬁ S [nﬂ (X(k;&(z,o)) 1SN, (X(k;&(z,h))ﬂ )

Np, (1_pt)

T-Eaxny = (33)

Under some mild assumptions, [Broto et all (2020) showed that this estimator does asymptotically

converge towards T-E 4. With estimates for the conditional elements, one can then define the following
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plug-in estimator:

_— 1 d—1\"" /— —
T-Sh;j kNN = p AC{Z ) ( Al ) (T-EAu{j},KNN - T'EA,KNN) (34)
—j

where pY is the empirical mean of 1#,(X) on the i.i.d. sample. Algorithm [2 represents the proce-
dure for this given-data estimator. Its empirical convergence w.r.t. the sample size is illustrated in
This method is less computationally expensive (in terms of model evaluations) com-
pared to the Monte Carlo sampling-based method, since no additional model evaluation, other than
the ones in the i.i.d. sample, is required in order to produce estimates of the target Shapley effects.
Since the samples of the conditional and marginal distributions are approximated by a non-parametric
procedure, this method also reduces the possible input modeling error (e.g., in the context of ill-defined
input distributions), at the cost of less accurate estimates. Another constraint is due to the fact that
the input-output sample has to be i.i.d. which prevents it from being used, for instance, in advanced

orthogonal designs of computer experiments.

Algorithm 2: Target Shapley effects estimation by a nearest-neighbor procedure.
Input: X,Y,t
Output: (T'Shj,KNN)jzl,...,d

/* Estimate the failure probability */
~y 1 N i
15— & Dt Lax@)s (X))
/* For every subsets of inputs */
2 for A € P; do
/* Sample of X_A */
3 | Xa+ (xP)Ed
fori=1,...,N do
/* For each row i of X_A, find the N_s nearest rows in X */
vA, G ]
5 (X921 v, — KAN(X Y, X, N)
/* Compute the conditional element */
. 2
T-F N 1 N v A (3) 1 NN v A, (h) g sy L
6 T-Ea < >0m <m 2t [ﬂ}'t (Xl ) - N, Yoni1 LF, (Xl )} ) X (Npt (1—p; ))
/*_ Aggregation step */
7forj=1,...,ddo
8 T—ShijC +~—0
for AcC {—j} do
/* Apply the Shapley weights to every computed increments */
_— C1d—nl (s —
10 T-Sh; mc+ = d ( 1Al ) (T‘EAu{j} — T—EA)

In Broto et all (2020), a random permutation algorithm, homologous to Eq. (82), has been devel-
oped, which allows for reducing the overall complexity of the method, which, for the sake of conciseness,

is not developed in this paper.

4.8. Software and reproducibility of results
The algorithms described in the preceding subsections have been implemented in the sensitivity

R package (Iooss et all, 2021)). More precisely, the shapleyPermEx () (sampling-based algorithm) and
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sobolshap knn() (given-data algorithm) functions can be directly used for the estimation of the
target Shapley effects. In the applications of Section [ only the sobolshap knn() function is used
for numerical tractability. provides some minimal code examples for the implementation
of the Monte Carlo (see, Section 1)) and nearest neighbors estimation procedure (see, Section 2],
along with their random permutation variants.

All further results can be accessed on a GitLalE repository, along with the data used in the fol-
lowing sections. R code files are available, with explicit code, along with all custom-made functions,
in order to reproduce the results presented in this paper. The procedures for the theoretical approx-
imations of Section [0 are made available, along with the data-simulation functions for the flood case
in Subsection [6.]] The two datasets used for Subsection are also available. Finally, all the figures
can be reproduced by simply re-running the different RMarkdown files in the aforementioned GitLab

repository.

5. Analytical results using a linear model with Gaussian inputs

To illustrate the behavior of the proposed indices, a first toy-case involving a linear model and
multivariate Gaussian inputs is presented. In this setting, analytical results can be derived for the
marginal distributions of all subsets of inputs, their conditional distribution, and the distribution of
the output given a subset of inputs. Subsequently, analytical formulas can be obtained for both the
target Sobol’ indices and the target Shapley effects.

Let (B0,8) = (Bo,B1,---,Ba)" € R = (uy,...,pua)" € R* and ¥ € My(R) a full-rank
symmetric (d X d) matrix. Assume that X ~ Ay (4, X), and that the model output writes

Y =6+ 8" X. (35)
Then, one has Y ~ N (ﬁo + ﬁTu,ﬁTEﬁ) and, for any A € Py, (Y|Xa =24) ~N (ﬁA, EA) with
fia=Bo+ Brza+ By (nx + Sa12515(Ta — 1a)),  Ba =Br(San1 — Sa125,5,54.21)87.

Moreover, one also can recall that

- D >
(XZ7XA)T NNd Ha 24 = A1l A,12
Ha Ya21 Xao

(d—1A]) x(d—1]A]) (d—]A]) x|4]
Al < (d = |A]) A x |A]

results requires some numerical approximations of the theoretical values of T-Sh; for all j =1,...,d.

with the partitions of X4 having sizes ( Evaluating these

This has been achieved by using standard multidimensional integration tools, and more specifically,
the function adaptIntegrate() from the [cubaturel package of the R software has been used, with a
fixed error tolerance set to 10~%. This allowed the study of simple toy-cases in order to validate the

behavior of the target Shapley effects.

Thttps://gitlab.com/milidris/review_12tse
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In the following, the inputs are first assumed to be independent, and are studied w.r.t. the threshold
t. Then, a toy-case involving linear correlation between inputs (driven by a parameter p) is studied.
Finally, a last toy-case aims at studying the proposed indices’ behavior in the presence of an exogenous

input.

5.1. Independent standard Gaussian inputs

The first toy-case can be specified by:

X1 1 0 0 3
Xy | ~ N3 o 1 oof], Y=Y X; (36)
X3 0o/ \0o 0 1 =1

In this case, the three inputs are equally important in terms of defining Y, but they should also be
equally important for the variable of interest 1z, (X ), as assessed by the target Sobol’ indices defined
as in Eq. ([I8).

From |Li et al! (2012) and [Lemaitre (2014), one can easily deduce that the first-order (FO) target

closed Sobol’ indices are all equal to each other. Thus, one has:

while the second-order (SO) target closed Sobol” indices are given by:

def 2

V(P (t— X
T-Sso & T-S{; 4y = T-8f, 5, = T-S{p.3) = vie{- X))

V(LA 00) (38)

where ®(.) is the standard Gaussian cumulative distribution function (cdf), X ~ AN(0,1) and X’ ~
N(0,2). Finally, one can also show that the third-order (TO) target closed Sobol’ indices are equal to:

def

T-Sto & T-{) 55, = L. (39)

From Eqs. (37), B8), and (39), and from Property [l one can deduce that:

1
T-Shy = T-Shy = T-Shs = 3. (40)

Additionally, as the inputs are independent, interpreting the original target Sobol” indices (i.e., Eq. (7))

is meaningful, and they are equal to:

T-S; = T-Syo, Vi € {1, 2, 3} (41)
T-Si53 = T-Sso — 2T-Sro, Vi, j € {1,2,3},i # j (42)
T—S{1)273} =T-Sso — 3 (T—SFO + T—Sso) . (43)

The target Sobol’ indices are illustrated in Figure Bl (right). One can remark that, focusing on the

indicator variable of interest 1z, (X) instead of the model output Y leads to interaction effects between
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the inputs, as outlined in Section 3.l The target Shapley effects, however, remain constant for all
threshold values t. Such a behavior is expected: it highlights the fact the target Shapley effects do
not report the interaction effects as the target Sobol’ indices would. The proposed indices rather
summarize (in the sense of the Shapley values allocation) the target Sobol’ indices into a single index.
Their goal is not to report on the “types of effects” (i.e., correlation or interaction), but rather provide

a global index which sums up each input’s importance.

o o
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Figure 3: Target Shapley effects (left) and target Sobol’ indices (right) for the linear model with standard independent
multivariate Gaussian inputs, w.r.t. t.

5.2. Correlated Gaussian inputs with unit variance

The behavior of the target Shapley effects are now studied when a linear dependence is added to the
inputs. Since Property [ still holds without any condition on the dependence structure on the input
variables, these indices remain interpretable as a percentage of the output’s variance. The following

model is studied:

X, 0 100 5
X | ~Nsf o] [o1 o] Y=) X (44)
X3 0/ \0 p 1 i=1
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where —1 < p < 1. In this scenario one has:

o () -
! V(1r(X)
V(e (=X
T-SL = T8y — V((llftgf)))) : (46)
2 V(®(t— X’
T‘S{l 2} = T S{l,s} “5(1(2 (X))>)’ (47)
. V(@(t— X"
e (s "

where X ~ N(0,1), X’ ~ N(0,2) and X" ~ N (0,2(1 + p)).

From these results, one can directly remark that T-Shy = T-Shs. Note that the values of the
target Shapley effects can also be obtained by combinations of target Sobol’ indices (see Eq. (24])).
These results are illustrated in Figuredl For fixed threshold values ¢, the target Shapley effects of the

correlated inputs X5 and X3 increases when p increases. This is an expected behavior since, in this

w0 ) (- )

and subsequently, for a fixed ¢, the variance of the variable of interest will grow with p, as illustrated

case:

in Figure @l This increase in variance due to the correlation between X, and X3 is then attributed
through T-Shs and T-Shs, which increase with p. On the other hand, T-Sh; decreases accordingly, to
accommodate Property [l

In Figure @ the behavior of the indices w.r.t. p is illustrated. T-Sh; is predominantly above T-Shy
and T-Shs when p is negative, and below when it is positive. This can be explained by the fact that,
X5 and X3 cancel each other out when their correlation is negative, thus lowering the value of T-Sy5 33
below T-Sy; 93 and T-Sy; 33, automatically increasing T-Sh; in accordance to Property [l On the other
hand, for positive values of p, T-Sy3 3} is higher than T-Sy; 5y and T-Sy; 3y, which in turn corresponds
to T-Sh; being lower than T-Shy = T-Shg.

5.8. Quantifying the importance of an exogenous input in the Gaussian setting

In this toy-case, inspired by [Lemaitre (2014), the following model is considered:

X1 0 1 0 0 0
X 0 0 1 0
2 ~ N , p , Y =X, +6X5+4X3 (50)
X3 0 0 01 0
Xy 0 0 p 0 1

where X4 is an exogenous input, but correlated to X5, which is the most important variable in terms
of variance contribution, due to its higher linear coefficient. The threshold is fixed at ¢ = 16. This
scenario allows for the verification of how the target Shapley effects attribute the importance of X4

which is correlated with an endogenous input, even though it does not appear in the model. In the
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Figure 4: Evolution, w.r.t. p and for various threshold values, of the target Shapley effects of correlated Gaussian
standard inputs in a linear model.

results given in Figure [6] one can remark that T-Shy increases when p approaches either 1 or —1,
despite the fact that it has no direct causal effect on the model G(-).

5.4. Discussion on causal relationship assessment

As outlined in Subsection [(.3] one can remark that, in the context of highly correlated inputs,
the proposed indices fail to provide insights on the causal relationships of an input on the model’s
output: an exogenous input may receive a share of the output’s variance. This behavior is intrinsically
due to the Shapley values allocation method, and has been highlighted in M (IM) in
the case of the Shapley effects. This particularity makes the interpretation of the Shapley effects,

and subsequently the target Shapley effects, quite delicate. A prior investigation of the correlation
structure of the data, through, for instance, estimated correlation matrices or any tool dedicated to
multicollinearity diagnostics such as the variance inflation factor (Fox and Mgngmgd, M) is strongly
advised, along with an input validation process, ensuring the absence of eXOjenous inputs in the TSA

study. Other allocations systems, such as the Emiortional values , ), are purposefully

designed in order to highlight causal effects ,Iﬂ), but fall out of the scope of this document
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Figure 5: Variance of 17, (X) w.r.t. p and ¢ for correlated Gaussian standard inputs with a linear model.
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Figure 6: Target Shapley effects for the Gaussian Linear model with an exogenous input, w.r.t. p.

and are not developed further.

6. Applications

In this section, two models related to real-world phenomena which include dependent random
inputs are studied in the context of T'SA.

6.1. A simplified flood model

The target Shapley effects are firstly computed on a simplified model of a river flood ,
2!!14; [ooss and Lgmaﬂ;rd, 21!15). This model’s goal is to simulate the behavior of a river’s water level,

and to compare it to a fixed dyke height. After a strong simplification of the one-dimensional Saint-

Venant equation (with uniform and constant flow rate), the maximal annual water level h is modeled
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as:

e

h= @ , (51)
while the model output writes:
Y=2,+h (52)

The six inputs’ probabilistic structure is described in Table [l The problem is of dimension d = 6.
Under the TSA paradigm, the variable of interest is 1;g(x)>¢(X) with ¢ representing the dyke’s
height, fixed to ¢ = 54.5 m. The reference failure probability (see, Eq. (I8])), computed here with a
Monte Carlo sample of large size (here 107 samples) is equal to p} = 4.5 x 1073,

| Input | Description | Unit | Distribution |
Q maximal annual flow rate | m3.s~! | Gumbel(1013,558) truncated to [500, 3000]
K, Strickler friction coefficient | - Normal(30, 7) truncated to [15, +00)
Zy river downstream level m Triangular(49, 50, 51)
Zm river upstream level m Triangular(54, 55, 56)
L length of the river stretch | m Triangular(4990, 5000, 5010)
B river width m Triangular(295, 300, 305)
t dyke height (threshold) m Fixed to 54.5

Table 1: Input variables and distributions for the flood model.

In the same fashion as in |Chastaing et all (2012), three pairs of inputs are assumed to be linearly
dependent: @ and K, with p(Q, K;) = 0.5, Z, and Z,, with p(Z,, Z,,) = 0.3, L and B with p(L, B) =
0.3. The aim of this use-case is to assess the relevance of the target Shapley effects in a complex
environment. In|Chastaing et all (2012), it is shown that, from a GSA standpoint (using a generalized
variance decomposition for dependent variables), the two most influential inputs on the annual water
level are @@, the maximal annual flow rate, and Z,, the river downstream level.

Anii.d. sample of N =2 x 10° input realizations is drawn (note that the linear correlations are
injected following the algorithm proposed by [Schumann (2009)) which leads to N model evaluations.
Figure [[ presents the estimated target Shapley effects on this i.i.d. sample, using the nearest-neighbor
procedure depicted in Subsection with an arbitrary number of neighbors set at Ny = 2. 300
repetitions of the simulation and the estimation procedure allow for the assessment of the estimation
procedure’s variance (represented by boxplots in Figure [[). One can notice that @ is granted an
influence of 24.3% (£1.3%), K has 22.6% (£1.3%) and Z, around 16.7% (£1%). The other inputs
are attributed a share of around 12%. Compared to results obtained by from a GSA standpoint,
without correlations (Iooss and Lemaitre, 2015) and with correlations (Chastaing et all, [2012), these
TSA results allow for granting a much larger share to K, and non-negligible effects to Z,,, L and
B. This was expected due to the interactions induced by the considered TSA variable of interest.
This example illustrates the ability of the target Shapley effects to quantify the importance of input

variables in a use-case involving input correlation.
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Figure 7: Estimated target Shapley effects for the flood case.

6.2. A COVID-19 epidemiological model

In 2020, the COVID-19 pandemic has raised important questions on the usefulness of epidemic
modeling, especially on their ability to produce relevant insights to public policy decision makers.

) have taken this example to insist on the essential use of GSA on such models,
which claim to predict the potential consequences of intervention policies. A first study has been
proposed by [Lu and Bgrggngvd (IM), in the context of COVID-19 in Italy, to assess the sensitivity
of important epidemiological model outcomes, such as the number of people being either quarantined,
recovering, or dead due to COVID-19. Another GSA has been performed in [Da Veiga et a .| (|2m1|)
in the French context of the first COVID-19 outbreak. By using data coming from this last analysis

(thanks to the authors’ agreement), the goal of this section is to demonstrate how TSA can help to

characterize the influence of various uncertain parameters on a real-scale model.

6.2.1. Description of the model and its inputs

The deterministic compartmental model developed in [Da Veiga et alJ (2021)) (also presented in
(M)) is representative of the COVID-19 French epidemic (from March to May) by taking

into account the asymptomatic individuals, the testing strategies, the hospitalized individuals, and

people admitted to Intensive Care Unit (ICU). Using several assumptions, it is based on a system
of 10 ordinary differential equations that can be fully retrieved in references (M) and
Da Veiga et alJ (2021). Each equation models path of individuals between different compartments

(corresponding to their infectious and illness states), as shown in Figure Bl These equations involve

many input parameters and model the dynamic between the different compartments. Table 2l presents
the 20 continuous input parameters with their prior distribution (chosen from literature studies), which
form the inputs X, assumed to be independent between each other.
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Figure 8: Overview of the COVID-19 compartmental model. The different compartments contain the following indi-
viduals: susceptible (S), undetected infected (I7), unhospitalized detected infected (I7), recovered undetected (R™),
recovered unhospitalized detected (R*7), hospitalized in severe illness (H), hospitalized in intensive care (U), recovered
hospitalized (RT#) and dead (D).

Input | Description

Prior distribution |

Da Conditioned on being infected, the probability of having mild symp- | ¢/(0.5,0.9)
toms or no symptoms

PH Conditioned on being mild/severely ill, the probability of needing hos- | ¢/(0.15,0.2)
pitalization (H or U)

PU Conditioned on hospitalisation, the probability of being admitted to | 24(0.15,0.2)
ICU

pup | Conditioned on being hospitalized but not in ICU, the probability of | 2/(0.15,0.25)
dying

PUD Conditioned on being admitted to ICU, the probability of dying 4(0.2,0.3)

N, If asymptomatic, number of days until recovery U(8,12)

N If symptomatic, number of days until recovery without hospitalisation | (8, 12)

Nig | If severe symptomatic, number of days until hospitalization U(8,12)

Nyp | If in H, number of days until death U(15,20)

Nyp | If in ICU, number of days until death U(8,12)

Nygr | If hospitalized but not in ICU, the number of days until recovery U(15,25)

Nygr | If in ICU, number of days until recovery U(15,25)

Ry Basic reproduction number U(3,3.5)

to Starting date of epidemics (in 2020) U(01/25,02/24)

I Decaying rate for transmission (after social distanciation and lock- | 2/(0.03,0.08)
down)

N Date of effect of social distanciation and lockdown (20, 50)

A1 Type-1 testing rate U(le —4,1e — 3)

PHU Conditioned on being hospitalized in H, the probability of being ad- | ¢/(0.15,0.2)
mitted to ICU

Ngy | If in H, number of days until ICU U(1,10)

Iy Number of infected undetected at the start of epidemics U(1,100)

Table 2: Model inputs and their prior distribution. H is the number of hospitalized individuals with severe symptoms.
U is the number of hospitalized individuals in ICU.
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For the present study, our variable of interest, which is a particular model output, then writes

UP = max {UU(X)} (53)

max .
veEtime range

where U, is the the number of hospitalized patients in ICU at time v. Note that the “p” in UP __ stands

max
for “prior” as this quantity corresponds to the variable of interest before any calibration w.r.t. the
available data.

In [Da Veiga et all (2021), after a first screening step which allows for suppressing non-influential
inputs, the model is calibrated on real data by using a Bayesian calibration technique. After the

analysis of this step, the selected remaining inputs are
Xsel = (paaNauNaROathMuNuIa)T (54)

and their distributions are obtained from a sample given by the calibration process. The non-influential

inputs are fixed to their nominal values and the posterior variable of interest becomes

Umax - max {U'u (Xscl)} (55)
veEtime range
with Upax being the maximum number of hospitalized people in ICU who need special medical care

on the studied temporal range, and U, is the number of hospitalized patients in ICU at time wv.

6.2.2. Input importance for ICU bed shortage

The central question of this study would be to determine which inputs influence the event of a
country experiencing a shortage of ICU bed capacity during the time period. For that purpose, one
can introduce a threshold k, which represents the total number of ICU beds in the country, which is
assumed to be constant during the studied time period. The new variable of interest would then be
Tiye py(X) for the full compartmental model (preliminary study) and 1y, .} (Xse1) for the model
with selected inputs (post-calibration study). Two input-output samples of size n = 5000 are available.
The first one (preliminary study) includes all the inputs following their prior distribution (see Table [2)

and the corresponding output UL of the compartmental model. The second one (post-calibration

x
study) is composed of a sample of X after the Bayesian calibration, and the corresponding output
Umax of the compartmental model with the non-selected inputs fixed to their nominal values.

Five different thresholds are studied on UL, : 5-10%, 10%, 5-10%, 10° and 2- 10, with respectively
58.1%, 47.7%, 22%, 10.1% and 2.2% of the total output samples being in a failure state. This illustrates
the behavior of the target Shapley effects when the failure probability decreases. The threshold of
6300 has been chosen for Upax, with 10.9% of the total output samples being above this threshold.
Figure [@ illustrates two different thresholds, and the corresponding estimated failure probability on
the histogram of both outputs.

The target Shapley effects have been estimated using a variant of the estimation scheme presented
in Subsection d2], with a fixed number of random permutations of 102, and with a number of neighbors
set to 3, following the rule of thumb guideline of [Broto et al! (2020), due to the sheer complexity of
this estimation algorithm. Since the compartmental model is deterministic, the target Shapley effects
have been forced to sum up to one. Figure [[0] presents the main results for UL, with the red dotted

max?
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Figure 9: Tllustration of thresholds on the histograms of UL, (left) and Umax (right).

line being the average influence of an input, in the case of similar importance (i.e., %) One can
remark that for less restrictive thresholds (i.e., threshold for which the failure probability is high), the
input N, the effective date of lockdown/social distanciation measures, seem to be the most influential,
reaching more than 50% of the TSA variable of interest’s variance. However, as soon as the threshold
becomes more and more restrictive (i.e., the failure probability decomes lower and lower), the effect of
N decreases, and the effects of the other inputs increase accordingly, in order to reach what seem to

be an equilibrium at the value %. This behavior can be explained by two main reasons:

e As outlined in Subsection Bl the nature of a restrictive TSA variable of interest induces high

interaction between the inputs;

e The Shapley allocation system, when applied to variance as a production value, redistributes the
interaction effects equally between all inputs (there is no correlation between inputs in this prior

study).

One can argue that, as soon as k becomes very restrictive, the combined interaction effects outweighs
the effect of IV itself, and since these effects are equally distributed among all the inputs, their share
will tend to go towards 2—10.

For the post-calibration study, some selected inputs X are linearly correlated (see Figure [IT] -
top). This is typically the case for N and p, with an estimated correlation coefficient 4(N, u) = 0.69,
and for Ry and N with an estimated correlation coefficient of p(N, Ry) = —0.66. This correlation

structure does not allow for interpretable Sobol’” indices, as outlined in Section Bl which encourages
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Figure 10: Shapley effects (top) and target Shapley effects for different thresholds (bottom) for UL, ..

the use of Shapley-inspired indices. The Shapley effects and the target Shapley effects of Xe) for Upax
have been computed using the nearest-neighbor procedure, with a fixed number of neighbors of 3, and
forced to sum to one because of the deterministic nature of the model.

In Figure [l (bottom), one can remark that N,, the number of days until recovery, seem to be
the most important input in explaining the number maximum number of ICU patients on the studied

time range, with a Shapley effect of around 35% of the output variance. The inputs p,, Ns, Rg and N

1

seem to present average effects, that is around g,

while t9, ¢ and I; seem to be less influential, with
around 5% of explained variance each.

However, focusing on the occurrence of a ICU bed shortage, one can remark that the target Shapley
effect of N, is lower (around 22%), with the influence of N being higher (around 15%) than their
Shapley effects. Moreover, to, p and I; present higher TSA effects, i.e., slightly under 10%, due to
the interaction induced by the indicator function. One can also remark that the influence of N is
higher than that of Ry in the TSA setting, which was the inverse for the Shapley effects. This would
indicate that N, the number of days until recovery for a symptomatic patient without hospitalization,

has more influence on the event of a bed shortage than the basic reproducing number of the virus, Ry.
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Figure 11: Input correlation matrix (top), Shapley effects for Umax and target Shapley effects (bottom) for
L Umaxst} (Xse1)- The 95% confidence intervals have been computed by uniformly selecting 80% of the observations, for
100 repetitions, without replacement.

7. Conclusion

This paper proposes a set of novel indices adapted to target sensitivity analysis while being able
to handle correlated inputs. The objective is to quantify the importance of inputs on the occurrence
of a critical failure event of the system under study. The proposed indices are based on a cooperative
Shapley procedure which aims at allocating the effects of the interaction and correlation equally be-
tween all the inputs in the same manner as the Shapley effects in global sensitivity analysis. Thus,

a general class of distance-based indices is proposed, namely the (D)-target Shapley effects and some
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relevant properties are highlighted. Depending on the choice of the distance D, well-known preexisting
indices can be used as cost functions in the Shapley formulation. Therefore, these indices allow for the
allocation, among the different inputs, of shares of several dispersion statistics (e.g., mean absolute
deviation for the ¢! case, variance for the ¢2 case). These indices are easily usable in practice, as they
can be interpreted as percentages of the dispersion statistic, allocated to each input. This versatile
procedure produces input importance measures according to a specific metric, driven by the choice of
the distance.

In particular, the (¢£2)-target Shapley effects (called target Shapley effects to simplify), which rep-
resents percentages of variance, have been studied more extensively and two dedicated estimation
methods have been proposed. These particular indices have then been applied, analyzed and discussed
through simple Gaussian toy-cases. Finally, two real-world use-cases have been studied: the modeling
of a river flood and the ICU bed shortage during the COVID-19 pandemic. These indices are revealed
to be able to detect influential inputs in the context of correlated inputs. For target sensitivity analy-
sis, such a tool is valuable and can be used as a complement of more standard procedures. The clear
advantage of this method is that only one set of indices is needed in order to produce easily inter-
pretable and meaningful insights regarding the studied phenomenon. Moreover, the proposed indices
can be estimated in a given-data context which can be adapted to applications for which no computer
model is available. However, the major limitations of the approach are primarily related to the target
aspect of the analysis. Indeed, as soon as the event becomes increasingly rare, all the inputs tend
to be influential and making a clear distinction between interactions and correlation effects becomes
difficult.

To overcome these limitations, a first approach could be to improve the estimation strategies. The
sampling-based method could benefit from a better sampling scheme, such as importance sampling,
as described by [Rubinstein and Kroesd (2008), which could reduce the estimator’s variance. Recent
results from [Sarazin et all (2020) using copulas are also promising in the extent to which they show
efficient estimations of the Shapley effects. Moreover, adapting recent results from|Spagnol (2020), with
a link between the target Sobol’ indices and the Squared Mutual Information [Sugivamal (2012), should
allow for other possibilities of given-data estimation methods. Another method based on a random
forest given-data procedure, explored by [Elie-Dit-Cosaque (2020) in the context of quantile-oriented
importance measure estimation, could also yield promising results if transposed to a reliability-oriented
setting.

Even if the Shapley attribution system is a solution when dealing with input statistical depen-
dencies, it lacks a finer decomposition allowing to quantify the origin of each effect (e.g., statistical
dependence and interaction). Future work could use the recent developments in [Rabitti and Borgonovo
(2019) in order to quantify interaction effects, by transposition of these results to the target sensitivity
analysis setting.

Finally, it has been shown in [Soofi et al! (2000) that the Shapley attribution system is equivalent
to a maximum entropy distribution (e.g., uniform) over all possible orderings of inputs (the Shapley
weights). Developments towards other forms of data-driven allocation systems could also open a path

for further improvements.
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Appendix A. ANOVA and Sobol’ indices

In the general non-linear case, as for the ANOVA of the linear model case (see Subsection 1)), the
idea is to find a general decomposition of the output variance. This can be done through the decompo-
sition of a function with finite variance (L? mathematical property), called the Hoeffding decomposition
Hoeffding (1948), which allows to rewrite G(X) as a sum of centered components related to each pos-
sible subset of inputs. For example, in the case of a model with three inputs X = (X3, X, X3), G(X)

can be decomposed into four components:

G(X) =Gy (Mean behavior)
+ G1(X1) + G2(X2) + G3(X3) (First-order)
+ G123 (X1, Xo) + G5y (X1, X3) 4+ Gra 5 (X2, X3) (Second-order)
+ G123 (X) . (Third-order)
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Moreover, if the inputs are assumed to be independent, each term is orthogonal to one another and
writes
Ga(za) =Y () PEGX)|Xp = 25 (A.1)
BCA
where A € P, is a subset of indices and Py the set of all possible subsets of {1,...,d}, |A| is the
cardinal of A and X4 denotes the subset of inputs, selected by the indices in A (X4 = (X;)ica).
Then, the Hoeffding decomposition is unique and leads to a variance decomposition called “functional

ANOVA”:

VGX) = Y VIGa(za)]. (A.2)
A€Pq,A#0

This leads to the definition of the Sobol” indices [Sobol (1993):

V[GA(X)] _ Tpea=D)*1PIV (E[G(X) | Xp])

4= Vo) VIGX)]

(A.3)

The sum of the Sobol” indices over all subset on inputs A € Py being equal to one, they can be
directly interpreted as the percentage of the output variance due to each subset of input [Sobol (1993);
Saltelli et all (2008). The Sobol’ indices of higher orders than one can be interpreted as a means of
quantifying the share of variance due to the interaction effects induced by the structure of the model
G(-) between the selected subset of inputs.

Another useful sensitivity index is the closed Sobol” index [Sobol (1993) which writes

E[G(X) | Xa])
V[G(X)]

5104105 _ Z SB — V(
BcCA

(A.4)

In the independent setting, it can be interpreted as the percentage of variability induced by all the
variables in a selected subset and their interactions. Figure provides an illustration of
the Sobol’” indices and the closed Sobol’ indices for a model with three inputs. Each Venn diagram
represents the variance of the output, with the representation of each of the two Sobol” indices pre-
sented above. While this representation is useful in the GSA context, it relies on the assumption of

independence between the inputs.

Appendix B. Axioms of Shapley values

Consider a game with d players, and let val(A) € R be the cost function quantifying the production
value of a coalition (i.e., set of players) A € Py, under the assumption that val()) = 0. The Shapley
value ¢; = ¢;(val),j = 1,...,d attributed to each player can be defined by the following set of axioms:

1. (Efficiency) E?Zl ¢; = val({l...,d}), meaning that the sum of the allocated values have to be
equal to the value produced by the cooperation of all the players.

2. (Symmetry) If val(A U {i}) = val(A U {j}) for all A € Py, then ¢; = ¢;, meaning that if two
players allow for the same contribution to every coalition, their attribution should be the same.

3. (Dummy) If val(A U {i}) = val(A) for all A € P, then ¢; = 0, meaning that if a player does

not contribute the the production of resources for all coalition, he should not be attributed any
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Figure Appendix A.1: Sobol’ indices (left) and closed Sobol’ indices (right).

resources.
4. (Additivity) If val and val’ have Shapley Values ¢ and ¢’ respectively, then the game with cost
function val + val’ has Shapley values ¢; + ¢ for j € {1,...,d}.

These four axioms guarantee a cooperative allocation of val({1,...,d}). The unique attribution
method that satisfies these four axioms are the Shapley values|Osborne and Bubinsizgiﬂ (|L9_9A), defined
by:

1 d—1\"" _ _
b=3 % (a) AU v, G=1d (B.1)
AC—j
where {—j} = {1,...,d}\j. One can additionally remark that ¢;(val) is a linear operator, meaning

that for some constant ¢ € R, ¢;(c x val) = ¢ x ¢;(val).

Appendix C. Mathematical proofs

Appendiz  C.1. Positivity of the ({1)-target Shapley effects

Let A C{1,...,d}\ {j}, for j € {1,...,d}. In order to show that the (¢!)-target Shapley effects
are positive, one needs to prove that:

1 1
T-S%0qy = T-S%. (C.1)
In M), it was shown that the following property holds:

nAu{;} = NA (C.2)

with 14 being defined in Eq. (I9). From the definition of T—Si‘l,

2

T8 =
E[|17,(X) — E[1 (X))

na, (C.3)

one gets immediately the property [C.1l
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Appendiz  C.2. Positivity of the (£2)-target Shapley effects

Let X = (X1,...,X4) € R?% be a real-valued random vector admitting a probability measure Py
on the usual real measurable space. Let L?(Px) be the functional space such that, for a measurable
function f, || f]| . &' / F2(x)dPx () < +00. Let G(-) € L? be the studied numerical model, and
denote the random varigf)le Y = G(X) be the model output (or Y = g (x)>¢+(X) the TSA variable of
interest, without loss of generality). Let A C {1,...,d} \ {j} be the indices of the subset of inputs X 4

and j € {1,...,d}. In order to show that T-Sh; > 0, one needs to prove that:
T-SAU{J-} —T-S,>0 (C4)

which is equivalent to
V(IE [Y|XA]) < V(E [Y|XAU{j}]). (C.5)

From the Pythagorean theorem, one has:

¥l = [[BLY | Xalll 2 + [[Y —E[Y [ Xa]|[. (C.6)
which is equivalent to
E[v?] =E[(E[Y | X))’ +E[(¥ - E[Y | Xa])’]- (C.7)
By removing (E[Y])? to both sides of the equality, one obtains:
V(E[Y]XA]) = V(Y) = Y —E[Y|XA]ll 2 (C.8)

By using the formula E[Y | X4] = argmin ||Y — Z| ., with 6(X4) being the span of X4, we deduce

co(Xa

that E[Y | Xa] <E[Y | Xauqy] since 0(Xa) € 0(Xaugjy)- This leads to
V) = [V —E[Y | Xa]l|,. V)~ Y —E[Y | Xavgn]la (C9)
Finally, from Eq. (C8) and Eq. (C9), we obtain
V(E[Y | X4]) < V(E[Y | Xaug]) (C.10)

which concludes the proof.

Appendix D. Minimal R code examples for the estimation methods
Appendiz D.1. Monte Carlo sampling estimator

#Packages
library (sensitivity)
library(mvtnorm)

library (condMVNorm)
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#Model definition

model.linear <- function(X) as.numeric(apply(X,1,sum)>0)

#Parameters

d <- 3

mu <- rep(0,d)

sig <- c(1,1,2)

ro <- 0.9

Cormat <- matrix(c(1,0,0,0,1,r0,0,r0,1),d,d)
Covmat <- ( sig %*% t(sig) ) * Cormat

#Total and marginal simulation function

Xall <- function(n) mvtnorm::rmvnorm(n,mu,Covmat)

#Conditional simulation function
Xset <- function(mn, Sj, Sjc, xjc){
if (is.null(Sjc))A{

if (length(Sj) == 1){ rnorm(n,mul[Sj],sqrt(Covmat[Sj,Sjl))
}else{
mvtnorm: :rmvnorm(n,mul[Sj]l,Covmat [Sj,Sjl)
}
}else{
condMVNorm:: rcmvnorm (n,
mu ,
Covmat ,

dependent .ind=Sj,
given.ind=Sjc,

X.given=xjc)

#(12)-target Shapley effects estimation
12_tse.mc <- shapleyPermEx (model = modlin,
Xall=Xall,
Xset=Xset,
d=d,
Nv=1e4,
No = 1e3,
Ni = 3)
#Plot the results
print (12_tse.mc)

#(12)-target Shapley effects estimation with random permutations

12_tse.mc.randperm<-shapleyPermRand (model = modlin,
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Xall=Xall,
Xset=Xset,
d=d,
Nv=1e4,

No = 1e3,
Ni = 3,

#Plot the results
plot (12_tse.mc.randperm)

Listing 1: Minimal R code example for the Monte Carlo estimation.

Appendiz D.2. Nearest-neighbor estimator

#Packages
library(sensitivity)

library(mvtnorm)

#Random sample of inputs-output
X<-rmvnorm (2000, rep(0,3), diag(3))
Y<-rbinom (2000, 1, 0.7)

#(12)-target Shapley effects estimation

12_tse.knn<—sobolshap_knn(model=NULL,
X=X)

tell (12_tse.knn, Y)

#Plot the results
plot (12_tse.knn)

#(12)-target Shapley effects estimation with random permutations
12_tse.knn.randperm<-sobolshap_knn(model=NULL,

X=X,

rand .perm=T,

n.perm=5)

tell (12_tse.knn.randperm, Y)

#Plot the results
plot (12_tse.knn.randperm)

Listing 2: Minimal R code example for the nearest-neighbor estimation.

Appendix E. Empirical convergence rate of the estimation scheme
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Appendiz E.1. Empirical convergence of the Monte Carlo estimation procedure

In order to illustrate the Monte Carlo estimation procedure of the target Shapley effects (see,
Section .1]), the following model is considered:

X, 0\ /1 0 0 5
X=|Xo|~N[|0o]. [0 1 06|, Y= X (E.1)
X o/ \o 06 1 i=1

where the considered TSA variable of interest is 1y~3(X). This represents a failure probability p} ~
0.071. The empirical rate of convergence is studied on 100 repetitions, with respect to several values
of N, with fixed sample sizes N = 10° and N, = 3. The empirical convergence results are illustrated

in Figure

Appendiz E.2. Empirical convergence of the nearest-neighbor estimation procedure

The empirical convergence rate of the nearest-neighbor estimator of the target Shapley effects (see,

Section [4.2)) is illustrated on the same test-case as in with the same TSA variable of
interest is Ty~3(X). The proposed indices have been estimated on 100 generated samples of X, for

several sample sizes. The results are presented in Figure
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Figure Appendix E.1: Empirical convergence of the Monte Carlo estimation procedure with respect to the sample size.
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T-Sh, estimation by nearest-neighbors
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Figure Appendix E.2: Empirical convergence of the nearest-neighbor estimation with respect to the sample size.
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