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1 Introduction

Matrix product codes over finite fields were introduced in [I]. Many well-
known constructions can be formulated as matrix product codes, for example,
the (ala + b)-construction, the (a + z|b + z|a + b + )-construction, and, some
quasi-cyclic codes can be rewritten as matrix product codes, see [13]. The refer-
ence [I] also introduced non-singular by columns matrices and exhibited a lower
bound for the minimum Hamming distances of matrix product codes over finite
fields constructed by such matrices. More references on matrix product codes
appeared later, e.g., in [9] 10, 1T, [15] [16].

Codes over finite rings have also been studied from many perspectives since
the seminal work [8]. It was also shown later in [I8] that a finite Frobenius
ring is suitable as an alphabet for linear coding. Further, [6] showed that, for
any finite ring, there is a Frobenius module which is suitable as an alphabet
for linear coding. Inspired by the idea of module coding, [T9] proved that the
biggest class of finite rings which are suitable as alphabets for linear coding
consists of the finite Frobenius rings.

Finite principal ideal rings form an important subclass of finite Frobenius
rings. In particular, all the residue rings Z x of integers modulo an integer N > 1
are principal ideal rings. It is well known that a finite commutative ring is a
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principal ideal ring if and only if it is a product of finite chain rings. The refer-
ence [I7] extended the lower bound obtained in [I] for the minimum Hamming
distances of matrix product codes with non-singular by columns matrices over
finite fields to the minimum homogeneous weights of matrix product codes over
finite chain rings.

In this paper, we consider matrix product codes over finite commutative
principal ideal rings, and extend the result on the lower bound for the minimum
homogeneous weights of matrix product codes over finite chain rings to matrix
product codes over finite commutative principal ideal rings.

In the next section, necessary notations and fundamentals are introduced
as preliminaries. In Section 3, we state our main theorem, its corollaries and
some remarks. Since the proof of the main theorem is long and technical, it is
deferred to Section 4.

2 Preliminaries

In this paper, R is always a finite commutative ring.

For the finite commutative ring R and a positive integer ¢, any non-empty
subset C of R’ is called a code over R of length ¢, or more precisely, an (£, M)
code over R, where M = |C| denotes the cardinality of C; the code C over
R is said to be linear if C' is an R-submodule of R’. Recall that the usual
Hamming weight wy on R, i.e., wy(0) = 0 and wy(r) = 1 for all non-zero
r € R, induces in a standard way the Hamming weight on R*, denoted by wp

¢
again, and the Hamming distance dg on R’ as follows: wg (x) = > wg(x;) for
i=1

x = (z1, -+ ,2¢) € RY, and dy(x,x') = wg(x — x') for x,x’ € R’. We also let
dy(C) = ;ninc dg(c,c’). This is known as the minimum Hamming distance
c#c'e

of the code C.

On the other hand, a homogeneous weight on the finite commutative ring R
is defined to be a non-negative real function wy, from R to the real number field
which satisfies the following two conditions:

o wy(r) = wi(r') for r,7’ € R, provided Rr = Ry,

e there is a positive real number A such that > wp(z) = A|Rr| for any
zERr
non-zero r € R, where |Rr| denotes the cardinality of the set Rr.

It has been shown in [7] that such a function is uniquely determined (up to a
scalar \) on R as follows

1(0, RT))
wp(r) = A (1 -, 2.1
where g is the Mobius function on the lattice of all the principal ideals of R, and
©(Rr) denotes the number of elements « € Rr such that Rx = Rr. Thus, the



homogeneous weight is uniquely determined up to a positive multiple A. In the
rest of the paper, we always take A = 1 in (2] for convenience, and denote the
uniquely determined homogeneous weight by wp,. As with the Hamming weight,
the function wy, on the ring R induces a function wy, on R and a two-variable

function d;, on RY; and d,(C) = ;ﬁninc dp(c,c’) is said to be the minimum
c#c’' e

homogeneous distance of the code C.
Let A = (aij)mx¢ be an m X ¢ matrix over the finite commutative ring R,
and let C1,--- ,Cy, be codes over R of length n. Then

C=[Cr ,CplA={(c1, - ;en)A|cr €C1, o e € O}

is called a matriz product code, where the codewords c; of C; are written as
column vectors, hence (¢1,- -+ ,¢,,) are n X m matrices.

We say that a square matrix over R is non-singular if its determinant is a
unit of R. By usual linear algebra, a non-singular matrix over R is an invertible
matrix over R. Following [I], we say that the m x ¢ matrix A is non-singular
by columns if, for any k < m, any k X k determinant within the first k rows
of A is a unit of R. It is clear that, if A is non-singular by columns, then
any matrix obtained from A by permuting its columns is still non-singular by
columns. We say that a matrix A is column-permutably upper triangular if A
can be transformed by some suitable permutation of the columns to an upper
triangular matrix A’ = (a};)mx¢ (i-e., aj; =0 for all 1 < j <i <m).

From now on, we always assume that R is a finite commutative principal ideal
ring, i.e., R is a finite commutative ring in which any ideal can be generated
by one element, or equivalently, there are finite chain rings Ry, ---, Rs and an
isomorphism:

o

R — Ry x---XRg, re— (ri, - ,rs). (2.2)

With this isomorphism, we can identify R with R; X --- X Rg and write r =
(ri,---,rs). Fort=1,--- s, by J; we denote the unique maximal ideal of the
chain ring R; (note that J; = 0 if R; is a field). Hence R;/J; is a finite field,
and we further assume that

Ft:Rt/Jt%’GF(qt) fort:la"'vsv and qlSqQS"'SQSa (23)

where GF(q;) denotes the Galois field of order ¢;. For each ¢, there is an integer
er > 1, called the nilpotency index of the chain ring Ry, such that

JTV 40 but Jt =0, t=1,---,s. (2.4)
Note that J? = R; for any t.

We list some easy facts for later use. Since any ideal I of R has the form
I =1 x---x Iy with I; being an ideal of R; for t = 1,--- s, it follows that
R/I=Ri/I; X -+ x Rs/I; is still a principal ideal ring.



Next, if elements w1, uso, - - -, Uzq, of Ry satisfy that
Fy=Ri/Jy = {unn + Jo, weo + Jo, -+, ugg, + i}

then, for any integer k with 0 < k < e; and any element a of the set difference
JETI\ JF, we have that

JEY)TE = {una + JF, wea+ JF, - wga + JF (2.5)

Recall Formula (Z1)) and rewrite it as (recall that we have set A = 1):

where p(r) = (0, Rr) and ¢(r) = ¢(Rr). Since R is a product of chain rings
as in Eqn 2.2) and (r1, - ,75) € Ry X -+ X R, both p and ¢ satisfy that

p((riyeoeome)) = plr) - plrs), (e, ,ms)) = @(r1) - @(rs);
thus, the homogeneous weight wy, on R is (see [5, Theorem 4.1])

p(re)
p(re)”

wh(r) = wh(Tla to aTS) =1- H::l

Further, for r, € Ry, there is (as long as r; # 0) a unique integer f,, with
0 < fr, < e such that r, € J* 7\ J7* 7 then we have (see [5] for
details):

1, =0, 1, ry =0,
p(re) =9 =1, fro =1, e(re) = qa — 1, fre=1,
0, fr.>1, qtf” —qtf”*l, fro > 1
For a non-zero element r = (r1,--- ,rs) of R, setting
T,={1<t<s|r #0}, T,={teT. |recJ* '}, (2.6)

we obtain a formula to calculate the homogeneous weight on R as follows:

0, r =0,
wh(Tla"' 7TS) = 1, T 1 YST¢TT, (27)
1- (_1)| rl H i —1" T’I‘ = Tr'

teT,
From Formula (27 one can see that (take any ¢2 > ¢y if s = 1):

We next recall a few facts on matrices over a finite commutative principal
ideal ring R. For any ¢, by ([2.3]), we have a surjective homomorphism
pt: R— Fy, r— pe(r) (2.9)

with kernel It = Rl X X Rt—l X Jt X Rt+1 X X RS, i.e., R/It = Rt/Jt = Ft.
By a fundamental argument on determinants in linear algebra, one can prove
(alternatively, a proof may be found in classical references such as [I4]):



Lemma 2.1. Let A = (aij)mxe be an m X £ matriz over R.

(i) If A is non-singular by columns, then, for any non-trivial quotient ring
R =R/I (i.e., I is an ideal of R with I # R), the matriz A = (a;;)

over R is non-singular by columns.

mx{

(i) If the matriz p,(A) = (pt(aij))mxé over Fy is non-singular by columns for
allt=1,--- s, then A is non-singular by columns.

By the above lemma and with the help of Eqn (23), it is easy to prove the
following result which is an extension of [I, Prop. 3.3] and [I7, Prop. 1].

Lemma 2.2. Assume that m > 1. There exists an m X £ matriz over R which
is non-singular by columns if and only if m < ¢ < min{q,- - ,¢s}-

The following result has appeared in [3, Lemma 4.1].

Lemma 2.3. Assume that an mx{ matriz A over R is non-singular by columns
and 1 < k < m. Then the minimum Hamming distance of the linear code in R
generated by the first k rows of A is £ —k+ 1.

3 The main results

We keep the notations of (Z2), [23) and (24). In this section, we state our
main theorem, its corollaries and some remarks. The main theorem will be
proved in the next section.

Theorem 3.1. Let the notations be as in (Z2) and (Z33), and assume that
g2 > q1 + 1 provided s > 1. Let A = (aij)mxe be an m x ¢ matriz over R
which is non-singular by columns, and let C; be an (n,M;) code over R, for

j=1,--- m. Then C =[Cy, -+ ,Cp)A is an (nﬁ, 11 Mj)—code over R with
j=1

dh(O) > min {Edh(Cl), (6 — l)dh(cz), SN (6 —m + l)dh(Om)} (31)
Furthermore, equality holds in (31]) if one of the following conditions is satisfied:

(C1) A is column-permutably upper triangular;
(C2) C4,Cq,---,C,y, are linear codes and C1 2 Cy D -+ 2 Chy.

With the help of the results in [3], we have a consequence of the theorem for
the dual codes of matrix product codes.

Corollary 3.2. Keep the notations as in (2.2), (2.3), and assume that qa >
q + 1 provided s > 1. If A is an m X m matriz over R which is non-
singular by columns, and C; is an (n, M;)-linear code over R, forj =1,--- ,m,



then the dual code C* of the matriz product code C = [Cy,---,Cp]A is an
(nm, [I(|R|"/M;))-linear code over R with
j=1

dp(CF) = min {mdn(Cy,), (m = 1)dn(Cry), -+, 1-dn(CT)}
Furthermore, equality holds if one of the following conditions is satisfied:
(C1) A is column-permutably upper triangular;

(C2) C4,Cq,--,C,, are linear codes and C1 2 Cy D -+ 2 C)y.

Proof. For a square matrix A over R which is non-singular by columns, it is
shown in [3, Theorem 3.3] that A is invertible and J(A~1)T is non-singular by
columns too, where (A~1)7 denotes the transpose of the inverse A~! and

0 --- 0 1
0 .- 1 0
J=1. . . .|
1 -~ 00
and C+ = [C{, -+, CE](A~HT. Noting that JJ = I, where I denotes the
identity matrix, and [C{, -+ ,C)J = [C, - -+, O], we have that

ct=[Cf, -, CrldJ(A YT =[Cp, - CH]I(ATHT.

It is easy to check that, if A satisfies (C1) then so does J(A™1)T; and similarly
for (C2). Thus the conclusions are derived from Theorem [31 O

In fact, in [3], a very precise description for the structure of C*, where
C = |Cy,---,Cp]A, was obtained in a more general setting, where R is any
finite commutative Frobenius ring and A does not need to be square and non-
singular by columns. It is therefore possible to obtain a lower bound for the
minimum homogeneous distance of C* in that general setting, see [4].

Remark 3.3. In the case when s = 1, i.e., R is a finite chain ring, Theorem 3.1
contains the result [I7, Proposition 2] and a generalization of the main result
of [9]; moreover, Corollary B:2] bounds from below the homogeneous distance of
the dual codes of matrix product codes.

The residue ring Zy of integers modulo an integer N > 1 is one of the best-
known finite principal ideal rings. Writing N = p{* - - - pSs, where p; < --- < pj

are primes and e; > 0 for t = 1,---,s, we see that the Chinese Remainder
Theorem:
Zy = prlil X e X Zpgs R
r (mod N) ~— (r (mod pf'), .-+, r (mod ij)),

is just the version for Zy of the decomposition ([2:2)). Therefore, the assumption
“go > q1 + 1 provided s > 1”7 in Theorem [3.1] translates into the assumption
“py # 3 provided p; = 2”7 for Zy; and we obtain the following result from
Theorem [3.1] at once.



Corollary 3.4. Let N > 1 be an integer which is not divisible by 6. Let A
be an m x £ matriz over Zy which is non-singular by columns, and let C; be
an (n, M;)-code over Zy, for j = 1,---,m. Then C = [Cy,---,Cy]A is an

(nt, TT M;)-code over Zn with
j=1

dh(O) > min {Edh(Cl), (6 — l)dh(cz), SCIEN (6 —m+ l)dh(Om)} (32)
Furthermore, equality holds if one of the following conditions is satisfied:

(C1) A is column-permutably upper triangular;
(C2) C41,Cq,---,C,y, are linear codes and C1 2 Cy D -+ 2D Chy,.

There is also an analogous version of Corollary for Zy, with the same
assumption “NN is not divisible by 6”.

Remark 3.5. Recall that, to be a geometric distance, a two-variable real func-
tion must meet three conditions: it is positive, it is symmetric, and it satisfies
the triangle inequality. It is known that the homogeneous distance dp may not
be a geometric distance. References [2] and [12] contain extensive studies on
weights on integral residue rings: in particular, a necessary and sufficient condi-
tion for the homogeneous distance dj, on Z4; to be a geometric distance is that
N is not divisible by 6. By Corollary B.4l and Example below, this condition
is also necessary and sufficient for Inequality (3.2]) to hold.

The assumption “ga > g1 + 1 provided s > 1”7 in Theorem [B1] will play
a crucial role in the proof of the theorem. Moreover, the following example
illustrates that the assumption cannot be removed.

Example 3.6. Let the notations be as in (22)), (23)) and (24). Assume that
s>land g1 +1=¢q2 <g3 <---<gsandlet ¢ =qi. Let ws,use, - U, € Ry
be as in Eqn (Z3]). In the present case, we can choose them as follows:

o fort =1, uiy + Ji, -+ ,u14 + J1 are just all the elements of Fy = Ry /Ji;

o for t =2, since g2 = ¢ + 1, we can take ug; + Ja, -+, ugq + J2 to be all
non-zero elements of Fy = Ry /Jo;

e for t > 3, since ¢; > ¢, we can take uy + J¢, -+, Uq + J¢ to be distinct
elements of Fy = R/ J;.

Let 6j = (ulj,u2j,--- ;usj) ER:Rl XKoo XRS fOI‘j: 1, ,q, and let
1 1 - 1
A= .
(51 Bz - [3q)
It is easy to see (cf. Lemma [22]) that A is non-singular by columns. Let

a=(a1,0,0,--+,0), b=(0,bs,0,---,0) € R=Ry x -+ x Ry,



where a; € J{* 71\ {0} and by € J5271\ {0}. Set Oy = Ra and Cy = Rb, then
both are linear codes over R of length 1. Then we have the matrix product code
C = [C1,C5]A. By Formula (27), we have that

dn(C1) = wn(a) =1+ =5, dn(Ca) =wa(b) =1+ 5 =1+

1
q—17’ g2—1 q’

Sincel—l—q_L1 >1+%,Weget
min{gdy(C1), (¢ — Ddn(C2)} = (¢ - 1)(1+ 1) =q— ;-
On the other hand, there is a codeword ¢ of C' as follows:
c=(a,b)A=(a+bp, a+bB2, -+, a+bBy)

with
a+bB; = (a1, baugj, 0,---,0), j=1,---,q.
By Eqn (Z3), baug,, for j = 1,---, ¢, are all the non-zero elements of J;Tl,

and by Formula 27), wy(a+b8;) =1 — Wl(qz—l) =1- m, S0

wn(e) = q(1 - mgy) = ¢ — A7 < a— L = min{gda(C1), (¢ — 1)dn(Ca)}.

Therefore,
dn(C) < min{qdn(C1), (g — 1)dn(C2)},

which implies that Inequality (B does not hold for the matrix product code
C = [C1, Cs)A.

4 Proof of Theorem 3.1

We continue to keep the notations of [22)), [23)) and ([Z4) and assume that
4=q =q2 =< < gs.

Let A = (@ij)mxe¢ be a matrix over R which is non-singular by columns;
then £ < ¢ =¢q; if m > 1 (see Lemma[2.2]). Let C1,--- ,C,, be codes over R of
length n. Consider the matrix product code

C=I[C1, - ,CnhlA={(c1, - ,cm)Alc1 €C1, -+, cm € Cr}. (4.1)

Since the proof of Inequality (1)) is long and delicate, we put the key steps in
Subsections 4.1-4.3; these subsections show that the following inequality holds
for all 1 < k < m by splitting into various cases:

wh((cl,--- ,Ck, 0, - ,O)A) > (0 —k+ 1)wp(c).

Subsection 4.4 then completes the proof of Theorem [3.1]



4.1 k x ¢ Non-singular by Columns Matrices

Let A be as above, let 2 < k <m, and let Ay, ---, Ax be the first k rows of A.
Let r1,---,r, € R with rp # 0 and let o = r{A; + --- + rpAp € R, We
have seen from Lemma [2.3] that

wg(a) =wg(rAy+ - +rgAg) > 0—Ek+ 1.
Lemma 4.1. Let the notations be as above.

(i) If wg(ridr + -+ reAx) = L=k + 1, then wp(r1Ar + -+ + rpdy) =
(0 —k+ Lwp(ry).

(i) Ifwg(riAi+- - +rgAg) > —k+1 and one of the following two conditions
holds:

e k>3,
e k=2and !l < qq,

then wp(r1 Ay + - +rpAg) > (0 =k + Dwp(ry).
Proof. Write a« =r1 A1 + -+ + rpAx = (a1, -+ , ), where
aj =riayy+ o+ rgag, o j=1,- L

(i) Since wy(r1Ar1+---+rpAx) = £—k+1, there are exact k—1 zeros among
i, ,ap. Without loss of generality, we assume that a; = -+ = a1 = 0
and a; #0, for j =k, k+1,---,¢. In particular,

ria11 + o+ TE_10k-1,1 = —TkGk1
ria12 + -+ TE_1Qk—1,2 = —TEAK2
ra1 k-1t -+ Tk 10k 1k—1 = —TkOkk—1-

By the non-singularity by columns of A, the coefficient matrix (a;i)(x—1)xk—1)
of the above linear system is non-singular, i.e., invertible, hence 71, - ,rg_1
are all linear combinations of rrag1, - ,rgakk—1. Therefore, r; € Rry for
j=1,---,k—1,k; hence all a; € Rry, i.e.,

0# Ra; C Ry,  j=kk+1-- L

Suppose that there is an in_dex t with £ <t < ¢ such tha‘E Roy ; Rry. Con-
sidering the quotient ring R = R/Ray, then 7, # 0 and A = (Gi;)mxe is still
non-singular by columns (see Lemma [2.1]). However,

6[1:"'20_41671:0 and O_[t:(),

hence

wy (P A+ AR <l—k<l—k+1,



which contradicts the fact that wg (71 Ay + - - - + 7, Ay) > £ — k+ 1 (see Lemma
23). Therefore, Ra; = Rry, for all j =k, k+1,--- , £, and

~

wh(riAy + -+ rpAr) =Y win(og) =Y wa(re) = (€= k+ Lwa(re).

.
i0M-
Ea

j=k
(ii) In this case, there are at least £ — k + 2 non-zeros among a1, -+ ,ay. By
Inequality (2.8)), we get
and
(C=k+1) (14 755) 2 (€= k+ Dualry). (4.3)

It is an elementary calculation to check that

(x+1) (1 - —(q1_1)1(q2—1)) >z (1 + —qll_l) — zz<q —1- g—; . (44

Recall that £ < ¢1 < qo. If K >3, 0orif k =2and ¢ < g, then / —k+1 <
q1 — 1 — L. In both cases, we can apply Formula [@.4) to (.2) and (€.3), with
x=0—k+1, and obtain wp(a) > (£ — k + 1wy (k). O

Proposition 4.2. Let A and ¢y € Cy, -+, ¢ € Cy, be as in [{{.1)) and assume
that ¢, # 0. If one of the following two conditions holds:

e k>3,

e k=2and/l < qq,

then
wh((cla “ €, 0y aO)A) > (6 —k+ 1)wh(ck)
Proof. Let ¢;j,---,ci, & be all the non-zero entries of ¢y = (i, , Cnk) L -
Then wp,(c) = wp(ciy k) + - - +wn(ci, k). Noting that the ith row of the matrix
(c1, -+ ,¢k, 0, ,0)A is ¢;1 A1 + -+ - + i Ak, where Ay, -+, Ay are as above,
we have
wp((cr,-+ ,ex,0,--,0)A) = S wp(cinAr+ - 4 cinAg)
> Z;ﬂzl wh(citlAl + -+ CitkAk)
> Y=k + Dwn(cik)
= ({—k+Duwn(er),
where the second “>” follows from Lemma [£.1] O

10



4.2 2 x ¢ Non-singular by Columns Matrices

Br B2 - By

2 x q matrix over R which is non-singular by columns. Write

In the following, we let ¢ = ¢1 and assume that A = ( b ) is a

ﬁj :(ulj,u2j,--- ,’U,Sj)ERl XR2 X e XRS.

Let a,b € R with b # 0, and write a = (a1,--- ,as) and b = (by,--- ,bs) with

at,by € Ry fort =1,--- ,s. Consider the word
a=(a,b)A= (a1, - ,aq) € RY, (4.5)
where
o; =a+bB; = (a1 + biuyj, -+, as + bsuy;), j=1,---,q.

Then wy(a) > ¢ — 1. From Lemma [41)i), we have seen that

wp () = (¢ — Dwp(b) if wy(a)=q-1. (4.6)
In the following, we further assume that o; #0 forall j =1,--- ,q.
Lemma 4.3. If wy(b) = 1, then wp(a) > (¢ — 1wy (b).

Proof. Since wy(b) = 1, there is at least one k such that by ¢ Ji* . Take
I, =R; X - X Rp_1 % J;’rl X Rpi1 X -+ X Rg, and consider the quotient ring
Ry = R/I}, = Rk/J,f’“_l. Then the matrix A over R}, is still non-singular by
columns (see Lemma 2.0]), b = b, # 0, and the elements

Oéj:(CLl—|—b1’l,L1j7 cee ak—l—bkukj, cee azs"'bsusj); ‘]:17 ,q,

are mapped to -
a; = ag + buy;, J=1-,q

Then, for the word & = (a,b)A = (641, e ,&q) over Ry, its Hamming weight
satisfies wy (&) > ¢ — 1. Since g > 2, there is at least one non-zero entry, say
ar # 0, ie., ap + bpurr ¢ J,ik*l. Hence, wp, (o) = 1. Noting that wy(a;) >
1-— m for j # t (see Formula (23))), we have

q
wp (@) = Z:lwh(ozj) >1+(¢—1) (1 — quz*U) >q—1=(¢— Dwy(b). O
=
Note that wy,(b) # 1 if and only if by € J&* ' for t =1,--- ,s.

Lemma 4.4. If b= (by,--- ,bs) with b, € J&*~ ', fort =1,--- s, and wy(a) =
1, then wp (o) > (¢ — 1wy (b).

11



Proof. Similar to the proof above, we can assume that aj ¢ J* ' for some k.
Since b € J,jk*l, it follows that ax + bruk; ¢ J,j’rl forall j =1,---,¢q. Thus
wp(aj)=1forall j=1,---,¢, and

wif0) = Yo =g =(a=1) (1+75) = (@= D). O

From now on, we further assume that
a=(ar, - ,as), b= (by,---,bs) with a;,by € J* ' fort=1,---,s, (4.7)
and let
T,={1<t<s|a;#0}, Th,={1<t<s|b#0}, T=T,UT, (4.8)

Lemma 4.5. Let tg = ItIélzr} t. If ¢ < qi,, then wp(a) > (¢ — D)wp(b).

Proof. Sinceb=(0,---,0,bs,, - ,bs), by Formula (27, we have that wy(b) <

1+ Qtol—l. On the other hand, a; + bju;; = 0 for any ¢ < ¢, so

aj = (0,-+,0,a; + bjutyj, -+, a; + bjus;),

hence wp () > 1 — when tg = s, set qi,+1 to be any integer

1
G a1
greater than gz,). Since ¢ — 1 < g, —2 < g4, — 1 — —22— we can use (Z4) to

qto+1
obtain
wp(0) = leh(aj)zq(l_m>
=
> (q= 1) (14 55) 2 (= Do), :

In the following, we further assume that

1leT, and ¢2>q +1ifs>1. (4.9)

Lemma 4.6. If T, = {t'} contains only one index t' with 1 < t' < s, then
wn(a) = (g — wn(b).

Proof. First, assume that ¢’ = 1. Then b = (b1,0,---,0) € Ry X -+ X Ry with
0#by € J 1 sowp(b) =1+ qul (recall that ¢ = ¢1), and

a; = (a1 + by, as, -+, as).

Taking I = J; X Re X --- X Rg and R= R/I > Ry/Jy = Fy, then
i— (1 71 71 >
Uil Uiz - Ulg

12



is a matrix over the field F; which is still non-singular by columns, so as elements

of the field Fy, the entries @11, 12, - ,U14 must be distinct. Since |Fy| = ¢,
we conclude that 1,12, - ,U1q must consist of all the elements of F;. By
Eqn @3), biuii, biuig, - -, biuig are just all the elements of Jfl_l, hence

ay + biuiy, ay +biuiz, -+, a1 +bruyg

are again just all the elements of J; 1= In other words, exactly one of them is
0, and the other (¢ — 1) terms are non-zero. By Formula (27,

1L— (=) T A5, if ey +biugy #0,

qt

N teT
wn () 1+ (=DIT T qt—171, if a1 + biug; = 0.
1£4teT
Therefore,
q
wp(a) = th(aj)
j=1
. 1 7] 1
= |1+ (=7, MU R |
1tter B T ! er 91
1 1
= 1+ ] At VGV | 1
LAteT qt — 1#4teT 4 —

Il
Il
—~
)
|
—
S—
7N
=
+
"
Il
—~
)
|
—
S—
g
>
—~
>
S—

Note that the above argument still works well for T = {1} (in particular, it

works well for s = 1) provided we adopt the convention that [] til =1.
1#teT

Next, we assume that ¢/ > 1. Then s > 2 and

U/h(a])zl_m, ]:1,,(]
Since g2 > g+ 2,i.e., g2 —1> g+ 1, and q > 2, it follows that:

wp () = (¢ — Dwn(b) > q(l_m)—(q—l)(l—kﬁ)

- 1-——9a _ ga-1
(¢—1)(g2—-1)  ¢2—1
- 1- q _ (¢—1)?
(¢—1)(g2—-1)  (¢—1)(g2—1)
_ gt (g=1* _ g¢-2
I-aen = 7= 20

Y%

In other words, wy(a) > (¢ — 1)wp (D). O
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Lemma 4.7. If |T,| > 2, then wp(a) > (g — 1)wp(b).

Proof. By Formula @.1), wy,(b) =1 — (—1)!Tl t]l ﬁ, thus
€Ty

1
(g —1)(g2 —1)(gz — 1)

(put any g3 > g2 if s = 2). On the other hand, by (Z8]), we have

wh(b) <1+

1
(—1)(g2—1)

Noting that gg —1 > g+ 1and g3 —1>¢— 1> 1, we have that

wy(a) = (g — 1w (b)

wp (o) > 1 —

1 1
Z q (1 o (q—l)(qz—l)) —(a—-1) (1 + (q—l)(qz—l)(qs—l))
— q 1
= - @D ~ @ e
_ q _ 1
> 1 TnEm T @me
= 1--4 >0
qg—1
We have obtained the desired inequality wp,(«) > (¢ — 1)wp (b). O

Summarizing Eqn (£8) and Lemmas E3HAT, we have that, if g2 > ¢1 + 1
provided s > 1, then the homogeneous weight of the word (L1 satisfies

wi((a,0)4) > (g - Lw(b). (4.10)
Thus, similar to Proposition €.2] we obtain the following conclusion.

Proposition 4.8. Let A = (a;j)mxq be non-singular by columns, and let ¢ €
C1, co € Cy and co # 0. Assume the following condition holds

e g2 > q1 + 1 provided s > 1.

Then
wp((c1, €2,0,--,0)A4) > (¢1 — Dw(ca).

Proof. It is clear that, for any ¢; X ¢; diagonal matrix D whose diagonal
entries are all units of R, we have that

wh((cl, c2,0, - - 7O)AD) = wh((cl, c2,0, - - ,O)A). (4.11)

Since A is non-singular by columns, any element of the first row of A is a unit
of R, so there is a suitable diagonal matrix D such that all entries of the first
row of AD are 1. Thus, we can assume that the first row of A is the all-1 vector.
Then, as in the proof of Proposition .2l we can obtain the conclusion of the
proposition by using (ZI10) . O
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4.3 1 x ¢ Non-singular by Columns Matrices

A 1 x /¢ non-singular by columns matrix is none other than a matrix consisting of
only one row, all of whose entries are units. This is essentially the key ingredient
in the proof of the following result.

Proposition 4.9. Let A = (a;;j)mxe be non-singular by columns, and 0 # ¢q =
(Clla U 7Cnl)T S Cl. Then

wp((c1, 0,--+,0)A) > Lwp(c1).
Proof. By the non-singularity by columns of A, all the entries ay1,--- , a1 of

the first row of A are units in R. Thus,

14 4

wh((e1, 0,-++,0)4) =Y wn(arjer) = Y wa(er) = fwp(cy). O

j=1 j=1

4.4 Completion of the Proof of Theorem [3.1]

Now we can complete the proof of Theorem [B.11
First, we prove Inequality (B1]).

Let ¢ = (c1, -+ ,¢m)A and ¢’ = (¢}, -+ ,c),)A be any two distinct code-

»¥m

words of the code C. Then, not all of b; = ¢; — c;-, for j=1,---,m, are zero.
Hence, ¢ — ¢’ = (by,--- ,b;,)A # 0 and

dn(c,c’) =wn(c—c) = wp((by,-- ,bp)A).

It is enough to show that dp(c,c’) is bounded below by one of the entries in
the braces of the right hand side of &I of Theorem Bl Since not all of
by, -, b, are 0, there is an index k with 1 < k < m such that b # 0 but
byy1 =---=b, =0.

If £ = 1, by Proposition [£.9] we have

di(c,c’) = wp((b1,0,- -+ ,0)A) > lwy(by) = lwp(c1 — €}) > Ldy(Ch).

Suppose that k =2, then m > 2 and, by Lemma[2.2] ¢ < ¢;.
If £ < g1, by Proposition 2] we have

dn(c,¢’) = wp((by,bs,0,-+,0)A) > (£ — 1wy (by)
(€ — 1w (ca — cb) > (£ — 1)dp(Cy).

Otherwise, £ = g1, and by Proposition [£.8] we still have
dn(c,c’) = wp((b1,b2,0,--- ,0)A) > (£ — 1wy (bg) > (£ — 1)dp(Ch).
The remaining case is that of k > 2. By Proposition [£.2] we obtain

dp(c,c’) = wh((bl,--- ,bg, 0, ,O)A) > (0 —k+ 1wp(by)
= (l—k+Dwp(cy —ci) > (0 —k+1)dn(Ck).

15



Next, assume that A is column-permutably upper triangular. Since any
permutation of columns does not change the weights and other parameters of
the resulting codewords, we can assume that A is upper triangular:

a1 a2 - Airm a1y
a22 PR a2m PR a/2€

A =
Amm e Amy

Since A is non-singular by columns, every element of the first row is a unit
of R. Similarly, every (2 x 2)-determinant within the first two rows is a unit,

1 aij

. . a . o . . .
in particular, det ! is a unit, i.e., every ag;, for j =2,--- ¢, is a unit

ag;
of R. Continuing this reasoning, we see that
e all a;; for 1 <7 <m and i < j </ are units of R.

For any k with 1 < k < m, take c, ¢} € Cy such that dy(cg, c),) = dn(Ck). We
have two codewords of C' as follows:

C = (07 707C/€707"' 70)A7 C/:(Ou"' 707C;9707"' 7O)A7

whose homogeneous distance is

dp(c,d) = wp(c—c')= wh((O, ~++,0,¢c — ¢}, 0, - - ,O)A)
= wp(0,--+,0,apk(ck — c}), -+, ae(cr — c))
¢ ¢
= th(akj(ck — C;C)) = th(ck — C;c)
i—k =k

= (f —k+ 1)dh(Ck).

Thus dp(C) < min{ld,(C1), - ,({ —m + 1)dp(Cy,)}. It follows that equality
must hold in (B1]).

Finally, assume that Ci,---,C), are linear and C; D --- D (),. Write
A = (a;ij)mxs. Since ajq is a unit of R, we can add a suitable multiple of the
first row to the i¢th row, for each 2 < ¢ < m, such that the entries of the first

column of A below a1y are changed into 0, that is, there are by, -+ ;b1 € R
such that
1 air a2 - A a1l a2 o A
i !
b1 1 a21 agz - azy A9y - 45
! i
bm1 1 Aml Qm2 Qoo a0 oal,

Similarly, ab, is also a unit of R, and we can add a suitable multiple of the
second row to the ith row, for 3 < i < m, such that the entries below aj, of the

16



second column are changed into 0. Continuing in the same manner, we obtain
a lower triangular m x m matrix

1
b21 1
P = .
bml bm2 e 1

such that PA is an upper triangular matrix, which is still non-singular by
columns.

Since

o (= [Ol,"' ,Cm]A: ([Cl, ,Om]Pfl)(PA),

1
e P~ 1 gtill has the form P~ = ;
b1 o -0 1
o [C1, -, Cp]P~ ! =[Cy, - ,Cp) (since Cy,---,Cy, are linear and C; D
CyD---DCh),

it follows that
C= [Olv e 7C’m](PA)5

where PA is upper triangular. Hence, by the result above, equality holds

in (B1). O

Acknowledgements

Quite a part of this work was done while the first and third authors were visiting
the Division of Mathematical Sciences, School of Physical and Mathematical
Sciences, Nanyang Technological University, Singapore, in Autumn 2011. They
are grateful for the hospitality and support. They also thank NSFC for the
support through Grants No. 11271005 and No. 11171370. Part of the work
was also done when the second author was visiting the School of Mathematics
and Statistics, Central China Normal University, Wuhan, in Spring 2012. The
author acknowledges the support and hospitality received. The work of this
author was partially supported by Singapore National Research Foundation
Competitive Research Programme NRF-CRP2-2007-03.

References

[1] T. Blackmore and G. H. Norton, Matriz-product codes over Fq, Appl. Algebra
Engrg. Comm. Comput., 12 (2001), 477-500.

17



2]

3]

[4]

[5]

(6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

18]

[19]

I. Constantinescu and W. Heise, A metric for codes over residue class rings,
Problems of Information Transmission 33 (1997), no. 3, 208-213.

Y. Fan, S. Ling and H. Liu, Matriz product codes over finite commutative Frobe-
nius rings, Des. Codes Cryptogr. DOI 10.1007/s10623-012-9726-y, published on-
line Jul 2012.

Y. Fan, S. Ling and H. Liu, On the homogeneous weight of the dual codes of
matriz product codes over rings, in preparation.

Y. Fan and H. Liu, Homogeneous weights of finite rings and Mébius functions
(Chinese), Math. Ann. (Chinese), 31A (2010), 355-364.

M. Greferath, A. A. Nechaev and R. Wisbauer, Finite quasi-Frobenius modules
and linear codes, J. Algebra Appl. 3 (2004), no. 3, 247-272.

M. Greferath and S.E. Schmidt, Finite-ring combinatorics and MacWilliams
equivalence theorem, J. Combin. Theory A, 92 (2000), 17-28.

A. R. Hammons, P.V. Kumar, A. R. Calderbank, N. J. A. Sloane and P. Solé,
The Z4-linearity of Kerdock, Preparata, Goethals, and related codes, IEEE Trans.
Inform. Theory, 40 (1994), 301-319.

F. Hernando, K. Lally and D. Ruano, Construction and decoding of matriz-
product codes from mnested codes, Appl. Algebra Engrg. Comm. Comput., 20
(2009), 497-507.

F. Hernando and D. Ruano, New linear codes from matriz-product codes with
polynomial units, Adv. Math. Commun., 4 (2010), 363-367.

F. Hernando and D. Ruano, Decoding of matriz-product codes, 2011,
http://arxiv.org/abs/1107.1529.

T. Honold and A.A. Nechaev, Fully weighted modules and representations of codes
(Russian), Problemy Peredachi Informatsii 35 (1999), no. 3, 18-39.

S. Ling and P. Solé, On the algebraic structure of quasi-cyclic codes I: finite fields,
IEEE Trans. Inform. Theory, 47 (2001), 2751-2760.

B.R. McDonald, Finite Rings with Identity, New York: Marcel Dekker, 1974.

M. B. O. Medeni and E. M. Souidi, Construction and bound on the performance
of matriz-product codes, Appl. Math. Sci. (Ruse), 5 (2011), 929-934.

F. Ozbudak and H. Stichtenoth, Note on Niederreiter-Xing’s propagation rule for
linear codes, Appl. Algebra Engrg. Comm. Comput., 13 (2002), 53-56.

B. van Asch, Matriz-product codes over finite chain rings, Appl. Algebra Engrg.
Comm. Comput., 19 (2008), 39-49.

J. Wood, Duality for modules over finite rings and applications to coding theory,
Amer. J. Math., 121 (1999), 555-575.

J. Wood, Code equivalence characterizes finite Frobenius rings, Proc. Amer.
Math. Soc., 136 (2008), 699-706.

18


http://arxiv.org/abs/1107.1529

	1 Introduction
	2 Preliminaries
	3 The main results
	4 Proof of Theorem ??
	4.1 k Non-singular by Columns Matrices
	4.2 2q1 Non-singular by Columns Matrices
	4.3 1 Non-singular by Columns Matrices
	4.4 Completion of the Proof of Theorem ??


