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On a conjecture about a class of permutation

quadrinomials

Kangquan Li, Longjiang Qu, Chao Li and Hao Chen

Abstract

Very recently, Tu et al. presented a sufficient condition about (a1, as,as), see Theorem [l such that
flz) = 232" +a122” "+ 4+ apa?" +2 4 4323 is a class of permutation polynomials over Fan with n = 2m

and m odd. In this present paper, we prove that the sufficient condition is also necessary.

Index Terms

Permutation polynomials, Permutation quadrinomials, Finite Fields

1. INTRODUCTION

Let I, be the finite field with ¢ elements and F; be the multiplicative group with the nonzero elements
in F,. A polynomial f € [F,[z] is called a permutation polynomial (PP) if the induced mapping  — f(x)
is a permutation of F,. The study about PPs over finite fields attracts people’s interest for many years due
to their wide applications in coding theory, cryptography and combinatorial designs.

PPs with few terms attract people’s interest due to their simple algebraic form and additional extraordinary
properties. Recently, many scholars studied permutation trinomials over Fon with n = 2m from Niho

exponents of the form

where a1, as € Fon and the integers s, ¢ can be viewed as elements of Z /(2™ + 1% see [EI H I—H B Iﬂ]

etc. For more relative results, readers can refer in two recent survey papers However, up to now,

there are only four cases of parameters (7, s,t) that have been determined completely:
(1) (r,s,t) = (1 1,2)
2) (r,s,t) = 1/2 1&@
3) (r,s,t) =
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@) (r,s,t) = (1,1/4,3/4) 13,112,
Very recently, in ], the authors presented a class of permutation quadrinomials as follows. Note that for

each element = in Fy. with n = 2m, we define T = 22”. Moreover, we use Tr"(-) to denote the absolute

trace function from Fom to Fy, i.e., for any z € Fom, Tr7(z) = + 22 4 --- + 22"

Theorem 1.1. ] Let n = 2m for odd m and define

— 0
I'= {(al,ag,ag) : 6% = 0103,0, # O,TI‘T <6_4> =1,a1 € Fom,as,a3 € an},
1

where

01 =1+ ai + ax@s + azas, 0o = a1 + G2a3, 03 = G + a1@3, 04 = ai + as@. (1)
Then for any (a1, as,a3) € I, the quadrinomial
f(z) =7 4+ a7’z + apr’T + aza®
is a permutation of Fon.

The authors in ] conjectured that the sufficient condition in Theorem [L1] is also necessary. In the

present paper, we prove that their conjecture is right. Namely,
Theorem 1.2. Let n = 2m. Then the quadrinomial
f(z) =7 4+ a7’z + a9z’T + azz®
is a permutation of Fon if and only if m is odd and (ay,asz,a3) € T, where T is defined as in Theorem [[ 1}
Firstly, as pointed out in [Iﬁl], the assumption a; € Fom is reasonable since
f(Bz) = (BZ)® + a1(BT)* Bz + a28*a> BT + az(Bx)’
= B (@ +a1(B/B)Tx + az(B/B)*a*T + a(8/B)*a") ,

where 3 € %, satisfies 8%a; = 1 and ay(8/8) = B~'72" € Fom. Next, if 1 + a1 + az + a3 = 0, then

f(0) = f(1) =0 and f is not a permutation. Thus in this paper, we always assume
14+ ay+as+as #0.

In addition, it is clear that f(z) = 2®h (2" ~'), where h(z) = 2® + a12® + a2z + az. The PPs of the
form x"h (x(qfl)/ d) over [, are interesting and have been paid particular attention. There is a connection

between the PPs of this type and certain permutations of the subgroup of order d of Fy.

Lemma 1.3. [IE, , IB] Pick d,r > 0 with d | (¢ — 1), and let h(z) € Fglz]. Then f(z) = a"h (z (q_l)/d)
permutes ¥, if and only if both
(1) ged(r, (¢ —1)/d) =1 and



(2) g(x) = 2"h(z) @D/ permutes g, where g = {x € Fy: 2% = 1}.

Since ged(3,2™ — 1) = 1 if and only if m is odd, together with Lemma [L3] we know that f(x) is a PP

over Fo» if and only if m is odd and

glz) = ’h(x)*"!
633:3 + a2 +az+1
23 4+ a122 + agx + as

permutes fpom 1. Let ¢(z) = % be a bijection from Fom to pomiq\{1}, where w € Fg.\Fn and
w? +w +1=0. Then g permutes pon 11 if and only if g(¢(x)) is a bijection. This happens if and only if

F(z) = g(¢(x))|pam : Fam = pgm 1 \{(1 + a1 + az + az)*" '} 2)

is a bijection. Let

ba v (FZE0)

=Yy
F(z)—F(y) F(z)—F(y) . e )
where N (%ﬂ) denotes the numerator of —==-%. Clearly, F'(z) is a bijection if and only if

L(z,y) = 0 has no Fym-rational points off the line = = y.
Our method to show that the sufficient condition in Theorem [[.1] is also necessary is based on the Hasse-
Weil bound, which has been applied in the study of PPs, e.g. , ].

Lemma 1.4. [Q Hasse-Weil bound] Let L(z,y) be a polynomial in Fy[z,y| of degree d and let #Vy:(L)

be the number of zeros of L. If L has an absolutely irreducible component over ¥y, then
1
(#VFQ(L) —g| < (d=1)(d—2)¢"* + 2d(d — 1)> + 1.
a 2
In addition, in our proof, some relations obtained in dﬁl] between 60; for ¢ = 1,2, 3,4 are also useful.

Lemma 1.5. [IZZ‘] For 0; (i =1,2,3,4) defined as (1)), we have
1) 0505 + 0303 = 04(01 + 04) (note that the relation always holds just from the definition of 0;, without
the assumption (ay,as,a3) € T');
2) if (a1, a2,a3) € T, we have 0203 + 0203 =
3) if (a1,a9,a3) € T, if there exists an element \ € pgm 41 such that 0, + 0N +02\ = 0, then 0205 = 010,.

0205(02+05) .
7, ;

In the following, we firstly determine the necessary and sufficient conditions about (aq, ag, as) for L(z,y)
to split completely into absolutely irreducible components not defined over Fom, see Theorem whose
proof will be given in the next section. For convenience, if L can be factorized as a product of four linear
factors, we write L = (1,1,1,1); if L can be factorized as a product of two quadratic absolute irreducible

factors, we write L = (2,2).

Theorem 1.6. Let L(x,y) # 0 defined as (&) and 1 + 01 + 0 + 05 # 0. Then the factorizations of L(z,y)

into absolute irreducible components not defined over Fom are characterized as follows:



(a) L =(1,1,1,1) if and only if
0h # 0,01 # 03+ 53,9% = 6,03, 92 = 9% + 0305, Tr <Z_4> = 1;
1
(b) L =(2,2) if and only if
01 7é 0701 7& 03 + 93,92 = 9103, TI'l 9— = 17
(c) L =(1,1) if and only if

(9% + 53 + 9252

91:924-527&0,93:924-’}’,94:’}/4-924-52 and ~v = —
2 + 02

In the last of this section, we give the proof of Theorem

Proof. Firstly, according to the item (1) of Lemma [[3] we know that if f is a PP, then m is odd since
ged(3,2™ — 1) = 1 if and only if m is odd. Let

Iy = {(al,ag,ag) cl': 0, 7& 03 —i—gg} and T’y := {(al,ag,ag) el:0, =04 —i—gg}.

Then, it is clear that the condition of (a) in Theorem belongs to I'; and that of (b) is indeed I';. In the
following, we show that the condition of (c) in Theorem is I's. Recall that

— 0
I'= {(al,ag,ag) : 9% = 9193,91 7é O,TI‘T <9_4> =1,a1 € Fom,a9,a3 € an} .
1

Then for (ay,as,a3) € Iy, i.e., 61 = 03 + 03, we have 02 = 6103 = (03 + 03)03 and thus 53 = (65 + 03)05.
Adding the above two equations, we obtain Hg + 527: 05 + 03, Let v = 03 + 03. Then v € Fom. In addition,
from Lemma we have 0503 + 0203 = %ﬁez) and thus 0203 + 0203 = 620,. Plugging 03 = 05 + v

and A3 = 6, + v into the above equation, we get

_ 03+0; + 0505

0y + 0y
Furthermore, from Lemma we have 0505 = 616,. Thus
9252 —
94: — :’}/—|—92+92.
Oy + 0

Therefore, the condition of (c) in Theorem is indeed T's.
All in all, L can split completely into absolute irreducible components not defined over Fom if and only
if (a1,a92,a3) € I'. When (a1,a2,a3) ¢ I', L with degree 4 has an absolutely irreducible factor over Fom

and thus according to Lemma [[.4] we have

1
#Vea (L) > 2™ —(d—1)(d—2)2"/? - Sd(d — 1)2-1
= 2m—6.2™/2 19



Let A € R denote the larger solution of 22 — 62 — 21 = 0. Then A < 9 and thus #Viz, (L) > 2 when
m > 4. By @), L(z,x) = foox* + 1122 + Loo, which has at most two zeros in Fyn. Hence L(x,y) has at
least a zero (z,y) € F2.. with = # y when m > 4. Consequently, when (a1,as,a3) € T’ with m > 4, f is
not a permutation over Fy». For the case m < 4, the same conclusion can be obtained by the MAGMA.

Together with the sufficient proof in ], the proof of Theorem [[.2] has been finished completely. U

Therefore, in the following we only suffice to provide the proof of Theorem which will be given in

the next section. Through the paper, the algebraic closure of Fo. is denoted by Fon.

2. THE PROOF OF THEOREM

In this section, we prove Theorem After direct computation, we have
Fz) = g(o(x))
2 3 2 2 2
ag (552) +a (552) + o (552) +1
2 3 2 2 2
(552) o (552) + o (25) +os
61x3 + egxz +e3x + €4
T3 4+ T + Tar + 74

where o
€p=a1+ax+ag+1
2 — 2
€ =wa] +war +was +w
63:w2a1+w62 + was + w?
2 _
| & =wa +wax +az+1,
and

T =a1+az+az+1
_ 2 2
To = wai +w-az +wasz +w

T3 = wai + w2a2 + w2a3 +w

= w2a1 + wag + as + 1.
Therefore, we have
F(z) — F(y)

L(x,y)=N< pr—"

) = loox®y? + lo1 2%y + Lroxy® + loox® + 112y + Looy® + Lroz + Lory + Loo,

®)

where

lyy = a?+ ajas + a1as + agdo + ag + azas + ap + 1

= 0+ 03+ 03,



9 _ _ _ _
ly1 = aj+ agae + axas + agaz + azaz + 1

= 01+ 0y + 0y,

2 2 _ _ 2 2 _ _
lyg = af +w’aras +waias + a1 + a0y + wagas + was + wasls + wWao

= 04+ wls + wzgg + wly + w252,

(11 = a3 + ag@y + azas + 1 = 6y,

2 _ _ 2 _
lo = ai+ a1+ a2as + wagas + wagas + asas + 1

= 60+ w202 + wag,

2 P — _ 2
lop = aj +wajaz + waras + agas + waz + azaz + waz + 1

= 01+ w203 + wgg,

and (1o = Uo7, Loa = a9, Lo1 = l10, 0; for i = 1,2,3,4 are defined as (I).

In the following, we determine the necessary and sufficient conditions for L(x,y) to split completely into
absolutely irreducible components not defined over Fom. The factorization can be divided into two cases:
loo #£ 0 and fo9 = 0.

Case 1: /95 # 0. Namely, 01 # 03 + 0s.

In the case, deg L = 4 and it is clear that the morphisms (z,y) — (y,z) and (z,y) — (Z,y) fix L =10
and therefore they act on its components, which means that if 2 + a with a € Fon\Fan is a component of
L, then y+a and z+a are also the components of L directly. Moreover, if L(z,y) can split completely into
absolute irreducible components not defined over Fon, then the only possibilities are (1,1,1,1) and (2,2).
The reason is as follows. If z + a with a € Fom \F2m is a component not defined over Fon of L, then y + a,
x +a and y + @ are also the components of L, i.e., L = (1,1,1,1). If L has a component not defined over
Fom with degree 2, denoted by Li, then L; with degree 2 is also a component of L, where L; denotes the
polynomial from raising all the coefficients of L; into their 27-th power respectively. Obviously, L1 # L.
Thus, L = (2,2), i.e.,, L can not be (2,1, 1). In addition, the impossibility of L = (3,1) is trivial.

Subcase 1.1: L = (1,1,1,1). In the subcase, there must exist some a € Fom \[F2~ such that

L = 522(.%'4‘@)(.%’4‘5)(3/—1—0,)(3/4—5)
= la (332212 + (@ +@)z%y + aaz® + (a4 a)zy® + (a® +@)zy
+(a*a + aa®)x + aay’ + (@ + aa’)y + o’a’) .



Comparing the coefficients of the above expression and (3), we have

lo1 = (a+@)las 6.1)
Uy = aalas (6.2)
t11 = (a® + @)l (6.3)
lg = (a26 + a62)€22 (6.4)
| loo = a®@ . (6.5)

Computing ([61)% + fo2 x E3), [G2)2 + f22 x ([6.5) and (B) x E2) + L2 x ([64) respectively, we obtain
U3 = l11l
(50 = Lootas

lo1log = l1pla2,

namely,

0105 + 0105 + 0% + 0, = 0 8.1)

02 + w005 + 20,05 + w202 + Wl + 0505 + 02 =0 (8.2)

9% + 6105 + w29193 + 6104 + 9152 + w91§3 + w@% + 0203 + 0504 + 92?2 + 94?2 + w2§§ + 5253 =0. (8.3)
Computing [82) x (61 + 0 + 0)% + (83)?, we get

(01 + 03 + 03)(wh203 + w0703 + wW?0103 + wh10, + 03605 + 0503) = 0.
Since l9y = 01 + 03 + 05 # 0 in the case, we have
w0205 + w20%05 + wW20,02 + w00, + 6205 + 005 = . 9)

Moreover, from Eq. (81), we can assume that 62+ 6103 = v € Fom. Then 02 = v+ 60,03 and 5; =y +0,05.
Plugging them into Eq. (@), we have

w0205 + 20205 + w2002 + Wb, s + 6205 + 005
= whil3 + w0703 + w01 (v + 0103) + wby (v + 6103) + (v + 0103) 05 + (v + 0165) 03
= (01 +05+0;) =0,

Loy
£y

which means v = 9% +6,65 = 0, also thanks to ¢59 = 6 + 65+ 03 # ( in the case. Furthermore, a +a =

and aa = 2—2 and thus a,a are solutions of

2

14 Y4

2 21 20

¥+ —r+-— =0,
lo9 {99



which does not have solutions in Fom if and only if
2 2 2 | p? 7
621 :91+62+92 :61(91+03+63) %O

. Z‘Z
ie., 01 # 0 and Tr7" (% . %) =Tr" (%) = 1. Moreover,

7z,
T < ;fﬂ)
21
_ ( (01 + 03 + 03)(04 + wh3 + w 93—|—w92+w292)>
02 + 03 + 0,
_ oy ( (01 + 03 + 03) (04 + wh3 + w203 + why + w292)>
07 + 6105 + 6105
_ oy <94 + whs + wQZg + why + w262>
1

= (%)

and thus Tr}" (Z—‘l*) = 1. Furthermore, when 65 = 6,03, it is easy to show that Eq. (82) and Eq. (83) holds
if and only if 62 = 6? + 0303. Thus, L(x,y) can split completely into absolute irreducible components not
defined over o with (1,1,1,1) if and only if

01 # 0,01 # 03 + 03,05 = 0105, 05 = 07 + 003, Tr}’ <%> =L
1

Subcase 1.2: L = (2,2). In the subcase, we firstly consider the possibilities about the factorization of
L. () If 22 + ay® + bxy + cx + dy + e is a component of L, then clearly, 2 + ax? + bxy + cy + dx + e
is the other component of L. Since the coefficients of z* and 23y in L are 0, we have a = b = 0. (ii)
If zy + ax + ay + b is a component of L, then zy + ax + ay + b is the other component of L. (iii) If
xy + ax + by + ¢ with b # a is a component of L, then zy + ay + bx + ¢ is the other component of L.
Moreover, zy + @z + by + ¢ is also a component of L and thus zy + @z + by + ¢ = zy + ay + bz + .
Furthermore, we have b = @ and ¢ € Fom.

Hence there are three possibilities about the factorization of L:

@)

L = lop(x? + ax + by + ¢)(y* + ay + bz + c),

(i1)
L = los(xy + ax + ay + b)(zy + @z + ay + b),

(iii)
L = ly(zy + ax + ay + b)(vy + ax + ay + b).

As for (i), after comparing the coefficients (mainly 23 and 3?) of the hypothetic expression of L and (3)),



we obtain b = 0 directly and thus the possibility becomes the Subcase 1.1.

As for (ii), there exist some a,b € Fom such that

L = fly(xy+ar+ay+b)(zy +ax +ay +b)
= [l (362y2 + (@4 a)z*y + (@+ a)zy® + aaz? + (b + b)zy
+aay® + (ab + ab)z + (ab + ab)y + bb) .

Comparing the coefficients of the above expression and (3), we have

( Uy = (a +@)la (10.1)
log = atily (10.2)
(11 = (b+b)la (10.3)
l10 = (ab + ab)lay (10.4)

[ foo = bblas. (10.5)

When f9; # 0 and (11 # 0, i.e., a,b € Fon\Fom, from (I0.J) and (I0.2), we know that a and @ are
solutions of x2 + T+ % = 0, which does not have solutions in Fy~ if and only if Tri" (%) =1.

Thus we can assume that % =14~ + 2%, where v € Fon and in the case, we have
21

14 l
a=-"2(w+7) and @= —(w?+ ).
oo 2y
Also, the similar discussion about b and b holds. We have Tr" (%) = 1 and assume that % =

1+ 1+ n?, where 1 € Fon. Moreover,
I

-/
b="(w+n) and b= —(w?+7).
la2 lao

Furthermore, together with (I0.4) and the expressions of a,@, b, b, we obtain

l1pla2
e + .
la1l11 T

After direct computing, we get

loolaz  loplas  liolan (3503

5%1 531 _521611 631@1’

ie.,
foof%l + fgof%l + flolefll + €%0£22 =0.

Plugging the expressions of ¢;; for 0 <4, j < 2 into the above equation, we have

03 1+ 020, + 01020 + 0205 + 0505 = 0,



ie.,
— _2_
_ 9% —+ 919292 —+ 9%93 —+ 9293

0
4 02

In addition, from Tr}" (%’#) =1, we have
21

o (O +0s+ 03)(04 + wh3 + w03 + why + w?hs) |
ry 5 —— =1

07 + 05 + 0,
Using the following relation,

_2 j— j—
Ty whi + w?ls \ Ty (w?03 + wl3)(01 + 62 + 0)
1 Y o =] — 1 — )
02 + 62 + 0, 02 + 62 + 0,

Eq. (I2) can be simplified as

Ty wb105 + w20152 + 61605 + 9153 + 09605 + 5253 + 9353 + 94(91 + 03 + 53) 1
' 62 + 62 + 0

Next plugging Eq. (IT) into Eq. (13) and simplifying, we obtain

m A
67 (61 + 62 + 62)

where
A = 074 wh0s + w030, + 030203 + 030205 + 070505 + 670503 + 010303
—|—9192§293 + 91925253 + 9153@3 + 9%9% + g;@g + §;93§3 + 9%93@3
Also, using the following relation,

- ( 0202 + 0,0 ) - ((9203 +0503) 01 (61 + 65 + @))
' 07 (01 + 02 +52)2 ' 07 (61 + 02 +52)2 7

Eq. (I4) becomes

08+ w0305 + w2030y + 02050, + 020305 + 050505 + 020505
1 == Trl — D)
67 (61 + 62 + 65)

_ ym 07 + wh1 6 + w29i522+ 020 e < 93_53 ) ‘
(61 + 62 + 62) 01

1D

(12)

(13)

(14)



In addition,

e (9% + whr0s + w29i§22+ 92§2>
(61 + 62 + 65)
_ <w29% + 0y + wi (61 + 02 + ) 4552(91 + 0, + 52)>
(61 + 62 + 02)
= Tr < w07 +§; . w?6, +§z )
(61 + 62 + 65) 01 + 02 + 02
= 1

since w?0; + 0y € Fan \Fom Gf w201 4 0y € Fam, 01 + 65+ 05 = 0, which contradicts our assumption). Thus
66

T <%> = 0. (15)
1

0205 + 0305 = 04 (01 + 04) .

we have

Moreover, from Lemma [[3] we get

Plugging Eq. (II) into the above equation, we obtain
040505 + 030205 + 030505 + 02020, + 0402 + 0,05 = 0. (16)

Assume 02 = 0103 + ¢, where € # 0. Then 53 = 6105 + €. Plugging the expressions of #5 and 5 into Eq.
(I6) directly and simplifying, we get

€ €2
0f = 03+ -0;. (17)
Plugging Eq. (I7) into Eq. (T3), we obtain
0 = Ty™ 693?@3
€202 + E2§§
t
= T <t2 n 1>
1 1
fry T m _— _—
g <t +1 2+ 1)
= 1,

where t = % € Fgn\Fam. Conflict! Therefore, € = 0, i.e.,
63 = 0103.

Furthermore, when 9% = 0,03, from Eq. (D), we get 92 = 9% + 0303 directly. In addition, we have
Tri" (%) = 1 according to Tr7" <%> = 1, see Subcase 1.1. Moreover, Tr" (Z‘}&ﬁ) = 1 is also

21



equivalent to Tr" (g-;*) = 1 since

(01 + 03 + 93 (91 + w203 + w63)
Tr® 92
(034 w0105 + w2085 + 05085 w63 + wly
1 2 + 2
07 07
9% + wbi03 + w 9193 + 9393 01 (w93 + wgg)
Tri" 92 + 2
1

e (0140303 (01
= Tr1< 7 = Tr{ a,) =~

Thus there exist some a,b € Fan\Fom, such that L(x,y) = las(2y + azx + ay + b)(zy + ax +ay + b) if
and only if

0,4
01 # 0,0, #934—93,91 7&924—92,92 —9193,94 —91+9393,TI‘1 <9 ) =1.
1

When /11 = 0 7& 0 and /91 = 01 + 09 +52 = 0, we have 0, € FQn\FQM, a =a and a? = % From
(10.3) and (10.3), we have Tr" (f""eﬂ) =1, 1ie.,

oy <9% + w103 + w2005 + w202 + 0305 + w5§> B
1 P) -
91

Moreover, it is clear that

m w9193 + w291§3 + w29§ + w@i
Try 02
1

Ty <w63 + w253 n (w@g + w253)2>
0

0 02

and thus

06 /N
Tr® 3 3_2 =T (—323> =
02 + 0, 01
In addition, from Lemma [[.3] we get
0205 + 0305 = 04 (61 + 04) .

Plugging #; = 05 + 05 into the above equation, we have

0303 = 0204 + 020 + 03 + 0,05.



Therefore,

005
02 + 0,

T (
_ (94 (6, + 05) +94+0202>

92+92

0505 )
02 + 0,

- T 1
r1<p+1+ﬂ+1> ’

where t = g—; € Fgn\[Fam. Conflict! Hence, there does not exist any a € Fom,b € Fon such that L(z,y) =

loo(xy + ax + ay + b)(zy + ax +ay + b).

When f9; = 601 + 65 +65 #0and ¢1; =60, =0, b=1>b and b*> = %2 From (I0.1) and (I0.2), we have

v (fzé)sz) = 1. Moreover, computing ([[TA)? x f22 + [IL5) x [TI)?, we get
Bolas = Lol

1.€.,
6205 = 005

Thus 6303 € Fan, denoted by € € Fam. In addition, from Tr" (%) = 1, we have

Iy =
02 + 0,

Also, thanks to

I&T'<9£§;flﬂiég> ::T}T,<(W293+-w§3)(92%—§2)>’

62 + 0, 62 + 0,
together with Eq. (I8), we obtain

[ 0203 + 0304 + 0303 + 0304 + 0203
Trl ) == 1
03 + 65

T <WH293 + wh203 + O304 + w2203 + 0505 + O304 + w2203 + w3 + w2§§> _

(18)

19)



Plugging 03 = 47 and 05 = % into Eq. (I9) and simplifying, we get

2

. < 203 + O304 + 0505 + O304 + 9293>
02 + 0,
_ <e/92 + 04e(1/62 +1/85) + €2/(6203) + 6/92>
03 + 0,
B €0202(0 + 02) + €2 + 01¢(03 + 92)
- 030, (03 +75)

0
050,
In addition, from Lemma [[.3] we get
0202 + 0305 = 04 (01 + 04) .

Plugging 6; = 0 into the above equation, we have

92 = 9252 + 9353.

Furthermore,
0 92 2
Tr}" L_EQ = T 424
0305 030,
0205 + 0503) €2
— ( 2 Q—F_j 3)6
0%92
) 2 /(0222 .2
(9292 +e /(9292)) €
= T —
0%02
4 24373
050, 050,

which is a contradiction! Thus, there does not exist any a € Fan,b € Fom such that L(z,y) = loo(zy +
ax + ay + b)(zy + ax + ay + b).

All in all, there exist some a,b € Fy. with a,b not in Fom at the same time such that L(z,y) =
loo(xy + ax + ay + b)(xy + az + ay + b) if and only if

01 % 0,0, # 05+ 03,0, £ 0y + 05,02 = 0,05,0% = 0% + 0505, Tx'" <z—4> =1.
1



As for (iii), there exist some a € Fom \F2» and b € Fam such that

L = ly(zy+ ax +ay + b)(xy + ax + ay + b)
= U (2*y* + @+ a)z’y + @+ a)zy® + aqz’+
(a® + @) xy + aay® + (ab+ab)x + (ab+ ab)y + b2) .

Comparing the coefficients of the above expression and (3), we have

U1 = (a+a)lao (20.1)
log = atdly (20.2)
(11 = (a® +a@%)ly (20.3)
(10 = (ab + ab)lay (20.4)
Loo = b%Has. (20.5)

Computing (201)% + @03) x 42 and 204)? + 203) x (Z0.5]), we obtain
(31 + frilay = 0 and L1140 + (7 = 0,

1.€.,

91934—91534—9% —|—§§ =0 21

and

w29193 + w91§3 + w@% + wzgg =0. (22)

Computing (ZI) +w x ([22), we have w? (6163 + 03) = 0 and thus 63 = 6163. In addition, since a +a # 0
and /11 = (a2 +EZ)€22, we know 61 = f17 # 0. Furthermore, when 61 # 0 and 9% = 6,605, a, @ are solutions
in Fon of

and thus Tri" (g—;‘) = 1, see Subcase 1.1. Hence, there exist some a € Fon,b € Fom such that L =
loo(xy + ax +ay + b)(xy + ax + ay + b) if and only if
n 2 0 m 94
bh # 0,01 # 03 + 03,05 = 6103, Try 9. ) =1
1

Case 2: /95 = 0. Namely, 6 = 03 + 65.

In the case, if ¢3; # 0, then deg L = 3. We also use the important property that the morphisms (x,y) —
(y,x) and (z,y) — (7,y) fix L = 0. If L has a component L; not defined over Fo» with degree 1. Then
L; # L with degree 1 is also a component of L, where L; denotes the polynomial from raising all the
coefficients of L into their 2™ -th power. Thus if L can split completely into absolute irreducible components

not defined over Fon, the only possibility is (1,1,1). Namely, there exist some a,b € Fon\Fan such that



L(z,y) = lo1(x+y+a)(z+b)(y+0b). However, since L(Z,y,) = 0 if L(xg,y0) = 0, we have a,b € Fom.
Conflict! Therefore, #5; = 0.
When l99 = o1 = 0, 01 = 0 + 05 = 05 + O3 and thus Oy + 05 € Fom, denoted by v € Fom. Moreover,

we have
L(z,y) = 02” + Luzy + Logy” + Lro7 + Lory + Loo, (23)
where
log = Log = 04 + 7y (24.1)
b1 =05+ 0 (24.2)
1o = o1 = why + w0 (24.3)
loo = wh + w?Bs + 7, (24.4)

If /50 = 0, i.e., 4 = 7, to make sure that L(x,y) does not have absolute irreducible components defined
over [Fom different from y = x, we have 17, = {po = 0. Namely, 65 € Fom and v = 5. Furthermore, 03 = 0

and #; = 0. Considering the expressions of 6;, we have

1+ a? + aga@s + azaz =0 (25.1)
as +ajaz =0 (25.2)
a1 + asasz = a1 + asas (25.3)
a1 + asasz = a% + asas. (25.4)

Plugging 23.4) into @3.1)), we have
1+ a1 +asas + azasz = 0,

ie.,
(a1 + 1)(agas +1) = 0.

Thus a; = 1 or azas = 1. If a; = 1, we have as = az from (23.2), which means 1 + a; + a2 + a3 = 0,
which is a contradiction. If agas = 1, then 8, = 0, = a% + asas = 0, which means L = 0, which is also
impossible.

Therefore, /55 # 0. Suppose that there exist some a,b € Fon such that

L = log(x + ay + b)(z + @y + b).

After comparing the coefficients of the above expression and (23)), we have a = 1 or a = L.

If a=1, then L = {5 (1‘2 + y2 + (b —I—E).%' + (b + E)y + bg) and thus /11 = 609 —i—gg =0, i.e., 05 € Fom.
Furthermore, #; = 0 and f5 = y+65 € Fon. In addition, from Lemmal[L[3] we get 6202 +6303 = 6, (01 + 6y)
and thus 64 = 05 + 03 = -, which means /oy = 0. Conflict.

=



If a = %,then L = Uy <x2 +y? + (% + %)my +(b+b)x+ (b+b)y+ bE) and thus

b b _
(Z—i-g)@o =l11 =02+ 0y (26.1)
(b + 5)520 = {10 = wly + w2§2 (26.2)
bEEQQ = lyp = why + w2§2 +,. (26.3)

Computing ([26.2)?/([@6.3) + [26.1]), we obtain 2, = lool11, i.e.,
_2 —
_ 9% + 92 + 9292
O + 0o
In addition, from Lemma [[3] we get 0505 + 0303 = 04 (01 + 04). Plugging 03 = 05 + v and 61 = 05 + 0
into the above equation and simplifying, we have

(04 +7)(0a +7 + 02+ 02) = 0.

Hence, 0, = y+0y-+05 since £ = 04+~ # 0. Moreover, from (26.2)) and (26.3), we know that b € Fan\Fom
if and only if Tr7" (%) = 1, which holds under our assumption. In fact,

T <eoozﬁ> _ o ((w92 + w2 +’y)_(292 +§2)>
o w203 + wb,
_ o <w9§ + w20, + 0205 +3(02+ %))
w2602 + wb,

= Trf"(1) =1
03+05+6205 . : _
B and m is odd. Therefore, there exist some a,b € Fon such that L = lyo(z + ay +
b)(z +ay + b) if and only if

since v =

9% + 5; + 9252

912924-52#0,932924-7,94:74-924-52 and v = —
O + 02
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