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LCD CODES FROM TRIDIAGONAL TOEPLITZ MATRICES
MINJIA SHI & FERRUH OZBUDAK & PATRICK SOLE & LI XU

ABSTRACT. Double Toeplitz (DT) codes are codes with a generator matrix of the
form (I, T) with T' a Toeplitz matrix, that is to say constant on the diagonals parallel
to the main. When T is tridiagonal and symmetric we determine its spectrum explic-
itly by using Dickson polynomials, and deduce from there conditions for the code to
be LCD. Using a special concatenation process, we construct optimal or quasi-optimal

examples of binary and ternary LCD codes from DT codes over extension fields.

Keywords: LCD codes, Toeplitz matrices, Dickson polynomials
AMS(2020) Math Sc. Cl. 94B05, 15B05, 12E10

1. INTRODUCTION

Linear Complementary Dual (LCD) codes are linear codes which intersect their dual
trivially. They were introduced by Massey in 1992 to solve a problem in Information
Theory [11]. They were proved to be asymptotically good by Sendrier [12], who used
them in relation with equivalence testing of linear codes [13]. They enjoyed a renewal
of interest in 2016, with an application to side-channel attacks on embarked cryptosys-
tems [5]. Recently LCD double circulant codes or double negacirculant codes were
constructed over various alphabets [9, 14, 15, 16, 18]. A far reaching generalization of
both double circulant and double negacirculant codes is that of double Toeplitz codes
[17]. In the present paper, we introduce a class of double Toeplitz codes which can be
effectively tested for being LCD.

A code is double Toeplitz (DT) if its generator matrix is of the form (I,7T) with [
an identity matrix, and T a Toeplitz matrix of the same order. Recall that a matrix is
Toeplitz if it has constant entries on all diagonals parallel to the main diagonal. Thus

circulant matrices and negacirculant matrices are Toeplitz.
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It is easy to check that such a code is LCD iff —1 is not an eigenvalue of TT*. To

make that condition easy to check we will make two hypotheses on T :
o T =T"implying TT" = T?;
e T is tridiagonal, in the sense that T;; = 0 if |¢ — j| > 1.

In the next section, we show that the characteristic polynomial of a tridiagonal
symmetric Toeplitz matrix satisfies a three-term recurrence that can be identified, up
to an easy change of variable to that of the Dickson polynomials [10]. The roots of
these polynomials can be determined explicitly [3]. Hence we obtain an exact and
explicit characterization on whether a given DT code (I,T) is LCD or not, when T is
tridiagonal and symmetric (see Theorems 2.9 and 2.10 below). It seems very difficult to
obtain such a characterization for arbitrary Toeplitz T'. Moreover this is the first paper
in the literature using factorization of Dickson polynomials for the characterization of
some LCD codes as far as we know.

Under some mild arithmetic conditions we can show that this spectrum does not
intersect the base field, and in particular does not contain —1. Some sufficient conditions
for the DT code to be LCD follow. Since the DT codes so constructed have minimum
distance at most three, a rather sophisticated concatenation process, namely isometry
(see Definition 3.1 below) can be used to construct an LCD code over a small field.
Note that because of the fundamental result that any linear code over F, with ¢ > 3
is equivalent to an LCD code [6], the theory of LCD codes is focusing on the cases of
Fy and FF3. Using the said concatenation process optimal or quasi-optimal LCD codes
over these two fields are explicitly constructed.

The material is organized as follows. The next section studies the spectrum of
Toeplitz matrices. Section 3 describes a concatenation process that allow for LCD
codes over small fields. Numerical examples are given there. The last section concludes
the paper.

2. TOEPLITZ MATRICES

2.1. A Spectral lemma. Throughout this paper, let p be a prime, ¢ = p® for a positive
integer s. Let IF, denote the finite field of g elements. Let Fq denote an agebraic closure
of .

Lemma 2.1. Forn > 1 let A be an n x n matriz over F,. We have the following

CaSes:

e char F, is even: —1 is an eigenvalue of A* if and only if —1 is an eigenvalue of
A.

e char F, is odd: —1 is an eigenvalue of A? if and only if —p or p is an eigenvalue
of A, where € Fp2 with p* = —1.




LCD CODES TRIDIAGONAL TOEPLITZ MATRICES 3
Proof. If char I, is even, then
(A+ L) =A2+12= A* + 1,

which completes the proof in this case.
If char I, is odd, then

(A+ pul,) (A — ul,) = A — 11, = A + 1,,,
which completes the proof. O

2.2. Characteristic polynomial. For a € F, and n > 3, let T,,(a) be the n x n
tridiagonal Toeplitz matrix depending on a defined as

a 1 0
1 a1
Ty(a) =
0 1 a
Namely, for example, we have
a 1 0 0
o LU 1 a 10
a
Tya)= |1 a 1 | andTy(a) = 01 a1
01 a
001 a

We also define the cases for n = 1,2 as

Ti() = [ a | and To(a) = [T ! ] |
For n > 1 let
6a(\) = det (Th(a) — ML) .
Lemma 2.2. Under notation as above, we have
Pn(A) = (@ = N)dn-1(A) — dn—2(N)
Jorn > 2 with d1(\) = a — A and do(\) = 1.

Proof. For n = 2 we have

and hence
$2(A) = det (To(a) = Az) = (a = X)* =1 = (a = N1 (A) = do(N).

This completes the proof for n = 2.
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For n = 3 we have
a— A 1 0
T3(a)—)\[3: 1 a— A 1
0 1 a— A

Considering the expansion of det (T3(a) — Al3) using the last row we obtain

a— A 1
1 a— A

a—X 0
1 1

P3(N) = (a—A) = (a = N)d2(A) — d1(N).

This completes the proof for n = 3.

For n > 3 we will show that the lemma holds for n + 1. Note that this will complete
the proof. Assume that n > 3. For the (n+ 1) x (n + 1) tridiagonal Toeplitz matrix
T,+1(a) depending on a we have

Tnfl(@) Ch1 0(n—1)><1
Thii(a) = R, a 1
01><(n—1) 1 a

Here T,,_1(a) is the (n—1) x (n — 1) triagonal Toeplitz matrix depending on a, 01 (n-1)
is the 1 x (n — 1) matrix whose all entries are 0 and 0,—1)x1 is the (n — 1) x 1 matrix
whose all entries are 0. Moreover, R,,_1 is an 1 X (n — 1) row matrix and C,,_; is an
(n —1) x 1 column matrix.

Considering the expansion of det (7,,11(a) — Al,41) using the last row we obtain

Tn—l(a)_)\jn—l Cn1 0(n—1)><1

¢n+1(/\) = R,y a— A 1
O1%(n—1) 1 a— A\
— (a _ )\) Tn—l(a’) - )‘In—l Cn—l Tn_1<a) — )\In—l 0(n—1)><1
Ry a— A R, 1 1
T’"«—l(a) - >‘In—1 Cn—l
= —_ )\ — Py .
=] A G @)

Tnfl(a) — A, O(n—1)><1

using the
R, 1

In the last equality we use the expansion of

last column. Note that

Tn—l(a) - >\In—1 Cn—l

=T,(a) — AI,.
Rnfl a— A

Hence we conclude that

Pnt1(A) = (@ = A)Pn(A) — Pn1(})
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for n > 3, which completes the proof. O
Forn>0,acF, and z € Fq, let 1, be the function on Fq defined as
Uy Fq — Fq
r = ¢pla—1x).
Lemma 2.3. Under notation as above we have
Un(2) = 201 (2) — Yn_2(x)

forn > 2 with Y1 (z) = x and YPo(x) = 1.
Proof. For n =1 and n = 0 we have

(z) =d1(a—2z) =a— (a—2z) =z, and Yo(z) = ¢o(a —z) = 1.
For n > 2 we have

¢n($) — gbn(a — :L’)
= (a—(a—1x))pp_1(a —x) — ¢p_2(a — x), using Lemma 2.2,

= 2¢y-1(a — ) — ¢p2(a— 1)
= 2Yp_1(x) — Yn_o(x), by definitions of 1,1 (x) and ¥, _o(z).

This completes the proof. Il

Recall that (see, for example, [10]) for o € F, and n > 0, the Dickson polynomial of
the second kind

E,(z,a) € Flx]
is defined recursively
E.(x,a) =2E, 1(z,a) — aFE, s(x,«)

with the initial conditions E)(z,a) = z and Ey(x) = 1.
We put @ = 1 and denote E,(z) = E,(z,1) throughout the paper. We obtain that
E,(z) € F,[z] is the polynomial defined resursively

(1) E,(z) = 2B, 1 (z) — E,_a(7)

with the initial conditions F;(z) = = and Ey(z) = 1.
Combining Lemma 2.2, Lemma 2.3 and (1) we prove the following proposition im-

mediately.

Proposition 2.1. Under notation as above we have
det (T,,(a) — x1,,) = ¢n(x) = E,(a — x),
foralln>1 and x € Fq.

We recall the following result due to Bhargava and Zieve [3, Theorem 4].
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Theorem 2.1. Let n > 1 be an integer. Assume that ged(n + 1,q) = 1. We have the

following cases

e char [F, is odd:

n

Epx) =[] (== (0"+67)),

=1

where 0 is a primitive 2(n + 1)-th root of 1.

o char I, is even: then n is even and

n/2

Eu(x) =] (z— (6" +67))*,

=1

where 0 is a primitive (n + 1)-th root of 1.

Definition 2.2. For a € F, and an integer n > 1, let C,,(a) be the F,-linear code of

length 2n and dimension n whose generator polynomial is the n x 2n matrix given by
[ | Tn(a)] .

2.3. LCD double Toeplitz codes. Now we present our first characterization result
on whether C,,(a) is LCD or not.

Theorem 2.3. Fora € F, and an integer n > 1, consider the [2n,n|, code Cy,(a) given
in Definition 2.2. Assume that ged(n + 1,¢q) =1 and char F, is even. Then n is even
and Cy(a) is LCD if and only if

agZ{—l—i—@i—I—@_i:lSiS g},
where 0 is a primitive (n + 1)-th root of 1.

Proof. Tt is well known that C),(a) is LCD (see, for example, [11]) if and only if GGT
is invertible, where G = [I,, | T),(a)]. Note that

n

GG = (1| Tu(@)] | "

= [n + Tn(a)2>

where we use the fact that 7),(a) is symmetric. Hence C,(a) is LCD iff —1 is not an
eigenvalue of T?(a). Using Lemma 2.1 we conclude that C,(a) is LCD iff —1 is not an
eigenvalue of T),(a). It follows from the definition of ¢, (x) that —1 is an eigenvalue of
T,(a) iff ¢,(—1) = 0. Using Proposition 2.1 we have that ¢,(—1) = E,(a+1). Finally
using Theorem 2.1 we complete the proof. O

In odd characteristic we have the following result.
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Theorem 2.4. Fora € F, and an integer n > 1, consider the [2n,n|, code C,(a) given
in Definition 2.2. Assume that gcd(n + 1,q) = 1 and char Fy is odd. Then C,(a) is
LCD if and only if

a@{-p+0+6":1<i<n}uU{p+0+6":1<i<n},
where p? = —1 and 0 is a primitive 2(n + 1)-th root of 1.

Proof. The proof is similar to that of Theorem 2.3. We only indicate the different steps
in this proof. Note that —1 is an eigenvalue of T2(a) iff —p or u is an eigenvalue of
T, (a) by Lemma 2.1. Hence C,,(a) is not LCD iff E,,(a 4+ p) =0 or E,(a —u) = 0. We

complete the proof using the similar steps as in the proof of Theorem 2.3. U

The following corollaries are immediate.

Corollary 2.1. Assume that ged(n + 1,q) = 1 and char F, is even. If ¢ > %, then
there exists a € F, such that Cy(a) is LCD.

Proof. Let S = {—1+60"+07":1 <i <n/2}, where 6 is a primitive (n + 1)-th roof of
1. Note that |S| < n/2 and hence |[SNTF,| <n/2. As ¢ > n/2, there exists a € F, \ S.
Using such a and Theorem 2.3 we complete the proof. O

Corollary 2.2. Assume that ged(n + 1,q) = 1 and char F, is odd. If ¢ > 2n, then
there exists a € F, such that Cy,(a) is LCD.

Proof. Let S = {—p+0"+07": 1 <i<nyU{u+60+607":1<i<n}, where u?> = —1
and 6 is a primitive 2(n + 1)-th root of 1. Note that |S| < 2n and hence |[SNF,| < 2n.
As g > 2n, there exists a € I, \ S. Using such a and Theorem 2.4 we complete the
proof. O

Corollary 2.1 and Corollary 2.2 give that there exist a € F, so that C,,(a) is LCD for
infinitely many C),(a), namely if ¢ is large compared to n. The corresponding conditions
are not necessary for the existence. Under arithmetic conditions, the following two

corollaries give simple existence results for even and odd characteristics.

Corollary 2.3. Assume that q is even and ged(n + 1,q(¢*> — 1)) = 1. We have that
Chn(a) is LCD for all a € F,.

Proof. Note that ged(n + 1,¢q) = 1 and ged(n + 1,¢*> — 1) = 1. Let 6 be a primitive
(n + 1)-th root of 1. Let 1 < ¢ < n/2 be an arbitrary integer. Put ¢t = 6?. We have
1+t+1/t e F iff (1+t+1/t)9 =1+t+1/tiff u? =uw withu =t+1/t. Thusuisin F,
and ¢ is in F2. Since t"*! = 1, with ¢ # 1, this is impossible for ged(n+1,¢* — 1) = 1.
The result follows by Theorem 2.3. O

The analog of Corollary 2.3 for the odd characteristic is slightly more complicated.

Corollary 2.4. Assume that q is odd. Moreover, we assume the following:
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o Ifg=1 mod 4, then ged(n +1,q(¢* —1)/2) = 1.

e If ¢ = 3 mod 4, then ged(n + 1,¢9) = 1 and ged(n + 1,(¢* — 1)/2) divides
(¢ —1)/2.
Let pp € Fp2 such that p* = —1. We have the following:

e Ifg=1 mod 4, then Cy,(a) is LCD for alla € F,\{pu+2, —pu+2, u—2, —pu—2}.
e [fq=3 mod 4, then Cy(a) is LCD for all a € F,,.

Proof. Note that ged(n + 1,q) = 1. Let 6 be a primitive 2(n 4+ 1)-th root of 1. Let
1 < i < n be an arbitrary integer. Put ¢t = ¢°. Also put w = +p + ¢+ 1/t. Assume

that w € F,. Next we consider the cases separately:

e ¢=1 mod 4: Here yx € F, and hence t 4+ 1/t € F,. This implies that t € F.
and 191 = 1. As ged(¢? — 1,2(n 4 1)) = 2 by assumption, we obtain that t €
{—1,1}. Hence we have {pu+t+1/t, —pu+t+1/t}={pu+2, p—2, —pu+2, —u—2}.
We complete the proof using Theorem 2.4.

e ¢=3 mod 4: Here pp € Fp2 \ F, and hence ¢ + 1/t € F,2. This implies that
t € Fpu and 'l =1, As ged(g* — 1,2(n + 1)) divides ¢ — 1 by assumption, we
obtain that ¢ € F,. Hence we have +u +t + 1/t € F2 \ F;. We complete the
proof using Theorem 2.4.

This completes the proof. O

We also give simple examples that are not covered by these corollaries.

Example 2.1. Let ¢ = 3 and n = 3 so that the condition q > 2n of Corollary 2.2
does not hold. Also the conditions of Corollary 2.4 do not hold. Let 6 be a primitive
2(n + 1) = 8-th root of 1. Let p = 0* so that p?> = —1. Let S={—pu+60"+67":1<
i<n}U{u+60+60":1<i<n}. Using Magma [4] we obtain that S = {0,6% 6°}.
By Theorem 2.4 we conclude that Cy,(a) is LCD for a € F, iff a € {1,2}.

Example 2.2. Let ¢ = 3 and n = 4 so that the condition q > 2n of Corollary 2.2
does not hold. Also the conditions of Corollary 2.4 do not hold. Let 0 be a primitive
2(n + 1) = 10-th root of 1. Let u = 0° so that u> = —1. Let S ={—pu+60"+67":1<
i <npU{p+60+60":1<i<n} Letw bea primitive element of F31 such that
wt + 2w + 2 = 0. Using Magma [4] we obtain that S = {w'®, w? w3° w5 w, w™}.
Note that F, = {0,w* w®}. By Theorem 2.4 we conclude that C,(a) is LCD for any
acl,.
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2.4. Extension of the results for T'(a,b). For a,b € F, and n > 3, let T,,(a,b) be
the n x n triagonal Topelitz matrix depending on a and b defined as
a b 0
. b a b
T.(a,b) =

Namely, for example, we have

b
a b 0 Z 2 8
. . a
Ts(a,b) =1 b a b | and Ty(a,b) = 0 b a b
0 b a
00 b a

We also define the cases for n = 2 as

It is easy to observe that if b # 0, then

Tn(a7 b) = T,(a/b),

SN

(2)
for n > 2 and a € F,. This observation leads to the following.

Lemma 2.4. Forn > 2, a,b € F, and b # 0 we have that X is an eigenvalue oan(a, b)
if and only if \/b is an eigenvalue of T, (a/b).

Proof. For A € F, we have that

det (Tn(a, b) — )\In) —0 < det (% (Tn(a, b) — )\In>> —0
<= det (T,(a/b) — \/bl,) =0,
where we use (2). This completes the proof. O

Combining Theorem 2.3 and Lemma 2.4 we immediately obtain the following gen-

eralization.

Definition 2.5. For a,b € F, and an integer n > 2, let Cy,(a,b) be the F,-linear code
of length 2n and dimension n whose generator polynomial is the n X 2n matrix given

by

[In | Tn(a,b)} .
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Theorem 2.6. For a,b € F, with b # 0 and an integer n > 2, consider the [2n,n],
code Cy(a,b) given in Definition 2.5. Assume that gcd(n + 1,q) = 1 and char F, is
even. Then n is even and én(a, b) is LCD if and only if

a/b¢{—1/b+6i+9*i:1 <i< g}
where 0 is a primitive (n + 1)-th root of 1.

Proof. Note that —1 is an eigenvalue of T),(a,b) iff —1/b is an eigenvalue of T, (a/b)
by Lemma 2.4. This holds iff E,,((a + 1)/b) = 0 by Proposition 2.1. We complete the
proof using Theorem 2.1 as in the proof of Theorem 2.3. U

Theorem 2.7. For a,b € F, with b # 0 and an integer n > 2, consider the [2n,n],
code Cy(a,b) given in Definition 2.5. Assume that ged(n + 1,¢) = 1 and char F, is
odd. Then én(a, b) is LCD if and only if

a/b @ {—p/b+0+07":1<i<n}U{p/b+0 +0":1<i<n},
where u?> = —1 and 0 is a primitive 2(n + 1)-th root of 1.

Proof. The proof is similar to those of Theorem 2.6 and Theorem 2.4. Note that —u
or yu is an eigenvalue of T}, (a,b) iff —pu/b or /b is an eigenvalue of T, (a/b) by Lemma
2.4. This holds iff E,((a + u)/b) = 0 or E,((a — p)/b) = 0 by Proposition 2.1. We
complete the proof using Theorem 2.1 as in the proof of Theorem 2.4. U

2.5. Extension of the results for ged(n + 1,¢) # 1. First we introduce further
notation: For positive integers a,b and a nonnegative integer u, b" || a denotes that
b |a and b“*! { a. In the following theorem we recall the result in [3, Theorem 4] for
the arbitrary case including ged(n + 1,¢q) # 1.

Theorem 2.8. Let n > 1 be an integer. For the characteristic p of F,, let r be the
nonnegative integer such that p” || (n +1). Let m be the nonnegative integer such that
n+1=p"(m+1). We have the following:
® p 15 odd:
E'n(q;) = Em<I>pT (IE‘ . 2)(11*_1)/2(‘%. 4 2)(1)7“—4—1)/2 and E’m(x> — H (IE _ (62 + 9—7,)) :
i=1
where 0 is a primitive 2(m + 1)-th root of 1.
e p=2:then m is even and
m/2
E,(z) = Epn(2)* 2* 7" and E,,(z) = H (z— (0" + H_i))Q,

=1

where 0 is a primitive (m + 1)-th root of 1.

We extend Theorem 2.6 (and hence Theorem 2.3) for ged(n + 1, q) # 1.
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Theorem 2.9. For a,b € F, with b # 0 and an integer n > 2, consider the [2n,n],
code é’n(a, b) giwven in Definition 2.5. Assume that char F, is even. Let r be the
nonnegative integer such that 2" || (n +1). Let m be the nonnegative integer such that
n+1=2"(m+1). Assume that r > 1 (see Theorem 2.6 for the remaining case that
r=0). We have that m is even. If m > 0, then Cy(a,b) is LCD if and only if

a/bg {—1/b}u {—1/b+6i+9*i 1<i< %}

where 6 is a primitive (m + 1)-th root of 1. If m = 0, then C,,(a,b) is LCD if and only
if a # 1.

Proof. The proof is similar to that of Theorem 2.6. The main difference is that we use
Theorem 2.8 instead of Theorem 2.1. |

Now we extend Theorem 2.7 (and hence Theorem 2.4) for ged(n + 1,q) # 1.

Theorem 2.10. For a,b € F, with b # 0 and an integer n > 2, consider the [2n,n],
code én(&, b) given in Definition 2.5. Assume that char F, is odd, which is p. Let r be
the nonnegative integer such that p” || (n +1). Let m be the nonnegative integer such

that n + 1 = p"(m + 1). Assume that v > 1 (see Theorem 2.7 for the remaining case
that v =0). If m > 0, then Cy,(a,b) is LCD if and only if

{—p/b+2,—pu/b—2,u/b+2,u/b—2} U{—p/b+ 60 +607":1<i<m}

b /0
Ao b+ 071 <i<m),

where p? = —1 and 0 is a primitive 2(m + 1)-th root of 1. If m = 0, then én(a,b) is
LCD if and only if a/b & {—p/b+2,—pu/b—2,1u/b+2,u/b—2}.

Proof. The proof is similar to that of Theorem 2.7. The main difference is that we use
Theorem 2.8 instead of Theorem 2.1. U

Next we extend Corollaries 2.1, 2.2, 2.3 and 2.4.

Corollary 2.5. Let b € F, with b # 0 and n > 2 an integer. Assume that char F, is
even. Let r be the nonnegative integer such that 2" || (n+1). Let m be the nonnegative
integer such that n +1 = 2"(m + 1). Assume that r > 1 (see Corollary 2.1 for the
remaining case that r = 0). If ¢ > m/2+ 1, then there exists a € F, such that Cy,(a,b)
is LCD.

Proof. The proof is similar to that of Corollary 2.1. We have ¢ > m/2 + 1 instead of
q > m/2 in the hypothesis as x = 0 is a root of E,(x) for r > 1. O

Corollary 2.6. Let b € F, with b # 0 and n > 2 an integer. Assume that char F, is
odd. Let r be the nonnegative integer such that 2" || (n+ 1). Let m be the nonnegative
integer such that n +1 = 2"(m + 1). Assume that r > 1 (see Corollary 2.2 for the
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remaining case that r = 0). If ¢ > 2m + 4, then there exists a € F, such that C’n(a, b)
is LCD.

Proof. The proof is similar to that of Corollary 2.2. We have ¢ > 2m + 4 instead of
q > 2m in the hypothesis as x = 2 and x = —2 are roots of E,(z) for r > 1. O

Corollary 2.7. Let b € F, with b # 0 and n > 2 an integer. Assume that char F, is
even. Let r be the nonnegative integer such that 2" || (n+1). Let m be the nonnegative
integer such that n +1 = 2"(m + 1). Assume that r > 1 (see Corollary 2.3 for the
remaining case that r = 0). Furthermore, assume that ged(m + 1,¢> — 1) = 1. We
have that Cy,(a,b) is LCD for all a € F,\ {1}.

~

Proof. The proof is similar to that of Corollary 2.3. We have C,(a,b) is LCD for all
a € F,\ {1} instead of for all a € F, in the conclusion as C,(1,b) is not LCD by
Theorem 2.9 when r» > 1. O

In the following corollary there are no differences in the conclusion for the cases
g =1 mod 4 and ¢ =3 mod 4, which is not the situation in Corollary 2.4.

Corollary 2.8. Let b € F, with b # 0 and n > 2 an integer. Assume that char F, is
odd, which is p. Let r be the nonnegative integer such that p” || (n +1). Let m be the
nonnegative integer such that n+1 = p"(m+1). Assume that r > 1 (see Corollary 2.4
for the remaining case that r = 0). Furthermore, assume that

e If¢g=1 mod 4, then ged(m + 1,(¢*> — 1)/2) = 1.

e If¢=3 mod 4, then ged(m + 1, (¢* — 1)/2) divides (¢ —1)/2.

Let i € Fpa such that > = —1. We have that Cy,(a,b) is LCD for all a € F,\ {u +
2b, ;o — 2b, —p + 2b, 1 — 2b}.

Proof. The proof is similar to the proof of Corollary 2.4. We have C,,(a, b) is not LCD
for a € {ju+2b, p1— 2b, —pu+ 2b, ;1 — 20} as Cy(a,b) is not LCD if a/b € {u1/b+2, ju/b—
2,—u/b+2,—pu/b— 2} by Theorem 2.10 when r > 1. O

3. CONCATENATION

In this section we construct LCD codes over F, with prescribed large minimum
distance using DT that we characterize in Theorems 2.9 and 2.10 over an extension
field F;s and a kind of concatenation. It is not difficult to observe that most of the
concatenation maps do not work as they would not respect LCD property over the
base and the extension fields. Hence we use an isometry map, which is introduced in
[7] as a special concatenation respecting LCD property. The minimum distance of the

DT codes in Theorems 2.9 and 2.10 have minimum distance at most 3. However, the
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minimum distance of the isometry code can be arbitrarily large, provided the length
of the isometry code is increased if necessary.

First we recall some results and notations from [7].

Definition 3.1. Let n > s > 2 be integers. An Fy-linear map 7 : Fjs — IF;‘ is called
an isometry if there exists a basis (ey,...,e;s) of Fys over F, such that

m(ei) - m(e)) = biy
for all 1 <i,j < s. Here - is the Euclidean inner product on Fy, (e}, ..., ¢;) is the dual
basis of (ej,...,e,), and 0, ; is the Kronecker delta.
The image 7(F,:) is an [n, s], code, which we call an isometry code. Let dyax—isometry (¢; [72, S])

be the largest nonnegative integer d such that there exists an isometry 7 : Fgs — Fy

and 7(Fg<) has minimum distance d.

Note that dmax—isometry (¢; [, S]) coincides with the largest maximum distance of [n, s,
codes for many parameters. For example dmax—isometry (2; [4, 2]) = 2, dimax—isometry (2; [0, 3]) =
2 and dmax—isometry (3; [5, 2]) = 3 (see [7]).

Let s > 2 be an integer. Let n > s be an integer such that dmax—isometry (¢, [, 5]) > 1.
Let m : Fys — Fy be an isometry such that 7(F,) is an [n,s,d], code, where d =
sty (¢, 1, ). A

For a,b € Fys with b # 0 and an integer N > 2, let C'y(a,b) be the 2N, N], code
given in Definition 2.5.

Let 7N - F2N — F2" be the Fy-linear map given by

79N (cy, ... ean) = (m(er), ..., m(can)) .

We use these notations in the following two theorems.
Now we are ready to construct LCD codes of arbitrary minimum distance using
tridiagonal Toeplitz matrices over extension fields and isometry. First we present the

even characteristic case.

Theorem 3.2. Under notations as above assume that char F, is even. Let r be the
nonnegative integer such that 2" || (N +1). Let m be the nonnegative integer such that
N+1=2"(m+1). Let 0 be a primitive (m + 1)-th root of 1. Moreover we assume the
following in the corresponding cases:

o Ifr=0,thena/bg{1/b+6"+67":1<i<m/2}.
o [fr>1andm =0, then a # 1.

e Ifr>1andm>1, thena/bg {1/} U{1/b+6"+67":1<1i<m/2}.
Then m®2N <C’N(a,b)> is an LCD code with parameters [2nN,sN, D*|, such that
D* > dD, where D is the minimum distance of Cy(a,b).
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Proof. Using Theorem 2.9 we obtain that C’N(a, b) is an LCD code over the extension
field F s with minimum distance D. As 7(F,+) is an [n, s, d], isometry code, we complete
the proof by [7, Theorem 3.1]. O

Next we consider the odd characteristic case.

Theorem 3.3. Under notation as above assume that char F, is odd, which is p. Let
r be the nonnegative integer such that p" || (N +1). Let m be the nonnegative integer
such that N +1 = p"(m+1). Let 0 be a primitive 2(m + 1)-th root of 1. Let u?> = —1.
Moreover, we assume the following in the corresponding cases:
o [fr =0, then
a/bg {—p/b+0"+07":1<i<m}U{u/b+0 +0":1<i<m}.

o I[fr>1and m =0, then
a/b & {—p/b+2,—p/b—2,u/b+2,u/b—2}.

e I[fr>1and m > 1, then
ofb & {=n/b+2,=p/b=2,1/b+2,p/b =2} U{~p/b+ 0"+ 67" :1<i<m}
U{p/b+0"+07":1<i<m}, '

Then w®2N (C’N(a, b)) is an LCD code with parameters 2nN, sN, D*|, such that D* >

dD, where D is the minimum distance of C(a,b).

Proof. The proof is similar to that of Theorem 3.2. The difference is that we use
Theorem 2.10 instead of Theorem 2.9. |

In the following examples, we illustrate how to construct LCD codes with a prescribed
lower bound on the minimum distance over small fields, in particular Fy and 3, using
the methods of this paper. In fact, we obtain good codes having optimal and almost
optimal parameters and the actual minimum distances of our constructed codes are
even better than the prescribed lower bounds in these examples.

Example 3.1. Let s = 2, ¢ = 2 and N = 4. Let w be a primitive element of Fys
satisfying w? +w + 1= 0. For a = w and b = 1, the [2N, N], code C’N(a,b) given
in Definition 2.5 is an LCD code having parameters [4,2,3|y (see Theorem 2.9). Put
n=4. Fora; =w, ay =w? a3 =1 and ay = 1, the F,-linear map

m:Fp — Fy
r = (Tr(aiz), Tr(agz), Tr(asz), Tr(asx))
is an isometry map such that the corresponding isometry code w(Fy) is an [4,2,2],

code. Here Tr s the trace map from Fys onto F,. Using Theorem 3.2 we obtain that
T®2N <C’N(a, b)) is an LCD code with parameters [16,4, D*]y with the prescribed lower
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bound on the minimum distance D* given by D* > 6. In fact using Magma [4] it is
easy to verify that D* = 7. This is an optimal LCD code, namely the largest minimum
distance D of LCD code with parameters [16,4, D]y is 7 (see [1]).

Example 3.2. Let s = 3, ¢ = 2 and N = 4. Let w be a primitive element of Fs
satisfying w® + w4+ 1=0. For a = w and b = w", the [2N, N],s code éN(a,b) given
in Definition 2.5 is an LCD code having parameters [4,2, 3]y (see Theorem 2.9). Put

n=>5. Fora; =w?, ay =w’, a3 =w®, ay =1 and a5 = 1, the F,-linear map

V[ Fqs — IF;L
r +— (Tr(ayz), Tr(asx), Tr(agz), Tr(asx), Tr(asz))

is an isometry map such that the corresponding isometry code w(Fys) is an [5,3, 2],
code. Here Tr 1s the trace map from Fys onto F,. Using Theorem 3.2 we obtain that
n®2N <C’N(a, b)) is an LCD code with parameters [20,6, D*]y with the prescribed lower
bound on the minimum distance D* given by D* > 6. In fact using Magma [4] it is
easy to verify that in fact D* = 7. This is an almost optimal LCD code, namely the
largest minimum distance D of and LCD code with parameters [20,6, D]y is 8 (see [1]).

Example 3.3. Let s = 2, ¢ = 3 and N = 4. Let w be a primitive element of F s
satisfying w? + 2w + 2= 0. For a = 2 and b = w, the [2N, N, code C’N(a,b) given
in Definition 2.5 is an LCD code having parameters [4,2, 3]y (see Theorem 2.10). Put

n=>5. Fora; =w, aa = w, a3 = w?, ay = w* and a5 = 2, the F,-linear map

V[ ]Fqs — ]FZ
r +— (Tr(ayz), Tr(asx), Tr(agz), Tr(asx), Tr(asz))

is an isometry map such that the corresponding isometry code w(Fys) is an [5,2,3]3
code. Here Tr is the trace map from Fys onto F,. Using Theorem 3.2 we obtain that
n®2N <C’N(a, b)) is an LCD code with parameters (20,4, D*|5 with the prescribed lower
bound on the minimum distance D* given by D* > 9. Using Magma [4] it is easy to
verify that in fact D* = 10. The largest minimum distance D of an LCD code with
parameters [20,4, D]s is 12 by [2, Table 7].

4. CONCLUSION

In this paper we have constructed LCD double Toeplitz codes from tridiagonal sym-
metric Toeplitz matrices. It would be worthwhile to extend these results to symmetric
Toeplitz matrices with more than three nontrivial diagonals. We conjecture that this
might require multivariate Dickson polynomials [10]. This might help to construct DT
codes over small fields without recourse to the concatenation process of the previous

section.
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