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Abstract. This paper investigates the concave integral for capacities defined over
large spaces. We characterize when the integral with respect to capacity v can be rep-
resented as the infimum over all integrals with respect to additive measures that are
greater than or equal to v. We introduce the notion of loose extendability and study its
relation to the concave integral. A non-additive version for the Levi theorem and the
Fatou lemma are proven. Finally, we provide several convergence theorems for capacities

with large cores.
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1. INTRODUCTION

Choquet integral [2] was the first to deal with integration according to a capacity.
Choquet introduced an integral which coincides with that of Lebesgue when the capacity
is additive. Lehrer [4] presented a concave integral, which differs from the Choquet
integral when the capacity is not convex (super modular), and characterized it when
the underlying space is finite. This paper investigates the concave integral when the
underlying space is large (not necessarily finite).

The connection between the integral with respect to (w.r.t.) capacities and the the-
ory of decision making under uncertainty was made by Schmeidler [9] who proposed an
alternative theory to the traditional expected-utility theory of von-Neumann and Mor-
genstern [7]. According to Schmeidler’s model decision makers evaluate their alternatives
using non-additive probabilities, namely capacities, and the Choquet integral.

Lehrer [5] proposed a model of decision making with partially-specified probability.
This model suggests that decision makers obtain partial information about the governing
distribution and they utilize this partial information by resorting a variant of the concave

integral.

For a fixed capacity v we define the loose core to be the set of all additive measures
that are greater than or equal to v. It turns out that, unlike the finite case, in general
the loose core could be empty. The first results of this paper concern the possibility of
representing the integral w.r.t. a capacity v in a dual fashion, namely as the infimum of
integrals w.r.t. measures in the loose core. When the capacity is defined over a finite
space, this kind of a representation is always possible and is a consequence of a separation
theorem (see Lehrer [4]). In the general case, however, it is not true that the integral can
always be represented in this way. We characterize when the loose core is not empty and
when the integral coincides with the infimum of integrals w.r.t. measures in the loose
core.

A capacity v over a finite space has a large core (see Sharkey [10]) iff the core of v
is not empty, and for every additive measure p > v, there exist an additive capacity
p > P > wv. Lehrer [4] and Azrieli and Lehrer [1] showed the implication of a large core
to the concave integral in the finite case. In case v has a large core, then whenever the
integral of a non-negative function f is the infimum of integrals of f w.r.t. measures
in the loose core, it is also the infimum of integrals of f w.r.t. measures in the core.

Furthermore, the integral is invariant to the addition of a constant. That is, the integral
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of f+ ¢ w.r.t. v, where ¢ is a constant, is equal to the sum of the integral of f with
respect to v and c.

It turns out that representing the integral in a dual fashion is tightly connected with
a property called loose extendability. We say that a capacity v is loosely extendable if for
any subset, say Y, any additive measure over Y which is greater than or equal to v over
Y can be extended to a member in the loose core. The second type of results deals with
the connection between loose extendability and the concave integral. For every subset
Y of the entire space we define an auxiliary capacity over Y, based on the maximal
marginal contribution of A C Y to any subset in the complement of Y. Some properties
that the concave integral w.r.t. this auxiliary capacity might possess determine whether
the capacity v is loosely extendable.

Convergence theorems are the last results of the paper. Li and Song [8] formulated a
few convergence theorems that refer to the Choquet integral. They proved that when-
ever an increasing sequence of non-negative measurable functions converges almost ev-
erywhere to a measurable function, then the sequence of Choquet integrals converges to
the Choquet integral of the limit function. In this analysis the precise definition of what
is ‘almost everywhere’ w.r.t. a capacity is crucial.

When a capacity is a measure, a property is satisfied almost everywhere if it is satisfied
over a set whose capacity is 1. According to the definition of Wang and Klir [11], a
property is satisfied almost everywhere w.r.t. a capacity if it fails to be satisfied over a
set of capacity 0. Using this definition Li and Song [8] proved a monotonic convergence
theorem w.r.t. the Choquet integral.

The definition of Wang and Klir [11] does not guarantee a convergence theorem w.r.t.
the concave integral. We adopt a stronger definition of ‘almost everywhere’. Assuming
the stronger definition, we establish integral convergence theorems. Specifically, we prove
versions of Levi monotonic convergence theorem and the Fatou lemma for capacities.

Making use of the integral’s representation, we strengthen these results for integrals
w.r.t. capacities that have a large core, and we prove a non-additive version for the dom-

inated convergence theorem.

The paper is organized as follows. Section 2 introduces the integral. Section 3 compares
the concave integral and the Choquet integral. Section 4 characterizes the representation
of the integral. Connections between the concave integral and the notion of extendabil-

ity appear in Section 5. Section 6 deals further with representation of integrals w.r.t.
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capacities with large cores. Section 7 presents integral convergence theorems, and we

conclude with some final comments in Section 8.

2. THE CONCAVE INTEGRAL FOR CAPACITIES

Let X be some set, F be a o-algebra over X.

Definition 1. Consider an estended' set function (or simply, set function) v : F —
0, 00] such that v(B) = 0.
e v is monotone iff v(A) < v(B) for all A C B where A,B € F.
e v is an additive measure iff v is finite, that is v(X) < oo, and V(AU B) =
v(A) + v(B) whenever A, B € F are disjoint.

e v is a capacity iff it is monotone and v(X) = 1.

Let M denote the collection of all non-negative measurable functions from X to R,.?
An extended function H : M — [0, 00] is concave iff H(af + (1 — a)g) > aH(f) +
(1 — a)H(G) for every a € (0,1) and f,g € M, and it is positive homogeneous iff
H(af) = aH(f) for every @ > 0 and f € M.

Fix a capacity v and f € M.

Definition 2 (Lehrer [4]). The concave integral of f over A w.r.t. v is defined by
Cav

(1) fdv:=inf{H(f - 14)},

A
where the infimum s taken over all concave and positive homogeneous extended functions
H : M — [0,00] that satisfy H(1g) > v(E) for all E € F, with 1g being the indicator
function of E.

Remark 1. By considering concave and positive homogeneous functions to be extended
functions (i.e., that might infinite) we allow, just as in the additive case, for mon-
integrable functions. This guarantees that the infimum in eq. (1) is not taken over

an empty set of functions.

Given a monotone extended set function v, the concave integral w.r.t. v is defined in

the same manner.

IThe word extended signifies that the function may take the value infinity.

2A real function f is measurable iff f~1(B) € F for every Borel set B of real numbers.
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We say that f is integrable over A € F if fAccw fdv is finite. If f is integrable over X

we say that it is integrable.

Proposition 1. For every capacity v and a measurable non-negative function f,

Cav

fdv —sup{Z)\v Z)\ I, < f-lu, Ay, ..., Ay € F and )\izo,NeN}.
A

Remark 2. a. If v is a measure, then the concave integral w.r.t. v is the usual Lebesque
integral.

b. Lehrer [4] proved proposition 1 in the case where X is finite.

Proof. Define Wa(f) = sup { Si, Nv(Ay); S5 Nilla, < -1, A, .., Ay € Fand \; >
0,N € N}. We show first that Wa(f) > CCW fdv forevery f € Mand A € F. Let g, h €
M. If ZigN Ailly, < h-1,4 and ngM ozj]IBj < g- 1, then ZiSN Ailly, +2j§M ajlip, <
(g+h)-14. Thus, Wa(-) is super additive. That is, Wa(g) + Wa(h) < W4(g+h). Since
W, is also homogeneous, it is concave. Finally, since W4 (14) > v(A) for all A € F, we
get the desired inequality.

To prove the inverse inequality, fix a concave and homogeneous H : M — R satisfying
H(1p) > v(B) for all B € F. Such a function H is super additive. Indeed, for g,h € M,

H(h+ g) = H<2 (g + g)) —oH (g + g) > 2<%H(h) + %H@)) — H(h) + H(g).

Now, for every Zig]\f ANilly, < f- 1y,

H(f) > H( Y Al ) > Y NH (1) >ZAU

i<N i<N
Thus,
H(f) =2 Wa(f)-
Since H is arbitrary, we conclude that [/ W v > Walf). O

Notice that the proof also shows that the infimum in eq. (1) can be replaced by
minimum and the latter is obtained at H = W4.

From this point on we denote this integral of f w.r.t. v by [ « fdv, omitting the notation
‘Cav’.

Whenever v is a measure than [, 14dv = v(A) for every A € F. In the non-additive
case, if the latter equality holds for every A € F we say that v is totally ballanced (TB).

However, it is not hard to construct an example that [, 14dv > v(A) for some A € F.
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The following lemma shows that in the view of the concave integral all capacities are

totally balanced.

Lemma 1. Given a capacity v over F, the capacity over F defined by

i(A) = /X Ludv

satisfies the following properties:

(i) 0 > v;

(i) [ fdvo = [y fdv for every f € M; and
(iii) © is TB.

Proof. (i) By definition of the concave integral v(A) < [ N4dv for all A € F, therefore
v < 7.

(ii) Let f be some non-negative integrable function. Since ¢ > v, [ < fdo > S < fdv.

Fix ¢ > 0. There exists Y_r_, A1y, < f such that [ fdv < S \d(Ag) + e. Now,

K K
/ fd@gZ)\k@(Ak)+5:Z)\k/ ]lAkdv+5§/ fdv+e.
X k=1 k=1 X X

If f is not integrable then by (i) we have the desired result.
Notice that this means that 0(A) = [ N4dv for every A € F. Therefore ¢ is TB and

we have (iii). d

v is called the totally balanced cover of v.

3. THE CONCAVE INTEGRAL AND THE CHOQUET INTEGRAL

Given a capacity v and a non-negative measurable function f, the Choquet integral
of f w.r.t. v over A € F is defined by
Cho

(2) fdv:= /Ooov({s € A; f(s)>t})dt,

A
where the latter integral is an extended Reimann integral. by the definition of the

Reimann integral

Cho N N
fdv = sup { Z)\iv(Ai); ZAi]lAi < flly, {A}Y, € Fis decreasing, \; > 0, N € N},
i=1

A i=1

where by decreasing we mean that A;,; C A; for every 1 <i < N — 1.
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A summation Zf\il Ailly, is a lower evaluation for f € M if it is less than or equal to
f. The value w.r.t. v of such a lower evaluation is S, \;v(A;). The concave integral of
f w.r.t. v is the supremum of values over all lower evaluations for f. We have seen that

Choquet integral is the supremum of values over a particular partial collection of lower

)gho fdv for every f and A € F.

The following example shows that the two integrals do not always coincide.

evaluations. In particular, [ 4 fdv >

Example 1. Let X = [0,1] endowed with the Borel o-algebra. Define a capacity v as

follows. For every A € F

1, {0} S A

v(A) = A };t o

0, otherwise.
Let f = Ix + gy and g = LIx + Lgoy. Now, v({f > z}) = v({g > x}) for every
x € [0,1], thus f[g'?]o fdv = f[oc}ll]o gdv. Moreover, both integrals are equal to 1. On the
other hand, f[O,l] fdv = 1, whereas f[o,l] gdv = v([0,3]) + v({0} U (3,1]) = 2. Note that
the two functions differ only at 0 and 1, but 0 is more likely than 1 in the sense that
1 =v({0}UA) >v({1} UA) =0 for every A € F that does not contain 0 or 1. As
oppose to the Choquet integral, the concave integral takes into account these differences

and as a result valuates g more than f.

The question arises as to when the two integrals coincide. A capacity v is conver iff
v(A)+v(B) <v(AUB)+v(ANB) forall A,B e F.

Proposition 2. The concave integral coincides with the Choquet integral iff v is convex.

Proof. The first implication is simple. Indeed, if a capacity v is not convex, then there

exist A, B € F such that v(A) +v(B) > v(AUB) +v(AN B). Thus

Cho

/ (14 + 1p)dv > v(A) +v(B) >v(AUB)+v(ANB) = / (14 + 1p)dv.

Now, assume that v is convex. Let f € M be such that | « fdv < oo, then for every
e > 0 there exist 3. A\;ll4, < f such that

N Cho N Cho
/ fdv < Av(Ay) +e < / > Allado |+ < fdv+e,
X i=1

X p b
where the second inequality holds due to Lovasz [6] and Azrieli and Lehrer [1] (given such

a lower evaluation of f we can reduce ourselves to the finite case). Since ¢ is arbitrarily
small we have that [  fdv < Cho

~ Jdv. The other inequality always holds therefore
[ fdv = )((Jho fdv.
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If [, fdv = oo then for every large L there exist SV Ay, < fsuch that 3TN A\u(4;) >

L. The proof from this point is similar to the one above. O

4. REPRESENTATION OF THE INTEGRAL

The main result of this paper concerns the representation of the integral.

Let F(X) be the Banach space of all measurable bounded functions over X, endowed
with the sup norm.? Denote by F£(X) the closed convex subset of F.,(X) containing
all non-negative functions.

We note first that, as a functional, the integral w.r.t. a capacity need not be continuous
over F1(X).

Example 2. Consider the capacity v over N such that for every A C N, v(A) =
max {%, n e A}.

For every n € N let,
]1{1,...,71}

Zzgnv({z})

Sy fdv = 1, while { fu}nen converges to 0 in the norm.

fn =

For f € F1(X) we define, with abuse of notation,

o(f) = inf/X(ers)dv.

e>0

It is always true that 0(f) > [ fdv.

Definition 3. Let v be a monotone set function.

(1) The loose core of v, denoted by LsCore(v), is the set of all additive measures that
are greater than or equal to v.

(2) The core of v, denoted by Core(v), is the set of all additive measures P € LsCore(v)
such that P(X) = v(X).

The capacity in Example 2 has an empty loose core.

Theorem 1. Let v be a capacity and let f € FE(X) such that o(f) < co. 0(f) = [y fdv

uf
dv=  inf dpu.
/X f neLsCore(v) /X f a

3That is for every f € Fuoo(X), ||f|| = supyex |f(x)]. Note that this is not the usual essential

supremum norm of almost everywhere bounded measurable functions.
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Proof. Assume first that [, fdv = inf,crscore(w) [x fdp. Then, 9(f) = infosg [ (f +
e)dv < inf.oq [, (f +¢€)dpu for every finite and additive measure 1 € LsCore(v). The last
term is equal to infevg [y fdp +¢e- u(X) = [ fdp, which proves the ‘if” direction.

As for the inverse direction, assume that o(f) = [ « fdv. © is upper semicontinuous?
over F1(X). Indeed, consider a sequence {f,}nen C FL(X) that converges in the
norm to f € Ff(X). Fix ¢ > 0. There exist 6 > 0 and N € N such that o(f) >
Jx [+20dv—e> [, fu+ddv—e>0(f,)—e¢, forall n > N. Since ¢ is arbitrary small
we have that 0(f) > lim, . 0(f,). In the same way, applying the integral’s concavity,
we get that o is concave over Ff (X).

We obtained that v is an upper semicontinuous concave function defined over F (X),
which is a closed convex subset of a Banach space Foo(X). Thus, ¢ is the infimum over
all affine functions greater than or equal to ¢ over Ff (X) (see e.g., Ekeland and Temam
3)).

Now fix f € FL(X) and € > 0. There is a linear function ¢ and a constant ¢ such that
o(f) < o(f)+c<o(f)+eand 0(g9) < p(g)+c for every g € FL(X). Let k be a positive
number and apply the previous inequality to g = kf. We get, 0(kf) < @o(kf) + ¢. Since
both ¢ and © are homogenous, ko(f) < ke(f) +c. Thus, 9(f) < ¢(f) + 7. On one
hand, k£ can be arbitrary close to zero, meaning that ¢ > 0. On the other hand, k can
be arbitrary large which means that 0(f) < o(f) < 0(f) + . We conclude that ¢ is the
infimum over all linear functions that are greater than or equal to ¥ over Ff(X).

Any linear ¢ which is greater than or equal to ¢ over F.1(X) induces a finite measure:
P(A) = p(1,4) for every A € F. Since v(14) > v(A), ¢(A) > v(A). Moreover, p(f) >
[ fd¢. Indeed, if "7, N1y, < f, then

ZAM ZAM (La,) (Z)\HA) (f)-

The last inequality is due to the fact that f — \1s, € FL(X) and p(f — \1s,) >
o(f — Nlly,) > 0. Thus, [, fd¢ < ¢(f) and the proof is complete. O

The following example illustrates a case where o(f) > [, fdv.

Example 3. Let X = (0,1) endowed with the Borel o-algebra, and let v(A) = 1 if A

contains an open neighborhood of 1 and if 0 is an accumulation point of A; otherwise,

4A function H : X — R is upper semicontinuous iff for every x,, — z (in the norm), limsup H (z,) <
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v(A) = 0. Consider f = 11 . It is easy to check that [ fdv =0, whereas [ (f+¢e)dv =
1 for all e > 0. Thus, 0(f) > [ fdv.

Corollary 1. The following are equivalent:

(i) LsCore(v) # 0;

(1) [y dv < oo;

(i) [y fdv < oo for every f e FL(X);

() v(f) < oo for every f € FL(X); and

(v) The set of all concave and positive homogeneous functions H : F1(X) — [0, 00) that
satisfy H(1g) > v(E) for all E € F is not empty.

Proof. By the monotonicity and homogeneity of the integral, we have that (ii),(iii)
and (iv) are equivalent and that (i) implies (ii). Now, assume (ii), that is v(lx) =
infosg [ (1 4+ €)dv = infoso(l +¢) [y dv = [, dv < co. Theorem 1 holds for 1, in
particular LsCore(v) is not empty, and we have (i). Finally, it is clear that (ii) and (v)

are equivalent. O

Corollary 2. Let f € FL(X) be a function such that inf{f(x); x € X} > 0 and
0(f) < oo. Then,

3 dv = inf du.
( ) /Xf ,uGLsCore(v)/Xf H

Proof. We prove that o(f) = [ « fdv by showing that the integral w.r.t. v is continuous
at f. Fix € > 0. Since inf{f(x); © € X} > 0, there is 6 > 0 such that (1 —¢)f < f. <
(14 ) f for every non-negative f. in the open ball centered at f with radius e. Define,

5:mf{5>o; (1—06)f < f. < (1+06)f for all feeBe(f)}.

Note that § — 0 as & — 0.

Since the integral is homogenous and monotonic, we obtain

(1—3)/dev§/xfsdv§(1+5)/dev.

By letting e — 0, we conclude that [, fodv — [ fdv. O

Let v be a monotone set function and A € F. Fy = {FF C A;F € F}. Define
va = v|g,, that is va(F) = v(F) for all F' € F4.
For f € FL(X) define PD(f) := {z € X; f(x) > 0}. The next example shows that

in general the conclusion of Corollary 2 is incorrect.
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Example 4. Recall Ezample 3. There, PD(f) = [3,1) and the infimum of f over PD(f)
is greater than 0. Corollary 2 states that eq. (3) holds. Indeed, fX fdv = fX fdug, where
po 18 tdentically zero over Fpp(yy. Let P be the additive capacity assigning 1 to sets that
contain an open neighborhood of 1, and 0 otherwise. LsCore(v) consists only of additive
measures of the form cP, where ¢ > 1. The integral of f w.r.t. any member of LsCore(v)

is greater than 1. Thus, the integral of f w.r.t. v cannot be expressed as eq. (3).

Now, for g € F£(X), similar to 0 we define 0pp(s)(9) == [ (g + ¢ Upp(s))dv. When
inf{f(x); x € PD(f)} > 0 we can prove, just as in Corollary 2, that

(4) / fdv = inf / fdu.
PD() p€LsCore(vpp(y)) PD(f)

5. EXTENDABILITY

In eq. (4) the infimum is taken over all additive measures  in the loose core of vpp(y).
If any such additive measure can be extended to the whole space while being above v,

then the integral of f could be expressed as in eq. (3).

Definition 4. Let v be a monotonic set function.

(1) An additive measure p € LsCore(vy) is extendable iff there ezists an additive
measure m € LsCore(v) such that my = p.
(2) v is loosely extendable iff for every A € F, every additive measure in LsCore(vy)

is extendable to an additive measure in LsCore(v).
An obvious consequence of Corollary 2 is,

Corollary 3. If v is loosely extendable and O(f) < 0o, then for every A € F,

5 lagdv = inf / Tadp.
<) /X A u€LsCore(v) J x AGH

Note that in Example 4, the measure p defined over PD(f) is not extendable and
therefore v is not loosely extendable. In this example, as well as in any other example
that we could construct, when the integral of f cannot be expressed as in eq. (3), v is
not loosely extendable. We are unable to answer the question whether when v is loosely
extendable, eq. (3) holds true for every f € F(X).

The rest of this section is devoted to presenting results that connect the concave

integral and extendability.
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Let F € F. For any monotonic set function v over Fge, define a new monotonic set

function ¢(g,) over Fg as follows:

Y (A) = sup v(AU B) - v(B).
BCEe

Lemma 2. v is loosely extendable iff fE deEy < oo, for every E € F and p €
LsCore(vge).

Proof. Fix some E € F and p € LsCore(vge). Suppose first that [, dopg,) < oo.
By Corollary 1 there exists py € LsCore(¢p,y). In particular, po(A) > pgu)(A4) >
v(AU B) — u(B) for every A C E and B C E°. Therefore, uo(A) + u(B) > v(AU B).
Thus, py defined as p1 (AU B) = po(A) + pu(B) for every A C E and B C E° is in
LsCore(v) and it extends p.

As for the inverse direction, fix ¢ > 0. Let py € LsCore(v) be an extension of
. Then, for every ZN Ailly, < 1g, there exist By, € E° for all « < N such that
SN N (A) <N, Ai[v(A;UBy,) — u(Ba,)] +¢. The last expression is less than
or equal to Y10y Ai[p1(Ai) + pa(Ba,) — p(Ba)] +& = 2, A (A) + & < m(E) +e.
Thus, [, dem, < m(E) + 1. O

For every E € F and € > 0, define ¥g(e) = sup [ (f + elg)dv — [, fdv, where the
supremum is taken over all f € F£(X) such that PD(f) C E°.

Lemma 3. Let E € F. If [, dpg,s) < 0o, then lim._g¢p(e) = 0.

Proof. Fix f € FL(X) with PD(f) C E° and some € > 0. For every § > 0 there exist
Zf\il )\i]IAiUBAi < f 4 ellg such that

(6) /X(f+511E Z v(A UB) +34,

where A; C E€and B; C Eforall1 <¢ < N. Since, Zi:l Ailly, < f, ZZ]L A fx Ty, dv <
Jx fdv. Eq. (6) implies,

N N
/ (f + elg)dv — / fdv <Y Av(A;UB) +6— ) Nib(A
X X i=1 =1
Z/\2<PEU +5<5/d30(E,1‘;)+5~

Since 4 is arbitrarily Small Jx(f +elg)dv — [, fdv < € [, dpgn. As the right-hand
side does not depend on f and since | 5 dpE.s) < 0o, the proof is complete. U
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The next example shows that the converse of Lemma 3 does not hold.

Example 5. Consider the capacity over the Borel o-algebra over X = [0, 1] defined by

o(4) = { A

otherwise.

Consider E = [ 1] and f = Lgoy. The integral of f equals to 0, while [ (f+elp) =1
for every . Finally, fE doEs) = 1.

Lemma 4. If for every E € F, lim._q¢g(e) =0, then v is loosely extendable.

Proof. Fix some E € F. We show that if lim._g¢g(e) = 0, then [, dop,) < oo for
every 1 € LsCore(vge). By Lemma 2 it implies that v is loosely extendable. If, on
the contrary, fE dog,) = 00, then for every ¢ > 0 there is Z Ailly, < 1g such that
LS Npgn (Ai) < 0N Ni[v(A; U By) — 9(B;)] + ¢, where B; C E-.

Denote [ = Zi:l Aillg,. We obtain 2 < [, f + lpdv — [, fdv+e. Thus, 1 <
[ cf +clgdv— [ cfdv+ ce. If ¢ is small enough so that ce < 3 , then for every ¢ > 0,
we obtained a function cf such that PD(cf) C E° and % < [ef +clpdv— [ efdv which

contradicts the assumption. U

We summarize Lemmas 3 and 4 in the following theorem.

Theorem 2. [, dygq) < oo for every E € F implies lim._oYg(e) = 0 for every E € F,

which tmplies that v is loosely extendable.

Define 9(f) = inf.oo [ (f +€lpp(s)e)dv. Note that v(f) < 0(f) for every f e FL(X).

We conclude this section with a diagram summarizing the relations obtained between

the various properties presented so far.

fE dQO(E’f,) < 00, VE € F
lim. o ¢¥g(c) =0, VE € F — v is loosely extendable

0(f) = Jx fdv, Vf € FL(X)

= fX de, Vf S fot(‘)() if jX dv<oo fX de = inf,uGLsCore(v) fX fd:ua vf € Fot(‘X)
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6. THE INTEGRAL AND LARGE CORES

Sharkey [10] introduced the definition of large core in the case where X is finite. v has
a large core if for every additive measure u € LsCore(v) there is P € Core(rv) such that
p > P >v. When X is finite, LsCore(v) is always not empty. However, in the general

case this should be explicitly assumed.

Definition 5. A monotone set function v has a large core iff LsCore(v) is not empty
and if for every additive measure y € LsCore(v) there is P € Core(v) such that p >
P>v.

Azrieli and Lehrer [1] proved that if X is finite, then a capacity v has a large core if
and only if the integral w.r.t. v can be represented as the minimum of integrals w.r.t.
capacities in the core of v. Moreover, v has a large core if and only if the integral w.r.t.

v 1s additive w.r.t. constants.

Corollary 4. If v is a loosely extendable capacity and has a large core, then Corollary

2 can be restated as follows:

dv = inf dP
/X f v PEé’I;re(v) /X f
for every f € FL(X) such that inf{f(z); x € PD(f)} > 0.

Remark 3. Fxample 4 shows that having a large core is not enough for representing an

integral, that is, being loosely extendable is necessary in the large core case as well.

Lemma 5. Assume that v is a loosely extendable capacity with a large core. Then
Jx(f +e)dv = [, fdv+ ¢ for every ¢ > 0 and [ € FL(X) such that inf{f(z);z €
PD(f)} > 0.

Proof. Always, fX(f + c)dv > fX fdv + c¢. On the other hand, given € > 0 we can find
some P € Core(v) such that

d dP = dP d .
/)((f+C)U§/)((f+C) /Xf +C§/Xf v+cte
Thus, [, (f+c)dv < [, fdv+c. O

The next proposition shows the continuity of the integral w.r.t. capacities with large

cores.
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Proposition 3. Let v be a loosely extendable capacity with a large core. Then the integral
w.r.t. v is continuous over F1(X). In particular, 0(f) = [, fdv for all f € F1(X).

Proof. Consider f € FL(X) and, as before, define f, = . )51, f for every n € N.

Clearly, lim,, o [y fadv < [ fdv.

For the other implication, fix € > 0. There exist NV € N such that f < f, + 5 for any
n > N, and there exist P, € Core(v) such that [, f,P, < [y fudv + 5. We now have
that, for any n > N,

/fdvg/fdPng/fn+§dPn:/fndPn+§§/fndv+a.

Now, assume that {g,}neny C FL(X) is such that g, — f (in the norm). For every
keN, fr € B%(f), therefore, there exist NV € N such that g, € B% (fx) for every n. > N.

Thus,
2 2
/gndvg/<fk+_)dvz/fkdv+_7
X X k X k

lim gndv < lim/fkdv:/ fdv.
n—oo [ k—o0 X X

that is

Conversely, define g, == 1y, ;) 130n- Again, for every k € N, there exist N € N such
that ¢, € B%(f) for every n > N that is, g,, € B%(f), for every n > N. Thus,

2 2 2
/ gndv + — > / Gn, AU+ — = / (Gn, + —)dv > / fdv.
X k D' k b'e k X

lim gnde/ fdv.

Concluding that lim, . [ gndv = [ fdv. O

Therefore,

Theorem 1 implies the following.
Corollary 5. Let v be a loosely extended capacity with a large core. Then,

dv= _inf / dP
/);f PeCore(v) Xf

for every f € FL(X). Furthermore, [ f+cdv= [, fdv+c for every f € Fi(X) and
c>0.
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7. INTEGRAL CONVERGENCE THEOREMS
7.1. The notion of “almost everywhere”. The analysis of the integral’s asymptotic

behavior resorts to the notion of almost everywhere w.r.t. a non-additive capacity v.

Definition 6. A property ¢ over X is a function q : F — F that satisfies, q(A) =
ANg(X) forall Ae F.

For example, let f,g : X — R, be measurable functions. The function ey 4, defined

by erq(A) :=={x € A; f(z) =g(x)} for every A C X, is a property over X.

Definition 7 (Wang and Klir [11]). A property q is satisfied v-almost everywhere iff
v(q(X)%) =0.

In the case where P is additive, if two functions f, g are P-almost surely equal, then
their integrals coincide. The next example shows that in the non-additive case a stronger

definition should be adopted in order to obtain integral equality.

Example 6. Consider the following capacity over X = {0,1,2}. Define
1 0}C A
U<A>::{ =4

0, otherwise.

Now define two functions,

2, =0, 2, x=0,
f@)=4 1, 2=1, andgle)={ 1, 2 =1,
0, =2, 2, x=2.

These functions coincide over a set of capacity 1 and differ over a set of capacity 0, thus
equal “almost everywhere” both according to the standard definition (the additive case)
and to the definition of Wang and Klir [11]. Nevertheless

/fdv:1<2:/gdv.
X X

Whenever two functions f and g are equal P-almost surely, then for every A € F,
P({z € A; f(x) = g(x)}) = P(A). The example shows that in the non-additive case
this is not necessarily so.

The next two lemmas examine the behavior of properties in two families of capacities.
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Lemma 6. Let v be a convex capacity and q a property, then v(q(X)) =1 iff v(q(A)) =
v(A) for every A € F.

Proof. Since q(A) C A, v(q(A)) < wv(A). Assume v(g(X)) = 1. Since v is convex we get,

v(A) +v(¢(X)) <v(AU¢(X)) +v(ANg(X)) = v(g(X)) + v(g(A)).
Thus, v(A) < v(q(A)) and we obtain v(g(A)) = v(A).
On the other hand, if v(q(A)) = v(A) for all A € F, in particular v(¢(X)) = v(X)

and the result follows. O
Definition 8. 1. A capacity is said to be totally balanced iff v( fX Tadv for all
AeF.

2. The integral w.r.t. a capacity v is said to be additive w.r.t. constants iff fX f+ecdv=

fx fdv + ¢ for every measurable non-negative function f and c > 0.

Lemma 7. Assume that v is totally balanced and let q be a property such that v(¢(X)) =
1. If the integral w.r.t. v is additive w.r.t. constants, then v(q(A)) = v(A) for all A € F.

Proof. Assume that A € F is such that v(gq(A4)) < v(A). Let f = 14,. Now

[ ey Do = 0+ 0(g(X) > wla(a) + 1= 15 [ Dy,
X X
implying that the integral is not additive w.r.t. constants. O

Note that a convex capacity satisfies the hypothesis of Lemma 7.
In order to obtain integral convergence theorems we adopt the following definition of

“almost everywhere”:
Definition 9. Property q is satisfied v-a.e. in X iff v(q(A)) = v(A) for every A € F.

Note that the new definition implies both the standard definition of “almost everywhere”
and the definition by Wang and Klir [11].

The following lemma shows that if a property occurs almost everywhere w.r.t. a ca-
pacity v then it occurs almost everywhere w.r.t. the totally balanced cover o. It is easy

to verify that the converse does not always hold.
Lemma 8. If property q occurs v-a.e. then it occurs v-a.e.

Proof. For A € F such that 9(A) < oo, for every € > 0 there exist Z]kvz1 Aelly, < 1,4 such
that 9(A) = [ Tadv < S50 Mev(Ar) +2 = S, Mv(a(Ap) +e < [y Lyaydv + & =
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0(q(A)) + ¢, therefore, 0(A) < 9(q(A)). The other inequality is clear and we obtain the
desired result. If 0(A) = oo than for every large L there exist Z,]j:l Alla, < 14 such
that S \yv(Ag) > L. From this point the proof is similar to the one above. O

7.2. Capacities that are continuous from below.

Definition 10. A monotone set function v is continuous from below iff

lim v(A,) = 1/( U A ) whenever A; C Ay C

n—oo
neN

Remark 4. Let v be an extended monotone set function. Assume that {f,}nen is an
imcreasing sequence of non-negative measurable functions that converges v-a.e. to a func-
tion f. That is, v({z € A; lim f,(z) = f(2)}) = nu(A), for every A € F. If v is
continuous from below, then for every A € F with v(A) < oo, ¢ > 0 and § > 0 there is
N € N such that for everyn > N, v({x € A; f(z) — fu(z) < d}) > v(A) —¢£.

The following is the non-additive version of the Levi monotone convergence theorem.

Theorem 3 (Monotonic convergence 1). Let v be a capacity. lim, fX fndv = fX fdv
for every increasing sequence of non-negative measurable functions { f,}nen converging

v-a.e. to a function f iff U is continuous from below.

Proof. Assume that v is such a capacity that ¢ is continuous from below. Assume at
first that [, fdv < co. Since f, < f, lim [ fodv < [ fdv. We will show that for every
e > 0, there exist M € N such that for every n > M, fX fndt > fX fdv — ¢, and by
Lemma 1 we will have that [ f,dv > [, fdv.

Fix € > 0. There exist Zszl Ailly, < f such that

K
/ fdi =Y Nb(Ap) <e
X k=1

denote by V' := max{0(Ax);1 <k < N}.

By Lemma 8 we have that { fntnen converges v-a.e. to f. Applying Remark 4 to 0,
A=A, ¢ = and 6 = ¢ (k= 1,..., K) one obtains an Ny € N and a set By, C A
that satisfy U(Bk) > U(Ak) — 7o and f(z) — fu(z) < & for every z € By, and every
n > Ni. Set M := max{Ny,..., Ng}. Now, for every n > M we get

/hde(Ak——) (By) zi M\i0(Bp) 5>2)\k( (Ap)— ) 5>/fdv 3e.
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Since € is arbitrarily small, the result follows.
Now, if f is not integrable, that is fX fdv = oo, given a large L, there exist Zszl Ay, <

f such that
K

k=1
The proof from this point is similar to the one above.

For the converse assume that © is not continuous from below, that is there exist a
sequence {A,}neny C F increasing to A such that lim,, 0(A,) < 0(A). Since v is totally
balanced, fX lgdo = 0(F) for every E € F, therefore lim, fX Ty, do < fX 1 4do. O

A conclusion from Theorem 3 is the non-additive version of the Fatou lemma.

Lemma 9 (Fatou). fX fndv < M for all n € N implies fx fdv < M for every sequence
of non-negative measurable functions { f,}nen converging v-a.e. to a function f iff v is

continuous from below.

The proof is presented below as a part of Theorem 5’s proof.
The integral’s continuity from below, as a set function over F, is an immediate conse-

quence of the monotonic convergence theorem.

Corollary 6. Let f be a non-negative measurable function, A € F and {Ap}nen € F is

increasing to A. Then lim,, fAn fdv = fA fdv iff v is continuous from below.

7.3. Large cores and convergence.
Lemma 10. If v is a capacity with a large core, then v is a capacity with a large core.

Proof. v is clearly a capacity since 0(X) = [, dv= [, 0dv+1=1.

0(X) = 1, and by Corollary 1 we have that LsCore(?0) is not empty. Now, fix u €
LsCore(v), then u € LsCore(v). Since v has a large core, there exist some P € Core(v)
such that u > P > v. Given an arbitrary A € F,

b b
Therefore, P € Core(?). O

The following is a second version of a monotonic convergence theorem.
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Theorem 4 (Monotonic convergence 2). Assume that v is a loosely extendable capacity
and has a large core. Then lim, . fx fndv = fx fdv for every increasing sequence
{fn}nen C FL(X) converging to f € FL(X) over a set of capacity 1 iff v is continuous

from below.

Proof. Assume that ¢ is continuous from below. By Lemma 10 the capacity © satisfies
the conditions of Lemma 7 and so {f,}nen converges 0-a.e. to f. Applying Theorem 3

and Lemma 1 we obtain,

n—oo n—oo

lim fndv = lim fnd0 = / fdo = / fdv.
b's X X X
The converse implication is immediate. U

Theorem 5 (Dominated convergence). Assume that v is a loosely extendable capacity
having a large core. lim, .o [y fudv = [ fdv for every {fu}nen € FL(X) converging
to [ on a set of capacity 1 such that f, < g for every n € N where g € FL(X) iff 0 is

continuous from below.

Proof. Assume that v is continuous from below. Again, by Lemma 10 © satisfies the
conditions of Lemma 7, thus {f,},en converges v-a.e. to f. g € FL(X), that is, g is
integrable. f < g v-a.e., thus f is integrable.

For every n € N and z € X, let

gn(z) := inf fi(z).

k>n

For every n € N, g, is measurable since {z; gn(z) < ¢} = U5, {7; fr(x) < c}. Moreover,

0 < g, < fn, that is,
/%Ms/nw
X X

for every n € N. Clearly, {g, }nen increases v a.e. to f. Applying Theorem 3, we obtain
that

n—oo

/ fdio = lim | gndo,
X X

and from Lemma 1 we now have

lim [ fodv= lim [ f,do> lim [ g.do= / fdo = / fdv.
X X n—oo Jx X X

n—oo n—o0

Conversely, fix ¢ > 0. There exist an additive capacity P € Core(0) such that
Jx fdv > [ fdP —e. For every n € N, define A, := {z € X; [f(z) — fu(z)| < €}.
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There exist N € N such that f e 9AP < ¢ for all n > N. Now, for every n > N

/dev:/xfd@Z/deP—sSZ/A fdP—aZ/A fndP — 2e >

2/fndP—?)ez/fndﬁ—?)s:/fndv—?)e.
X X X

Since ¢ is arbitrarily small, we get that | ~ fdv > lim,, | « Jndv, and the theorem is
proved.

The other implications is obvious. U

8. FINAL COMMENTS

8.1. Infinite additive measures. Consider the case that a monotonic set function v
need not be finite, and define the loose core of v to be all additive (not necessarily
finite) measures greater than or equal to v. In this case, given f € FI(X) such that
inf{f(z); x € PD(f)} > 0, any additive measure in LsCore(vpp(s)) could be trivially

extended to an additive measure in LsCore(v), resulting in

dv=  inf dpu.
/Xf neLsCore(v) \/X f a

8.2. Dominated convergence without a large core. We have proven in section
7.3 that every loosely extendable capacity with a large core satisfies the dominated
convergence theorem. The following example shows that having a large core is not a

necessary condition for a capacity to satisfy the dominated convergence theorem.

Example 7. Recall the capacity v from Example 2. Although LsCore(v) is empty, we
will show that this capacity over N possesses the dominated convergence property.
Notice, that for any function f, we have [ fdv = >, .yv({i})f(i). Suppose that
{fn}nen converges v-a.e. to f, and there exists some integrable g with f, < g for all
integers n. In particular, {f,}nen converges to f pointwise.
Let e > 0 and fix an integer K such that ), v({i})g(i) <
so that for each n > M,

i) = F(2)]

5. Let M be large enough

3

<mf0?"all’l§f(
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To see that | [ fudv — [ fdv| < e for every n > M, notice that
= > oI fa(d) = D v{iH @] < D {1 fali) = f(0)] =

‘/fndv—/fdv
N N ieN iEN ieN

ST 0({i) [fali) = FOI+ 32 0({i) 1l - FO) < S 425 =&,

; , 2 4
<K i>K

It would be nice to find a necessary and sufficient condition for capacities which have

such a convergence property.

8.3. Open problems. We leave open the question whether the converse of Theorem 2
is true. In other words, whether v is loosely extendable implies [ 1 dpE,s) < oo for every
EeF.

Another question we leave open is whether, when v is loosely extendable, [ < fdv =

inf e Lscore(v) fx fdu for every f € FL(X).
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