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Main goals:
e Study of (bivariate) quasi-copulas with fractal mass distributions.

e Study of the mass distribution of /"—the point-wise best-possible lower bound
for the set of n-quasi-copulas (and n-copulas).

e As a consequence, not every multivariate quasi-copula induces a signed measure

on [0, 1]".



1. Copulas and Quasi-copulas

e The importance of copulas: Sklar’s Theorem [6, £]. The joint distribution func-
tion H of a random vector (X7, Xs, - - -, X,,) with respective univariate margins
Fi, F,, - -, F,, can be expressed in terms of an n-copula C' that is uniquely de-
termined on X[, Range F; in the form

H(x) = C(Fi(x1), F5(xs), -+, F(x,)), X € [—00,00]".

e The notion of quasi-copula was introduced [!] in order to characterize opera-
tions on distribution functions that can, or cannot, be derived from operations on
random variables defined on the same probability space.

Theorem 1 2| An n-dimensional quasi-copula (or n-quasi-copula) is a function

Q: [0, 1]" — [0, 1] that satisfies:

(Q]) Q(ula"'7ui—1707ui+17"'7un> - OandQ<17°"717ui717”'71> = U
forallu € [0,1]" and for everyi € {1,2,--- ,n};

(02) Q) is nondecreasing in each variable; and

(Q3) the Lipschitz condition: |Q(u) — Q(v)| < Z lu; — v;| Yu,v e |0, 1]"

1=1



e Every n-copula is an n-quasi-copula; and when () is an n-quasi-copula but not
an n-copula, it is said that () is a proper n-quasi-copula.

e Every n-quasi-copula () satisfies that, for every u € [0, 1]",
W"(u) = max (0, Zuz —n+1) <Q(u) < min(u) = M"(u).
i=1

e )M" is an n-copula for all n > 2, W? is a 2-copula, and W" (n > 3) is a proper
n-quasi-copula.

e For an n-quasi-copula () and an n-box B = X' [a;, b;] in [0, 1]", the Q-volume
of B is defined similarly than for n-copulas, i.e.,

Vo(B) =) sen(c) - Q(c).

We refer to V() as the mass distribution of (), and V(B) the mass accumulated
by () on B.

The importance of quasi-copulas:

e Quasi-copulas (and copulas) are a special type of aggregation operators.

e The set of quasi-copulas is a complete lattice.



2. Signed measures

e Every n-copula C' induces a positive measure (i defined on the Lebesgue o-
algebra for [0, 1]".

e Let )\, denote the Lebesgue measure in R”. The measure (¢ is stochastic, i.e.,
for every Lebesgue measurable (L-m) set A in [0, 1]

po((0, 17 x A [0,1]"7) = Ay (A).
® /ic is characterized by the fact that pc(B) = V(B) for every n-box B.

Definition 1 [5] A signed measure . on a measurable space (S, A) is an extended
real valued, countably additive set function on the o-algebra A such that p(()) =
0, and such that | assumes at most one of the values +00 and —o0.

e Many proper n-quasi-copulas () induce signed measures i on |0, 1]" in the
sense that 1g(B) = Vy(B) for every n-box B. Such measures must satisfy:

(a) for every L-m set A in [0, 1], uo([0, 1] x A x [0,1]"7") = A\ (A),
(b) forevery u € [0, 1]",if u; < v; < 1forsomei =1,2,---,n,then

0 < ILLQ([O, Ul] XX [O, ui—l] X [Ui, Ui] X [0, ui—l—l} XX [O, Un}) < V; —U;.



Example 1 Let $1, Sy and s3 be three segments in [0, 1]2, respectively defined by
file) =z +1/3ifx € (0,2/3], folz) = wifx € [1/3,2/3], and f3(x) =
x—1/3ifx € [1/3,1]. We spread a mass of 2/3 uniformly on each of s, and s3,
and a mass of —1/3 uniformly on s,. Let (u,v) € [0, 1]°. If we define Q(u,v) as
the net mass in the 2-box |0, u] X [0,v], then Q) is a 2-quasi-copula. To be exact:

Q(u,v) = min(u, v, max(0,u+v —1,u—1/3,v —1/3)) V(u,v) € [0,1]%.

1

2/3

1/3

0

0 1/3 2/3 1

Thus, there exists a signed measure (i such that po(B) = Vy(B) for every
2-box B in |0, 1]2 (the difference between the positive measure ,ug obtained by
spreading a mass of 2/3 uniformly on each of sy and $3, and the positive measure
o obtained by spreading a mass of 1 /3 uniformly on ss).



3. Bivariate quasi-copulas with fractal mass dis-
tributions

In [4], the authors construct families of 2-copulas whose supports are fractals [3]
by using an iterated function system. We now extend some of the results in [4] to
the case of quasi-copulas.

Definition 2 A quasi-transformation matrix is a matrix T = (t;;), ¢ =
1,2,--- mand 7 = 1,2,---,n, with the column index first and the rows or-
dered from bottom to top, with entries between —1/3 and 1, for which the sum
of the entries is 1, no row or column has every entry zero, the negative entries
are not in the first and the last row or column, e.g. t;,%,,;,t;1, and t;, for all
1=1,2,---.m, j =1,2,---,n, and the sum of the entries in any submatrix of
the form (t;;) fori = a,a+1,---,b, j = c,c+1,---,d is nonnegative when
a=1lorb=1lorc=mord=n.

Example 2 Let 1" be the quasi-transformation matrix given by

0 1/3 0
T<1/3 ~1/3 1/3). (1)
0 1/3 0



Let Ri; = [pi1,pi] X [¢;-1, q;] be a 2-box in [0, 1]* such that p; (respectively, ;)
denotes the sum of the entries in the first ¢ columns (respectively, 7 rows) of 7'
Then, for any 2-quasi-copula @), let T'(()) be the 2-quasi-copula which, for each
(7, 7), spreads mass t;; on R;; in the same (but re-scaled) way in which () spreads
mass on [0, 1]%, i.e

Z L + U= Pi—1 Ztm“' U—{(j th

i1<i,j'<] §'<j 4j-1 i'<i

U—DPi-1 UV —(j—1
+2ij - Q( ; : )
Pi —DPi-1 4 — (g1

)

where empty sums are defined to be zero.

Definition 3 Let 1" be a quasi-transformation matrix. For any 2-quasi-copula (),

we define T™(Q) = T(T™1(Q)), m=1,2,---, where T°(Q) = Q.

Theorem 2 For each quasi-transformation matrix T # (1), there is a unique
2-quasi-copula Qr for which T(Qr) = Q1. Moreover, Qr is the limit of the
sequence {Q, T(Q), T*(Q), - - -} for any 2-quasi-copula Q.



Let 1" be the quasi-transformation matrix given by (1), i.e.,
0 1/3 0
T=11/3 —-1/3 1/3],
0 1/3 0

and let IT* be the copula of independent random variables, i.e., [1*(u, v) = uv for
all (u,v) € [0, 1]*. The mass distributions of 7'(I1*) and T*(IT?):

----------------------------

............................................................




For each iteration m > 1:

o R =3"+ Z;.Z)l 3¢ . 5™~ =1 (number of 2-boxes with (+) mass).

o R =5"—-3"— Z?:ol 3" - 5™~ (number of 2-boxes with (—) mass).
e Total (+) mass 7"(T12): 14 (1/5) S, (5/3)™ .

e Total (—) mass T"(I1%): —(1/5) 71 (5/3)™

o Vimzy([1/3,2/3]%) = —1/3 = T"™(II?) is a proper 2-quasi-copula.
Let T2 = lim T™(IT2).

e Vi ([1/3,2/3]%) = —1/3 = Il3 is a proper 2-quasi-copula.
e Total (+) mass of [15: +o0.
e Total (—) mass of I1%: —oo0.

m—0o0 m—0o0



4. The mass distribution of /"

For any integer k > 2, let T, = {1,2,---,k}. We divide [0, 1]" in the k"
following n-boxes:

n

R(ilai%“"in) :H[ij 7%}7 (2'172.27”'77;71,) ET]?

j=1

Theorem 3 Let n and k be two integers such thatk > n — 1 > 1. Let m =
> i;j—k(n—1). Then

=1

(=)™t [n—2
VWn(R<’Ll, ?:2, s ,Zn)> = k m—1

0, otherwise.

), 1<m<n-—1,

Moreover, for each m, with 1 < m < n — 1, the number of n-boxes

R(iy,i9, -+ ,1,) satisfying that Vipa(R(i1,19, - ,1,)) = (_1;):” (:1__21) LS
<n—1—|—l{:—m>.

n—1




Theorem 4 Let n be an integer such that n > 3, and let M be any positive real
number. Then, there exists a finite set of n-boxes {Jy, Ja, - -+, J,} in [0, 1]" whose
interiors are pairwise disjoint and such that

p
(a) > Vyn(J;) > M, and
i=1

(D) Xp: AnlJi) < 1/M;
i=1

similarly, we can also find a finite set of n-boxes {Jy, J;,- -+, J/} in |0, 1]" with
pairwise disjoint interiors such that

(c) Zq: Vipe(J]) < —M, and
=1

(@) S M(J) < 1/M.
=1

Corollary 5 For every n > 3, W" does not induce a signed measure on |0, 1]".
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