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Abstract

Uninorms on the unit interval are a common extension of triangular norms (t-norms) and
triangular conorms (t-conorms). As important aggregation operators, uninorms play a very
important role in fuzzy logic and expert systems. Recently, several researchers have studied
constructions of uninorms on more general bounded lattices. In particular, Cayh (2019)
gave two methods for constructing uninorms on a bounded lattice L with e € L\ {0, 1},
which is based on a t-norm 7, on [0,e] and a t-conorms S, on [e, 1] that satisfy strict
boundary conditions. In this paper, we propose two new methods for constructing uninorms
on bounded lattices. Our constructed uninorms are indeed the largest and the smallest among
all uninorms on L that have the same restrictions T, and S, on [0, e] and, respectively, [e, 1].
Moreover, our constructions does not require the boundary condition, and thus completely

solved an open problem raised by Cayl.

Keywords: Bounded lattices; Aggregation operators; Uninorms; Neutral elements.

1. Introduction

Uninorms on the unit interval [0, 1], introduced by Yager and Rybalov [15], are an ex-
tension of triangular norms (t-norms) and triangular conorms (t-conorms) [13]. It has been
widely recognized that uninorms are important aggregation operators in fuzzy logic, expert
systems, neural networks and so on.

Noticing that bounded lattices are more general than the unit interval [0, 1], several

researchers [4-8, 11| have studied constructions of uninorms on bounded lattices. Very
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recently, Cayh [5] gave two novel methods for constructing uninorms on bounded lattices.
The following is the methods given by Cayl.
Suppose (L, <,0,1) is a bounded lattice with e € L\ {0,1}. Denote z || y if z and y are

incomparable and use I, for the set of elements that are incomparable with e.

Theorem 1.1 ([5]). Suppose (L,<,0,1) is a bounded lattice and e € L\ {0,1}. Given
t-norm T, on [0,e| and t-conorm S. on [e, 1] such that T.(x,y) > 0 for all x,y € (0,€] and
Se(z,y) <1 for all x,y € [e, 1).

(i) If z || y for all x € I. and y € [e, 1), then the function Uf : L* — L is a uninorm on L

with the neutral element e, where

[ T(a.y) (.)€ [0,
Se(z,y) (2,y) € e, 1]%,
Utz y) = x (x,y) € I, x [e,1) U I, x (0,e),
b Yy (x,y) € [e,1) x I, U (0,€) x I,
zVy  (r,y) € PUL x {1} U{1} x LU (0,¢e) x {1} U {1} x (0,¢),
\ TAY otherwise.

(ii) Ifx || y for all x € I, and y € (0,¢], then U5 is a uninorm on L with neutral element e.
The function US : L?* — L is a uninorm on L with the neutral element e, where

(

Te(z,y) (z,y) € [0,¢f,
Se(x,y) (2,y) € [e, 1],
Ut(z.y) = x (x,y) € I. x (e,1) U I, x (0, €]
2 Yy (x,y) € (e,1) x I, U (0,¢€] x I,
rAy  (z,y) € PUIL x{0}U{0} x I.U (e,1) x {0} U {1} x (e, 1),
\ xVy otherwise.

In the above constructions of U and Us, the underlying t-norm 7, and the t-conorm
S, are required to satisfy the strict boundary condition: T,(x,y) > 0 for all z,y > 0 and
Se(z,y) < 1 for all x,y < 1. At the end of [5], Cayh proposed an open problem: when
the assumptions on t-norm and t-conorm are removed, how is the structure of uninorms
(especially idempotent uninorms) with the underlying t-norms and t-conorms on bounded
lattices.

In this work, based on the same incomparable condition, i.e., that z,y are incomparable
for all x € I, and all y € [e, 1) or that x,y are incomparable for all z € I, and all y € (0, €],

we address the problem above by giving two new methods for constructing uninorms on
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bounded lattices, which do not require that 7, and S, satisfy the condition specified in
Theorem 1.1. Moreover, given the same t-norm 7, and t-conorm S,, we prove that the two
uninorms defined in this work are, respectively, the largest and the smallest uninorms among
all uninorms that have the same restrictions to [0, e] and [e, 1] (viz. T, and S,).

The remainder of this paper is organized as follows. Section 2 recalls basic concepts and
results used in this paper and Section 3 describes our constructions. A brief conclusion is

then given in Section 4.

2. Preliminaries
In this section, we recall some concepts and facts which will be used in the text.

Definition 2.1. [3] A lattice (L, <) is called bounded if it has the top and bottom elements
(written as 1 and 0, respectively), that is, 0 < x <1 for any = € L.

Definition 2.2. [3] Let (L, <,0,1) be a bounded lattice and a,b € L with e € L\ {0,1}.

(i) For a,b € L with a < b, [a,b] is defined as [a,b] = {z|a < z < b}. Similarly, we can
define (a,b], [a,b) and (a,b).

(ii) We write A(e) = [0,¢] x [e,1]U[e,1] x [0,e] and I, = {x € L | z || e}.

Definition 2.3. [1, 9, 12, 14] Let (L, <,0,1) be a bounded lattice.

(i) A function T : L? — L is called a triangular norm (t-norm for short) if it is commu-
tative, associative, increasing with respect to both variables and has the neutral element 1
such that T'(1,z) = x for any = € L.

(i) A function S : L? — L is called a triangular conorm (t-conorm for short) if it
is commutative, associative, increasing with respect to both variables and has the neutral

element 0 such that S(0,z) = z for any = € L.
Two special t-norms and two special t-conorms are given below.

Example 2.1. Let (L, <,0,1) be a bounded lattice. The smallest t-norm Ty, (or t-conorm

Sy) and the greatest t-norm T, (or t-conorm Sy ) are given as, respectively,



r y=1,
Th(z,y)=x ANy, Tw(z,y) =< vy z=1,
0 otherwise,
r y=0,
Sv(z,y)=xzVy, Sw(z,y)=¢ v x=0,

1 otherwise.

\

Definition 2.4. [2, 10, 11] Let (L,<,0,1) be a bounded lattice. A function U : L? — L
is called a uninorm on L if it is commutative, associative, increasing with respect to both

variables and there exists neutral element e € L such that U(e,z) = z for all x € L.
Apparently, t-norms and t-conorms on L are special uninorms on L.

Definition 2.5. [5, 6] Let (L, <,0,1) be a bounded lattice and U be a uninorm on L with
neutral element e € L\ {0, 1}.
(i) An element x € L is called an idempotent element of U if U(x,x) = x.

(ii) U is called an idempotent uninorm if U(z,x) = x for all = € L.

Proposition 2.1. [5, 11] Let (L, <,0,1) be a bounded lattice and U be a uninorm on L
with neutral element e € L\ {0,1}. Suppose T, : [0,¢]*> — [0, ] is the restriction of U on
[0,¢] and S, : [e,1]*> — [e, 1] the restriction of U on [e, 1]. Then T, is a t-norm on [0, e] and

Se is a t-conorm on [e, 1].

We call T, (S.) the underlying t-norm (t-conorm) of U.

3. Uninorms on bounded lattice

In this section, we recall some concepts and facts which will be used in this paper.

Theorem 3.1. Let (L,<,0,1) be a bounded lattice with e € L\ {0,1}. Given t-norm T,
on [0,¢e] and t-conorm S, on [e,1], if x || y for all x € I, and y € [e, 1), then the function

Uipe : L? — L is a uninorm on L with the neutral element e, where

Te(z,y) (z,y) € [0,¢)”,
Se(r,y) (z,y) € [e, 1],
SR A S S
T (x,y) € I. x [0,¢],
1 (z,y) € (e,1] x [LUI, x (e, 1] UI?
xVy otherwise.



Proof. See Appendix A. O
We next give a simple example.

Example 3.1. Let L; = {0,a,b,¢,d, e, f,1} be the bounded lattice depicted by the Hasse
diagram in Figure 1. Obviously, the condition in Theorem 3.1 is satisfied. Take T, = T on
[0,¢] and S, = Sw on [e, 1]. Then the function U, on Ly, shown in Table 1, is a uninorm

on L; with the neutral element e.

It is worth pointing out that if the condition that x || y for all z € I, and y € [e, 1)
in Theorem 3.1 is not satisfied, then U; . may not be a uninorm on L. See the following

counterexample.

Example 3.2. Let Ly = {0,a,b,¢,d,e,1} be the bounded lattice depicted by the Hasse
diagram in Figure 2, where b € I., ¢ > e, d > e, and b is comparable with ¢ and d. Let
Se = Sy on [e,1] and T, = Ty on [0,¢]. Then the function U . on Lo, shown in Table 2, is
not a uninorm on Ls. In fact, the monotonicity is not satisfied, because we have b < ¢ on
one hand and Uy ((b,d) =1 > d = Sy(c¢,d) = Uy (c,d) on the other hand.

Interestingly, the uninorm U;,. constructed in Theorem 3.1 is indeed the largest one

among all uninorms with the same restrictions on [0, e] and |e, 1].

Proposition 3.1. Let (L, <,0,1) be any bounded lattice with e € L \ {0,1} and z || y for
all z € I, and y € [e,1). Suppose U is the uninorm on L defined as in Theorem 3.1 with
underlying t-norm 7, and t-conorm S, and U is any uninorm on L such that the restrictions

of U to [0, €] and [e, 1] are the t-norm 7, and the t-conorm S, on [e, 1], respectively. Then
Ul,e 2 U.

Proof. Since Uy, and U have the same t-norm 7, on [0, e]? and t-conorm S, on [e, 1], we
need only to consider the cases such as on [0, €] x [e, 1], [0, ¢] x I, and so on.

If (z,y) € [0,e] x [e,1]U[e,1] x [0,€] , then x Ay < U(z,y) <xVy=U.(z,y).

If (z,y) € [0,€] x I, then U(z,y) < Ule,y) =y = U (2, y).

If (z,y) € I. x [0,¢], then U(z,y) < U(z,e) =z = Uy c(z,y).

If (x,y) € [ x LU x (e,1] U (e, 1] x I, then Uy o(z,y) =1 > U(x,y).

Consequently, it always holds that U; .(x,y) > U(x, y). O

As a consequence, we have the following characterization of the largest uninorm on a
bounded lattice.
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Figure 1: Bounded lattice L, Figure 2: Bounded lattice Lo

Uie |0 a b ¢ d e f 1
0O [0 0O b c 0 0 f 1
a |0 a b ¢ 0 a f 1

Table 1: The function U; . on the bounded lattice L, given in Figure 1



Ul,e

Table 2: The function U; . on the bounded lattice Ly given in Figure 2

Corollary 3.1. Let (L, <,0,1) be a bounded lattice, e € L\ {0,1}, x || y for all x € I. and
y € le,1). If we put T, = Ty on [0,€e]* and S. = Sw on [e,1]* in Theorem 3.1, then the

following U is the largest uninorm on L with the neutral element e, where

.
T/\(I',y) (IE,y) S [07 6]27
Sw(l',y) (ZE, y) S [67 1]27
y (z,y) €[0,¢] x L,
U<x7y) -
x (x,y) € I. x [0,¢],
1 (z,y) € (e,1] x [, UL, x (e, 1] U IZ,
| @ Vy otherwise.
Proof. From Proposition 3.1, we can easily get the result. 0

If x || y for all x € I, and y € (0, ¢e], then we have the following similar construction of

uninorms on L.

Theorem 3.2. Let (L, <,0,1) be a bounded lattice with e € L\{0,1}. Ifx || y for allx € I,

and y € (0,¢], then the function Uy, : L* = L is a uninorm on L with the neutral element



e, where

T.(x,y) (z,y) €[0,¢]?
Se(z,y) (z,y) € [e, 12,

Use(x,y) = y (z,y) € le,1] x I,
v (x,y) € I X [e, 1],
0 (z,y) €[0,e) x e UL x [0,e) UL,
TNy otherwise.

\

Similarly, if the condition of z || y for all € I, and y € (0, ¢] in Theorem 3.2 is violated,

then U, . may not be a uninorm on L. See the counterexample below.

Example 3.3. Let Ly = {0,a,b,c,d,e, 1} be the bounded lattice depicted by the Hasse
diagram in Figure 3, where ¢ € 1., a,b < e, and ¢ is comparable with a and b. Let T, = T
on [0, e] and S. = Sy on [e, 1]. Consider the function Us . on Lz (shown in Table 3). Although
b < ¢, we obtain Us(b,a) = bAa = a > 0= Usc(c,a). Hence the monotonicity does not

hold and Us, is not a uninorm on Ls.

1
d
c e
b
a
0

Figure 3: Bounded lattice L3

Analogously, the uninorm U, . constructed above is the smallest one among all uninorms

with the same restrictions on [0, e] and [e, 1].

Proposition 3.2. Let (L, <,0,1) be any bounded lattice with e € L \ {0,1} and z || y for
all x € I, and y € (0, e]. Suppose Us, is the uninorm on L defined as in Theorem 3.2 and U



Upe |0 a b ¢ d e 1

Table 3: The function Us . on the bounded lattice Ls given in Figure 3

is any uninorm on L such that the restrictions of U to [0, €] and [e, 1] are the t-norm T, on

[0, ¢] and the t-conorm S, on e, 1], respectively. Then Uy, < U.
As a consequence, we have the following characterization for the smallest uninorm on L.

Corollary 3.2. Let (L,<,0,1) be a bounded lattice, e € L\ {0,1}, = || y for all x € I, and
y € (0,e]. If we put T, = Ty on [0,¢]* and S. = S, on [e,1]* in Theorem 3.1, then the

following U is the smallest uninorm on L with the neutral element e, where

[ Tw(z.y) (2.y) €0,
Sv(z,y) (z,y) € [e, 1%,
Ulz,y) = Yy (z,y) € [e,1] x L,
x (z,y) € I X [e, 1],
0 (z,y) €[0,e) x L UL x [0,e) UIZ,
| Z ANy otherwise.

Remark 3.1. (i) Compared to the construction of Uf (US, resp.) in [5], the construction of
Uie (Use, resp.) has the same precondition, i.e., z,y are incomparable for all x € I, and all
y € [e,1) (for all x € I, and all y € (0, ¢], resp.). However, in our constructions of U; . and
Use, there is no any requirement for the t-norm 7, and the t-conorm S.. So we completely

resolve the open problem raised in [5].



(ii) We can not obtain idempotent uninorms from Theorems 3.1 and 3.2 because, for any
x € I, we have Uy (z,2) = 1 or Us.(z,x) = 0, but not .

(iii) If I. = ¢, or specially L = [0,1] in Theorems 3.1 and 3.2, then U, € %nq and
Use € Upin [10].

4. Conclusion

Cayl proposed in [5] two methods for constructing uninorms on bounded lattices, based
on the assumption that z,y are incomparable for all z € I, and all y € (0,¢] (or all y € [e, 1)).
While in his construction the underlying t-norm 7, and t-conorm S, have to satisfy the strict
boundary condition T¢(z,y) > 0 for all z,y € (0,¢] and S(x,y) < 1 for all x,y € [e, 1), this
requirement is completely removed from our construction. Consequently, we completely
resolved the open problem raised by Cayh [5]. Given a bounded lattice L and a t-norm T
on [0, e] and a t-conorm S on [e, 1], the uninorm constructed in Theorem 3.1 (Theorem 3.2,
resp.) is the largest (smallest, resp.) among all uninorms on L which have restrictions T

and S on [0, e] and, respectively, [e, 1].
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Appendix A. Proof of Theorem 3.1

Proof. First, we can easily check that U, . is commutative and has e as the neutral element.
We next check its monotonicity and associativity.
Monotonicity. Suppose z,y, z € L with x <y. We prove Uy ((z,2) < Uy (y, 2).
1. z €0,el.
1.1. y € [0,€].
1.1.1. z € [0,¢]
Uy ez, 2)
1.1.2. z € (e, 1]
Uy ez, 2)
1.1.3. 2z € L.
Upe(z,2) =2 =U(y,2).

= Te(:zr,z) < Te(y7z) = Ul,(i(y? Z)'

zVz=z=yVz=U,(y,z2).
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1.2. y € (e, 1].
1.2.1. z € [0,¢].
Ue(,2) =T (x,2) <e<y=yVz=U,(y,2).
1.2.2. z € (e, 1].
Uy ez, 2)
1.23. z € 1.
Upe(z,2) =2 <1=U(y, 2).
1.3. y € I..

2 < Se(y, z) = Ure(y, 2).

Upe(z,2) =2 <1 =U,(y, 2).
2. x € (e,1]. Then y € (e, 1].

2.1. z €[0,€].

Ue(v,2) =2xVz=a0<y=yVz=U,(y,z).
2.2. z € (e 1].

Upe(z,2) = Se(z,2) < Se(y, 2) = Ure(y, 2).
2.3. z € 1.

Ure(z,2) =1=Uy(y,2).

3. x€l,. Theny € I..
3.1. z €[0,¢].

Upe(z,2) ==

3.2. z € (e, 1] U L.

Ure(z,2) =1=U(y,2).

Associativity. When z = e, or y = e, or z = e, the equation U, (Uy.(2,9),2) =

< Y= Ul,e(yVZ)'

Uy e(z, Uy e(y, 2)) always holds. So we need only consider the case when = # e, y # e and
z #e.
1. x €[0,e).
1.1. y € [0,¢).
1.1.1. z € [0,e).
Ure(Ure(z,y),2) = To(Te(x,y), 2) = Te(z, Te(y, 2)) = Ure(z, Ure(y, 2)).
1.1.2. z € (e, 1].
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Ure(Uie(z,y),2) = Ure(Te(z,y),2) =2 =2V z=Ue(x,2) = Up(x,Us(y, 2)).
1.1.3. z € I..
Upe(Ue(z,y),2) = Ure(Te(z,y), 2) = 2 = Ure(w,2) = Ure(x, U e(y, 2)).
1.2. y € (e, 1].
1.2.1. z € [0,e).
Ute(Uie(@,y),2) = Ure(zVy, 2) = Ure(y, 2) = y = Ure(z,y) = Ure(z, Ure(y, 2)).
1.2.2. z € (e, 1].
Ure(Uie(2,9),2) = Ure(y, 2) = Se(y, 2) = Ure(w, Se(y, 2)) = Ure(, Ure(y, 2)).
123. 2 ¢ L.
Upe(Ue(z,y),2) =Use(y,2) =1=2V1=U(z,1) = Ure(z,Urc(y, 2)).
1.3. y € [..
1.3.1. z € [0,¢).
Ure(Uie(w,y),2) = Ure(y, 2) =y = Ure(z,y) = Ure(w, Ure(y, 2)).
1.3.2. z € (e, 1].
Upe(Uie(z,y),2) =Ure(y,2) =1=2V1=U(z,1) = Upe(z,Urc(y, 2)).
1.33. z € 1.
Ue(Ure(,9),2) = Ue(y,2) = 1 =0V 1 =Ue(r,1) = Up(x, Ure(y, 2)).
2. z € (e 1].
2.1. y€0,e).

Ure(Ure(,y),2) = Ure(x, 2) = U e(z,Ure(y, 2)).
2.2,y € (e 1]
2.2.1. z € [0,e).
Upe(Ure(z,y),2) = Se(z,y) V 2 = Se(z,y) = Ure(z,y) = Upe(x,Upe(y, 2)).
2.22. z € (e 1].
Ure(Uie(@,y),2) = Se(Se(,y), 2) = Se(w, Se(y, 2)) = Ure(w, Ure(y, 2)).
92.3. z€ 1.,
Upe(Ure(z,y),2) = Upe(Se(z,y),2) =1 = Se(,1) = Ure(2,1) = U e(x, Uy c(y, 2)).
23. yel.
2.3.1. z € [0,e).

12



Upe(Uie(z,y),2) =Ute(l,2) =1V 2z =1=U(z,y) = Use(x,Use(y, 2)).
232 z € (e 1].
Upe(Ure(z,y),2) =Use(l,2) = Se(z,1) = 1 = Uy e(x,1) = Uy (2, U (y, 2)).
2.3.3. z € 1.
Ue(Uie(z,y),2) =Ure(l,2) =1 =Upe(x, 1) = Uy e(z, Ure(y, 2)).
3. xel.

3.1. y € [0,e).
3.1.1. z € [0,e).
Ue(Ure(z,y),2) = Ure(r,2) =2 = Ure(x, Te(y, 2)) = Ure(x, Ure(y, 2))
3.1.2. z € (e, 1]
Upe(Ue(z,y),2) = Ure(x,2) = U e(z,y V 2) = Upe(x, U (y, 2)).
3.13. z €1,
Ure(Ure(z,y),2) = Ure(x, 2) = Uy e(z,Ure(y, 2)).
3.2. y € (e, 1].
3.2.1. z € [0,e).
Upe(Uie(z,y),2) =Use(l,2) =1V 2z =1=Uc(z,y) = Ure(x,Upc(y, 2)).
3.2.2. z € (e, 1].
Ure(Ure(z,y),2) = Use(l,2) = Se(1,2) =1 = Uy e(x, Se(y, 2)) = U e(x, Uy e(y, 2)).
323 z€l,.
Upe(Ure(z,y),2) =Use(l,2) =1 = U (x,1) = Uy (2, U (y, 2)).
3.3. yel.
3.3.1. z € [0,e).
Upe(Ure(z,y),2) =Use(l,2) =1V 2z =1=Uc(z,y) = Use(x,Use(y, 2)).
3.3.2. z € (e, 1].
Ue(Uie(z,y),2) =Ui(1,2) = Se(1,2) =1 = Uy e(z,1) = Uy e(z, Ure(y, 2)).
3.3.3. z € I..
Upe(Ure(z,y),2) =Use(l,2) =1 =Uj(x,1) = Uy (2, U (y, 2)).
Consequently, U; . is a uninorm on L with the neutral element e. O
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