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Abstract

The notion of sobriety is extended to the realm of topological spaces valued in a
commutative and unital quantale, via an adjunction between a category of quantale
modules and the category of quantale-valued topological spaces. Relations between
such sober spaces and quantale-valued domains based on flat ideals are investigated.
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1 Introduction

Sobriety is an interesting topological property for non-Hausdorff spaces and plays an im-
portant role in domain theory [3, 4]. A main feature of such a space is that the space can
be recovered from its open set lattice. Sobriety is often described via the adjunction

O ⊣ pt: Frmop −→ Top

between the opposite of the category of frames and the category of topological spaces [10].
A topological space X is sober if the unit ηX : X −→ ptO(X) is a bijection (hence a
homeomorphism).

Different extensions of the notion of sobriety to the fuzzy context have been proposed
since 1990. Here we mention a few of the works on this topic: Rodabaugh [26], Zhang
and Liu [42], Kotzé [14], Srivastava and Khastgir [30], Pultr and Rodabaugh [24, 25],
Gutiérrez Garćıa, Höhle and de Prada Vicente [5], Yao [37, 38], Jäger and Yao [9], Singh
and Srivastava [29], and etc. In these works, the table of truth-values is assumed to
be a complete Heyting algebra (i.e., a frame), sometimes even a completely distributive
lattice. For such a table of truth-values, the logic connective conjunction, modeled by
the meet operation of the lattice, is idempotent. From the viewpoint of fuzzy logic, this
is a serious drawback. For example, BL-algebras [6] and left-continuous t-norms [13] are
seldom idempotent.

The aim of this paper is to extend the notion of sobriety to the realm of topological
spaces valued in a commutative and unital quantale. Complete Heyting algebras, BL-
algebras, and the interval [0, 1] equipped with a left-continuous t-norm are typical examples
of such quantales.

This paper is a companion of [41], which focuses on sobriety of quantale-valued co-

topological spaces. In the classical context, a topological space can be described by open
sets as well as by closed sets, and we can switch between open sets and closed sets by
taking complements. Thus, it makes no difference whether we choose to work with closed
sets or with open sets in the classical context. But, in the fuzzy context, the table of
truth-values usually does not satisfy the law of double negation, there is no natural way
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to switch between open sets and closed sets, so, as observed in [41], in fuzzy topology it is
often necessary to consider the topology version (in term of open sets) and the cotopology
version (in term of closed sets) of the same concept. In other words, like a coin, fuzzy
topology was born with two sides. And, we would like to stress that, due to the lack of
symmetry in the table of truth-values, different ideas and techniques are needed in the
topology and the cotopology versions of the same theory.

In this paper, like that in [41], we emphasize the connection between quantale-valued
orders and quantale-valued topologies. For each commutative and unital quantale Q, a cat-
egory of Q-modules (or equivalently, complete Q-lattices) is specified, sober Q-topological
spaces are then described via an adjunction between this category and that of Q-topological
spaces. It is shown that for a commutative and integral quantale, the Scott Q-topology
of every F-domain (see Definition 4.5) is sober. In the final section, some examples are
presented in the case that the quantale is the interval [0, 1] together with a continuous
t-norm.

2 Quantales and quantale-valued orders

In this section we recall some basic ideas about quantale-valued orders and fix some no-
tations.

A frame [10] is a complete lattice L such that the binary meet operation ∧ distributes
over arbitrary joins; that is, x ∧

∨
S =

∨
{x ∧ s | s ∈ S} for each x ∈ L and each S ⊆ L.

A frame map f : L1 −→ L2 between frames is a map that preserves arbitrary joins and
finite meets, including the empty ones. Frames and frame maps constitute a category

Frm.

Following Rodabaugh [26, page 303], we say that a map f : L −→M between complete
lattices (not necessarily frames) is frame-like if f preserves arbitrary joins and finite meets.

A quantale [27] Q = (Q,&) is a semigroup such that the underlying set Q is a complete
lattice and that the multiplication & distributes over arbitrary joins on both sides. As
usual, we write 0 and 1 for the bottom and the top element of Q, respectively. A quantale
Q is

• commutative if the multiplication & is commutative;

• unital if it has a unit element k;

• integral if it is unital and the unit k is the top element of Q.

It is clear that a complete lattice L is a frame if, and only if, (L,∧) is a quantale. In
this paper, when we say that a quantale Q = (Q,&) is a frame, we mean the semigroup
operation & of Q is the meet operation ∧. It is possible that the underlying lattice of a
quantale is a frame, but the quantale itself is not a frame.

Standing Assumption. In this paper, by a quantale we always mean a commutative
and unital one, with unit denoted by k, unless otherwise specified.

Given a quantale Q, the multiplication & determines a binary operator →, known as
the implication operator of &, via the adjoint property:

p& q ≤ r ⇐⇒ q ≤ p→ r.
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A Q-valued order, a Q-order for short, is a map α : X × X −→ Q such that for all
x, y, z ∈ X,

α(x, x) ≥ k and α(y, z) &α(x, y) ≤ α(x, z).

The pair (X,α) is call a Q-ordered set, or a Q-category in the language of enriched cate-
gories [20]. It is customary to write X for the pair (X,α) and write X(x, y) for α(x, y).

A map f : X −→ Y between Q-ordered sets is said to preserve Q-order if X(x, y) ≤
Y (f(x), f(y)) for all x, y ∈ X. Q-ordered sets and Q-order-preserving maps constitute a
category

Q-Ord.

If α is a Q-order on X, it follows from the commutativity of & that αop(x, y) := α(y, x)
is also a Q-order on X, called the opposite of α.

The following two examples belong to the folklore in the theory of Q-orders, it is hard
to specify where they appeared for the first time.

Example 2.1. For all x, y ∈ Q, let

αL(x, y) = x→ y.

Then αL is a Q-order, called the canonical Q-order, on Q. The opposite of αL is denoted
by αR; that is,

αR(x, y) = y → x.

Example 2.2. For each set X, the map

subX : QX × QX −→ Q, subX(φ,ψ) =
∧

x∈X

φ(x) → ψ(x)

is a Q-order on the set QX , known as the inclusion Q-order. If X is a singleton set, then
(X, subX) degenerates to the Q-ordered set (Q, αL).

The underlying order of a Q-ordered set X refers to the order ≤ given by

x ≤ y if k ≤ X(x, y).

For convenience, for each Q-ordered set X, we shall write X0 for X with the underlying
order.

Two elements x, y of a Q-ordered set X are isomorphic if k ≤ X(x, y) ∧ X(y, x). A
Q-ordered set X is separated if isomorphic elements are identical; that is,

k ≤ X(x, y) ∧X(y, x) =⇒ x = y.

Let X,Y be Q-ordered sets; let f : X −→ Y and g : Y −→ X be maps. We say that f
is left adjoint to g (and/or, g is right adjoint to f) and write f ⊣ g, if

Y (f(x), y) = X(x, g(y))

for all x ∈ X and y ∈ Y . This is a special case of enriched adjunctions in category theory
[1, 20].

Theorem 2.3. ([32, page 295]) Let f : X −→ Y and g : Y −→ X be a pair of maps

between Q-ordered sets. Then f is left adjoint to g if, and only if, the following conditions

are satisfied:
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(i) Both f and g preserve Q-order.

(ii) The map f : X0 −→ Y0 is left adjoint to g : Y0 −→ X0; that is, for all x ∈ X and

y ∈ Y , f(x) ≤ y ⇐⇒ x ≤ g(y).

Let X be a Q-ordered set. A weight of X is a map φ : X −→ Q such that for all
x, y ∈ X,

φ(y) &X(x, y) ≤ φ(x).

Remark 2.4. There exist different terminologies for a weight of a Q-ordered setX. Firstly,
since the above inequality can be read as “that y belongs to φ and x is smaller than or equal
to y implies y belongs to φ”, a weight is also called a lower fuzzy set of X. Secondly, since
a weight of X is just a Q-order-preserving map (or, a Q-functor) φ : Xop −→ (Q, αL), it is
also called a Q-presheaf of X (viewed as an enriched category). The terminology weight

adopted here comes from category theory, see e.g. [12].

The weights of a Q-ordered set X constitute a Q-ordered set PX with

PX(φ1, φ2) := subX(φ1, φ2).

For each x ∈ X, X(−, x) is a weight of X and we have the following:

Lemma 2.5 (Yoneda lemma). Let X be a Q-ordered set and φ be a weight of X, then

PX(X(−, x), φ) = φ(x).

The Yoneda lemma entails that the map

yX : X −→ PX, x 7→ X(−, x)

is an embedding if X is separated. By abuse of language, we call it the Yoneda embedding

no matter X is separated or not.
Each Q-order-preserving map f : X −→ Y gives rise to a natural adjunction between

PX and PY . Precisely, the map

f→ : PX −→ PY, f→(φ)(y) =
∨

x∈X

φ(x) & Y (y, f(x))

is left adjoint to
f← : PY −→ PX, f←(ψ)(x) = ψ(f(x)).

Let X be a Q-ordered set and let φ be a weight of X. We say that an element a of X
is a supremum of φ and write a = supφ, if

X(a, y) = PX(φ,X(−, y))

for all y ∈ X. In the language of category theory, supφ is the colimit of the identity
functor id : X −→ X weighted by φ (see e.g. [1, 31]). Suprema of a weight, if exist, are
unique up to isomorphism.

We say that a Q-ordered set X is cocomplete if every weight of X has a supremum. It
is clear that X is cocomplete if, and only if, the Yoneda embedding yX : X −→ PX has a
left adjoint (see e.g. [31]).
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Example 2.6. The Q-ordered set (Q, αL) is cocomplete. For each weight φ of (Q, αL),

supφ =
∨

x∈Q

φ(x) & x = φ(k).

A coweight of a Q-ordered set X is defined to be weight of the opposite Xop of X.
Explicitly, a coweight of X is a Q-order-preserving map ψ : X −→ (Q, αL). Coweights are
also known as upper fuzzy sets and covariant Q-presheaves. The coweights of X constitute
a Q-ordered set P†X with

P†X(ψ1, ψ2) := subX(ψ2, ψ1).

Let ψ be a coweight and let a be an element of X. We say that a is an infimum of ψ if

X(y, a) = P†X(X(y,−), ψ)

for all y ∈ X.
A Q-ordered set X is complete if every coweight of X has an infimum. It is known [31]

that

(i) a Q-ordered set X is cocomplete if, and only if, X is complete; and

(ii) a Q-order-preserving map f : X −→ Y between cocomplete Q-ordered sets is a left
adjoint if, and only if, f preserves suprema in the sense that f(supφ) = sup f→(φ)
for each weight φ of X.

A Q-ordered set is a complete Q-lattice if X is separated and complete (or equivalently,
cocomplete). Complete Q-lattices and left adjoints constitute a category

Q-Sup.

For each Q-ordered set X, PX is cocomplete, hence a complete Q-lattice [31]. Actually,

y←X : PPX −→ PX

is a left adjoint of yPX : PX −→ PPX. This means that the supremum of a weight Φ of
PX is given by

sup Φ = y←X (Φ) =
∨

φ∈PX

Φ(φ) &φ.

The correspondence

f : X −→ Y 7→ f→ : PX −→ PY

defines a functor P : Q-Ord −→ Q-Sup that is left adjoint to the forgetful functor Q-Sup −→
Q-Ord [31]. We write

P = (P,m, y)

for the monad on Q-Ord arising from this adjunction. Explicitly,

• for each Q-order-preserving map f : X −→ Y , Pf = f→ : PX −→ PY ;

• the unit is the Yoneda embedding yX : X −→ PX;

• the multiplication mX = supPX = y←X : PPX −→ PX.
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The category of P-algebras and P-homomorphisms is precisely that of Q-complete
lattices and left adjoints (see e.g. [18, 31]); that is,

P-Alg = Q-Sup.

As we see below, there is a very useful and convenient characterization of Q-Sup, it is
equivalent to the category of Q-modules. Recall that the category Sup of complete lattices
and join-preserving maps is symmetric and monoidal closed, see [11, Chapter I], thus, as
in any such categories [22], one can talk about monoids and monoid actions in Sup. It is
readily seen that a commutative and unital quantale Q is exactly a commutative monoid
in Sup. So, there are Q-actions and Q-modules.

Definition 2.7. ([11]) A Q-module (precisely, a left Q-module) is a pair (X,⊗), where X
is a complete lattice and ⊗ : Q×X −→ X is a map, called a (left) Q-action on X, subject
to the following conditions: for all x ∈ X and r, s,∈ Q,

(i) k ⊗ x = x, where k is the unit of Q;

(ii) s⊗ (r ⊗ x) = (s& r) ⊗ x;

(iii) r ⊗− : X −→ X preserve joins; and

(iv) −⊗ x : Q −→ X preserve joins.

The conditions (iii) and (iv) together amount to requiring that ⊗ : Q×X −→ X is a
bimorphism in Sup (see e.g. [11, page 5]). Thus, by universal property of tensor products
in Sup, one sees that the above definition of Q-modules, which is a bit more reader-friendly,
is equivalent to that in [11].

A homomorphism f : (X,⊗) −→ (Y,⊗) between Q-modules is a join-preserving map
f : X −→ Y that preserves the action, i.e., r ⊗ f(x) = f(r ⊗ x) for all r ∈ Q and x ∈ X.
Q-modules and homomorphisms constitute a category

Q-Mod.

If Q is the Boolean algebra ({0, 1},∧), then Q-Mod is equivalent to the category Sup

of complete lattices and join-preserving maps [11, page 8, Proposition 1].
The quantale (Q,&) itself is a Q-module, with & being the action. We often view Q

as a Q-module in this way.
Let X be a Q-ordered set. For each x ∈ X and r ∈ Q, the tensor of r and x (see e.g.

[32, page 288]), denoted by r ⊗ x, is a point of X such that for all y ∈ X,

X(r ⊗ x, y) = r → X(x, y).

A Q-ordered set X is tensored if the tensor r⊗x exists for all x ∈ X and r ∈ Q. Some
facts about tensors are listed below, which can be found in [32] and [17].

• Every complete Q-lattice is tensored. Actually, r⊗ x is the supremum of the weight
r&X(−, x).

• Every left adjoint f preserves tensors; that is, r ⊗ f(x) = f(r ⊗ x).

• A map f : X −→ Y between complete Q-lattices preserves Q-order if, and only if,
f : X0 −→ Y0 preserves order and r ⊗ f(x) = f(r ⊗ x) for all x ∈ X and r ∈ Q.
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Given a complete Q-lattice X, taking tensor (r, x) 7→ r⊗ x makes X into a Q-module.
Conversely, given a Q-module (X,⊗), if we let

α(x, y) =
∨

{r ∈ Q | r ⊗ x ≤ y},

then (X,α) is a complete Q-lattice. These two processes are inverse to each other. So we
have the following characterization of Q-Sup, which is an instance of [32, Corollary 4.13].

Proposition 2.8. The category Q-Mod is equivalent to the category Q-Sup.

Example 2.9. For each set X, the assignment (r, λ) 7→ r&λ defines a Q-action on QX ,
so, QX becomes a Q-module. We shall always view QX as a Q-module in this way. It
is clear that the corresponding Q-order of the Q-module QX is just the inclusion Q-order
subX in Example 2.2.

For more information on Q-modules and their relations to Q-orders the reader is re-
ferred to the monograph [2].

3 Sober Q-topological spaces

A Q-topology on a set X is subset τ of QX subject to the following conditions:

(O1) The constant map 1X : X −→ Q with value 1 belongs to τ ;

(O2) λ ∧ µ ∈ τ for all λ, µ ∈ τ ;

(O3)
∨

j∈J λj ∈ τ for each subset {λj}j∈J of τ ;

(O4) λ& r ∈ τ for all r ∈ Q and λ ∈ τ , where (λ& r)(x) = λ(x) & r for all x ∈ X.

The pair (X, τ) is called a Q-topological space; elements of τ are called open sets.
It is customary to write X for a Q-topological space and write O(X) for the set of

open sets of X. The interior operator of a Q-topological space X refers to the map

(−)◦ : QX −→ QX , λ◦ =
∨

{µ ∈ O(X) | µ ≤ λ}.

The interior operator satisfies the following conditions: for all λ, µ ∈ QX , (int1) 1◦X = 1X ;
(int2) λ◦ ≤ λ; (int3) (λ ∧ µ)◦ = λ◦ ∧ µ◦; (int4) subX(λ, µ) ≤ subX(λ◦, µ◦); and (int5)
(λ◦)◦ = λ◦. Actually, Q-topologies on X correspond bijectively to operators QX −→ QX

satisfying (int1)-(int5). This fact also justifies the definition of Q-topology.
A map f : X −→ Y between Q-topological spaces is continuous if λ ◦ f is an open set

of X for each open set λ of Y . The category of Q-topological spaces and continuous maps
is denoted by

Q-Top.

Given a Q-topological space X, the Q-relation

ΩX : X ×X −→ Q, ΩX(x, y) =
∧

λ∈O(X)

λ(x) → λ(y)

is a Q-order, called the specialization Q-order of the space X. In this way, we obtain a
functor

Ω: Q-Top −→ Q-Ord.
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It is known that Ω has a left adjoint (see e.g. [15]).
We say that a Q-topological space X is T0 if for any pair x, y of distinct points, there

is an open set λ such that λ(x) 6= λ(y). It is clear that X is T0 if, and only if, the
specialization Q-order of X is separated.

Write
Q-Modfrm

for the category composed of Q-modules and frame-like Q-module homomorphisms, that
is, Q-module homomorphisms that preserves finite meets. In the case that Q is the two-
element Boolean algebra, Q-Modfrm coincides with the category CSLF of complete lattices
and frame-like maps in Rodabaugh [26].

For each Q-topological space X, by commutativity of &, the set O(X) of open sets of
X is a Q-module with Q-action

r ⊗ λ := λ& r.

The correspondence X 7→ O(X) gives rise to a functor

O : Q-Top −→ Q-Mod
op
frm
.

Given a Q-module (A,⊗), by a point of (A,⊗) we mean a frame-like Q-module homo-
morphism

p : (A,⊗) −→ (Q,&).

Explicitly, a point of (A,⊗) is a map p : A −→ Q subject to the following conditions:

(pt1) p(⊤) = 1, where ⊤ is the top element of A;

(pt2) p(λ ∧ µ) = p(λ) ∧ p(µ);

(pt3) p
(∨

i∈I λi
)

=
∨

i∈I p(λi);

(pt4) p(r ⊗ λ) = r& p(λ).

Definition 3.1. [41] A Q-topological space X is sober if for each point p : O(X) −→ Q

of the Q-module O(X), there is a unique point x of X such that p(λ) = λ(x) for all
λ ∈ O(X).

Remark 3.2 (When Q is a frame, I). Assume that Q = (Q,&) is a frame, i.e., & = ∧. For
each Q-topological space X, the assignment r 7→ rX defines a frame map iX : Q −→ O(X),
where rX denotes the constant open set with value r. It is clear that a map p : O(X) −→ Q

is a point of the Q-module O(X) if, and only if, p is a frame map such that p ◦ iX is the
identity map. Thus, for such a quantale, a Q-topological space is sober in the sense of
Definition 3.1 if, and only if, it is sober in the sense of [42].

Example 3.3. (See [30, Example 3.2(b)] in the case that (Q,&) is a frame) Write S

for the Q-topological space obtained by endowing Q with the coarsest Q-topology that
has the identity map as an open set. We call S the Sierpiński Q-topological space. It is
readily verified that the specialization Q-order of S is the canonical Q-order on Q; that is,
Ω S = (Q, αL).

If (Q,&) satisfies the following requirements:

• (Q,&) is integral,

• the underlying lattice Q is a frame,
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• (a ∧ b) & r = (a& r) ∧ (b& r) for all r, a, b ∈ Q,

then, by help of the identity (a ∨ (x& r)) ∧ b = (a ∧ b) ∨ (b ∧ (x& r)) one sees that

O(S) = {(a ∨ (id & r)) ∧ b | r, a, b ∈ Q}.

Thus, each map p : O(S) −→ Q satisfying (pt1)-(pt4) is determined by its value at the
identity map on Q. From this one derives that p(λ) = λ(a) for all λ ∈ O(S), where
a = p(id), hence S is sober.

As one expects, sobriety of Q-topological spaces can be described via an adjunction
between the categories Q-Top and Q-Mod

op
frm

. Given a Q-module (A,⊗), write

ptA

for the set of all points of (A,⊗). For each λ ∈ A, define

λ̂ : ptA −→ Q

by
λ̂(p) = p(λ).

Then
Â := {λ̂ | λ ∈ A}

is a Q-topology on ptA and the assignment

(A,⊗) 7→ (ptA, Â)

defines a functor
pt: Q-Mod

op
frm

−→ Q-Top.

Proposition 3.4. pt: Q-Mod
op
frm

−→ Q-Top is right adjoint to O : Q-Top −→ Q-Mod
op
frm

.

Proof. We only spell out the unit and the counit of the adjunction here. The unit: for
each Q-topological space X,

ηX : X −→ ptO(X), ηX(x)(λ) = λ(x).

The counit: for each Q-module (A,⊗),

εA : A −→ O(ptA), εA(λ) = λ̂.

Proposition 3.5. Let X be a Q-topological space and let (A,⊗) be a Q-module.

(i) X is a T0 space if, and only if, ηX : X −→ ptO(X) is injective.

(ii) X is sober if, and only if, ηX : X −→ ptO(X) is bijective, hence a homeomorphism.

(iii) The Q-topological space ptA is sober. In particular, the space ptO(X) is sober and

is called the sobrification of X.

Proof. The verification is standard. For example, we check that if ηX : X −→ ptO(X)
is bijective, then it is a homeomorphism. For this, we check that ηX is an open map in
this case. Write x̂ for the point ηX(x) of ptO(X). Since ηX is bijective, every point of
ptO(X) is of the form x̂ for a unique x ∈ X. Since for each open set λ and each point x
of X, λ̂(x̂) = ηX(x)(λ) = λ(x), it follows that the image of λ under ηX is λ̂, hence ηX is
an open map.
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A Q-module (A,⊗) is spatial if the counit εA : A −→ O(ptA) is an isomorphism. It is
clear that for each Q-topological space X, the Q-module O(X) is spatial. The category of
sober Q-topological spaces is dually equivalent to the subcategory of Q-Modfrm consisting
spatial Q-modules, and is a reflective full subcategory of Q-Top.

Remark 3.6 (When Q is a frame, II). Assume that Q = (Q,&) is a frame, i.e., & = ∧.
Let i : Q −→ A be an object of the slice category Q ↓ Frm; that is, i is a frame map. Define
⊗ : Q×A −→ A by r ⊗ x = x ∧ i(r). Then (A,⊗) is a Q-module. This assignment makes
Q ↓ Frm into a full subcategory of Q-Modfrm containing all spatial Q-modules. There is
a nice characterization of this subcategory: a Q-module (A,⊗) is generated by an object
in the slice category Q ↓ Frm if, and only if, for each x ∈ A the map x ∧ − : A −→ A
is a Q-module homomorphism. This characterization is essentially Proposition 3.7 and
Proposition 3.9 in [38]. For the sake of completeness, a direct verification is included here.

Necessity is obvious, we only need to check the sufficiency. First, since x∧− : A −→ A
is a Q-module homomorphism for all x ∈ A, it follows that, in A, binary meets distribute
over arbitrary joins, hence A is a frame. Define i : Q −→ A by i(r) = r ⊗ ⊤, where ⊤ is
the top element of the frame A. We claim that i is a frame map and the Q-module (A,⊗)
is generated by i. That i preserves join is clear, to see that it preserves finite meet, let
r, s ∈ Q. Then

i(r) ∧ i(s) = (r ⊗⊤) ∧ (s⊗⊤)

= s⊗ ((r ⊗⊤) ∧ ⊤)

= s⊗ (r ⊗⊤)

= (s ∧ r) ⊗⊤

= i(r ∧ s),

where the second equality holds because (r ⊗ ⊤) ∧ − : A −→ A is a Q-module homomor-
phism. It remains to check that (A,⊗) is generated by i. This is easy, since for all r ∈ Q

and x ∈ A,
r ⊗ x = r ⊗ (x ∧ ⊤) = x ∧ (r ⊗⊤) = x ∧ i(r).

Remark 3.7. Let Q = (Q,&) be a commutative and integral quantale, viewed as a
Q-module. It is trivial that (Q,&) is spatial. But, the map

r ∧ − : (Q,&) −→ (Q,&)

is a Q-module homomorphism for all r ∈ Q if, and only if, the quantale (Q,&) is a frame,
i.e., & = ∧. Sufficiency is clear, to see the necessity, let r ∈ Q. Since r ∧ − preserves the
Q-action, it follows that

r = r ∧ (r& 1) = r&(r ∧ 1) = r& r,

hence r is idempotent and consequently, (Q,&) is a frame.

4 Sobriety of F-domains

It is well-known in domain theory that the Scott topology of a domain (= continuous
dcpo) is sober [3, 4]. This section concerns an analogy of this conclusion in the enriched
context when Q is an integral and commutative quantale.
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For each weight φ and each coweight ψ of a Q-ordered set X, let

φ ⋔ ψ =
∨

x∈X

φ(x) &ψ(x).

It is easily verified that for each weight φ, each coweight ψ, and each point a of a
Q-ordered set X,

φ ⋔ X(a,−) = φ(a) and X(−, a) ⋔ ψ = ψ(a).

Remark 4.1. From the viewpoint of fuzzy set theory, the value φ ⋔ ψ measures the degree
that φ and ψ have a common point when φ and ψ are viewed as fuzzy subsets of X. From
the perspective of category theory, φ ⋔ ψ is the colimit of ψ : X −→ (Q, αL) weighted
by φ, i.e., the supremum of ψ→(φ) in (Q, αL) (c.f. [19, Example 2.11]). Furthermore, if
we view φ as a fuzzy relation X //7 ∗ from X to a singleton set and view ψ as a fuzzy
relation ∗ //7 X from a singleton set to X, then φ ⋔ ψ is the composite fuzzy relation
φ ◦ ψ : ∗ //7 X //7 ∗.

Definition 4.2. ([19, 33, 34]) A flat ideal of a Q-ordered X is a weight φ of X that is (i)
inhabited in the sense that

∨
x∈X φ(x) ≥ k; and (ii) flat in the sense that for any coweights

ψ1, ψ2 of X,
φ ⋔ (ψ1 ∧ ψ2) = (φ ⋔ ψ1) ∧ (φ ⋔ ψ1).

Flat ideals are first introduced by Vickers in the case that Q is Lawvere’s quantale
([0,∞]op,+) and are called flat left modules [34]. Flat ideals provide a natural analogy of
ideals (= directed lower sets of partially ordered sets) in the Q-valued context. We haste
to remark that there exist different extensions of the notion of directed lower set to the
enriched context, with flat ideal being one of them. A comparative study of some of these
extensions can be found in [19].

Proposition 4.3. ([19, 33]) If f : X −→ Y preserves Q-order, then for each flat ideal φ
of X, f→(φ) is a flat ideal of Y .

For each Q-ordered set X, write
FX

for the subset of PX consisting of flat ideals. It is obvious that for each a ∈ X, the weight
X(−, a) is a flat ideal of X, so the Yoneda embedding yX : X −→ PX factors through
FX. The assignment X 7→ FX defines a saturated class of weights on Q-Ord, see [19,
Proposition 4.5]. In other words, it gives rise to a submonad

F = (F ,m, y)

of the monad P = (P,m, y).
A Q-ordered set X is F-cocomplete if every flat ideal of X has a supremum. It is clear

that X is F-cocomplete if, and only if, the map

yX : X −→ FX, x 7→ X(−, x)

has a left adjoint.
Separated and F-cocomplete Q-ordered sets are precisely the algebras of the monad

F = (F ,m, y) (see e.g. [18, Section 3]) and provide an analogy of dcpos (= directed
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complete partially ordered sets) [3, 4] in the Q-valued context. Such a Q-ordered set
will be called an F-dcpo. Since there exist different extensions of directed lower sets,
hence different extensions of dcpos to the enriched context (see e.g. [19]), instead of the
term “Q-dcpo”, we adopt “F-dcpo” with the prefix F indicating that such a “Q-valued
dcpo” is defined with respect to the class F of flat weights. This remark also applies to
F-domains defined below.

Proposition 4.4. The specialization Q-order of a sober Q-topological space is F-cocomplete.

Proof. Let X be a sober Q-topological space. We show that every flat ideal φ in ΩX has
a supremum. Since each open set of X is a coweight of ΩX, it is readily verified that

p : O(X) −→ Q, p(λ) = φ ⋔ λ

is a point of the Q-module O(X). Thus, there is some a of X such that p(λ) = λ(a) for
all λ ∈ O(X). We claim that a is a supremum of φ. Indeed, for all b ∈ X,

ΩX(a, b) =
∧

λ∈O(X)

λ(a) → λ(b)

=
∧

λ∈O(X)

( ∨

x∈X

φ(x) & λ(x) → λ(b)
)

=
∧

x∈X

(
φ(x) →

∧

λ∈O(X)

(λ(x) → λ(b))
)

= subX(φ,ΩX(−, b)),

hence a is a supremum of φ in ΩX.

Definition 4.5. A Q-ordered set X is an F-domain if X is separated and there exists a
string of adjunctions

։

⊣ sup ⊣ yX : X −→ FX.

Said differently, a Q-ordered set X is an F-domain if it is an F-dcpo and is continuous
in the sense that for each x ∈ X, there is a flat ideal

։

x such that for all φ ∈ FX,

subX(

։

x, φ) = X(x, supφ).

When flat ideals are taken as directed lower sets in the Q-valued context, F-domains
are then an analogy of domains (= continuous dcpos) [3, 4].

Example 4.6. For each Q-ordered set X, the set FX of flat ideas in X with the inclusion
Q-order is an F-domain. This is an instance of [18, Proposition 3.3] or [19, Theorem 4.1].
Actually, for each Q-ordered set X we have a string of adjunctions

y→X ⊣ y←X ⊣ yFX : FX // FFX,

where yX : X −→ FX is the unit of the monad F = (F ,m, y), hence FX is an F-domain.
In particular, the supremum of a flat ideal Φ of FX is given by

sup Φ = y←X (Φ) =
∨

φ∈FX

Φ(φ) &φ.
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Remark 4.7 (When Q is a frame, III). Assume that Q = (Q,&) is a frame, i.e., & = ∧.
It follows from [33, Proposition 3.11] that for each Q-ordered set X, a weight φ is a flat
ideal if, and only if, it is inhabited and

φ(x) ∧ φ(y) =
∨

z∈X

φ(z) ∧X(x, z) ∧X(y, z)

for all x, y ∈ X. So, in this case, a flat ideal of X is precisely an ideal of X in the sense
of [16, Definition 5.1]; the fuzzy dcpos and fuzzy domains studied in [21, 36, 38, 39] are
F-cocomplete Q-ordered sets and F-domains, respectively.

Let X be an F-cocomplete Q-ordered set. The way below Q-relation (relative to flat
ideals) on X refers to the Q-relation w : X ×X −→ Q defined by

w(x, y) =
∧

φ∈FX

X(y, sup φ) → φ(x).

We list below some basic properties of the way below Q-relation w, they are an instance
of the properties of quantitative domains based on a class of weights, see e.g. [7, 8, 35].
For all x, y, z, u ∈ X,

(i) w(x, y) ≤ X(x, y);

(ii) w(y, z) &X(x, y) ≤ w(x, z), in particular, w(−, z) is a weight of X;

(iii) X(z, u) &w(y, z) ≤ w(y, u), in particular, w(y,−) is a coweight of X.

(iv) If X is an F-domain, then w is interpolative in the sense that

w(x, y) =
∨

z∈X

w(z, y) &w(x, z).

(v) If X is a separated Q-ordered set of which every flat ideal has a supremum, then X
is a F-domain if, and only if, for all x ∈ X, the weight w(−, x) is a flat ideal with
supremum x. In this case, the left adjoint

։

: X −→ FX of sup: FX −→ X is given
by

։

x = w(−, x).

Example 4.8 (When Q is a frame, IV). Assume that Q = (Q,&) is a frame, i.e., & = ∧.
Then Q together with the canonical Q-order is an F-domain; that is, (Q, αL) is an F-
domain. By [40, Example 3.14] and Example 4.7, the assignment x 7→ x∨(id → 0) defines a
left adjoint of the map that sends each flat ideal of (Q, αL) to its supremum. Thus, (Q, αL)
is an F-domain. The way below Q-relation on (Q, αL) is given by w(y, x) = x ∨ (y → 0).

For a general quantale Q, (Q, αL) may fail to be an F-domain, see Theorem 5.3 below.

Definition 4.9. ([19]) A fuzzy set ψ : X −→ Q of a Q-ordered set X is Scott open if it is
a coweight and

ψ(supφ) ≤ φ ⋔ ψ

for each flat ideal φ of X whenever supφ exists.

Since for any weight φ and any coweight ψ of X,

k ≤ X(supφ, supφ) = PX(φ,X(−, sup φ))

13



whenever supφ exists, it follows that

φ(x) ≤ X(x, supφ) ≤ ψ(x) → ψ(supφ)

for all x ∈ X, hence φ ⋔ ψ ≤ ψ(supφ). Therefore, the inequality in Definition 4.9 is
actually an equality.

Given a Q-ordered set X, the family of Scott open fuzzy sets form a Q-topology on X
[19, Proposition 5.2], called the Scott Q-topology on X and denoted by σ(X). We write

ΣX

for the Q-topological space (X,σ(X)).
Now we state the main result of this section.

Theorem 4.10. Let Q be an integral and commutative quantale. Then the Scott Q-

topology of each F-domain is sober.

Lemma 4.11. Let X be an F-domain and let ψ : X −→ (Q, αL) be a Q-order-preserving

map, viewed as a fuzzy subset of X. Then the interior of ψ in ΣX is given by

ψ◦ =
∨

a∈X

w(a,−) &ψ(a).

Proof. First, making use of the interpolation property of the way below Q-relation, one
sees that for each x ∈ X, the fuzzy set w(x,−) : X −→ Q is Scott open.

Next, we show that ψ is open if, and only if,

ψ =
∨

a∈X

w(a,−) &ψ(a).

The conclusion follows from this fact immediately. Sufficiency is clear since each w(a,−)
is open. To see the necessity, we check that for all x ∈ X,

ψ(x) =
∨

a∈X

w(a, x) &ψ(a).

Since X is an F-domain, w(−, x) is a flat ideal with x as a supremum. Since ψ is Scott
open, then

ψ(x) = ψ(supw(−, x)) = w(−, x) ⋔ ψ =
∨

a∈X

w(a, x) &ψ(a).

Proof of Theorem 4.10. Write O(X) for the set of open sets of the Q-topological space
ΣX, viewed as a Q-module. Let p : O(X) −→ Q be a point of O(X). We need to show
that there is a unique element b of X such that for each open set ψ of ΣX, p(ψ) = ψ(b).

Define φ : X −→ Q by
φ(a) = p(w(a,−)).

We claim that φ is a flat ideal and the supremum of φ satisfies the requirement.
Step 1. φ is an inhabited weight of X. Since Q is integral, the top element 1 of Q is

the unit of &, then

1X = 1◦X =
∨

a∈X

w(a,−) & 1 =
∨

a∈X

w(a,−),
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thus ∨

a∈X

φ(a) =
∨

a∈X

p((w(a,−)) = p
( ∨

a∈X

w(a,−)
)

= p(1X) = 1,

which shows that φ is inhabited. That φ is a weight follows from that for all a, b ∈ X,

φ(b) &X(a, b) = p(w(b,−)) &X(a, b) = p(w(b,−) &X(a, b)) ≤ p(w(a,−)) = φ(a).

Step 2. φ is flat. Since for each coweight ψ of X,

φ ⋔ ψ =
∨

a∈X

p(w(a,−)) &ψ(a)

=
∨

a∈X

p(w(a,−) &ψ(a))

= p
( ∨

a∈X

w(a,−) &ψ(a)
)

= p(ψ◦),

it follows that for any coweights ψ1, ψ2 of X,

φ ⋔ (ψ1 ∧ ψ2) = p((ψ1 ∧ ψ2)◦)

= p(ψ◦1) ∧ p(ψ◦2)

= (φ ⋔ ψ1) ∧ (φ ⋔ ψ2),

hence φ is flat.
Step 3. Let b be the supremum of the flat ideal φ. Then for each open set ψ of ΣX,

p(ψ) = p
( ∨

a∈X

w(a,−) &ψ(a)
)

=
∨

a∈X

p(w(a,−) &ψ(a))

=
∨

a∈X

φ(a) &ψ(a)

= φ ⋔ ψ

= ψ(supφ)

= ψ(b).

The proof is completed.

Example 4.12 (When Q is a frame, V). ([39, Theorem 3.5]) Assume that Q = (Q,&) is a
frame, i.e., & = ∧. By Example 4.8, (Q, αL) is an F-domain and w(x, y) = y∨ (x→ 0) for
all x, y ∈ Q. Then it follows from Lemma 4.11 that Σ(Q, αL) coincides with the Sierpiński
space S, hence S = ΣΩ S in this case. But, this is not true for a general quantale, see
Proposition 5.9 in the next section.

Remark 4.13. In the case that the quantale Q is a frame, Theorem 4.10 and Proposition
4.4 are first proved in [38].
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5 Some examples in the case that Q = ([0, 1],&)

The aim of this section is to present some examples of F-domains and sober Q-topological
spaces when Q is the interval [0, 1] endowed with a continuous t-norm. In particular, a
necessary and sufficient condition is obtained for [0, 1] together with the canonical Q-order
to be an F-domain.

A left-continuous t-norm on [0, 1] [13] is a map &: [0, 1]2 −→ [0, 1] that makes ([0, 1],&)
into a commutative and integral quantale. A left-continuous t-norm that is continuous with
respect to the usual topology is called a continuous t-norm [13]. Continuous t-norms play
a decisive role in the BL-logic of Hájek [6].

Basic continuous t-norms and their implication operators are listed below:

(1) The Gödel t-norm:

x& y = min{x, y}; x→ y =

{
1, x ≤ y,

y, x > y.

The implication operator → of the Gödel t-norm is continuous except at (x, x),
x < 1.

(2) The product t-norm:

x&P y = xy; x→ y =

{
1, x ≤ y,

y/x, x > y.

The implication operator → of the product t-norm is continuous except at (0, 0).

(3) The  Lukasiewicz t-norm:

x& L y = max{0, x + y − 1}; x→ y = min{1 − x + y, 1}.

The implication operator → of the  Lukasiewicz t-norm is continuous on [0, 1]2.

Let & be a continuous t-norm. An element p ∈ [0, 1] is idempotent if p& p = p.

Proposition 5.1. ([13, Proposition 2.3]) Let & be a continuous t-norm on [0, 1] and p be

an idempotent element of &. Then x& y = x ∧ y whenever x ≤ p ≤ y.

It follows immediately that y → x = x whenever x < p ≤ y for some idempotent p.
Another consequence of Proposition 5.1 is that for any idempotent elements p, q with p < q,
the restriction of & to [p, q], which is also denoted by &, makes [p, q] into a commutative
quantale with q being the unit element.

A continuous t-norm on [0, 1] is said to be Archimedean if it has no idempotent element
other than 0 and 1. It is well-known that if & is a continuous Archimedean t-norm, then
the quantale ([0, 1],&) is either isomorphic to ([0, 1],& L) or to ([0, 1],&P ), see e.g. [13, 23].

Theorem 5.2. ([13, 23]) Let & be a continuous t-norm. Then for each non-idempotent

element c of ([0, 1],&), there exist idempotent elements c− and c+ such that c− < c < c+

and the quantale ([c−, c+],&) is either isomorphic to ([0, 1],&  L) or to ([0, 1],&P ).

Proposition 5.3. Let & be a continuous t-norm and let Q = ([0, 1],&). Then, the fol-

lowing are equivalent:
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(1) The Q-ordered set ([0, 1], αL) is an F-domain.

(2) For each non-idempotent element c ∈ [0, 1], the quantale ([c−, c+],&) is isomorphic

to ([0, 1],&P ) whenever c− > 0.

In order to prove the conclusion, we present four lemmas first.

Lemma 5.4. Let & be a continuous Archimedean t-norm and let Q = ([0, 1],&). Then

φ : [0, 1] −→ [0, 1] is a flat ideal of the Q-ordered set ([0, 1], αL) if, and only if, φ = αL(−, a)
for some a ∈ [0, 1].

Proof. A direct consequence of Corollary 3.14 and Theorem 3.18 in [19].

Lemma 5.5. Let & be a continuous t-norm and let Q = ([0, 1],&). Let φ be a flat ideal

of ([0, 1], αL). If c ∈ [0, 1] is idempotent and c ≤ φ(c), then φ(c) is idempotent.

Proof. Consider the following coweights of ([0, 1], αL): ψ1 ≡ φ(c) and ψ2 = αL(c,−).
Since φ ⋔ ψ1 = φ(c) = φ ⋔ ψ2 and

(ψ1 ∧ ψ2)(x) =

{
c→ x, 0 ≤ x < c,

φ(c), c ≤ x ≤ 1,

it follows that

φ(c) = φ ⋔ (ψ1 ∧ ψ2)

=
( ∨

x∈[0,c)

φ(x) &(c→ x)
)
∨
( ∨

x∈[c,1]

φ(x) & φ(c)
)

=
( ∨

x∈[0,c)

(c→ x)
)
∨ (φ(c) & φ(c)) (∀x ∈ [0, c), c → x ≤ c ≤ φ(c) ≤ φ(x))

≤ c ∨ (φ(c) & φ(c))

= φ(c) & φ(c), (c ≤ φ(c))

hence φ(c) is idempotent.

For a non-idempotent element c in ([0, 1],&), write Qc for the quantale obtained by
restricting & to [c−, c+]; that is,

Qc = ([c−, c+],&).

Lemma 5.6. Let & be a continuous t-norm, let Q = ([0, 1],&), and let φ be a flat ideal

of ([0, 1], αL). If c ∈ [0, 1] is non-idempotent and supφ ≥ c, then the map

ρ : [c−, c+] −→ [c−, c+], ρ(t) = c+ ∧ φ(t)

is a flat ideal of the Qc-ordered set ([c−, c+], αc
L), where αc

L refers to the canonical Qc-order

on [c−, c+].

Proof. Since φ(c+) ≥ φ(1) = supφ = c > c−, it follows that φ(x) ≥ c− for all x ∈ [c−, c+],
hence ρ is well-defined. That ρ is a weight of ([c−, c+], αc

L) is clear, it remains to check
that it is inhabited and flat.

Step 1. Since φ(c−) > c−, it follows from Lemma 5.5 that φ(c−) is idempotent, hence
φ(c−) ≥ c+ and ρ(c−) = c+, which shows that ρ is inhabited.
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Step 2. For each coweight ψ of ([c−, c+], αc
L), the map ψ̃ : [0, 1] −→ [0, 1], given by

ψ̃(x) =





x, x ∈ [0, c−),

ψ(x), x ∈ [c−, c+],

ψ(c+), x ∈ (c+, 1],

is a coweight of ([0, 1], αL). The verification is straightforward and omitted here.
Step 3. ρ is flat; that is, for any coweights ψ1, ψ2 of ([c−, c+], αc

L),

ρ ⋔ (ψ1 ∧ ψ2) = (ρ ⋔ ψ1) ∧ (ρ ⋔ ψ2).

First, a routine calculation shows that ρ ⋔ ψ = φ ⋔ ψ̃ for all coweight ψ of ([c−, c+], αc
L).

Thus,

ρ ⋔ (ψ1 ∧ ψ2) = φ ⋔ (ψ̃1 ∧ ψ2)

= φ ⋔ (ψ̃1 ∧ ψ̃2)

= (φ ⋔ ψ̃1) ∧ (φ ⋔ ψ̃2) (φ is flat)

= (ρ ⋔ ψ1) ∧ (ρ ⋔ ψ2),

which completes the proof.

Lemma 5.7. Let & be a continuous t-norm and let Q = ([0, 1],&). For each x ∈ [0, 1],
define d(x) : [0, 1] −→ [0, 1] by

d(x)(t) =





t→ 0, x = 0,

1, x > 0, t = 0,

x+ ∧ (t→ x), x > 0, t > 0.

Then d(x) is the smallest flat ideal of ([0, 1], αL) with supremum larger than or equal to x.

Proof. The verification of that d(x) is a flat ideal with supremum x is straightforward.
Now we check that for any flat ideal φ of ([0, 1], αL) with supφ ≥ x, it holds that d(x) ≤ φ.
The conclusion is obvious if x is idempotent. Assume that x is not idempotent. By Lemma
5.6, the map

ρ : [x−, x+] −→ [x−, x+], ρ(t) = x+ ∧ φ(t)

is a flat ideal of the Qx-ordered set ([x−, x+], αx
L). Since the quantale ([x−, x+],&) is iso-

morphic to [0, 1] endowed with a continuous Archimedean t-norm, it follows from Lemma
5.4 that there is some b ∈ [x−, x+] such that

ρ(t) = αx
L(t, b) = x+ ∧ (t → b)

for all t ∈ [x−, x+].
We claim that b ≥ x, hence d(x)(t) ≤ ρ(t) ≤ φ(t) for all t ∈ [x−, x+]. Suppose on

the contrary that b < x. Take some z ∈ (x, x+) such that z → b < x. Then x > ρ(z) =
x+ ∧ φ(z), hence φ(z) = ρ(z) < x, contradicting that φ(z) ≥ φ(1) = supφ ≥ x (the
equality holds by Example 2.6).

Finally, since
d(x)(t) = x+ = ρ(x−) ≤ φ(t)

for all t ∈ (0, x−) and
d(x)(t) = x ≤ φ(1) ≤ φ(t)

for all t ∈ (x+, 1], it follows that d(x) ≤ φ, as desired.
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Proof of Proposition 5.3. Write X for the Q-ordered set ([0, 1], αL) and for each x ∈ X,
let d(x) be the smallest flat ideal of X with supremum larger than or equal to x, as given
in Lemma 5.7. Then, by Theorem 2.3, it is sufficient to show that the map d : X −→ FX
preserves Q-order if, and only if, & satisfies the condition stated in (2). We check the
only-if-part here and leave the if-part to the reader.

Suppose on the contrary that & does not satisfy that condition. Then there exist
idempotent elements p, q > 0 such that the restriction of & on [p, q] is isomorphic to the
 Lukasiewicz t-norm. Pick t ∈ (p, q). Then

X(t, p) = t→ p

> q → p

≥
∧

x∈(0,1]

(
q ∧ (x→ t) → p ∧ (x→ p)

)

= FX(d(t), d(p)),

which contradicts that d : X −→ FX preserves Q-order.

Proposition 5.8. Let & be a continuous t-norm on [0, 1] and let Q = ([0, 1],&). If for each

non-idempotent element c ∈ [0, 1], the quantale ([c−, c+],&) is isomorphic to ([0, 1],&P )
whenever c− > 0, then the Q-topological space Σ([0, 1], αL) is sober.

Proof. This follows from a combination of Proposition 5.3 and Theorem 4.10.

A celebrated result of Scott [28] says that if X is an injective T0 topological space, then
the topology of X is precisely the Scott topology of its specialization order. It is shown
in [39] that this is also true in the Q-enriched setting if the quantale Q is a frame. But,
this is not true in general, as we see below.

Proposition 5.9. Let & be a continuous t-norm and let Q = ([0, 1],&). Let S be the

Sierpiński Q-topological space. Then S = ΣΩ S if, and only if, & is the Gödel t-norm.

A lemma first.

Lemma 5.10. Let & be a continuous t-norm and let Q = ([0, 1],&). Then a coweight ψ of

([0, 1], dL) is Scott open if, and only if, for all x ∈ (0, 1], ψ(x) > x+ implies ψ(x) = ψ(0).

Proof. This is the content of [43, Lemma 4.11]. We present here a simple proof with help
of Lemma 5.7. For each x ∈ [0, 1], let d(x) be the smallest flat ideal of X with supremum
larger than or equal to x. For each coweight ψ of ([0, 1], dL), since we always have

ψ(0) = d(0)(0) &ψ(0) ≤ d(0) ⋔ ψ,

it follows that ψ is Scott open if, and only if, for all x ∈ (0, 1], ψ(x) ≤ d(x) ⋔ ψ. Because

d(x) ⋔ ψ = ψ(0) ∨
∨

t>0

(x+ ∧ (t→ x)) &ψ(t)

= ψ(0) ∨
∨

t>0

x+ &(t → x) &ψ(t) (x+ is idempotent, Proposition 5.1)

= ψ(0) ∨ (x+ ∧ ψ(x)),

therefore, ψ is Scott open if, and only if, for each x ∈ (0, 1], ψ(x) > x+ implies ψ(x) =
ψ(0).
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Proof of Proposition 5.9. Sufficiency follows from Example 4.12. To see the necessity,
suppose on the contrary that ([0, 1],&) has a non-idempotent element, say c. Then the
map

λ(x) := ((c→ c−) ∨ (c→ x)) ∧ c+

satisfies the conditions in Lemma 5.10, hence it is a Scott open set of Ω S. But, λ is not
an open set of S.

Since for each commutative and unital quantale Q, the space S is an injective Q-
topological space, Proposition 5.9 shows that in the quantale-enriched context, the Q-
topology of an injective Q-topological space may not be the Scott Q-topology of its spe-
cialization Q-order.

We end this section with a discussion of the sobriety of the space Σ([0, 1], αR), where
αR is the opposite of the canonical Q-order on [0, 1].

Lemma 5.11. ([43, Lemma 4.14]) Let & be a continuous t-norm and let Q = ([0, 1],&).
Then, for each coweight ψ of ([0, 1], αR), it holds that

(i) if ψ(x) ≤ x− then ψ(x) = ψ(1);

(ii) if x is idempotent and ψ(x) ≥ x then ψ(1) ≥ x.

Lemma 5.12. ([43, Lemma 4.15]) Let & be a continuous t-norm and let Q = ([0, 1],&).
If b is a nontrivial idempotent element in ([0, 1],&), then for each Scott open set ψ of

([0, 1], αR), either ψ is a constant map or ψ(x) ≤ b for all x ∈ [0, 1].

Proposition 5.13. Let & be a continuous t-norm and let Q = ([0, 1],&). Then the

following are equivalent:

(1) The Q-ordered set ([0, 1], αR) is an F-domain.

(2) The Q-topological space Σ([0, 1], αR) is sober.

(3) & is Archimedean.

Proof. Write X for the Q-ordered set ([0, 1], αR).
(1) ⇒ (2) Theorem 4.10.
(2) ⇒ (3) Suppose on the contrary that ([0, 1],&) has a nontrivial idempotent element,

say b. By Lemma 5.11 and Lemma 5.12, for all open set ψ of ΣX and all x, y > b, it holds
that ψ(x) = ψ(y). Therefore, ΣX is not a T0 space, hence not sober, contradicting the
assumption.

(3) ⇒ (1) By Corollary 3.14 and Theorem 3.18 in [19], a weight φ of X is a flat ideal
if, and only if, φ = X(−, a) for some a ∈ [0, 1]. By help of this fact, one readily verifies
that a 7→ X(−, a) defines a left adjoint of sup: FX −→ X.
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