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Abstract

This paper considers the estate division problem from a non-cooperative perspective. The inte-
ger claim game initiated by O’Neill (1982) and extended by Atlamaz et al. (2011) is generalized
by considering different sharing rules to divide every interval among the claimants. For problems
with an estate larger than half of the total entitlements, we show that every sharing rule satisfy-
ing four fairly general axioms yields the same set of Nash equilibrium profiles and corresponding
payoffs. Every rule that always results in such equilibrium payoff vector is characterized by the
properties minimal rights first and lower bound of degree half. Well-known examples are the
Talmud rule, the adjusted proportional rule and the random arrival rule. Then our focus turns
to more specific claim games, i.e. games that use the constrained equal awards rule, the Talmud
rule, or the constrained equal losses rule as a sharing rule. Also a variation on the claim game
is considered by allowing for arbitrary instead of integer claims.

Journal of Economic Literature Classification Nos. C72, D74

Keywords Claim games, estate division problem, bankruptcy problem, Talmud rule, adjusted pro-
portional rule, random arrival rule.

1 Introduction

The estate division problem, also known as bankruptcy problem or rationing problem, concerns the
issue of dividing an estate among a group of claimants who have entitlements to the estate, when
the sum of these entitlements exceeds the size of the estate. A seminal paper on this problem is
O’Neill (1982). Subsequently, most research has focused on comparing different solution rules by
their properties. For an overview of this normative, axiomatic approach, see Thomson (2003).
The estate division problem can also be approached strategically, i.e., by a non-cooperative
game. O’Neill (1982) already formulates a non-cooperative game, associated with an estate di-
vision problem, in which players can use their entitlements to claim specific parts of the estate.
More precisely, think of an estate with size E as an interval [0, E]. Each player can partition this
interval into finitely many subintervals and on each of those subintervals put a claim such that
the total amount claimed is equal to his entitlement. Then every subinterval is equally divided
among those players claiming the subinterval. O’Neill (1982) considers the Nash equilibria of this
game. Atlamaz et al. (2011) extend this game by allowing for multiple claims on every subinterval
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and dividing every subinterval according to the proportional rule with respect to the claims. We
generalize their game by allowing for other possible sharing rules to divide the subintervals.

In by far the larger part of the paper we focus on restricted estate division problems, which
means that individual entitlements do not exceed the size of the estate. For the case in which claims
are integer-valued, our first result is of an axiomatic nature and applies to problems for which the
estate is larger than half of the total entitlements. Under four fairly general axioms: efficiency,
claims boundedness, equal treatment of two claims and responsiveness; the set of equilibrium profiles
and corresponding payoffs is characterized. We show that a rule always results in an equilibrium
payoff vector if and only if the rule satisfies the properties minimal rights first and lower bound of
degree half. Three well-known rules that satisfy both properties are the Talmud rule, the adjusted
proportional rule and the random arrival rule. This result provides a non-cooperative support to
use either of these rules for these kind of problems.

We then direct our attention to claim games that use the constrained equal awards rule, the
Talmud rule, or the constrained equal losses rule as a sharing rule. Actually, we consider shar-
ing rules derived from a particular family of rules, the TAL-family, which has been introduced by
Moreno-Ternero and Villar (2006) and includes the above three rules. For a characterization result
for this family as a whole, we refer to Moreno-Ternero (2011). We characterize all Nash equilibria
of the associated claim games and the corresponding payoffs. These results indicate that there is
not one general characterization for claims problems with an estate smaller than half of the total
entitlements — in contrast to problems with an estate larger than half of the total entitlements.

We also investigate what happens if we relax the assumption of placing integer-valued claims
and allow for arbitrary claim heights. Unlike for the proportional case (Atlamaz et al., 2011), the
claims profile in which every player has a uniform claim over the estate, is usually not the unique
equilibrium claims profile.

Although we use the estate division terminology, our model has applications other than the
division of a heritage or the leftovers of a bankrupt firm. For instance, think of the interval [0, F]
as representing a continuum of uniformly distributed consumers (cf. Hotelling, 1929), and of the
claimants as firms who provide services to the consumers, with total services equal to the entitle-
ments. Every claim can be thought of as an investment in a particular consumer segment. Since we
allow for multiple claims, this interpretation allows for competitive investments by different firms in
the same consumer segment. As we can choose the sharing rule, it is possible to allow for different
forms of competition among the firms. Aside from proportional division of the consumers, one
could think of a form of competition in which the firms that invest maximally in a given segment,
equally share the consumers in that segment — this is achieved by using the constrained equal losses
rule in our model. Or one could imagine a competition in which all investing firms equally share a
segment — achieved by using the constrained equal awards rule.

In other related applications the shares induced by the claims may be interpreted as probabilities
of winning in, for instance, political elections (cf. Merolla et al., 2005) or auctions (cf. Cramton et
al., 2003). Note also the connection to Colonel Blotto games (Borel, 1921).

It is also possible (but postponed to future work) to extend to non-homogeneous preferences
over the estate, like in Palvolgyi et al. (2013). This extension has several additional applications
like, for example, land division problems (Berliant et al., 1992).



The organization of the paper is as follows. In Section 2, we explain the basic model and
introduce the relevant sharing rules. In Section 3, we analyze integer claim games for restricted
problems with an estate larger than half of the total entitlements. Section 4 also considers integer
claim games, but now for more particular sharing rules. In Section 5, players are allowed to place
arbitrary claims. Section 6 analyzes the relation between restricted and unrestricted problems. In
Section 7 we conclude.

2 The model

The set of players is N = {1,...,n}, where n > 2. An estate division problem is a pair (E, ¢), where
E € R, E >0, is the estate and ¢ = (c1,...,c,) € RY with ¢; > 0 for all i € N and YienC > E,
is the vector of entitlements. Let CIV be the class of all problems and let CéV be the class of all
problems with ;. y ¢i/2 < E. A payoff vector for (E,c) € CV is a vector z = (z1,...,z,) € RY
with ;. y i < E, where z; is the payoff to player 4, and Ry := [0, 00).

The purpose of this paper is to find payoff vectors for estate division problems as equilibrium
outcomes of a suitable non-cooperative game. To this end, we first define a sharing rule to be a
function f that assigns to every b € RY a vector f(b) € [0,1]" such that Y, fi(b) < 1. Given
a sharing rule f we associate with an estate division problem (E,c) € CV a claim game, denoted
by (E,c, f). First, a strategy of player i € N in this claim game consist of a finite division of
the interval [0, F] into subintervals and on each subinterval a non-negative number of claims, such
that the total amount claimed is equal to ¢;. It will be without loss of generality to assume that
the strategies of all players have the same division of [0, F] in common, since otherwise we can
consider the common refinement of the player divisions instead. The following definition therefore
introduces so-called claims profiles, after which we can complete the definition of the game (F, ¢, f).

Definition 2.1. A claims profile for (E,c) € CV is a triple (y, 3, m), where
(i) meN,

(i) ¥y = (Yo, -, ym) ER™ with 0=y < y1... < Ym-1 < Ym = E,

(iii) 8= (B1,...,0n) with 5; : {1,...,m} — Ry such that

Zﬁz(t) (Yt — y1—1) = ¢; for all i € N.

We refer to the interval (y;—1,y:) as interval t. We write 5(t) = (8;(t))ien, where 3;(t) is interpreted
as the amount that player i claims on interval ¢; and we write M = {1,...,m}. We now use the
sharing rule f to distribute every interval ¢ among the claimants of the interval. Specifically,
fi(B(t)) is the share of player ¢ of interval ¢, and player ¢’s payoff is determined by the payoff
function u (y,B,m) — u{(y, B,m) € R defined by

Ty.8om)=>" f:(8 — Y1)

teM

for every claims profile (y, 8, m). We write u/ = (u{ e ,ufl) This concludes the definition of the
game (E,c, f).



Atlamaz et al. (2011) analyze this game with the proportional rule as the sharing rule. We
generalize their results by considering different sharing rules. We first introduce four properties
that a sharing rule may have.

The first requirement states that the interval is distributed if the total claim on it is at least 1.

Efficiency. For each b € RY, if >,y b; > 1 then Y, fi(b) = 1.
The second requirement is that each player receives at most his claim.

Claims boundedness. For each b € RJX and each i € N, f;(b) < b;.

The next property says that two players obtain equal shares if they have a claim of 1 and are
the only two claimants.

Equal treatment of two claims. For each b € Rf, if b =b; =1 for 4,5 € N and by = 0 for all
k € N, with k # 4,7, then f;(b) = f;(b).

The last property states that for any number of claims of the other players, there is an amount
of claims such that the own share is positive.

Responsiveness. For each b~% € Rf\{i} and each ¢ € N, there is some b; € R4 such that
fz(b) >0.!

Let us now define some particular sharing rules derived from the TAL-family, to which the
constrained equal awards rule, the constrained equal losses rule and the Talmud rule belong. For
the original definitions of these rules see Remark 2.7.

We first describe the constrained equal awards rule f¢F4 (as a sharing rule).

Definition 2.2. For each b € }Rf and each i € N,

mln{bz,)\} if ZjEN bj > 1,
where A is the unique solution of the equation » ;.\ min{b;, A} = 1.

The constrained equal awards rule assigns equal shares to all claimants subject to no one

receiving more than his claim. Note that f¢F4(0,...,0) = (0,...,0). When used in a claim game
this implies that if a part (an interval) of the estate is not claimed, then it is not distributed. We
write uCEA instead of uf“ ",

The constrained equal losses rule f€FF (as a sharing rule) is defined as follows.

Definition 2.3. For each b € Rﬁ and each 7 € N,

! max{0,b; — p} if > . nb; > 1,

where 4 is the unique solution of the equation ).\ max{0,b; — u} = 1.

'Define b~* as the vector (b;);2; and b as the vector (b~%, ;).



The constrained equal losses rule focuses on the loss each claimant incurs. The rule divides
these losses equally among all claimants subject to no one receiving a negative amount. Again, in
the claim game, if a part of the estate is not claimed, then it is not distributed. We write u¢F~
instead of u/“"".

The sharing rules derived from the TAL-family f?, identified by a single parameter 6 € [0, 1],
are defined as follows.

Definition 2.4. Let 6 € [0,1]. For each b € RY and each i € N,

b; if Zjerj<17
FL(b) = { max{0b;, b; — p} i Y nb; > Land 05 by <1,
min{6b;, A} IO enbi =1,

where ¢ is the unique solution of the equation .y max{6b;,b; — u} = 1 and A is the unique
solution of the equation »_,c n min{6b;, A} = 1.

Every rule from the TAL-family combines the principles of the constrained equal awards rule
and the constrained equal losses rule. Namely, if 6 times the aggregate claim is at least one, then
no one receives more than a fraction of 6 of his claim. In this case, the constrained equal awards
rule is applied with 0b as claims. If 6 times the aggregate claim is smaller than one, everyone
receives at least a f-fraction of his claim and the remainder is divided using the constrained equal
losses rule with (1 — 6)b as claims. This family of rules generalizes the Talmud rule, for which this

switch happens exactly halfway, so for 6 = % For every § € [0,1], we write u? instead of u/ ‘.

Note that f! = fCF4 and f0 = fOFPL. We refer to f% as the Talmud sharing rule, and denote the
corresponding payoff function by u”.

Remark. All sharing rules derived from the TAL-family satisfy efficiency, claims boundedness,
equal treatment of two claims and responsiveness.

For completeness, we define the proportional rule f¥ (as a sharing rule), used in Atlamaz
et al. (2011).

Definition 2.5. For each b € }Rf and each i € N,

00 {0 if b; =0,
i - b; .
Sen b if b; > 0.

We denote the corresponding vector of payoff functions by u’.

Remark. The proportional sharing rule satisfies efficiency, equal treatment of two claims and
responsiveness. In general, this rule need not satisfy claims boundedness. However, if we assume
integer-valued claims then this condition is satisfied.

Our purpose is to analyze Nash equilibrium outcomes of the claim game under different sharing
rules. The following definition is standard.

Definition 2.6. A claims profile (y, 8,m) is a Nash equilibrium profile (NEP) in (E, ¢, uf) if each
player maximizes his own payoff, given his opponents’ claims.



Hence, in an NEP, no player can increase his payoff by unilaterally reshuffling his claims. Let the
marginal gain or loss be defined as the gain or loss per unit interval from increasing or decreasing
one’s claim on that interval with a smallest claim unit, which is 1 in the case that only integer
claims are allowed, and infinitesimal otherwise. Then, in an NEP, the marginal loss of decreasing
one’s claim on some interval should be at least as large as the marginal gain of increasing one’s
claim on some other interval. For proportional sharing this condition is also sufficient for a claim
profile to be an NEP (Atlamaz et al., 2011), but this does not hold in general. Suppose, as an
example, that claims are restricted to be integer-valued — a case that we will study extensively in
Section 3 — and that the constrained equal losses rule is used as the sharing rule; and suppose that
Bi(t) = 2 for some player i and interval ¢, whereas §;(t) = 0 for all j # i. If player j # i places a
claim of size 1 on t his gain on ¢ is zero, hence his marginal gain is zero. If, however, j places a
claim of size 2 on ¢ his gain on ¢ is % and, thus, his average gain is %. Marginal and average gains
and losses for claim games with integer claims are defined formally in Section 3, where we present
a characterization of NEPs in terms of average gains and losses.

We are interested in the payoffs associated with NEPs with respect to different sharing rules.
For every claim game (E, ¢, f) we denote the set of equilibrium payoffs by

U(E,c, f) = {(u!(y, 8,m))ien | (y, 8,m) is an NEP in (E, ¢, f)}.

Once the set of equilibrium payoffs for the particular claim games is characterized, our aim is to
find rules yielding a payoff within this set of equilibrium payoffs. Formally, a rule is a function R
that associates with every (E,c) € CV a vector R(E,c) € RY such that R;(E,c) <¢; foralli € N
and ) ;o Ri(E,c) = E.

Remark 2.7. The original constrained equal awards rule assigns to player ¢ in an estate division
problem (E,c) the amount min{c;, A}, where A solves } ..y min{cj,A\} = E. Recall that, by
assumption, » jen¢ = E. The original constrained equal losses rule assigns to player ¢ the amount
max{0, ¢; — pu}, where p solves >,y max{0,¢; — u} = E. The original TAL-rule with parameter
0 € [0,1] assigns to player ¢ the amount max{fc;,¢; — pu} if 03,y ¢; < E, and min{fc;, A} if
03 ien ¢j = E, where p and A are the unique solutions of the equations } ;. y max{fc;,c;—pu} = E
and Zje y min{fc;, \} = E, respectively. The original proportional rule assigns to player ¢ the

amount > “—F
jeN i

The payoffs assigned by the original rules in Remark 2.7 are also obtained by applying the
associated sharing rules to the claims profile in which each player puts a constant claim % on the

entire estate.? We call this claims profile, the profile (y, 3, 1), the uniform claims profile.

Example 2.8. Consider the estate division problem (£, ¢) with E = 4 and ¢ = (4, 2,1). The payoffs
assigned to the players by the (original) constrained equal awards rule, the constrained equal losses
rule and the Talmud rule are found by considering the uniform claims profile, that is, f(1) =
%,% Figure 1 illustrates the three sharing rules. The associated shares are fCPA(B(1)) =
g i), fEEL(B(1)) = (%, i,O) and f7(B(1)) = (%, i, %) The corresponding payoffs are u¢F4 =
,13,1), uFL = (3,1,0) and u” = (23,1,1).

A restricted problem is an estate division problem (E,c¢) with ¢; < E for all i € N. O’Neill
(1982) considers claim games with the proportional sharing rule for restricted problems, in which

2The crucial property here is homogeneity of a rule (Thomson, 2003).
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Figure 1: An illustration of the outcome of different sharing rules for b = (1, %, %) The height of
every bar represents the claim height and the number in the bar is the name of the player of that
claim. (a) The constrained equal awards rule: the height of the shaded area of the bar represents
the share of the player. (b) The constrained equal losses rule: the share of each player is represented
by the height of the shaded area of the bar. (¢) The Talmud rule: every player receives a share of

%bi plus the height of the shaded area of the bar.

Bi(t) € {0, 1} for each claims profile (y, 5,m), each i € N, and each t € M. We generalize to multiple
and not per se integer claims and different sharing rules. We start with restricted problems and
multiple integer claims in the next section.

Notation. We introduce some convenient notation, related to a claims profile (y, 3, m). For all
t € M, we denote P(t) = {i € N | Bi(t) > 0}, Bin(t) = min ;e p() Bi(t), Bmax(t) = max;cpp Bi(t),
and By (t) = > ey Bi(t).

3 Restricted problems and integer claims

In this section we consider restricted problems (E,c) € CV, i.e., ¢; < E for all i € N, and integer
claims in each associated claim game, i.e., 5; : M — {0} UN for every claims profile (y, 5, m) and
every ¢ € N. This is the setting also considered in O’Neill (1982), with the difference that 5;(t) > 1
is allowed.

Let f be a sharing rule satisfying the minimal requirements efficiency and claims boundedness.
We will first define Nash equilibrium profiles (Definition 2.6) in terms of average gains and losses.
Let (y, 8, m) be a claims profile. Fori € N andt € M withi € P(t),and A € Nwith 1 <A < 5,(¢),
define
UZ(% 67 m) - u{<y7 B/? m)

(Yt — yi—1)A ’

where (y,8’,m) is a claims profile in the problem (E,¢) such that 8’ is equal to 8 except that
Bi(t) = Bi(t) — A, and ¢ is equal to ¢ except that ¢, = ¢; — (y¢ — y+—1)A. Similarly, define

ALj(At) =

Y, B//7m) - u{(y767m)
(Yt — y—1)A

!
AGH(A, ) = il

)



where (y, 5”,m) is a claims profile in the problem (E,¢”) such that 8" is equal to 8 except that
BI'(t) = Bi(t) + A, and ¢” is equal to ¢ except that ¢ = ¢; + (y¢ — yi—1)A. Hence, AL;(A,t) is the
average loss (in share) to player i € N of decreasing his claim on interval ¢ € M by an amount A,
and AG;(A,t) is the average gain (in share) of increasing his claim on ¢t € M by an amount A,
both measured per unit interval. For A = 1 these entities are called marginal loss and marginal
qgain.

The following lemma characterizes Nash equilibrium profiles: a claims profile is an NEP if
and only if every interval is positively claimed and for every player the minimum average loss
from decreasing his claim on some interval is at least as large as the maximum average gain from
increasing his claim on some other interval.

Lemma 3.1. Let f satisfy efficiency and claims boundedness. A claims profile (y, 5, m) is an NEP
in (E,c, f) if and only if |P(t)| > 1 for allt € M and for all i € N, we have

min min  AL;(A,t) > maxmax AG; (A, t). (1)
teMeP(t) Ae{l,...5:(t)} teM AEN
Proof. For the only-if part, let claims profile (y, 8, m) be an NEP. We first show |P(t)| > 1 for all
te M.

Suppose, contrary to what we want to show, there exists ¢ € M with |P(t)] = 0. Since
Yien G = E, there exists t' € M with fy(t) > 2. We consider two cases: |P(t')] = 1 and
ROED

If |P(t')] = 1, then whenever player i € P(t') reduces his claim on ¢’ by one, he remains the
only claimant and thus by efficiency and claims boundedness f;(5(t)) = 1. If player i places this
free claim on t, then he is the only claimant and gains a positive amount.? This is in contradiction
with the NEP assumption.

If |P(t')| > 2, then because a sharing rule distributes at most a total share of one, there is a
player i € P(t') with f;(8(¢')) < 1. So AL;(1,¢') < 1. However, by efficiency and claims bound-
edness AG;(1,t) = 1. Hence player i gains a positive amount by reshuffling a claim from ¢ to ¢,
which contradicts the NEP assumption.

Next suppose, contrary to (1), there is a player i for which there exist t,t' € M with i € P(t),
Ay €{1,...,5(t)} and Ag € N, such that AL;(A1,t) < AG;(Ag,t’). Taking away A; from (a part
of) interval ¢ and placing Ay on (a sufficiently small part of) interval ¢’ implies an improvement for
player i, which contradicts that (y, 3,m) is an NEP.

For the if-part, assume that |P(¢t)] > 1 for all t € M and (1) is satisfied for all i € N. We
show that (y, 8, m) is an NEP.

Consider a claim vector 3; # f3; for player i € N (potentially resulting in a different partition
of [0, E], but in that case we consider the common refinement of both partitions). We argue that
the payoff from claim vector f3; is at least as large as the payoff from ;. The difference in payoff
between the two claims profiles arises from intervals on which the claims of player i differ. Let
M;={te M| pBit) > Bit)} and My, = {t € M | Bi(t) < Bi(t)}, respectively denote the intervals
with lower and higher claims when going from f; to 3;. Note that the total difference in claim on
intervals from M is equal to the total difference in claim on intervals My, because player ¢ must

3In this argument and in many arguments in the sequel, we mean, implicitly, that a player may shift a claim
amount from a small enough subinterval of some interval s to a small enough subinterval of some interval s’.



use his full entitlement. Moreover, the average loss from intervals from M; is at least as high as the
average gain from intervals from Mj, due to (1). Hence the claim vector §; is a best response, as
it results in a payoff at least as high as the payoff from all other claim vectors. O

In the rest of the paper we will often use (sometimes without explicit mentioning) Lemma 3.1
instead of Definition 2.6 when determining Nash equilibria of claim games.

3.1 Axiomatic approach

In this subsection, we consider restricted problems (E,c) € C{', i.e. Y.,cyci/2 < E. For this
subset of problems, we provide a characterization of all Nash equilibrium profiles if the sharing rule
satisfies efficiency, claims boundedness, equal treatment of two claims and responsiveness.*

Theorem 3.2. Let f satisfy efficiency, claims boundedness, equal treatment of two claims and
responsiveness and let (y, B,m) be a claims profile for the restricted problem (E,c) € Cév. Equivalent
are:

(1) (y,B,m) is an NEP in (E,c, f).
(13) |P(t)] € {1,2} and p;(t) € {0,1} for allt € M and i € N.

Proof. We first prove (i) = (i7). Let claims profile (y, 5,m) be an NEP. By Lemma 3.1, |P(t)| > 1
for all t € M.

Note that responsiveness implies that for all ¢ € M and all i € P(t), f;(8(t)) > 0. Suppose
this claim would not be true, then a player ¢ € P(t) with f;(8(t)) = 0 can improve his payoff.
Specifically, player ¢ can reduce his claim on ¢ without any loss. Since f is responsive, there is
some Si(t) € N such that f;((87%(¢), 8:(¥'))) > 0. So by placing B/(t) claims on a sufficiently small
subinterval of ¢, player ¢ increases his payoff.

First we show that for all ¢ € M, if |P(t)| = 1, then §;(t) = 1 for i € P(t).

Suppose, to the contrary, |P(t)| = 1 and §;(t) > 1 for i € P(t). Since player ¢ is the only
claimant on ¢, by efficiency and claims boundedness he can reduce his claim on ¢ without any loss.
Since we consider restricted problems, there is ¢’ € M with §;(¢') = 0. Since f satisfies responsive-
ness, there is some B/(#) € N such that fi((37%(t), Bi(¥'))) > 0. So by placing B/(#') claims on a
sufficiently small subinterval of ¢, player ¢ could improve his payoff. This is in contradiction with
the assumption that (y, 5, m) is an NEP.

Second we show that for all ¢t € M, if |P(t)] = 2, then 5;(t) = 1 for each i € P(t). We
distinguish two different cases and use a proof by contradiction for each of these cases.

Suppose £i(t) > p;(t) > 2 for i,j € P(t) and i # j. Then since f;(8(t)) > 0 and f;(5(t)) > 0,
by definition of a sharing rule f;(3(¢)) < 1 and f;(8(t)) < 1. As both players claim ¢ at least twice,
ALi(Bi(t),t) < % and ALj(Bj(t),t) < %

Since ) ;o ¢i/2 < E, there must exist an interval ¢’ with Sy (t') = 1. Hence for at least one of
these two players (a player without a claim on t'), say player i, AG;(1,t') = 1 by efficiency, claims

4Responsiveness requires that for all ¢ € N and for all b=% € ]R_‘A_f\{i}, there is some b; € R4 such that f;(b) > 0.
Since we consider integer-valued claims, we implicitly assume b; € N.



boundedness and equal treatment of two claims. This contradicts Lemma 3.1.

Suppose f5;(t) > p;(t) =1 for i,j € P(t). We consider two different possible subcases.

If 0 < fj(B(t) < 3 < fi(B(t)) < 1, then AL;(B;(t),t) < % and AL;(B;(t),t) < & (since
Bi(t) > 2). Since Y, ¢i/2 < E, there must exist an interval ¢’ with Sy (') = 1. Hence for at least
one of these two players (a player without a claim on t'), say player i, AG;(1,t') = % by efficiency,
claims boundedness and equal treatment of two claims. This contradicts Lemma 3.1.

If 0 < fi(B(t)) < & < f;(B(t)) < 1, then player i could reduce his claim on ¢ to B;(t) such
that his share of ¢ equals % (by efficiency, claims boundedness and equal treatment of two claims).
Either this is an improvement or else he could use his free claim to gain a positive amount of some
interval ¢’ for which f;(t') = 0. Since we consider a restricted problem such an interval exists and
by responsiveness such a deviation exists.

Finally, we establish a contradiction for any ¢t € M with |P(t)| > 3.

Suppose that |P(t)| > 3. Recall that f;(5(t)) > 0 for each ¢ € P(t). This implies that there are
at least two players i € P(t) with f;(3(t)) < 3. But then for these two players, AL;(5;(t),t) < 4.
Since ;o ¢i/2 < E, there must exist an interval ¢’ with Sy(t') = 1. Hence for at least one of
these two players (a player without a claim on '), AG;(1,t') = % by efficiency, claims boundedness
and equal treatment of two claims. This contradicts Lemma 3.1.

For the converse implication (ii) = (i), assume that |P(t)] € {1,2} and B;(t) € {0,1} for
all for allt € M and 7 € N.

If |P(t)| = 1, then player i € P(t) with f;(3(¢)) = 1 is never able to gain by changing his claim
on t.

If |P(t)] = 2, then AL;(1,t) = 1 for i € P(t). Since for all ' € M, AG;(1,t') < 3 (where 3
can be obtained if |[P(#)| =1 and i ¢ P(t') or if |[P(')] = 2 and i € P(¥')) and AG;(A,t') < § for
A > 2 (since a sharing rule distributes at most 1), condition (1) of Lemma 3.1 is satisfied. Hence
the claims profile constitutes an NEP. O

The next result describes every payoff vector in the set of equilibrium payoff vectors obtained
in Theorem 3.2.

Corollary 3.3. Let f satisfy efficiency, claims boundedness, equal treatment of two claims and
responsiveness and let (E,c) € Cév be a restricted problem. The following two statements are
equivalent:

(1) v = (vi)ien € U(E,¢c, f).

(it) There exists a vector v = (r1,...,rys) such that 0 < r; <min{c;, Y ;e ¢ — E} for everyi € N
and Yy e nTi =2 (ZieN c; — E) with v; = ¢; — %ri for every i € N.

Proof. Suppose (y, 8, m) is an NEP in (E, ¢, f¢FF). In view of Theorem 3.2, the length of the part
that is claimed by two different players is equal to ), ¢; — E and the length of the part with total
claim 1 is equal to 2E' — ). x ¢;. To find the payoff of each player, let r; denote the part of player
i’s claim invested in intervals with total claim 2. Then, ¢; — r; is put on intervals with total claim
1. Clearly, 0 <7 < ¢;, 13 <),y ¢i — E and the sum of r; should equal 2 - (ZieN c; — E) These
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conditions imply ¢;—r; <2E -3, ¢;, since r; = 2- (ZiGN c; — E) —ZjeN\i T > Y ien Gi—2E+c;.
The corresponding payoff for each player ¢ in such a claims profile is equal to

1
57"1' +c —1ri=c¢c — 57“1‘.
Conversely, suppose there exists a vector r = (rq,...,r,) satisfying the above conditions. Each

such vector r gives rise to an NEP: distribute parts of the entitlement with sizes r; on the interval
[0, ;en ¢ — EJ, such that two players each have a claim of 1 on each part; and distribute the
remaining parts of the entitlements ¢; —r; on the interval [}, ¢; — E, E], such that each part has
total claim 1. To see that this distribution is feasible, note that since >,y (c; —7i) = >, cn € —2-
(EieN c; — E) = 2E — ),y i together with r; < ¢;, implies that ¢; —r; <2E — ), ¢;. Hence
we found a feasible claims profile that satisfies the conditions of Theorem 3.2, that is, we have an
NEP. O

Remark 3.4. If there are two players (n = 2) then it is easy to see that in an NEP the claims
should have minimal overlap. So the only choice for (r1,r2) is 71 = ro = ¢1 +c2 — E, resulting in the
unique equilibrium payoffs (E+621 —cz B +‘322_Cl ) These payoffs coincide with the payoffs assigned by
concede-and-divide (Thomson, 2003).

The following example presents an estate division problem for which many well-known rules do
not result in an equilibrium payoff vector.? (Atlamaz et al., 2011, give a different example to show
that the proportional rule need not be obtained in equilibrium.)

Example 3.5. Consider the restricted problem (E,c) € C} with E = 4 and ¢ = (4,2,1), cf.
Example 2.8. For this problem, r; = 3, 7o = 2 and r3 = 1 (see Figure 2). Hence there is a unique
equilibrium payoff vector equal to (2%, 1, %)

Every rule from the TAL-family with parameter 6 € [0, 1] assigns a payoff § to player 3. For
example, the constrained equal awards rule assigns the payoff vector (1%, 1%, 1), the Talmud rule
assigns the payoff vector (2%, 1, %) and the constrained equal losses rule assigns the payoff vector
(3,1,0).

The payoff vector of the proportional rule is equal to (2%, 1%, %), the payoff vector of the
adjusted proportional rule is equal to (2%, 1, %), the payoff vector of the random arrival rule is
equal to (2%, 1, %), the payoff vector of the reversed Talmud rule is equal to (2%, 1%, %), the payoff
vector of the Piniles rule is equal to (2%, 1%, %), the payoff vector of the constrained egalitarian rule
is equal to (2,1,1), and the payoff vector of the minimal overlap rule is equal to (2%, %, %)

Hence the only rules resulting in an equilibrium payoff are the Talmud rule, the adjusted

proportional rule and the random arrival rule.

For the definitions of the adjusted proportional rule and the random arrival rule, see the end of this section.
For the reversed Talmud rule, see Chun et al. (2001). For the Piniles rule, the constrained egalitarian rule and the
minimal overlap rule, see Thomson (2003).
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0 t=1 2 t=2 3 t=3 4

Figure 2: An illustration of a Nash equilibrium claims profile (y, 5,m) for problem (FE,c) with
E =4 and ¢ = (4,2,1). Each square corresponds to a claim: the number in the square is the name
of the player who puts that claim on the interval. Here r; =3, 7o =2 and r; = 1.

The above example illustrates that not all rules are supported by an equilibrium argument. In
the remainder of this section, we prove that each rule that always leads to an equilibrium vector in
claim games with ) ..y ¢;/2 < E must satisfy minimal rights first and lower bound of degree half.

In order to define these properties, we need an additional piece of notation. For (E,c) € CV,
let m;(E, c) = max{0,E — ., c;} be the minimal right of player i and m(E, c) = (m;(E,c))ien-
The first requirement states that the payoff vector is equivalently obtainable (i) directly and (ii) by
first assigning the minimal right to each player, adjusting the claims downwards by these amounts
and applying the rule to divide the remainder (Curiel et al., 1987).

Minimal rights first. Foreach (E,c) € C', R(E,c) = m(E,c)+R (E — Y ;cy mi(E,c),c —m(E,c)).
The following property says that each player receives at half his claim.
Lower bound of degree half. For each (E,c) € C)', R(E,c) > min{c/2, E/2}.

It turns out that above two properties describe the equilibrium behavior of a rule.

Theorem 3.6. Let [ satisfy efficiency, claims boundedness, equal treatment of two claims and
responsiveness. FEquivalent are:

(i) R(E,c) € U(E,ec, f) for all restricted (E,c) € C}'.
(i) R satisfies minimal rights first and lower bound of degree half.

Proof. We first prove the implication (i) = (ii). Let (E,c) € C}’ be a restricted problem. By
assumption, R(E,c) € U(E,c, f). By Corollary 3.3, there exists a vector r = (ry,...,r,) such
that 0 < r; < min{c¢;, Y ;en ¢ — E} for every i € N and > ,cnyri = 2+ (X,cn ¢ — E) with
Ri(E,c) =¢ — %ri for every ¢ € N. Recall that r; for ¢ € N specifies the amount of claim placed
on an interval with total claims 2.

We first show that R satisfies minimal rights. Define K = {i € N | m;(E,c) > 0}. If i € K,
then by definition of m;(F,c), E — Z#i cj >0andthusc; >, yci—E. Sincer; <),y ci—E,
m;(E, ¢) is placed on an interval with total claim 1 and the minimal right is assigned to player .

Now we show that the revised problem (E — ;.\ mi(E, ¢), ¢ — m(E, c)) is a restricted problem
in Cév such that r satisfies the conditions of Corollary 3.3 for this problem. To this end, we first
prove two claims.

12



Claim. ¢; —m;(E,c) =Y ,cyci— E forallic K.
Proof. By definition of m;(E,¢), ¢; — m;(E,c) = ¢; — <E — D i cj> =Y ienci—E.
Claim. ), ymi(E,c) <2E -,y

Proof. Several cases are to be considered.

If K = (), then the claim states 0 < 2E — 3, ¢; which is true by assumption.

If |[K| = 1, then for k € K the claim states E'— > oy, ¢ < 2B — 3oy ;. Straightforward
rewriting implies ¢, < F, which is true as we consider restricted problems.

If [K| > 2, then the claim states |[K'|- E—|K|- 3 e g ¢ — ([ K| = 1) X pex ek S2E=3 ",y i
Straightforward rewriting implies

(K|-2)-E<(K[-2)-> cit+ > ¢
ieN JEN\K

which is true as > ;e ¢j = 0 and 32,y ¢; > E. Hence the Claim is proved.

By the second claim, £ — ",y mi(E,c) > Y ..y ¢ — E and thus by the first claim, 0 < ¢; —
mi(E,c) < E=Y,cxnmi(E,c) foralli € N. Hence the revised problem (E — >,y mi(E, ¢),c — m(E, c))
is a restricted problem. Moreover, the second claim implies ) ;. (¢; — mi(E,c)) /2 < E=) ..y mi(E, c).
Note the following properties of r:

(i) ;, >0foralli e N,

(ii)) r; < ¢ — mi(E,c) for all i € N, since if i ¢ K, then r; < ¢; and if ¢ € K, then r; <
ZieNCi—E:Ci—mi(E,C),

(iil) 7 < D jen € — B = en (ci—mi(E,c)) — (B = Y ;cy mi(E,¢)) forallie N,
(iv) ZiEN Ti=2- (ZieN Ci — E) =2 (ZieN (ci —myi(E,c)) — (E - ZieN m;(E, C))) .

Hence the conditions of Corollary 3.3 are satisfied for the revised problem, which proves that
R(E,c)=m(E,c)+ R(E - Y ,cymi(E,c),c—m(E,c)).

Next, since r; < ¢;, Ri(E,c) = ¢; — %ri > %ci for all # € N. Hence, R satisfies lower bound of
degree half.

We now prove the converse implication (#4) = (7). Let R satisfy minimal rights first and lower
bound of degree half and let (F,c) € C}' be a restricted problem. Define r; = 2+ (¢; — R;i(E, ¢))
for all i € N. We show that r = (r1,...,r,) satisfies the conditions of Corollary 3.3. Note the
following properties of r:

(i) r; > 0 for all i € N, since R;(F,c) < ¢;.

(ii) 7 < ¢; for all i € N, since R;(E,c) > %Ci by lower bound of degree hallf.
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(iii) for alli e N,

ri=2-(¢; — Ri(E,c)) =2- (ci —m;(E,c) — R; (E — Zmi(E,c),c - m(E,c)>>

<. (ci — mi(B,¢) - % (ci — ma(E, c))> :
— ¢ —my(E, ),

where the second equality follows from minimal rights first and the inequality from lower
bound of degree half for the revised problem (remember the revised problem is a restricted
problem in C}).

If i ¢ K, then by definition of m;(E,c), E—>_,,; ¢; <0. This implies r; < ¢; < > ;o yei— E.
If i € K, then by the first claim, r; < c¢; —mi(E,c) =) ,cnci — E.

(iv) ZieN T = ZieN2 (¢; — Ri(E,c)) =2- (ZieN c; — E) .
Since R;(E,c) = ¢; — 3r; for all i € N, Corollary 3.3 implies R(E,c) € U(E,c, f). O

There are three well-known rules that satisfy these two properties: the Talmud rule, the adjusted
proportional rule and the random arrival rule. The above result provides a non-cooperative support
for these three rules.

Example 3.7. Consider the restricted problem (F,c) € C) with E = 4 and ¢ = (3,2,1). For
this problem, the Talmud rule assigns the payoff vector (2%, 1%, %), the adjusted proportional rule
assigns the payoff vector (2%, 1%, %) and the random arrival rule assigns the payoff vector (2%, 1%, %).

Hence the three rules can assign a different payoff vector.
Recall that the Talmud rule (Aumann and Maschler, 1985) is the TAL-rule with parameter %
Proposition 3.8. The Talmud rule satisfies minimal rights first and lower bound of degree half.

Proof. In Curiel et al. (1987) it is already mentioned that the Talmud rule satisfies minimal rights
first. Let ),y ¢i/2 < E. By definition of the Talmud rule, lower bound of degree half is satisfied.
O

Next, we consider the adjusted proportional rule (Curiel et al., 1987). Let t;(E, ¢) = min{¢;, E'}
be the truncation of player i and t(FE,c) = (t;(E,c))ien. The adjusted proportional rule first assigns
minimal rights to each player. Second, each claim is revised downwards to the minimum of the
remainder and the difference between the initial claim and the minimal right. Third, the remainder
is divided proportionally to the revised claims.

Definition 3.9. For each (E,c) € CN and eachi € N,

WS mBoe-mEe) [
2 jenty (E_ZJGij(E’C)’C—m(E,cD E J%:V i(E,c)

Proposition 3.10. The adjusted proportional rule satisfies minimal rights first and lower bound
of degree half.

A;(E,c) =m(E,c) +
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Proof. Curiel et al. (1987) show that the adjusted proportional rule satisfies minimal rights first.
We show that the rule satisfies lower bound of degree half for problems with ), c;/2 < E.

Let > .cny¢i/2 < E. Foreachi € N, define \; = 5 cimmilBie) 11 the proof of Theorem 3.6, it

ien(ci—mi(E,c))
is shown that the revised problem (E — Y°;.y mi(E, ¢),c — m(E, c)) is a restricted problem. Hence
the adjusted proportional rule assigns to each player i € N, m;(E,¢) + A; - (E — Y ien mi(E, c))
Note

(Ec+)\( ZszC)—szc—i-)\ (ZCZ > mi(E,c) - (Zcz ))

€N €N i€EN iEN

(xe)

¢i —mi(E,c)
> ¢ — Ci — 5 (e +mi(E,c))
S (ee)
1
>z 15
=3¢
where the first inequality follows from the second claim in the proof of Theorem 3.6. 0

Finally, we consider the random arrival rule (O’Neill, 1982). To define the random arrival rule,
imagine players arriving one at a time, and compensate them fully until money runs out. The
resulting payoff vector of course depends on the order in which claimants arrive. To remove the
unfairness associated with a particular order, take the arithmetic average over all orders of arrival
of the payoff vectors calculated in this way. Formally, let II'V be the class of bijections from N into
itself.

Definition 3.11. For each (E,c) € CY and eachi € N,

RA;(E,c) = % Z min{¢;, max{0, E — Z ¢t}

TellN JEN:m(j)<m (i)

Proposition 3.12. The random arrival rule satisfies minimal rights first and lower bound of degree
half.

Proof. In Curiel et al. (1987) it is already mentioned that the random arrival rule satisfies minimal
rights first. We show that the random arrival rule satisfies lower bound of degree half for problems
with ) ey ci/2 < E.

Let Y ;cnci/2 < E. Let 7 € IV and let 7' be the permutation in which the order of 7 is

reversed. Take ¢ € N, then it is sufficient to show that the average payoff for player ¢ is at least
1

5Ci.
: Define S ={j € N |n(j) <7(i)} and ' = {j € N | 7'(j) < 7'(i)}. Note that SUS"U{i} =N
and SN S’ = (. We distinguish three cases.

If S=0orif |S|>1and ) ,.g¢; < E — ¢, then player i is fully compensated in 7. Hence the
average payoff of player 7 over m and 7’ is at least %ci.

If [S|>1and £ —¢; <) ;,cgc < E, then player i gets a compensation of £ — ), s ¢; in 7.
Since Y ey i < 2E, Y .o i < E. So player i gets a compensation of min{c;, E — 3, o ¢;} in 7.
Since 2E — 3 i G 2 Cis player i’s average payoff over m and 7’ is at least %ci.
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If [S|>1and ) ;. gc; > E, then player i gets a compensation of 0 in 7. Since ),y ¢; < 2E,
Yics ¢ < E —c;. So player i is fully compensated in 7’. Hence the average payoff of player i over
m and 7' is %ci.

Since 7 and 7’ are chosen arbitrarily and the random arrival rule takes the arithmetic average
over all orders of arrival, this completes the proof. ]

4 Sharing rules derived from the TAL-family

We still consider restricted problems with multiple integer claims. The aim of this section is to
study claim games with specific sharing rules. In particular, we restrict out attention to sharing
rules derived from the TAL-family.

The following lemma is useful for computing average gains and losses if we use a sharing rule
derived from the TAL-family.

Lemma 4.1. Let 6 € [0,1]. Let (y, 3,m) be a claims profile for the game (E,c, f). Then for all
1€ N andte M,

ALi(Bi(t),t)  if 0B8n(t) <1 andi€ P(t),

ey ALA ) = { ALi(1,1) if 08n(1)>1 andi € P(t), (2)
and
max{AGi(1, 1), AGs(Bmas(t) — Bi(t), 1),
, _ AGi(Bmax(t) +1 = Bi(t), 1)}
max AGi(A.1) = if 0851 <1 and i & Praa(?) (3)

AG;(1,1) otherwise .

Proof. We first prove (2). For intervals ¢ with 08y (¢) < 1, fZ(Bi(t)) = 08i(t) if i ¢ Prmaz(t). So the
marginal loss for player i € P(t) equals 0 if i ¢ Py,4,(t) and is strictly larger than 0 if i € P, (t).
Thus, the marginal loss either decreases or remains constant as ¢ decreases his claim on ¢. Hence
in all such situations, the minimum average loss is obtained when ¢ reduces his claim to zero, i.e.,
A =pBi(t).

On the other hand, if #5x(t) > 1 then the marginal loss for player i € P(t) never decreases
as i decreases his claim on ¢ such that 08x(t) > 1. Moreover, the marginal loss is at most 6 if
0B8N (t) > 1 and at least 0 if §5y(t) < 1. These two observations combined imply that the minimum
average loss on those intervals is equal to the marginal loss for player i, i.e., A = 1.

We next prove (3). If 08n(t) < 1 and i ¢ Ppe.(t) then the maximum average gain on the
interval is either the marginal gain (in case 0 (Bn(t) 4+ Bmaxz(t) — Bi(t)) > 1), or the average gain of
increasing the claim to f,4.(t) (such that i shares the remainder of 1 — 0 (Bn(t) + Bmaz(t) — Bi(1))
with the other players j € Pyq.(t)), or the average gain of increasing his claim to 4. (t) +1 (such
that ¢ is the only player with the largest claim and thus has no incentive to increase his claim any
further).

In all other situations, where either i € Pyq.(f) (no incentive to add more than 1 to his claim)
or O8N (t) > 1 (marginal gain can only decrease if i increases his claim), the maximum average gain
is equal to the marginal gain of player i. O

Remember every rule in the TAL-family is identified by a single parameter 6. In the ensuing
subsections we consider the sharing rules f? for 8 € [%, 1] (among which the Talmud and constrained
equal awards rule), § = 0 (constrained equal losses rule), and 6 € (0, 3).
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4.1 Constrained equal awards and Talmud

Let 6 € [%, 1]. In this subsection we analyze the game (E,c, f%). Recall that among these sharing
rules, we have the Talmud sharing rule and the constrained equal awards sharing rule.

Let (y, 8,m) be a claims profile. Note that if |[P(t)| = 1, then f?(3(t)) = 1 for i € P(t). And
if |[P(t)| > 2 for t € M, then the constrained equal awards rule with 63(t) as entitlements is used
to determine the shares. As 6 > %, this implies that the interval is equally divided among the
claimants. Thus, for each i € N and each t € M:

0 otherwise.

FB(t) = {M if i € P(t),

In words, each positively claimed interval is equally divided among those who put a positive
claim on it. Therefore, the following lemma, which states that in an NEP each interval is claimed
at most once by a player, does not come as a surprise.

Lemma 4.2. Let (y,3,m) be an NEP. Then B;(t) € {0,1} for everyi € N and t € M.

Proof. Let (y,3,m) be an NEP. Suppose, contrary to what we wish to prove, that g;(¢) > 1 for
some i € N and some t € M. Since ¢; < F, there exists an interval ¢ € M with §;(t') = 0. Since
AL;(1,t) = 0 and AG;(1,t') > 0, we obtain a contradiction with Lemma 3.1. O

Since on each interval ¢ each player has a claim of at most 1 in equilibrium, we end up in the
same situation as considered by O’Neill (1982). We obtain the following theorem.

Theorem 4.3. Let 6 € [%, 1] and let (y, B,m) be a claims profile for the restricted problem (E,c) €
CN. Equivalent are:

(i) (y,B,m) is an NEP in (E,c, f9).
(i7) |P(t)| € {k,k+ 1}, where k = L%J, and B;(t) € {0,1} for allt € M andi € N.

Proof. Suppose (y,3,m) is an NEP in (E, ¢, f?). Since Y ienCi > E, every part is claimed posi-
tively by at least one player. Lemma 4.2 implies that every player puts at most claim 1 on each
interval. Consider interval ¢ with the minimum number of claimants and let k = |P(¢)|. It is suffi-
cient to show that each interval has either k£ or k+1 claimants. Suppose, contrary to what we wish to
prove, that there exists an interval t € M on which the total claim is at least k+ 2. If player ¢ with
Bi(t') = 1 claims (a part of) ¢ instead of ', his net gain will be at least k%rl — %ﬂ = m > 0,
which is a contradiction.

For the converse implication, suppose there exists a k& € N such that for all ¢t € M, |P(t)| €
{k,k + 1} and B;(t) € {0,1} for every i € N. Then for all t € M, AL;(1,t) > == for i € P(t),

k+1
and either AG;(1,t) < k%q for i ¢ P(t) or AG;(1,t) = 0if ¢ € P(t). Hence (1) in Lemma 3.1 is
satisfied: this claims profile is an NEP. O

We refer to the set of equilibrium payoffs in Theorem 4.3 as U(E, ¢, f°F4). So U(E, ¢, f¢F4) =
U(E,c, f%) for all 0 € [1,1].

The result that the total claim on each interval is either k or k41, is similar to the result found
by Atlamaz et al. (2011) for the proportional case. In that case, however, it is possible that a player
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puts two claims on the same interval, which does not happen in the above equilibria. Hence, the set
of NEPs for the constrained equal awards rule is a subset of the set of NEPs for the proportional
rule. Moreover, if 3;(t) € {0,1} for every ¢ € N, then the same payoffs are generated. Thus, we
have the following result.

Corollary 4.4. Let (E,c) € CN be a restricted problem. Then
U(E,c, f%h) CU(B, ¢, 7).

In order to describe the associated payoff vectors, recall that k = L%J . The length of the

part with total claim k 4 1 is equal to >, ¢; — kE and the length of the part that with total
claim k is equal to (k 4+ 1)E — >",.y ¢;. To find the payoff of each player, let r; denote the part
of player i’s claim invested in intervals with total claim k + 1. Then, ¢; — r; is put on intervals
with total claim k. Clearly, 0 < r; < ¢;, r; < Zie N ¢ — kE and the sum of all r; should equal
(k+1)- (X,enci—kE). On the other hand, ¢; —r; < (k+1)E — Y_,.y ¢;- Summarizing, each
NEP corresponds to a vector (r1,...,r,) such that > ,.yri = (k+1) - (X ;cn ¢ — kE) and for
each i € N,
max{0, Z ¢i+c—(k+1)E} <r; <min{cg, Z ¢i — kE}.
iEN ieN

Conversely, each such vector gives rise to an NEP: distribute parts of the entitlement with sizes
ri, i € N, on the interval [0, ;. ¢;i — kE] such that each part is claimed by an amount of at
most 1 and each part is claimed by exactly k + 1 players; and distribute the remaining parts of
the entitlements ¢; — 7; on the interval [Y .y ¢; — kE, E] such that each part is claimed by an
amount of at most 1 and each part is claimed by exactly k players. Although there are many NEPs
associated with the same vector (ry,...,r,), the corresponding payoff vector is the same for all of
them, namely v = (v;);en, given by

T ci—Ti ¢ T

e e e A )

for each ¢ € N. This implies that the set of payoff vectors attainable by NEPs is determined by
linear inequalities and, in particular, is a polytope.

Example 4.5. Consider the restricted problem (E,c¢) with F =4, n =4, and ¢ = (4,3,2,1). For
this problem, k = 2 and 71 +ro+7r3+7r4 =6, where r; =2, 1 <179 <2, 1 <7r3<2(since0 <rg<1
contradicts with 1 +ro + 73+ r4 = 6) and 0 < r4 < 1. Hence, in an NEP in (E, ¢, fCEA) player
1’s payoff is 1%, player 2’s payoff is in [1%, 1%], player 3’s payoff is in [2, 2], and player 4’s payoff

36
is in [%, %] An example of such a claims profile is represented in Figure 3. The corresponding
equilibrium payoffs are given by (1%, 1%, %, %)
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3 4

2 2 3

0 t=1 1 t=2 2 t=3 3 t=4 4

Figure 3: An illustration of a Nash equilibrium claims profile (y, 3, m) for problem (FE,c) with
E=4and c=(4,3,2,1). Here ry =2, 79 =2, r3 =1 and r4 = 1.

4.2 Constrained equal losses

In this subsection we analyze the game (E, ¢, f¢FL). For every t € M we write Py (t) = {i € N |
Bi(t) = Pmax(t)} for the set of players with maximal claim on ¢t € M. Since §;(t) € N for every
i € P(t), only players i € P,,4,(t) obtain a positive share from interval ¢ when the constrained
equal losses sharing rule is applied. Observe the resemblance with a first-price auction in which the
winners have equal probability to win the object. Formally, for every i € N and t € M:

fiCEL(B(t)) _ {|Pm1z(t)| if P(t) # 0 and i € Prga(t),

0 otherwise.

For the next two lemmas, let claims profile (y, 3,m) be an NEP of (E, ¢, f¢FL). The first lemma
implies that every part is claimed by at most two different players.

Lemma 4.6. |P,..(t)| € {1,2} for every t € M.

Proof. Since Sn(t) > 1forallt € M, we suppose |Ppqz(t)| > 3 for t € M and derive a contradiction.
Consider a player i with 3;(t) = Bmaz(t). Then AL;(1,t) = IPle(t)l and AG;(1,t) =1 — ‘Ple(t)‘.
Since |Ppqz(t)| > 3, the marginal loss is smaller than the marginal gain, which contradicts Lemma

3.1. O
The second lemma states that no player puts a claim higher than 1 on an interval.

Lemma 4.7. 3;(t) € {0,1} for every i € N and every t € M. Consequently, |Pnqx(t)| = |P(t)] for
everyt € M.

Proof. The proof is by contradiction. Suppose there exists an interval ¢t € M with Sp.(t) > 2. By
Lemma 4.6, |Prqs(t)| € {1,2}. We derive a contradiction for both cases.

Suppose |Ppaz(t)] = 1 and consider player i € Ppq.(t) with g;(t) > 2. If |P(¢)] = 1, then
player ¢ can reduce his claim on ¢ without loss and achieve a positive gain by placing this free claim
sufficiently often on a part of the estate for which he is not yet the sole winner. If |P(¢)| > 1, then
player j € P(t) \ Pnaz(t) can reduce his claim on ¢ without any loss and put Spe.(t) claims on a
subinterval of ¢ such that he gains a positive amount.
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Suppose that |Ppa.(t)] = 2 with 5;(t) = B(t) > 2 for i,j € Ppea(t) and ¢ # j. Then for
i € Prax(t), AL;(Bi(t),t) = 1% and AG;(1,t) = 3. Since S;(t) > 2, we obtain a contradiction
with Lemma 3.1.

Since Bi(t) € {0,1} for all i € N and t € M, the second statement of the lemma follows
immediately. O

The main result of this subsection is the following theorem, which presents a full characterization
of the NEPs.

Theorem 4.8. Let (y,3,m) be a claims profile for the restricted problem (E,c) € CN. Equivalent
are:

(i) (y,B8,m) is an NEP in (E,c, f¢FL).
(13) |P(t)] € {1,2} and p;i(t) € {0,1} for allt € M and i € N.

Proof. Suppose (y, 3, m) is an NEP in (E, c,u“FF). Lemmas 4.6 and 4.7 imply that |P(t)| € {1,2}
and f;(t) € {0,1} for every i € N and all t € M.

Conversely, assume that |P(t)| € {1,2} and ;(t) € {0,1} for all for all t € M and i € N.
If |P(t)| = 1, then player i € P(t) with f;(3(¢t)) = 1 is never able to gain by changing his claim
on t.

If |P(t)| = 2, then AL;(1,t) = 3 for i € P(t). On the other hand, for all ¢/ € M, AG;(1,t') < %
(where 1 can be obtained if |[P(#)] = 1 and i ¢ P(t') or if [P(¢')] = 2 and i € P(¢)) and
AG;(2,¥') = % for i ¢ P(t'). Hence by Lemma 3.1, the claims profile constitutes an NEP. O

Theorem 4.8 shows that the set of NEPs when using the constrained equal losses rule is a
subset of the equilibria found for the constrained equal awards rule, which was again a subset of
the equilibria found for the proportional rule. Moreover, since 3;(t) € {0,1} for every ¢ € N, all
three rules result in the same payoff vectors. We have the following result.

Corollary 4.9. Let (E,c) € CN be a restricted problem. Then
U(E,c, f°F) CUE, ¢, f%) CU(E, ¢, 1),
Another consequence of the Theorem 4.8 is an existence condition for NEP.
Corollary 4.10. An NEP exists in the game (E,c, fCFL) if and only if YienCi/2< E.

Proof. The only-if part follows from Theorem 4.8. For the if-part, note that if ) . yc¢;/2 < E,
we can iteratively, from left to right, put the claim of each player on a part of the estate which is
not claimed yet and start over again on the left if the total claim on every part of the estate is 1.

Since we consider restricted problems, we will end up with a claim profile satisfying the conditions
of Theorem 4.8. O
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4.3 Remaining sharing rules from the TAL-family

In this subsection we consider the game (E,c, f%) with 6 € (0, 1).

Ifo et 3> 2) then the induced sharing rule is different from the sharing rule with 6 € [ 1], but
we do obtain the same set of NEPs. (We omit the formal proof, in which the main observation is
that if |P(t)| = 2 for ¢t € M, then f,;(t) < 2 for all i € N and otherwise 3;(t) < 1 for all i € N and
all ¢ € M. This is mainly due to the constrained equal awards part of these rules.)

Lemma 4.11. Any rule in the TAL-family with 6 € [%, 1] results in the same set of NEPs and in
the same set of equilibrium payoffs in the game (E,c, f?), equal to U(E, ¢, fCF4).

The only claim games that we have not discussed yet, are those associated with problems with
Y icn €i/2 > E and a sharing rule f? with 6 € (0, %) We first provide partial answers to the ques-
tion of existence of NEPs for these kind of games. Later, we provide an example that illustrates
that we might need a different characterization for these NEPs (in case they exist).

The next lemma provides a sufficient condition for existence of an NEP. In particular, un-
der this condition there is an NEP (y, 8,m) with Sn(t) € {k,k + 1} and B;(t) € {0,1} for all
1€ N.

Lemma 4.12. Let (E,c) € CN\CY be a restricted problem and let > £
Then there exists an NEP in (E, c, f?).

E

ks k: , where k = LMJ

Proof. Let (y, 5, m) be a claims profile such that for all t € M, |P(t)| € {k,k+1} and S;(t) € {0, 1}
for all i € N. Note for all i € N, AL;(1,t) = 1 for all t € M with |P(t)| = k, and AL;(1,t) =
for all t € M with |P(¢)| =k + 1.

In order to prove that condition (1) of Lemma 3.1 is satisfied, we consider two cases: ’“jcgfgl <
0 < k:+1 and 6 > l<:+1

1
k+1

Suppose kjgﬁ;l <0< l%&—l If t € M is such that |P(t)] = k. Then by Lemma 4.1, it is
sufficient to note that for all i € P(t), AG;(1,t) = (1—0(k—1)) — ¢ (< since 6 > %),
and for all i ¢ P(t), AG;(1,t) = k—il and AG;(2,t) = 5% (< %“rl’ since 6 > ’“kg’“kl).

If t € M is such that ]P(t | = k+ 1. Then by Lemma 4.1, it is sufficient to note that for all
i€ P(t), AG;(1,t) = (1 — 0k)— k+1 (< k-lk17 since 6 > k ki 1), and for all i ¢ P(t), AG;(1,t) = k%ﬂ
and either AG;(2,t) = % (< 31> since 0 > kkgfkl and obtained if §(k 4+ 2) < 1) or there is
no additional gain for placing a second claim (obtained if 0(k + 2) > 1).

1
k+1°

Suppose 6 > ﬁ If t € M is such that |P(t)] = k, then by Lemma 4.1, it is sufficient to

note that for all ¢ € P(t), AG;(1,t) < kiﬂ — % < ﬁ (where equality is obtained if § = le-1)7 and

for all i ¢ P(t), AGi(1,t) = %ﬂ and there is no additional gain for placing a second claim.
If t € M is such that |P(t)| = k + 1, then by Lemma 4.1, it is sufficient to note that for all
i € P(t), AG;(1,t) =0, and for all i ¢ P(t), AG;(1,t) = 2

+2°
Hence in both cases Lemma 3.1 implies that the claims profile is an NEP. 0
A consequence of Lemma 4.12 is that if § > 2—54 — which is the maximum attained by kr;gfgl,

namely for k = 3 — then there always exists an NEP.
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The following example shows that an NEP need not exist for claim games with 6 € (0, %)

Example 4.13. Consider the claim game (E, ¢, f%), with 6 € (0, %), with £ =1 and ¢ = (1,1,1).
We show that no NEP exists.

To the contrary, suppose that (y, 3,m) is an NEP. Clearly, Sx(t) > 0 for all t. We prove the
following three claims.

Claim. There is no t € M with By(t) = 3.

Proof. Suppose t € M is such that Sy (t) = 3. We show that for all three possible cases there exists
a player for which (1) (in Lemma 3.1) does not hold.

If 8;(t) = 3 for i € P(t), then there is ¢ € M with §;(t) = 0. Since AL;(1,t) = 0 and
AG;(1,t") > 0, we obtain a contradiction with Lemma 3.1.

If B;(t) = 2 and B;(t) = 1 for i, j € P(t) with i # j, then AL;(t) = 6 and AG;(t) = 1 — 0. Since
0<b< %, this contradicts with Lemma 3.1.

If B;(t) = 1for alli € P(t), then fori € P(t), AL;i(1,t) = § and AG;(1,t) = (1 —20)—1 = 2-26.
Since % — 20 > % for0 <6< é, Lemma 3.1 is violated.

Claim. There is no t € M with Sn(t) = 2.

Proof. Suppose t € M is such that Sy(t) = 2. We show that for both possible cases there exists a
player exists for which (1) (in Lemma 3.1) does not hold.

If B;(t) = 2 for i € P(t), then there is ¢ € M with §;(t) = 0. Since AL;(1,t) = 0 and
AG;(1,t") > 0, we obtain a contradiction with Lemma 3.1.

If B;i(t) = 1 for i € P(t), then for i € P(t), AG;(1,t) = (1—0) — 2 =3 — 0 and for i ¢ P(t),
AG;(1,t) = 1_2—20 = 1 — 0. It remains to show that there exists an interval ¢’ and a player i € N for
which the average loss on t' is strictly less than %—9. Since ) ;v ¢i = 3 and By () = 2, there exists
t' € M with Bn(t') > 4. If there is a player i & Ppqs(t), then AL;(1,¢) < 6 and since § < & — 6 for
0<b< %, we are done.

So we may assume P(t') = Py (t'). Since Bn(') = |Punaz(t)] * Bmaz(t’) > 4, we have
ALi(Brmaz(t'), 1) = ooy S 4 for i € Poao(t'). Since § < 5 — 6 for 0 < 6 < g,
Lemma 3.1 is violated.

Claim. There is not € M with fn(t) =1

Proof. Suppose t € M is such that Sy(t) = 1. We derive a contradiction to (1) in Lemma 3.1.

Consider player i € N with £;(t) = 0. Since ¢; = 1, there exists t' € M with 3;(t') > 2.
Note that Sy (t') > 5;(t'), otherwise player i could reduce his claim on ¢’ without any loss and place
it on ¢, and thus f;(8(t')) < 1. But then AL;(2,t') < 1, while AG;(1,t) = 1. Hence the Claim is
proved.

Above three claims imply that Sy (t) > 4 for each t, which is clearly impossible. Hence, no NEP
exists.

From the results in this section, it is clear that there is no general extension for the charac-
terization of NEPs to restricted problems with ) . 5 ¢;/2 > E. So far, we have seen that the set
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of equilibrium payoffs may differ (compare the games (E, ¢, f¢F4) and (E, ¢, f¥')) or may even be
empty (see the game (E,c, f¢F4)). The following example shows that if we consider the game
(E,c, f%) with 6 = i, we yet get a different equilibrium payoff vector.

Example 4.14. Consider the four-player problem (F,¢) with F =2 and ¢ = (2,1,2,1). Consider
the claims profile represented in Figure 4: player 1 claims [0, 1] twice and player 2 claims [0, 1]

once; and player 3 claims [1,2] twice and player 4 claims [1,2] once. This claims profile satisfies

the condition in Lemma 3.1 for 6 = % and thus is an NEP in (F, ¢, fi) The corresponding payoff

vector is (%, %, %, i) Note that since £k = 3 and R = 0 (with £ and R as in Subsection 4.1), the
unique equilibrium payoff vector in the game (E, ¢, f¢F4) or in the game (E, ¢, f¥) is (%, %, %, %),

hence (%,%,%,i) ¢U(E,c, fF).

Figure 4: An illustration of a Nash equilibrium claims profile (y, 3, m) for (E, ¢, f?), where 6 = i,
with £ = 2 and ¢ = (2,1,2,1). Notice that both player 1 and 3 claim an interval twice although
R=0.

The following example shows that the payoff vector from the Talmud rule, or from the adjusted
proportional rule, or from the random arrival rule does not need to result in an equilibrium payoff
vector in the games (E,c, fOP4) or (E,c,u”) if > ,cy¢i/2 > E.

Example 4.15. Consider the restricted problem (E,c) with n =4, E =4, and ¢ = (4,3,2,1), cf.
Example 4.5. The unique equilibrium payoff of player 1 in (E, ¢, f¢F4) or in (E, ¢, f¥) equals 1%,

while 7' = (1%,1%,1,3), A= (12,1}, 2,2) and RA = (15,14, 3, 2).

5 Restricted problems and arbitrary claims

We still consider restricted problems. For a claims profile (y, 3,m) in (E,c), we now assume that
Bi: M — Ry for all ¢ € N. In particular, Lemma 3.1 no longer applies.

Recall that the uniform claims profile is the claims profile in which each player puts a claim
of size % on the complete interval [0, £]. Also recall that the payoffs assigned by any rule from
the TAL-family or by the proportional rule to the estate division problem (F,c) are equal to the
payoffs in the claim game associated with that rule under the uniform claims profile.

In the ensuing subsections we consider, respectively, the constrained equal awards, constrained

equal losses, and Talmud sharing rules.
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5.1 Constrained equal awards

In this subsection we analyze the game (E, ¢, f¢F4), cf. Definition 2.2. The first lemma shows that
the uniform claims profile is an NEP.

Lemma 5.1. The uniform claims profile (y,3,1) is an NEP in (E,c, f¢F4).

Proof. Consider player i € N, then either uZ»CEA(y, B,1) = ¢; or uz-CEA(y,ﬁ, 1) < ¢;. In the former
case, it is impossible for ¢ to improve. In the latter case, because of the uniform claims profile,
Bi(t) > A for all t € M (with A as in Definition 2.2). This implies that player i cannot gain by
deviating. So (y,3,1) is an NEP. O

The following example shows that the uniform claims profile is not necessarily the unique NEP.

Example 5.2. Consider the two-player problem (F,c) with F =2 and ¢ = (1%, %) Suppose player
1 puts a claim of % on [0,1] and a claim of 1 on [1,2]; and player 2 puts a claim of % on [0,1] and
a claim of % on [1,2]. This claims profile is an NEP, although it is not the uniform claims profile.
Observe that A = 1 on [0,1] and A = 3 on [1,2], so that the associated payoffs are (11, 3). These
are the same payoffs the players obtain if the constrained equal awards rule is applied to (E, ¢).

In this example the equilibrium payoffs are equal to the payoffs assigned by the constrained
equal awards rule. The following theorem shows that this is true in general.

Theorem 5.3. All NEPs result in the same payoffs, equal to the payoffs assigned by the constrained
equal awards rule.

Proof. Suppose (y,3,m) is an NEP in (E,c, f¢F4). Suppose there exists a player i € N and
t,t’ € M with 3;(t) > X and 5;(t') < A\. We derive a contradiction. If 7 decreases his claim on ¢ to
A, he will not incur any loss. However, since (3;(t') < A, increasing his claim on ¢’ leads to a positive
gain, which contradicts the NEP assumption.

So in an NEP, we have two sets of players: let J denote the set of players with 3;(t) > A for all
t € M, where at least one of the inequalities is strict, and let N\ J denote the set of players with
Bi(t) < Aforallt e M.

Note that for all t € M, ffEA(ﬁ(t)) = Aforall j € J, and fEFA(B(t)) = Bi(t) for alli € N\ J.
In other words, all players ¢ € N \ J receive exactly their claim. All players j € J receive the same
payoff, which is at least as much as the players i € N \ J, but strictly less than their claim. This
is precisely the payoff each player obtains from the constrained equal awards rule applied to the
estate division problem (E, ¢). O

5.2 Talmud

In this subsection we analyze the game (E, ¢, f1): see Definition 2.4 for the definition of f7 = f 3
We consider two cases: estate division problems with ).y ¢;/2 > E and those with ),y ¢;/2 <
E. We start with the former case.

Theorem 5.4. Let (E,c) € CN \ C¥ be a restricted problem. Then all NEPs result in the same
payoffs, equal to the payoffs assigned by the Talmud rule to (E,c).
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Proof. Suppose (y, 3, m) is an NEP. Recall that Sx(t) > 1 for all ¢ € M. Let J denote the set of
players with 18;(t) > A for some t € M with By(t) > 2. Since By(t) > 2 for some ¢t € M, there
exists a player j € P(t) with $83;(t) > A, which shows that J # (). We first prove the statement for
|J| =1 and afterwards for |J| > 2.

Suppose that |J| = 1. Since j € J can reduce his claim on ¢ to A without any loss (since the
constrained equal awards rule is applied on this interval), it should not be possible for him to gain
a positive amount from an increase in claim on a different interval ¢’ # ¢.

If By (') > 2, this implies that 33;(¢') > A for j € J, and that 18;(t') < A for all i € N \ {j} by
definition of J.

If Bn(t') < 2, this implies by similar arguments that $3;(t') > u for j € J, while for all other
players i € N \ {j}, we have that 33;(¢) < p, as otherwise j € J could increase his claim on ¢
with a positive gain.

Hence in equilibrium every player i € N \ {j} receives half of his claim, whereas the remainder,
which is at least as much as the payoff of every i € N \ {j}, is for player j. These are the same
payoffs the players obtain if the Talmud rule is applied to the original estate division problem.

Suppose that |J| > 2. First, we will argue that Sy (t) > 2 for all t € M. By definition of the set
J, for every player j € J there exists an interval ¢ € M with Sy (t) > 2 and %B](t) > A. On this
interval ¢, j can reduce his claim to A without any loss (again because of the constrained equal
awards rule). Since we consider an NEP, this means that it must not be possible for j to gain from
an increase on any other interval.

Suppose there exists a t' € M with By(t') < 2. If there is at most one player j € J with
% B;(t") > p, then one of the other players in J gains a positive amount by increasing his claim on
t’. If there are at least two players from J with %ﬂj (t') > p, then then either of these players gains
a positive amount by increasing his claim on #’. Since we consider an NEP, these intervals can not
exist in equilibrium.

Next we show that %Bj(t) > Mfor all j € J and for all ¢ € M. Suppose, contrary to what
we wish to prove, that 33;(t') < A for some ¢’ € M. Since j can reduce his claim on some t # ¢/
without any loss, he can make a positive gain by increasing his claim on ¢’. This is a contradiction.

Hence in equilibrium, for all t € M, 18;(t) > A for all j € J and 33;(t) < Afor alli € N\ J by
definition of J. This means that all players i € N \ J receive half of their claim on every interval,
while all players 7 € J receive an equal amount which is at least as much as what the players in
N \ J receive. Again, these payoffs are equal to the payoffs assigned by the Talmud rule to the
original estate division problem. O

The following lemma is convenient for finding the equilibrium payoffs in case ) ;. ¢i/2 < E.
It is the analogue of Lemma 5.12.

Lemma 5.5. Let (E,c) € C}' be a restricted problem. For every NEP in (E,c, fT) there exists a
payoff-equivalent NEP such that |P(t)| <2 and B;(t) =1 for allt € M and i € P(t).

Proof. Let (y, 3,m) be an NEP. We will show that we can redistribute the claims on every interval
t € M such that |P(t')| <2 and 5;(t') = 1 for all i € P(t'), for every subinterval ¢’ of ¢, but without
changing any player’s total share of the interval ¢. This generates a new finer claim profile which
is still an NEP.

Observe that Sy (t) > 1 for all t € M, and that §;(¢t) = 1 for i € P(¢) if |P(¢t)| = 1. Thus for
this lemma, we only consider intervals with two or more claimants.
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Suppose there is some t € M with Sy (t) > 2. There can only be one player j with %,Bj (t) > A
(otherwise one of such players can gain by increasing his claim on ¢’ # ¢ with Sy (t') < 2). Because
7 can reduce his claim to A\ without any loss and since we consider an NEP, j can increase his claim
on any t' # t without any gain. As ", y¢;/2 < E, it is thus possible to redistribute j’s claims
such that all ¢t € M satisfy Sy (t) < 2 but without changing the shares of the players.

Thus, w.l.o.g., we can assume that all ¢t € M satisfy 1 < By(t) < 2. For all t € M, divide P(t)
into two different groups. Let J(t) denote the set of players j for who B;(t) — u > 18;(t), then
P(t) \ J(t) is the set of players i for who 3;(t) — p < 25;(t). This means that the share of player
j € J(t) is equal to Bj(t) — pu and the share of player i € P(t) \ J(t) is equal to 35;(t), where

= u(lm S s+ Y gan 1) i Iw#0.
JEJ(t) 1€P(t)\J (1)

We show that for some y;—1 < a < y;, we can reshuffle all the claims on (y;—1, ;) such that on
every subinterval of (y;_1, ) there is a claim of 1 by two players, on every subinterval of (c, y;) there
is a claim of 1 by one player, and all shares of players ¢ € P(t) remain unchanged. The procedure
we use here is similar to the way we describe the payoffs in Corollary 3.3, using the vector r, only
now applied to the specific interval ¢. Since Oy (t) (y: — y¢—1) = 2 (@ — ye—1) + (y+ — @), we have
a=y—1+ (Br(t) = 1) (v — ye—1)-

Let z; = 2u for all j € J(t) and x; = B;(t) for all i@ € P(t) \ J(t) denote the part of the
claim distributed on (y;—1, @) such that on every part there is a claim of 1 by two players, and let
Bj(t) — x; for all j € J(t) be distributed on (e, y;) such that on every part there is a claim of 1 by
one player.

In order to see that we have a feasible redistribution, note the following properties:

(i) 2u > 0.
(i) 2u < B;(¢) for all j € J(t), since B;(t) — pu > 383;(t).
(iii) If |J(¢)] > 1, then B;(t) < 2u < Bn(t) — 1 for all @ € P(t) \ J(t). Since 5;(t) < 1 for
g e J) it [J(#)] = 1and (|J(&)] = 1) Bn(t) = D jesw Bit) = ([T(®)] = 2) By (t) = (IJ(H)] - 2)
if |J(t)] > 2.
(iv) ZieP(t) Ti = Zje] 2p + ZieP(t)\J Bi(t) =2(Bn(t) — 1).
Moreover, the share of player j € J(t) is
%fﬂj + Bj(t) — xj = Bi(t) —
and for player ¢ € P(t) \ J(t) it is

1 1
If we reshuffle every interval in the above way, we end up with an equilibrium claims profile without
changing the shares of the players. O

We are now able to describe the payoffs associated with every NEP. If >~y ¢;/2 > E, then
Theorem 5.4 applies, which means that the equilibrium payoffs are equal to the payoffs from the
Talmud rule. If ).y ¢;/2 < E, by Lemma 5.5 all NEP payoffs can be found by only using intervals
with either one or two claimants. Hence the set of payoff vectors is equal to the set in Corollary
3.3.
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5.3 Constrained equal losses

In this subsection we analyze the game (F,c, f¢FL), cf. Definition 2.3. The following example
shows that the uniform claims profile is not always an NEP.

Example 5.6. Consider the three-player problem (E,c¢) with £ =4 and ¢ = (4,2,1). The payoffs
in the uniform claims profile are (3, 1,0). If player 3 puts claim 1 on [0, 1] instead, he receives payoff
%. Thus, the uniform claims profile is not an NEP in (E, ¢, f¢FF).

The following lemma provides a necessary condition for an NEP in the game (E, ¢, f¢FL).
Lemma 5.7. Let (y,3,m) be an NEP. Then Bn(t) — Bmin(t) < 1 for allt € M.

Proof. Let t € M. The statement trivially holds in case |P(t)| = 1. For the other cases, we argue
by contradiction.

Suppose that Sy (t) — Bmin(t) > 1, which implies that |P(t)| > 2. We will show that a player
i € P(t) with B;(t) = Bmin(t) can gain by deviating. Observe that in an NEP: f;(8(t)) > 0 for
all j € P(t). Otherwise, a player j with f;(8(t)) = 0 could put his claim on a sufficiently small
subinterval of ¢ in order to gain a positive amount. Let ¢ divide ¢ into two equally large intervals.
We will now show that ¢ can transfer an amount of r from his claim on the first half to the second
half, such that his share on the first half equals zero but without changing anyone’s total share of
the interval (including his own share). The remaining claim on the first half can then be used to
increase his total share of ¢, since the marginal loss on the first half after the transfer is zero.

Since the losses are equally distributed among all claimants, the decrease in claim on the first

half, leads to a decrease in p (with p as in Definition 2.3) at a constant rate of ﬁ. On the second

half, the increase in claim increases p at a constant rate of ﬁ, until some claimant’s share drops
to zero. We will show that during this procedure all claimants’ shares remain positive on the second
half, which implies that the total share of every player on t stays the same. To this end, see Figure
5.

At the point r = r* = %, we see that py(r) — i.e., the new value of p on the first half
after a transfer of r — intersects with the line 3;(¢) — r. This means that we are at the point at
which the share of player ¢ dropped to zero on the first half. In order to see what happens on the

second half, note that

1 Bit) (PO =2)p

S TS O

In view of the right-hand side of the expression, we will first treat the case |P(t)| = 2 separately.

If |[P(t)| = 2 with 5;(t) = Bj(t) > 1 for 4,5 € P(t), then pa(r*) = p;(t) = B;(t) — where pa(r) is,
analogously, the new value of p on the second half. This implies that the share of player j dropped
to zero on the second half after the transfer, which means that ¢ has a share of 1 on the second
half and j has a share of 1 on the first half. Notice that the remaining claim of uy(r*) = S;(¢) — 1
on the first half can be placed on a sufficiently small subinterval of the first half such that ¢ gains a
positive amount on this first half as well. This, however, means that ¢ is able to gain by deviating,
which is a contradiction.

On the other hand, if |P(t)] = 2 with §;(t) < B;(t) for i,j € P(t) or if |P(t)] > 3 then
pa(r*) < B;(t) for all j € P(t) \ i. This means that the share of every player j € P(t) \ i remains
positive on the second half after the transfer of i. This conclusion is obvious for |P(t)| = 2 with
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Bi(t)
p2(r*)

Figure 5: An illustration of the level of i on the first and second half of t. The value of r represents
the amount of claim transferred from the first to the second half of . The line p;(r) denotes the
level of 1 on the first half of ¢ and the line pa(r) denotes the level of © on the second half of t. The
line B;(t) — r represents the amount of claim of player ¢ left on the first half of the interval. Notice

that the slope of uq(r) is \P%(%)I until 7* and the slope of pa(r) is ﬁ until r*.

Bi(t) < Bj(t), since then pa(r*) = B;(t) < B;(t). For |P(t)] > 3, notice that it is sufficient to show
that pa(r*) < Bi(t) (as Bi(t) < B;(t) for all j € P(t) \ i), which is equivalent to showing p < S3;(t).
This is true since f;(5(t)) > 0 for all j € P(t), thus in particular for player j himself.

In order to show that i can actually gain by deviating, observe that since p (r*) = %ﬁ(t)_l >
0 by assumption, player ¢ could decrease his claim by an additional positive, but sufficiently small,
amount of r on the first half without any loss, while having a marginal gain of 1 — Tb)l on the
second half. This contradicts that (y, 3, m) is an NEP.

As a corollary to the previous lemma, we obtain a necessary and sufficient condition for the
uniform claims profile to be an NEP.

Corollary 5.8. The uniform claims profile is an NEP in (E,c, fOFF) if and only if Y ieNCi —
min;enye; < E.

Proof. If the uniform claims profile is an NEP, then Lemma 5.7 implies ) ;. 7 — mingeny 3 < 1,
which is the only-if statement. For the if-part, suppose that ), ¢; — min;eyc; < E and consider
the uniform claims profile. The average gain of any increase on an interval is at most %47 as
the increased loss is equally divided among all players as long as the shares remain positive. The
average loss of a decrease is at least "Tfl by similar arguments. Hence, no player has a profitable

deviation. n

The following theorem gives a full description of every possible NEP. We restrict our attention
to those estate division problems with Zie n ¢ > E. The reason for this is that if Zie NG =F
then in equilibrium every interval ¢ € M satisfies Sy (t) = 1, which means that everyone receives
his claim.
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Theorem 5.9. Let (y, 3,m) be a claims profile for the restricted problem (E,c) € CN with Y ",c ¢ >
E. Then the following statements are equivalent:

(i) (y,B8,m) is an NEP in (E,c, f¢FL).
(73) Let k = max{ |P(t)| |t € M}. Then k > 2 and the following three conditions are satisfied:

(a) For allt e M, if |P(t)| <k, then Bn(t) = 1.

(b) For allt € M, if |P(t)| = k and P(t) = P(t') for all t' € M with |P(t')| = k, then
1-— Bmm(t) < 5N(t) - 5mm(t) < 1

(¢) For allt € M, if |P(t)| = k and P(t) # P(t') for some t' € M with |P(t')| = k, then
BN (t) = Bmin(t) = 1.

Proof. For the implication (i) = (i4), let (y, 3,m) be an NEP in (E, ¢, f°FF) and define k as in (i1).
Observe that since a player can not be the sole winner of every interval, Sy(t) = 1 if |P(t)| = 1.
This implies that £ > 2 and that we only need to consider intervals ¢ € M with |P(t)| > 2. By
Lemma 5.7 and since Sy (t) > 1 for all ¢t € M, we have that all ¢ € M with |P(t)| > 2 satisfy

1 — Bumin(t) < BN () — Bmin(t) < 1. (4)

This proves (b).

Lemma 5.7 only considers deviations within a specific interval. The following claim, which is
used to prove (a) and (c), considers deviations between two different intervals. For the remainder
of this proof, we denote B(1)(t) > B(2)(t) = ... = B(p))(t) > 0 for all t € M.

Claim. Let there exists a player i € P(t’) ¢ P(t), where t,t' € M with 2 < |P(t")] < |P(t)]
satisfy (4) with By (t') > 1. Then Z'P = 15( H(t) > 1.

Proof of claim. In an NEP, player 7 is not able to gain by putting some of his claim of interval ¢/
on interval t. The average loss of a sufficiently small decrease in claim on t’ equals 1 — ﬁ.

The best player ¢ can do on t is to place a claim such that u = P(t/)D(t), meaning that at
most |P(t')| — 1 other players have a positive share left. Player i cannot do better, since a further
increase would lead to a marginal gain of at most 1 — m, whereas placing a lower claim would

mean that the opportunity of a marginal gain of at least % will be ignored. More precisely,

let player i put a claim of size 3;(t) = |P(t')|B(pqy)(t) — E‘ (1= '3 (j)(t) + 1 on a é-fraction of

t, where 0 < § < 1 is chosen such that the average loss on ¢’ does not exceed |I\31(§(2")| ! His loss in

payoff from ¢’ is then equal to the total amount of claim needed times the average loss:

805y — i) (1 - |m1t>r) -

e P(t)| - 1
P Bypann@®) — D By +1 |y — yt—l)W
j=1
Since p1 = B(p)))(t), the gain in payoff from ¢ is equal to
|P(t")[—1
(Bi(t) — 1) 6 (ye — ye—1) = | (IP(")] = 1)B(pary (t) — Z Biy®) + 1| 6(yt — ye—1)-
j=1
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Since the loss in payoff must be at least as large as the gain in payoff, we get after tedious rewriting;:

|P(t")]—1
By (t) > 1.
i=1
This completes the proof of the Claim.

For (a), suppose that Sy (t') > 1 for ¢ € M with |P(t')| < k. We will derive a contradiction.
Consider an interval ¢ with |P(t)] = k. Observe that there cannot be a player i € P(t') N P(t)
(since then his marginal loss on ¢ would be smaller than his marginal gain on ¢). So there exists a
player i € P(t'), i ¢ P(t). From the claim, Egi(lt/)'_l B(j)(t) = 1. This, however, contradicts with
(4), since

k—1 [P(t")]-1 k—1 k—1
BN (t) = Bmin(t) = Zﬂ(j)(t) = Z B (t) + Z By(t) > 1+ Z B(t) > 1.
j=1 Jj=1 J=|P(t")] =P )]

Hence we have shown (a).

For (c), note that all t € M with |P(t)| < k satisfy Bn(t) = 1. This combined with ;. ¢; > E,
implies that there exists an interval t' € M with [P(t')| = k and 3_,c p(r) Bi(t') > 1. Consider such
an interval ¢’ together with an interval ¢ € M with |P(¢)| = k and P(t') # P(t). Then there is a
player i such that ¢ € P(t') and ¢ ¢ P(t). Combining the result of the claim with (4) implies that

BN(t) = Bmin(t) = B(])(t) =1,

which shows (c).

For the implication (ii) = (i), suppose that the claim profile satisfies the conditions of (i7). It
is sufficient to check that players have no incentive to deviate from intervals t € M with |P(t)| = k
(since for all other intervals the marginal loss equals 1, as Sy (t) = 1). Due to Lemma 5.7 it is not
profitable to deviate within the same interval, as the loss of removing A is at least %A (since
the losses are equally divided) and the gain of placing it elsewhere is at most k—glA. By similar
arguments, it follows that there is also no incentive do deviate to an interval with a smaller or equal
number of claimants.

So the only interesting case arises if there is a player ¢ € P(t), i ¢ P(t') where t' € M with

k—1

|P(t")] = k. As the minimum average loss on t equals *=, the most profitable claim to put on ¢’ is

the claim which assures that each player j € P(t') with §;(t') = Bmin(t’) gets a share of zero. An

additional increase in claim results in a marginal gain of at most kgl and is thus not profitable.

A lower claim does not take the marginal gain of kiﬂ into account, which means that the claim is
not the most profitable one. More precisely, the claim needs to have a size of kB, (t'), as then
i = Bmin(t). The total gain on ¢’ then equals (k — 1)B,n(t'), whereas the total loss is at least

k‘% Bmin(t"). This proves that no profitable deviation between intervals is possible. O

The following corollary presents the existence condition for an NEP.

Corollary 5.10. The game (E,c, f°FL) has an NEP if and only if YienCi/2< E.
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Proof. Let (y, 3, m) be an NEP. If |P(t)| = 1, then Sn(t) = 1. If |P(t)] > 2, we have by Lemma
5.7 that ﬁN(t) - ﬁmm(t) <1lforallte M. So |P(t)’6mm(t) - Bmm(t) < BN(t) - Bmm(t) <1,
which implies that B, () < W and thus Sy (t) <14 W < 2. Together this implies that
Dien G = Dyen Bn(t) < 2E.

Suppose Y .y ¢i/2 < E. We construct an NEP in the following way: every player puts a claim
of 0 or 1 on every interval, and the total claim on every interval is 1 or 2. If we distribute the
entitlements iteratively from left to right and start again on the left for the second claims, then one
can check that the claims profile satisfies the conditions of Theorem 5.9. O

Remark 5.11. We can also use Lemma 5.7 to derive an upper bound on the number of claimants
on an interval in an equilibrium as in Corollary 5.10. If Y, n¢; = E, then fy(t) = 1 for all
t € M in equilibrium, and only n is an upper bound. Now let £ € R, £ > 1 be such that
(1 + %) E <) icnc¢i <2E. Then ( is an upper bound, which can be seen as follows. If |P(t)| = 1,
then clearly |P(t)| < ¢. If | P(t)| > 2, we have by Lemma 5.7 that Sy (t) < 14 Bmin(t) < 1+ W
for all t € M. This implies that

<1+2>E<Zq:2m(t)g(1+|P@)1|1>E,

1EN teM
which in turn implies |P(t)| < ¢.

In order to be able to describe the equilibrium payoffs, we show that in equilibrium any interval
can be redistributed such that the payoffs for the players remain unchanged and only intervals with
one or two claimants are used.

Lemma 5.12. For every NEP in (E,c, f°FL) there exists a payoff-equivalent NEP such that
|P(t)] <2 and B;(t) =1 for allt € M and i € P(t).

Proof. Let (y, 8, m) be an NEP. We will show that we can redistribute the claims on every interval
t € M such that |P(¢')| <2 and 5;(t') =1 for all i € P(t'), for every subinterval ¢’ of ¢, but without
changing a player’s total share of the interval ¢. This generates a new finer claim profile which is
still an NEP.

We only need to consider intervals ¢ € M with |P(t)| > 2, since §;(t) = 1 for i € P(t) if
|P(t)] = 1. By Lemma 5.7, every interval ¢t with |P(t)] > 2 satisfies the following inequality:
1 = Bmin(t) < BN(t) = Bmin(t) < 1. The share of each player i € P(t) for such an interval is

Bn(t) —1
FB0) = i(t) — P

We show that for some a with ;1 < o < ¢, we can reshuffle all the claims on (y;—1,y¢) such
that on each subinterval of (y;—1, ) there is a claim of 1 by two players, on each subinterval of
(a, y¢) there is a claim of 1 by one player, and all shares of players i € P(t) remain unchanged. The
procedure we use here is similar to the way we describe the payoffs in Corollary 3.3, using the vector
7, only now applied to the specific interval ¢. Since By (t) (y+ — yi—1) = 2 (a0 — ye—1) + (yr — @), we
have o = y—1 + (Bn (1) — 1) (ye — yi—1)-

Let z; = % for ¢ € P(t) denote the part of the claim of player ¢ distributed on (y;—1, )
such that on every part there is a claim of 1 by two players, and let §;(t) — x; be distributed on
(v, ) such that on every part there is a claim of 1 by one player.

In order to see that we have a feasible redistribution, note the following properties:
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(i) @i = 255E=0 > 0.

(i) = = % < BN (t)—1 < Bin(t) < Bi(t), where the first inequality follows since |P(t)| > 2

and the second inequality follows from Lemma 5.7.

(iii) ZieP(t) zi = 2(Bn(t) — 1).
Moreover, the share of player i € P(t) is

1 1 N(t) —1
i+ A0 = a3 = 5(0) — g = () - PO — oo,
If we reshuffle every interval in the above way, we end up with an equilibrium claim profile without
changing the shares of the players. O

Lemma 5.12 makes it possible to describe the payoffs associated with NEPs: all these payoffs
can be found by only using intervals with either one or two claimants. Hence the set of payoff
vectors is equal to the set found in Corollary 3.3.

6 Unrestricted problems

In this section we discuss NEPs for unrestricted problems. That is, players ¢ € N may have
entitlements with ¢; > FE.

6.1 Constrained equal awards

If the constrained equal awards rule is used as sharing rule and we assume integer claim heights,
then we obtain the following lemma, which says that in equilibrium every player with an entitlement
of at least the estate, puts a claim of 1 on the entire estate.

Lemma 6.1. Let (y,,m) be an NEP. If ¢; > E for player i, then B;(t) > 1 for allt € M.

Proof. Let (y,B8,m) be an NEP. Suppose, to the contrary, that player i does not claim interval
t € M. Since ¢; > E, there exists an interval ¢’ € M with ;(¢') > 2. The net gain of removing a
claim amount of 1 from ¢’ and putting it on (a part of) ¢ is positive, which contradicts that (y, 3, m)
is an NEP. O

Hence, under integer claims, every player ¢ with ¢; > E claims the estate once and is indifferent
where to put his remaining claims, as this remainder does not affect his nor his opponents’ payoffs.
So in fact, we are allowed to ignore the part of the entitlement that is above the amount of the
estate without changing the equilibrium outcome. Therefore, we can solve the unrestricted problem
as a restricted problem where the entitlement of every player ¢ with ¢; > F is equal to E. For the
analysis of these problems see Subsection 4.1. We obtain the following theorem.

Theorem 6.2. Under integer claims, U(E,c, fCP4) = U(E,d, fOF4), where ¢; = min{c;, E} for
allt € N.

Also if arbitrary claims are allowed, both the restricted and unrestricted problems result in the
same analysis: all NEPs result in the same payoffs, equal to the payoffs assigned by the constrained
equal awards rule. Hence, Theorem 5.3 still applies.
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6.2 Talmud rule

If the Talmud rule is used as sharing rule in the game with integer claims, then recall that this rule
is equal to the constrained equal awards sharing rule. Thus, the same analysis applies.
In case of arbitrary claims, we obtain the following theorem.

Theorem 6.3. If there is a player i with ¢; > E, then all NEPs result in the same payoffs, equal
to the payoffs assigned by the Talmud rule.

Proof. Note that if ) .. c;/2 > E, the presence or absence of a player i with ¢; > E does not
make a difference for the analysis in Theorem 5.4. Hence this result still holds.

If > ,cnci/2 < E, then a player i with ¢; > E puts a claim of 1 on the entire estate, so that
the share of each player j € N \ {i} is at most 13;(t) for every t € M. Since > jen ¢ < 2F, every
player j € N\ {i} is able to assure a share of 33;(t) on all ¢ € M, so that in equilibrium every
player j € N\ {i} receives %cj and i receives £ —) N\{i} %ci. This is precisely what every player
obtains if the Talmud rule is applied to the estate division problem. ]

6.3 Constrained equal losses

If the constrained equal losses rule is used as sharing rule, the main observation is that no NEP
exists if there is some player ¢ with ¢; > F, independent of whether we consider integer or arbitrary
claims.

Theorem 6.4. If there is a player i with ¢; > E, then the game (E,c, f¢FL)

arbitrary claims has no NEP.

with integer or with

Proof. We first prove the statement for integer claims and afterwards for arbitrary claims.

Let player ¢ have ¢; > E, and suppose that (y, 3,m) is an NEP in the game with integer claims.
We derive a contradiction. It can be checked that Lemmas 4.6 and 4.7 also apply for unrestricted
problems, which implies that in equilibrium 3;(t) < 1 for all j € N and all t € M. However, since
¢; > FE for player i, there must exist some interval ¢ € M with (3;(t) > 1. This is a contradiction.

Next, let again player i have ¢; > E, and suppose that (y, 5, m) is an NEP in the game with
arbitrary claims. We again derive a contradiction. Note that Sy (t) = 1 if |P(¢)| = 1, as a free
claim can always be used to gain a positive amount somewhere else. Lemma 5.7 (which can be
seen to hold also for unrestricted problems) implies that §;(t) <1 for all j € N and all t € M with
|P(t)| > 2. However, since ¢; > FE for player ¢, there must exist some interval ¢ € M with §;(t) > 1.
This is a contradiction. O

7 Summary and conclusion

We have analyzed the estate division problem as a non-cooperative game, in which every player uses
his entitlement to claim specific parts of the estate. Every part is then distributed based on these
integer valued or arbitrary claims, according to a sharing rule. We have investigated the payoffs
associated with the equilibrium outcomes of this game. Our first main result is an axiomatic result
for restricted claim games with ),y ¢;/2 < E. We characterize the set of equilibrium payoffs
under four fairly general axioms and show that all rules always resulting in an equilibrium payoff
satisfy minimal rights first and lower bound of degree half. Examples are the Talmud rule, the
adjusted proportional rule and the random arrival rule.
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Restricted and Restricted, Restricted, Unrestricted and
integer claims  arbitrary claims and arbitrary claims and integer claims
YienCi/2< E dienCi/2>E
FEEA N vy =G — Gy CEA-payoff CEA-payoff Solve (E, ¢, fCFA4),
(Subsection 4.1) (Theorem 5.3) (Theorem 5.3) where ¢, = min{¢;, E'}
(Theorem 6.2)
fr v =% — ﬁ Vi =¢i— 5 Talmud-payoff Solve (E,c, f1),
(Lemma 4.11) (Lemma 5.5) (Theorem 5.4) where ¢, = min{¢;, E'}
fOEE vi=c¢— % vi=c¢— 4% No NEPs No NEPs
(Corollary 3.3) (Lemma 5.12) (Corollary 5.10) (Corollary 6.4)

Table 1: A summary of the equilibrium payoffs for the three main sharing rules for different
problems. For clarification, we refer to the corresponding references.

Then we turn to claim games with sharing rules derived from the TAL-family. These results are
summarized in Table 1. The first (most left) column describes the possible NEP payoffs in integer
claim games associated with restricted problems. The payoff from the CEL sharing rule arises from
taking k = 1: NEPs exist if and only if ;.\ ¢; < 2E. For all restricted problems (E,c) € CV, we
have the following relation between the different sets of equilibrium payoffs:

U(E,c, f*"F) CU(E,c, f"Y) = U(E, ¢, f1) CU(B, ¢, f).

The second column maintains the condition ) ;.\ ¢; < 2E, but allows for arbitrary claims. This
does not essentially affect the payoffs under CEL or Talmud, but for CEA all payoffs coincide with
the payoffs assigned by the CEA rule to the original estate division problem. The third column
concerns arbitrary claims under the condition ),y ¢;/2 > E. The fourth column collects some
results for unrestricted problems.

In future research, the present analysis may be extended to still other rules, e.g., the ICI
(containing the TAL-family) and CIC classes in Thomson (2008). An interesting open question is
whether a rule exists that results in an equilibrium payoff for problems with ),y ¢i/2 > E.
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