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ABSTRACT

This paper deals with the controller synthesis for a class of positive two-dimensional (2D) switched delay systems described by the
Roesser model. This kind of systems has the property that the states take nonnegative values whenever the initial boundaries are
nonnegative, some delay-dependent sufficient conditions for the exponential stability of positive 2D switched systems with state delays
are given. Furthermore, the design of positive state feedback controller under which the resulting closed-loop system meets the
requirements of positivity and exponential stability is presented in terms of linear matrix inequalities (LMIs). An example is included to
illustrate the effectiveness of the proposed approach.

1. Introduction

Two-dimensional (2D) systems exist in many practical applications, such as circuit analysis, digital image processing,
signal filtering and thermal power engineering [8,19,48]. Thus the analysis and synthesis of 2D systems are interesting and
challenging problems, and have received considerable attention, for example, 2D state-space realization theory was
researched in [14], the stability and 2D optimal control theory were studied in [7,12,17], and the H_ filtering problem for 2D
Markovian jump systems was addressed in [42].

The most popular models of 2D linear systems were introduced by Roesser, Fornasini and Marchesini [14,15] and Kurek
[27]. These models have been extended for positive systems in [20,21]. A positive system means that its states and outputs
are nonnegative whenever the initial conditions and inputs are nonnegative [13,21]. Positive 2D systems are needed in many
cases such as the wave equation in fluid dynamics, the Poisson’s equation, and the heat equation which describes the
temperature (using thermodynamic temperature scale) in a given region over time. These facts stimulate the research on
positive 2D discrete-time systems. The choice of the forms of Lyapunov functions for positive 2D Roesser model was inves-
tigated in [23]. The problem of stability analysis for positive 2D fractional systems was investigated in [24]. Furthermore, the
reaction of real world systems to exogenous signals is never instantaneous and always infected by time delays [16,36-38].
The reachability, minimum energy control and realization problem for positive 2D discrete-time systems with delays was
analyzed in [22]. And the stability analysis for positive 2D delayed systems was investigated in [3,25,26].

On the other hand, a considerable interest has been devoted to the research of switched systems during the recent
decades. A switched system comprises a family of subsystems described by continuous or discrete-time dynamics, and a
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switching law that specifies the active subsystem at each instant of time. Apart from the switching strategy to improve con-
trol performance [10,35], switched systems also arise in many engineering applications [2,6]. Many techniques are effective
tools dealing with switched systems, such as common quadratic Lyapunov function method, multiple Lyapunov function
method, and average dwell time approach [1,9,28-33,39-41,49]. Recently, [34,45] studied the model reduction for linear
switched systems, and [43,46] focused on the problems of stability and control synthesis by using sliding mode control
method.

In addition, it is well known that the switching phenomenon may also occur in practical 2D systems, so 2D switched sys-
tems have also attracted considerable research attention. There are a few reports on 2D discrete switched systems, Benza-
ouia et al. firstly considered 2D switched systems with arbitrary switching sequences in [4] and investigated the
stabilizability problem of 2D switched systems in [5], the generalized H, fault detection for 2D Markovian jump systems
was studied in [44]. Recently, the exponential stabilization of 2D switched Roesser model was firstly investigated in [47].
For positive 2D switched systems, a typical physical application is the thermal process with multiple modes. The positive
value of temperature (using thermodynamic temperature scale) depends on position variable, time variable and the heating
intensity (switching among multiple modes), so this system can be modeled as a positive 2D switched system. By using alge-
braic techniques, sufficient and necessary conditions were first provided for the asymptotic stability of positive 2D switched
systems described by the Roesser models in [11]. However, to the best of our knowledge, there has been little literature con-
sidering the control problem of positive 2D switched systems with time delays, which motivates the present work.

In this paper we will investigate the problems of delay-dependent stability analysis and stabilization for positive 2D
switched linear systems with delays. The main contributions of this paper lie in: (1) By constructing an appropriate
co-positive Lyapunov function, we first analyze the delay-dependent exponential stability of positive 2D switched Roesser
model with state delays. (2) Instead of using algebraic techniques [11] which have been employed for the analysis of positive
2D switched systems, the average dwell time approach is applied to our developments which are based on LMIs. (3) Based on
the well established results of exponential stability analysis, equivalent conditions in terms of LMIs are obtained for the
existence of stabilizing positive state feedback controllers. A remarkable advantage of these conditions lies in the easy
verification by using some standard numerical software.

The remainder of the paper is organized as follows. In Section 2, problem statement and some definitions concerning the
positive 2D switched discrete linear systems with delays are given. In Section 3, some results concerning the delay-
dependent exponential stability and stabilization of positive 2D switched linear systems are presented. In Section 4, a
physical example is given to illustrate the effectiveness of the proposed approach. Finally, concluding remarks are provided
in Section 5. The following notation will be used.

Notations: In this paper, the superscript “T” denotes the transpose. The notation X > Y(X > Y) means that matrix X — Y
is positive definite (positive semi-definite, respectively). A = 0(=<0) means that all entries of matrix A are nonnegative
(non-positive). A -~ 0(<0) means that all entries of matrix A are positive (negative). R**™ denotes the set of n x m real
matrices. The set of real n x m matrices with nonnegative entries will be denoted by R?*™ and the set of nonnegative integers
will be denoted byZ,. R} denotes the set of vectors with nonnegative entries. The n x n identity matrix will be denoted by I,,.

2. Problem formulation and preliminaries

Consider the following 2D switched Roesser model with state delays:
XY | poas | X1 dal0).J)
X¥(i.j) XV(i.j = dy(j))
where i and j are integers in Z,, x(i,j) is the horizontal state in R™, x“(i,j) is the vertical state in R", x(i,j) is the whole state

in R". ¢(-): Z: x Z, > N={1,2,...,N} is the switching signal. N denotes the number of subsystems. A¥, A’; and B*, k € N, are
constant matrices with appropriate dimensions and can be represented as

. [A';l A {Azn Afm} o m
Agl A}2<2 7 ‘ AZZ] AZZZ 7 BIZ< 7
dn(i) and dj) are delays along horizontal and vertical directions, respectively. We assume that d(i) and d,(j) satisfy
dy < dy(i) < dpwa, dy < dy(j) < don,

where dy;, dpy and d,;, d,y denote the lower and upper delay bounds along horizontal and vertical directions, respectively.
The boundary conditions are given by

XM(i+1,j)
X'(i,j+1)

7 + B u(i, ), (1)

xXM(i,j) = h,j, VO<j<z;, —dyy<i<O,

x(i,j) = V]>zl, —dpy <1<0,
( ) - 7/1]7 VO 227 dyH g] < 07 (2)
xV(i,j) = W>@, —dn <j<0,

hoo = 200



where z; < 0o and z; < co are positive integers, h; € R" and v;; € R™ are given vectors.
In this paper, the switch can be assumed to occur only at each sampling points of i or j. The switching sequence can be
described as

((iOajO)v O-(i0>j0))7 ((ll 7j])> O-(il 7j1))7 L) ((invjn)v O-(iﬂvjn))7 LR
where (ir,jr) denotes the m-th switching instant. It should be noted that the value of ¢(i,j) only depends upon i +j (see the
references [5,47]).

Definition 1 [11]. System (1) is called a positive 2D switched model if x"(i,j) = 0 and x%(i,j) = 0 for any nonnegative
boundary conditions h; € R}' and v;; € R?.
The following lemma is a direct extension from positive 2D systems in [21] to 2D switched positive systems.

Lemma 1 [21]. System (1) is positive if and only if A* = 0, A% = 0 and B* - 0.

Remark 1. When N = 1, positive 2D switched system (1) will degenerate into the following positive 2D system [26].

_ A{X’l(i,j) X"(i = d(i).J)
) x'(1,] — dy(]))

X(i+1,))

o A
X(i,j+1) ¢

+ Bu(i, j). (3)

Definition 2 [18]. System (1) with u(i,j) = 0 is said to be exponentially stable under the switching signal a(-), if for a given
z > 0, there exist positive constants ¢ and ¢ such that

D Ix() < &P " x ()l (4)
i+j=D i+j=z
holds for all D > z, where

Do lx)lc 2 sup Y (XA~ On )l IXGT — 0011, 118" — 0. )1, 167 (0, — 0,)11},

= —dpy <0, <0.. T3
= hH="h= =
=z dyH<”1/S01+] Z

(i — On,j) = X"(i — On + 1,j) — X(i — Oy, )),
5”(1.7]. - 91/) = xy(imi - 011 + 1) - Xy(ivj - 01))

Remark 2. From Definition 2, it is easy to see that, for a given z, ; ;_,[1X(i,j)||c will be bounded, and 37, ;_,[|x(i,j)|| will tend
to be zero exponentially as D goes to infinity, which also means ||x(i,j)|| will tend to be zero exponentially.

Definition 3. [47]. Forany i+j=D > z=1i,+j,, let Ns(z,D) denote the switching number of ¢(-) on an interval [z,D). If
D-z
Ta

Na(sz) <NO+ (5)
holds for given Ny > 0 and 7, > 0, then the constant 7, is called the average dwell time and Nj is the chatter bound. As com-
monly used in the literature, we choose Ny = 0 in this paper.

Remark 3. Definition 3 gives a definition of average dwell time for 2D switched discrete systems and the definition can be
viewed as an extension of the proposed one in 1D (one-dimensional) switched systems. Similarly, if there exists a positive
number 7, such that a switching signal has the average dwell time property, the average time interval between consecutive
switching is at least 7.

The aim of this paper is to design a state feedback controller for system (1) such that the resulting closed-loop system is
positive and exponentially stable.

3. Main results
3.1. Stability analysis

In order to address the control problem, we first focus on the problem of delay-dependent exponential stability analysis
for the following positive 2D switched discrete linear systems with state delays



xMi+1,j)
XU(i,j+1)

_ gotid {xh(i,f)
)

Theorem 1 For given positive constants dp, dnp, dyr, dyy, and a scalar 0 < a < 1, if there exist vectors p* € R, gk € R, ¢k e R,
ckeR", (*eR", keN, such that

o :diag{@’{@ﬁ,.. ok ok k. oK K N oK qs"’”} <0, VkeN (7a)
where
(Al — oE)p* + (ol + (i — du)EN) G + EL* + dpEich + (dﬁH(ﬂi‘T - E) *thde””EOClﬁv 1<l<m,

of =
I (@7 — aE)p* + (0@ + (doy — dun)Er) g + E* + doyEick + (dzyH(afT —E) —duo vHEl) ¢k, m+1<lI<n,

{ alTp* + (o akl — odE)) gt + dialfch, 1 <1<y,
akTpk + (o~ 1akl — adevE}) gk + dyHa’[;,Tg’g, m+1<i<n,
e

—odm B % 4 odmidyyEy (K — k), 1 <I<ny,
—odn B+ odund By (G5 — ¢%), m+1<I<n,

—o ””thElg] 1<IK ny,
—ol ””deElsp m+1<i<n,

km

1-1 n-I
——
withlen={1,2,...,n}, E = [0, ...,0,1,0,..., O], and ak(ak) represents the I-th column vector of matrix A"(A’;), then system

(6) is exponentially stable for any switching signals with the average dwell time satisfying

o Inp
To>Tg=—p 5 (7b)

where p > 1 satisfies
pr=<up, ¢ < g, f<pd, K <udh, & <ud, vkfeN, (70)

Proof. Without loss of generality, we assume that the k-th subsystem is active. For the k-th subsystem, we choose the fol-
lowing co-positive Lyapunov-Krasovskii functional candidate

V(i j) = V(i) + V*(0L), (8)

where
th l] kah l]
with
V(i 1Y = T (5 7\pkh
1 (L)) =x" (1, )p™,

i i-1

V' g) = > ol M gt VGG = YT R )

r=i—dy (i) r=i—dyy
—dp;. i—1 -1 i-1
thl] Z Z“xlrhTr] thl] thZZaxlrhTT.J
s=—dpy+1 r=i+s S=—dpyr=i+s

and



5
V(i) = > V(i)

g=1
with
VI (i) = X" (i,j)p*”,

J i-1
ng(lv.’) — Z OC] 1-t vT(l t)qu Vkv l] Z OC] 1- t T l l' ku
t=j—dy(j) t=j—dyy
. —dy j " i1
Vyl] Z Zajltv'{ltkv Vu(l] Cl Zzaj1rletkv
s=—dyy+1 t=j+s s=—dyyt=j+s

and
gy = [X7(rg) )] nt@0 =[2G 87

M(r.j) =x"(r+1,j) = x"(rj), 8°(i,t) = x"(i,t + 1) — x"(i,¢),
with pkh c RT7 qkh c RT’ Ckh c RT7 C’{h c RTv Q’éh c RT’ gkh _ [gI;hT gkhT} R2ﬂ1 v v e R'jrz ,-1/ c Rf, qu RT' pkv c RT’
gt € R and ¢k = [ kT g‘;”T]T e Ri”z are real vectors to be determined.
Then we have

(&

VG4 1) = oV (@) + VI + 1) = eV (i) = D[V 1,0) - aVE )] + Y[Vt + 1) - avitip]. ()

5
g=1 g=1

Along the trajectory of system (6), one can obtain

VA (i +1,5) — aVi" (i) = X+ 1,5)p — o (i, j)p*, (10)
i+1 i
VB i+ 1)) —aVii i) = D a X gt - Y a R (r gt
r=i+1—dj(i+1) r=i—dj (i)

= (4 1)g" - OXT G dy(i) g+ Y ()

r=it+1-d(i+1)

kh

i

—u Z OCiil*thT(T,]')qkh

r=i+1—dy (i)

i
< a—lth( i+ 17j)qkh _ adh(i)th(i d ( ) ])qkh + Z O(i—rth(rJ)qkh

r=i+1-dyy
i
_ Z OCi_thT(T,j)qkh
r=i+1-dp;
i—dy
< a—lth( i+1 ])qkh d“”XhT(i _ dh(i),j)q"h + Z Cxi—rth(,.7]')qkh7 (11)
r=i+1-dpy
i i-1
Vgh(i + 171) - ocV’;h(i,j) _ Z o -TxhT (r ])Ckh Z ai—l—rth(nj)gkh — XhT(i,j)Ckh dh”XhT(l —duy 7]) l<h (12)
r=i+1-dpy r=i—dpy
—dn —dy i1
Vi + 1) —avi i) = Y Z X gt - Y S o R (g
s=—dpy+1 r=i+1+s s=—dpy+1 r=its
—dy, i—dp
= > WG - oK (i +5,)q"] = (du — )X - > AN, (13)
s=—dyy+1 r=i—dyy+1

and



-1 i -1 i—1
VG 1) — oV i) =dw S S e T ri)e —ad S S T (r )g
s=—dpy r=i+1+s S=—dpy r=i+s
-1

i—1
=dw > ()" — o (i +5.5)S") < iy (1)) — dupon S M (rj)g

s=—dpy r=i—dpy
2 . . . . Qlfh d - KT (1 3\ yhT (i i T : Q’fh
=dpy [X7(iJ) X7 (i+1.) - X" (i) o — g0 2; X(rj) X (i.j) = X7 (i — dyy. ) Wl 04
> r=i—dpy
Similarly, we can get the following formulations in vertical direction.
V(i + 1) — aVi(ij) = x*T(i,j + 1)p* — ox"" (i,j)p*”, (15)
J=dy )
VB (i + 1) — aVE"(ij) < o 'XT (i, + 1) — otx?T (i j — d, () g + Y o X (i, 0)g", (16)
t=j+1-d,y
VA (i, + 1) — aV"(i,j) = X7 (i. )" — odnx? (i, j — du) 17)
Jj=dy
VE'(ij+1) = aVE(i.j) = (don — du)X"T(1,5)g" — Y X (i,0)g"", (18)
t=j—dyy+1

kv
VE (1,5 +1) — aVE (i.J) < doy [T (15) xT(ij+1) — X7 (i) [gl }

~kv
52

Jj-1 ~kv
- deacde[ xUT(i,t) xUT(i,j) —xT(i,j — dUH)] [5}4‘ (19)
t=j-

dyy

Substitute the above formulations (10)-(19) into (8), and take

pk _ pkh qk _ qkh é”‘ _ Ckh g’; _ gl;h g’é _ Cgh
pkv qu ’ Sykv gli',u glzw

thIn 0 dhLIn 0 OCd"”ln 0
D — 1 D — 1 Q: 1
8 { 0 dyHlJ’ ' { 0 dmznz} 0 odul, |

x(i.j) = [x7(0) x7(i,j)]",
Xa(i,J) = [X(0 = du(i),j) XT(0,5 - du(i))],

(i) = [XT(0 — ) X7 (G~ dow)]'

. : T
i—1 j-1
xs(i,j) = > X)) > x7(i,t)
r=i—dpy+1 t=j~dyy 1

Then we have
VA (i+1,) — aV ™ (i,) + VI (i + 1) — aV* (i.j) = X" (i, j){(A"T —al)p* + (o 'A" + (D — D)) g*
+ 4+ Djt + (DAY — Djy - Di)ch | +x5<i,j>{A’;Tpk + (oA - 20"+ DAY }

+X(1){ 00"+ QDych — 0Dy b+ 41 (1) { 2D} (20)

If condition (7a) holds, one obtains
(A — ady)p* + (o 'A + (Dy — D1))g* + ¢ + Dyt + (DA - D — @Dy ) <0, (21)
ATk (oﬂAgT - Q)qk +D2ANTCk <0, (22)
ka _'_QDHﬂk .QDHCI{ =< 07 (23)

— QDyck < 0. (24)



Inequalities (21)-(24) imply that
VI 1,5) + V(L + 1) < aV( ) + oV (i), (25)
Summing up both sides of (25) from D to 0 with respect to i and O to D with respect to j, for any nonnegative integer D > max
(z1,22), one gets
VM(1,D) + V*(0,D+ 1)+ V*"(2,D — 1) + V*(1,D) + - -- + V(D + 1,0) + V*(D, 1)
= Y Vg + Y VMg = > VHij) < ofV"(0,D) + V¥ (0,D) + V¥"(1,D - 1)

i+j=D+1 i+j=D+1 i+j=D+1
+V(1,D= 1)+ + V*(D,0) + V*(D,0)} = &> V¥(i.j). (26)

i+j=D

Now let v =N,(zD) denote the switching number of ¢(-) on an interval [z,D), and let (ic_p+1sjic—v+1)s (e—vs2sfic—v+2)s
.. (ix—12Jx—1)» (iji) denote the switching points of o(-) over the interval [z, D). Denoting m,=i,+j, p=Kk—-v+1,

K—v+2, ..., K, thus, for D € [m,, M), it holds from (26) that
Z Va(i’('j"')(i,j) < P~ Z V()_(irnjh')(i’j). (27)
i+j=D i+j=my

Using (7c) and (8), at switching instant m,. =i+ j, we have

Z V(r(i;‘»JK)(l"]') <u Z VU(i"’IJ""l)(iﬁj)- (28)

i+j=my i+j=my

In addition, according to Definition 3, it follows that

D—
b = Ny(z.D) < No + ——~. (29)
a
Therefore, the following inequality can be easily obtained by repeating the inequalities (27), (28) and using (29)
ZV"(i"J")(i,j) < oP-mx Z V"<i"‘j“‘)(i,j) < ,LLO(D"""‘ Z VG(BHJH)(I'J) < Manmx Z Va(inlJ-h‘fl)(i7j)o(m»c*my(7]
i+j=D i+j=myc ij=my; H=my
_ D—m,._ (i 1dx1) (1 3 v—1 o D—m,_ O (i _vitdi—vi1) (7
= P YD Y ) < P YD e )
IHj=my_q =My 41
< ,u“(xD’m"’*“*l V”(iw—w-jrcfl))(i,j) _ 'uvanmk,M Vﬂ(imuh,n)(Lj)(xm,\»,,,ﬂ—z
IunaD—z Z V” kv ) 1'7]'). (30)
i+j=z
Inequality (30) can be rewritten as follows:
qu 1,\},‘ 1]) < e(]“"#lnx )(D-z ZVIT fxvdi (l ]) (3])

i+j=D i+j=z
Moreover, considering the definition of V°(¥)(i j) in (8), we can find two positive scalars p; and p, such that (32) holds.
Py lIx (A < VO G) < pylIx(E.J)lles (32)
where
py = min (pf),

(Lk)enxN

0, = maprf‘+ [dZ—H(dHerL - 1)(dHde)+dH} max q, +dH max g, kid? max g1,+dH(dH+1) max szz

(Lk)enxN
with
dy = max(dyys, don), dy = min(du. dyy), p* = [pk.p%,....pk]".
N LI N R B = N SO i
ck= [521>‘=22 -‘7C2n} .

Combining (31) and (32), one can obtain

lnL ..
> lIx@pl < ’_ff“““yD’Z)ZHX(l,J)Hc- (33)

i+j=D i+j=z



By Definition 2, we know that the positive 2D switched discrete system is exponentially stable if 7, > 7} = J‘l‘r{‘x This com-
pletes the proof. O

Remark 4. Note that when u =1 in (7b), we have 7} = 0, which means that the switching signal can be arbitrary.

Remark 5. It should be noted that a co-positive Lyapunov functional is constructed for the stability analysis in the derivation
of Theorem 1. The motivation for using this type of Lyapunov functional is that the state of system (1) is nonnegative and
hence such a linear Lyapunov functional serves as a valid candidate. Compared with the existing stability result in [11],
the one presented here is in the form of LMIs which can be conveniently verified. However, there exists the conservatism
induced by Lyapunov functional (8) to some extent. The result can be improved by resorting to the delay-partition method
for which a modified Lyapunov functional could be chosen.

3.2. Controller synthesis

This subsection studies the stabilization problem of positive 2D switched discrete Roesser model (1) for which the control
law to be designed has the following state-feedback form

Tk
u(ij) = k@ | X G| (34)
X" (i,J)
This control law will be designed to ensure the positivity and the exponential stability of the resulting closed-loop
system:

x“(i+l,j)
x'(i,j+1)

_ (A0 4 ooty [;‘ZEIIH T Ag { ;‘:E: ]— fh ;')OJ))) } (35)

The following lemma will be useful in the subsequent development.
Lemma 2. Given the open-loop positive system (1) and the controller given by (34), the closed-loop system (35) is positive if and
only if the following conditions hold for all k € N

A¥ 4+ B'K* = 0,
AL =0

Proof. The result can be obtained by applying Theorem 8 in [26] to system (35). O

Theorem 2. For given positive constants dp, dpy, dy, dyy and a scalar O0<o<1, if there exist vectors
p*eR!, qteR!, ¢k eR!, ckeR!, *eR!, y* R, such that

i g

& = diag{®%, B, &L Y, DY, DYDY DL B B DY B <0, vkeN (36)

where
y (a7 — Er) D+ (o aT + (Ao — ) Er) G+ EiC* + digErch + (diy (af — Ey) — dgormiEr) S5 + Ew¥, 1<I<m,
k=
(@7 — oE)p* + ('@l + (dym — d o )E1) qF + ECK + &y Eick + (di,, (ak" —E)) — d,,HocdeE,) ck+Eyk, m+1<i<n,
W { TP+ (o] — )G+ e, 1< 1<,
-

_ 2
alfp* + (o7 1akl — ot E)) gk + diakfck, ny+1<I<n,

Nx

*le)y 1<l<m,

o = { —od £\ % 4 oy Ey (G

—odu By % 4 ot d ) (¢

Nx

—cb), m+1<ig<n,

P —O(d"HthE[QII{7 1<i<m,
: —odud,uEck, m+1<I<n,

l//k — KMTKT (pk 4 aqqk + Dﬁ;’ﬁ),



-1 n—I
with Dy = diag{duln,,douln, }, len={1,2,...,n}, E = [m, l,m], and ak (a’;l) represents the I-th column vector of
matrix A* (AZ) then the closed-loop system (35) is positive and exponentially stable for any switching signals with the average
dwell time satisfying (7b) and (7c). Under the above conditions, the desired controller gain matrices can be computed by
¥k = KMB (p" +o gk + Di,g’;).

Proof. From Theorem 1 and Lemma 2, the closed-loop system (35) is positive and exponentially stable if conditions (7b),
(7c) and the following conditions hold.

(A — aly)p* + (o 'A + (Dy — D))" + ¢ + Dk + (4D}, — D} — @D )¢5 +y* < 0, (37)
AP+ (o7 'AY - @) q* + AT D}k <0, (38)
- Q" + QDyck — QDuck <0, (39)
— QDxcy <0, (40)

where y* = K¥'BK (p" + o gk + Dig’g) ~0,and K*- 0, k € N.
Then the conditions in (36) can be easily obtained from (37)-(40). This completes the proof. O
The procedure for constructing the desired controller is given below.

Algorithm 1.

Step 1. Solve the LMIs in (36) to obtain p¥, g*, ¢*, ¢k, ¢* and ¢*, ke N.

Step 2. By y* = K¥TBKT (p" +o gk + Df,;’ﬁ), compute K*, k € N.

Step 3. Compute p and t; by (7c) and (7b).

Step 4. The desired positive state feedback controller can be given as (34) with the obtained K¥, k € N.

Remark 6. The condition (36) in Theorem 2 is given in terms of LMIs which are computationally tractable by using the LMI
toolbox and it is different from the results presented in [11], where the algebraic method is utilized for the case without state
delays. Also, this paper takes time delay into consideration firstly, which is universal in the application.

Remark 7. We would like to point out that the algorithm we proposed may bring some computational complexities. It can
be seen that we need to solve N matrix inequalities to obtain 6N variables in (36).

Remark 8. Many practical complicated systems can be modeled by the addressed system in this paper, among which a typ-
ical example is the thermal process under the standard measurement of absolute temperature. The features of positivity for
state, switching for the control law, and complexity for multi-dimensional systems constitute a challenging problem in the
control field. The co-positive type Lyapunov functional method and typical average dwell time method are merged together
to solve this significant problem in this paper. The proposed LMI approach is easy to be extended to more complex applica-
tions. The feasibility of the proposed method will be illustrated by the example given in the next section.

4. Example

In this section, we present an example to illustrate the effectiveness of the proposed approach. Consider the thermal pro-
cesses in chemical reactors with two modes, which can be expressed in the following partial differential equation with time
delays. We assume that one can switch from a mode to another mode arbitrarily.

oMx ) _ Tt al*IT(x,t) — af*T(x, t — 1) + b"*u(x, ), (41)
ox ot
where T(x, t) is the temperature at x € [0,x] (space) and ¢ € [0,00) (time), u(x, t) is the input function, 7 is the time delay, and
ag<“>, a?, b? are real coefficients with g(x,t) denoting the working subsystem at (x,t).
Take
T(i,j) = T(iAx,jAt), u(i,j) = u(iAx,jAt), o(i,j) = o(iAx,jAt),
orx,t) T(j—-T@-1j) oTxt) T(j+1)—T())

~ ~
~ ~

ox Ax ot At




Denote x"(i,j) = T(i — 1,j), x4i.j) = T(i,j), where T(i,j) = T(iAx,jAt). It is easy to verify that Eq. (41) can be converted into a 2D
Roesser model (1) with

iy 0 1 i; 0 0 ii 0
alij) _ N alij) _ g (i) _ Y
A [ﬁf 1/§§a§(”)At}’Ad {0 faf“‘”At}’ B {b“("”At}’

Let At = 0.1, At < T < 2At, Ax=04, a} =25, a3 =5, al = -5, @ = —2.5,b' = 2.5 and b* = 5. The thermal process is mod-
eled in the form (1) with

0 1 0 0 0
A] = A] = B] =
{0.25 0.5} d [0 0.5}’ {0.25}

0 1 0 0 0
A% = A2 = B? — { }
{0.25 0.25}’ d {o 0.25} 0.5

Then by using the LMI toolbox and following the steps of Algorithm 1, we make the following records.

Step 1. Solve the LMIs in (36) to obtain p¥, g¥, ¢, ¢k, ¢* and Y* with k=1, 2.

, [076607 , [1.08817 , [0.1813] , 703274
“ 10361377 T |05748]7 " T |06627]° '~ |0.4545]

- [0.1654} - {0.2728} 1 {0.5383} o {0.5935}
T 35834 ° " [24282] ' |0.1439] *' " |0.3605]

1_{0.0405} 2_{0.1065} 1_{0.1004} 2_{0.1879}
27118798 *2  |1.4698]° 7 ~ |0.1248]" 7 ~ |0.2602 |’

Step 2. By y* = KB (p" +o gk + Df,;’;), compute K* with k=1, 2.
K' =10.0464 0.0576], K* =[0.1075 0.1489].

Step 3. Compute u and t;, by (7c) and (7b).
1=2.6290, 1, =5.9477.

Step 4. The desired positive state feedback controller can be given as (34) with the obtained K! and K2.
The boundary conditions are given by

xh(i7j) = 017 v0 <j < 527 7th < i < 07
x?(i,j) =01, V0 <i< 52, —-du <j<O.
Choosing 7, = 6.12, the simulation results in Figs. 1 and 2 show the state responses of the resulting closed-loop system under

the switching sequence depicted in Fig. 3. It can be observed that the closed-loop system is positive and exponentially stable,
which demonstrates the effectiveness of the proposed method.

Xh

Fig. 1. State response of x(ij).
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Fig. 3. Switching sequence.

5. Conclusions

This paper has addressed the delay-dependent exponential stability analysis and stabilization for positive 2D switched
delay systems described by the Roesser model. Sufficient conditions for the delay-dependent exponential stability of positive
2D switched linear systems with delays have been established. A co-positive type Lyapunov functional has been used to get a
computationally tractable LMI-based sufficient criterion which ensures the exponential stability. A design methodology of
positive feedback controller has been provided to ensure the exponential stability and positivity of the resulting closed-loop
system. A numerical example has been given to illustrate the efficiency of the proposed approach. Furthermore, future work
will be devoted to the robust control problem to achieve the delay-dependent stability and the disturbance attenuation per-
formance of positive 2D switched systems.
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