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ON THE BERNOULLI AUTOMORPHISM OF REVERSIBLE
LINEAR CELLULAR AUTOMATA

CHIH-HUNG CHANG AND HUILAN CHANG

ABSTRACT. This investigation studies the ergodic properties of reversible
linear cellular automata over Z,, for m € N. We show that a reversible
linear cellular automaton is either a Bernoulli automorphism or non-
ergodic. This gives an affirmative answer to an open problem proposed
in [Pivato, Ergodic theory of cellular automata, Encyclopedia of Com-
plexity and Systems Science, 2009, pp. 2980-3015] for the case of re-
versible linear cellular automata.

1. INTRODUCTION

Motivated by biological applications, John von Neumann introduced cel-
lular automata (CAs) in the late 1940s. The main goal was to design self-
replicating artificial systems that are also computationally universal and are
analogous to human brain. Namely, CA is designed as a computing device
in which the memory and the processing units are not separated from each
other, and is massively parallel and capable of repairing and building itself
given the necessary raw material.

CA has been systematically studied by Hedlund from purely mathemat-
ical point of view [9]. For the past few decades, studying CA from the
viewpoint of the ergodic theory has received remarkable attention B, B, B,
B, @l,j, , ] Pivato has characterized the invariant measures of biper-

mutative right-sided, nearest neighbor cellular automata [19]. Moreover,
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Pivato and Yassawi introduced the concepts of harmonic mixing for mea-
sures and diffusion for a linear CA and developed broad sufficient conditions
for convergence the limit measures [21,22]. Sablik demonstrates the measure
rigidity and directional dynamics for CA [23, 24]. Host et al. have studied
the role of uniform Bernoulli measure in the dynamics of cellular automata
of algebraic origin [10]. Furthermore, the sufficient conditions whether a
one-dimensional permutative CA is strong mixing, k-mixing, or Bernoulli
automorphic were independently revealed by Kleveland and Shereshevsky
[14, 125, 26]. Recently, one-sided expansive invertible cellular automata and
two-sided expansive permutation cellular automata have been demonstrated
to be strong mixing (see (3, 4, 12, [13, [17]).

Almost all the results about are for one-dimensional (mostly permutative)

CA and for the uniform measure. It is natural to ask the following question:

Problem 1 (See [20]). Can mixing and ergodicity be obtained for non-
permutative CA and/or non-uniform measures? What about multidimen-

sional CA?

Theorem and Corollary 2.4 indicate that an invertible linear CA is
either Bernoulli automorphic or non-ergodic for the uniform Bernoulli mea-
sure. In [6], Cattaneo et al. address a necessary and sufficient condition
for the ergodicity of linear CA. Corollary 2.4 reveals a concise condition
for the ergodicity of invertible CA. The result remains true for those mea-
sures satisfying some conditions (see Remark [6.])). The methodology can
be extended to the investigation of multidimensional invertible linear CA,
and even possible to the non-permutative cases. Related works are under
preparation.

The rest of this paper is organized as follows. Section [2] states the main
results and some preliminaries. The proofs are postponed to Sections @ and
while the key ideas are revealed via some examples in Section Bl Discussion

and further works are addressed in Section
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2. STATEMENT OF MAIN RESULTS

Let Z,, = {0,1,...,m — 1} be the ring of the integers modulo m, where
m > 2, and let ZZ be the space of all doubly-infinite sequences = = (z,,)°_, €
ZZ | equipped with the product of the Tychonoff topology. Then the shift
o: 7% - 7Z defined by (0x); = x4,1 is a homeomorphism of the compact
metric space ZZ. A one-dimension cellular automaton is a continuous map
Ty : 7E - 7Z defined by (Tyx)i = f(xisi,-- -, Tisr), where ;7 € Z and
f: 727" > 7Z,, is a given local rule or map. A local rule f is said to be

linear if it can be written as
flxy, ... zp) =X Niz; (mod m), I,reZ,

where at least one among )\, ..., A, is nonzero in Z,, [8, [16].

A local rule f is said to be permutative in z; (or, at the index j) if for
any given finite sequence

(Tpy o Tjo1, Tjals - T ) € L0
we have
{f@,.. .. Tj=1,2§,Tju1, .- Tp)  Tj € Lp } = L.

The notion of permutative cellular automata was first introduced by Hed-
lund [9]. A linear local rule f is permutative at the index j if and only if
ged(Aj,m) = 1, where ged(p,q) denotes the greatest common divisor of p
and q.

For every linear local rule f(x,...,z,) = XI_\z; (mod m), there as-
sociates a formal power series FI(X) = XI_ N X ". Let T} be the cellular
automaton defined by the local rule f. Ito et al. characterize the necessary

and sufficient condition for the invertibility of 7.

Theorem 2.1 (See [11]). T} is invertible if and only if for each prime factor

plm there exists a unique j, such that f is permutative at the index jp.

For the case where m = p¥ for some prime number p and k € N, it comes

immediately that T is invertible if and only if there exists a unique j such
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that ged(A;,p) = 1. Manzini and Margara demonstrate the corresponding
formal power series F'(X) is invertible in Z,,[X, X 1].

Theorem 2.2 (See [15]). Suppose m = p* and Ty is invertible. Write
F(X) =X, X" +pH(X). Let H(X) = -\;, X??H(X). Then

FHX) = A X7 (14 pH(X) + -+ p T HE (X)),
where )\]’pl is the inverse element of \j, in Znp,.

Let T : X - X be a measure-preserving transformation on a probability

space (X,B,u). T is called strong mixing if
lim u(T"An B) = u(A)u(B)

for any A,B € B. Furthermore, T is called k-mixing if for every given

{Ai}fzo c Bv

lim (Ao n T ™Ay A 0T Ay = p(Ag) pu( Ay )--p( Ag).

N1 M, =00
It is seen that strong mixing is 1-mixing.

It is known that every surjective cellular automaton preserves the uniform
Bernoulli measure (cf. [7, 14, 25] for instance). For the rest of this paper, p
refers to the uniform Bernoulli measure unless stated otherwise. Kleveland
[14] and Shereshevsky [25, 126] have proved that T is strong mixing if r <0
(resp. I > 0) and f is left permutative (resp. right permutative); some of
these cellular automata are even k-mixing. Recently, one-sided expansive
invertible cellular automata and two-sided expansive permutation cellular
automata have been demonstrated to be strong mixing (see [3, 4,112, [13,[17]).
Theorem [2.3] addresses the necessary and sufficient condition for whether an
invertible linear cellular automaton is strong mixing, which is an extension
and characterizes the strong mixing property of invertible linear cellular

automata completely.

Theorem 2.3. An invertible linear cellular automaton T}y is strong mizing
with respect to the uniform Bernoulli measure if and only if j, # 0 for every

prime factor p of m.
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The following corollary, which can be derived from the demonstration of
Theorem [2.3] with a minor modification, addresses the “opposite” result to
the above theorem. Notably, a one-dimensional linear cellular automaton
with local rule f(z_,,...,2,) =XI__;\jx; (mod m) is ergodic if and only if
ged(Aopy ooy A1, AL, o, A,m) = 1 [6]. (In fact, a necessary and sufficient
condition for the ergodicity of a multidimensional linear cellular automa-
ton is demonstrated in [6].) Corollary 24l indicates a concise if-and-only-if
condition for the ergodicity of one-dimensional invertible linear cellular au-

tomaton.

Corollary 2.4. An invertible linear cellular automaton Ty is non-ergodic
with respect to the uniform Bernoulli measure if and only if j, =0 for some

prime factor p of m.

Recall that T is ergodic if and only if lim, e u(T"A N B) > 0 for any
A, B € B with positive measures. Examples 3.1l and B.2]interpret an intuitive
idea for the reliability of Theorem 2.3} the rigorous proof is postponed to
Section [l

A stronger property in ergodic theory is Bernoulli automorphism. Given
€ > 0, two partitions £ = {C;} and n = {D;} of the measure space (ZZ%, B, ;1)
are said to be e-independent if

> |u(Cin Dy) = u(Ci)p(Dy)| < e
i, J
¢ and 7 are independent if € = 0. A partition £ = {C;} is called Bernoulli for
an automorphism 77 if there exists an integer N > 0 such that the partitions
\0/ TF¢ and N\7nTk£ are independent for all n > 0. Furthermore, Ty is a
Igg;noulli aut:r:n]\([)rphism it Tt has a generating Bernoulli partition.

Suppose the local rule f is permutative in the variable x, (resp. z;) and
0<l<r (resp. I <r<0), Shereshevsky showed that the natural extension of
the dynamical system (ZZ,B,u, T ') is a Bernoulli automorphism [25, [26].

It is well-known that a Bernoulli automorphism is also strong mixing. With
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the similar discussion of the demonstration of Theorem [2.3] we extend the

results to the class of invertible linear cellular automata.

Theorem 2.5. An invertible linear cellular automaton Ty is a Bernoulli
automorphism with respect to the uniform Bernoulli measure if and only if

Jp 0 for every prime factor p of m.

3. EXAMPLES

This section clarifies the key ideas of the proof of Theorems 2.3 and

and Corollary 2.4] by examining three examples.

Example 3.1. Consider m = 4 = 22 and f(z1,29,23) = 221 + 2 + 223

(mod 4). It follows that f~'(z_3,2_0,2_1) = 2x_3+2_9+22_1 (mod 4), and
f(@an) = 24n  (mod 4), FM (@) = x_4n  (mod 4).

Given any other cylinder [aLr,...,aRr]f,’ , there exists IV € N such that
R' < L+4n for n > N. It is well-known that all surjective CA preserve the

uniform Bernoulli measure u. Therefore,

w(Ti ar, . ar)f nlas,...,ar i)
= /L(T]?k[CLL, oo ,CLR]IL%)/L([CLL/, cee ,aRr]f,)
= p(laz,...,ar)Hu(ar,. .., ar])

for k> 2N. This demonstrates T is strong mixing.

Next example investigates the case where m has two distinct prime fac-

tors. The discussion can be extended to more general cases.

Example 3.2. Suppose m = 12 = 22-3 and f(xg,x1,22) = 620 + 321 + 229
(mod 12). Let ¢4 and ¢3 be the canonical projections from Zis to Z4 and
Zs, respectively. Then @ := &4 x 3 is an isomorphism from Z%Q to Z4Z X Z%,
where ®4 : Z%Q - Z4Z and Pj3 : Z%z - Z% are obtained from ¢4 and ¢s3,

respectively.
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Let f4 and f3 be defined as
fa(xo,1,22) = f (70, 21,72) (mod 4)

and

f3(wo,w1,72) = f(w0,71,72) (mod 3),
respectively. In other words,

fa(zo, 21, ®2) = 2x0 + 3x1 + 222 (mod 4),
f3(xo,z1,22) = 22 (mod 3).

Then the projections of T on Z4Z and Z%, denoted by Ty and T3, are the
cellular automata with local rules f4 and f3, respectively. Furthermore, let
ua and ps be the push-forward measures of &, and @3, respectively. u is

the uniform Bernoulli measure on Z%Q indicates that

1) p4 and pg are the uniform Bernoulli measures on Z4Z and Z%, respectively.

2) ppug % p3.
3) Ty =Ty x T3, and the diagram

7 Z
Z12 Z12

‘I’l l‘l’

is commutative.

Similar to the discussion of Example[3.1] the local rule of T, 1 is expressed
as

fil(z o, 2 1,m0) =229 +32_1 + 229 (mod 4),
and
fi" (@) =@on (mod d),  fi*"(2-2) =220 (mod 4)

Given any other cylinder U’ = [ar/,...,ar]%, pick N = L@J +1. Tt

follows immediately

(1) Ty U UY) = pa( T U pa(UL) = pa(Ua) pa(UY) - for k> 2N
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since L + k > R', where A; := ®;(A) for AeB.
Similarly, the local rule of 75! is f3'(z_2) = 2z_2 (mod 3). This infers

Fon o 2x_9,, nis odd;
3 T_on, T IS even.

It is seen that pz(75"Us) = us3(Us) for all n and
(2)  pa(T3"Us 0 U3) = ps(T5 " Us)pa(U3) = ps(Us)ps(U3)  for k> N.
Combining (1) and (2] we have, for k > 2N,
W(TFU AU = (g x p3) [(TFU nU" )y x (T7U n U]
= pa((T*U 0 UN)us((TFU 0 U")3)
= pua(Ty " Us 0 UL ps (T3 *Us 0 U3)
= (pa % p13) (Us x U3) - (pa x p3)(Ug x U3) = (U )p(U").
The strong mixing property of T’ then follows.
Next example addresses that Ty is even non-ergodic if j, = 0 for some
plm.
Example 3.3. Let m =36 = 2232 and let f be given as
flr_1,x0,21) = 1521 + 1020 + 621 (mod 36).

It is seen that jo = -1 and j3 = 0. To deduce that T is not ergodic, we firstly

observe that
fO% = 9_g) + 2870 (mod 36) and 7% = 2820 + 9z (mod 36)

for all & € N. Suppose U = [0]p. Then «ap is a multiple of 9 for each
a= ()€ Tj?ﬁk(U). Hence T is not ergodic since Tf_Gk(U) N[1]o = @ for all
k.

4. PROOF OF THEOREM [2.3]

This section is devoted to demonstrating an invertible linear cellular au-
tomaton is strong mixing if and only if j, # 0 for all prime factor p of the
integer m. One can verify without difficulty that the existence of prime fac-

tor p of m such that j, = 0 infers such a cellular automaton is not ergodic,
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thus it is not strong mixing. (An intuitive exploration is that j, = 0 for
some prime factor p indicates T} is a trivial shift map for some n € N, where
T, =T (mod p*) and p¥lm, p**! + m.) It remains to show the “if’ part of
Theorem 23]

Let £ be the collection of linear local rules and let
Zm[X7 X_l] = {Egzlai$ia l7 re Z}

be the set of bi-polynomials of variable X. Define a mapping x : £ —
L[ X, X ’1], which relates a linear local rule f to a bi-polynomial F'(X), as

(f) = x(é&xi) _ ZlAX - F(X).

It is easily seen that y is bijective. Moreover, let Z,[X, X '] denote the for-
mal power series generated by {X, X!} over Z,,. Then X: ZZ, — Z,[x,27']
defined by

T(b) = i b; X', where b= (b;)szeZl

i=—00

is also a bijection. Observe that, for each b = (b;) € ZZ

SOOI [P YRS BB ol R AP

n=l+i i=—oco0 \n=l+1

and

RCOIR Y

= (Z )\nX“)( i biXi) = i ( i )\n_ibn)Xi,
n=|l i=—00 i=—00 \n=[+1
where T(O(X)) := F(X)©(X). This implements that the diagram
(3) Z - z,
Zon[X, X71] Zm[ X, X7']

commutes. Moreover, it follows immediately from the mathematical induc-
tion that f™ = x }((F(X))") for all n € N, where f = fo f* L.

Suppose m = p* for some prime number p and k € N. Write F(X) as
F(X) =X, X7 +pH(X).
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1

Lemma 4.1. (F(X))*"" = A;’;X‘p(k_l)jp (mod p*).

Proof. Observe that

(A, X 77 + pH(X))P = i(?)(Aj,,XjP)j(pH(X))pj

= 2 ()oax Y eHEOPT mod p?)
j=p=1\J
= (N, X (H (X)) + (g, XY
= A?pX_pj” (mod p?)
Given n e N, let
d(n) =#{i:1<i<n,ged(i,n) =1}
be FEuler’s totient function. Euler indicated that
a®™ =1 (modn) forall ged(a,n)=1.
More specifically, a?" ! = " (mod p*) for all ged(a,p) = 1. This implies
(A, X797 + pH(X))P = XX P (mod p?)
Assume that Lemma LI holds for m = p*~!, that is,
(PP = Q) + A7 x

for some Q(X). Therefore,

1

(FEO = (p1Qx) + X" x 0 DY’

)(pk—lQ(X))j (A§:—2X_p(k72)jp )pfj

;
¥

)10y (X i) (anod )

p
2.
7=0

1
2
7=0

ke 1.

=\ x i (mod p*)
k 1y .

= )\g.’p x PV (mod p*)

This completes the proof.
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Suppose T is an invertible linear cellular automaton. Theorem infers
that 7', !is a linear cellular automaton with local rule =% = xy"1(F~1(X)),
where

FHX) = X X (14 pH(X) + -+ p T H (X))
and H(X) = -, X?H(X). Since F7*(X) is also of the form F~'(X) =
)\]_-plX o + pH(X), it follows from Lemma F1] that

1

(4) (FHOYP = A xP 9 (mod p*).

For the clarification of the discussion, the notation g <> [t1,t2] refers to the
local rule g(wy,,..., ) = 22 \iz; (mod m). Combining the one-to-one
correspondence between £ and Z,,[X, X~ !], LemmaI] and the commuta-

tive diagram (3)), a straightforward examination deduces that
< pijpv 7n<_>_p7jp7
(5) e ) f [-tp" ]
if n = £pF~! for some £ € N, and
(6) A U PR A N PR L]
(7) F o 0"y + 0T, g+ 07,
if n=0pF '+ ¢ for some £ eN,1< ¢ <pFl where
l= (L=dp)(k=1)=jGp, T=(r=Jp)(k-1)-jp.

The strong mixing property of invertible cellular automaton for the case

where m is a multiple power of a prime number follows via (@), (@), and (7).

Lemma 4.2. Suppose m = p* for some prime number p and k € N. Then

an invertible linear cellular automaton is strong mizing if and only if j, # 0.

Proof. The “only if” part follows immediately from (B). Given any two
cylinders U,V € ZZ  write U and V as U = [U lar and V' = [V ]ir, respectively,
for some wu;,u,,v;,v, € Z. Herein the notation [a]if, i1 < 19, refers to the

cylinder

i [Qiys ooy Qi Jin = {erTZn:a:j = wj,i1 < J <la}.
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Claim 4.3. TJZ"U s a finite union of cylinders for every n € Z.

To see this, it suffices to show the case where n = 1.

Obviously T’y Wwelu ']Z%, where
1
w =min{w; — (1= jp)(k = 1) + jp,w = (7 = jp) (k = 1) + jp },
u, = max{u, — (I = jp) (k= 1) + jp,ur = (7 = jp) (k= 1) + jp}.
gcd()\]_-:, m) =1 (mod m) indicates f~'(ay,...,2,) is a permutation at z_;,,

where I" = (1 - jp)(k=1) = jp, " = (r —jp)(k = 1) = jp, and ' < —j, <7’ or

r' < —j, <U'. A straightforward and careful verification deduces
(T7'0)i = A{wi: 2= (2;) e T;'U} = Ly,
provided
i€ Z~ {min{u;,u.}, min{uy,u.} +1,... max{uy,u.}}.

In other words, T 1 is a finite union of cylinders, and Claim FZ3] follows.
Since T;"U is a finite union of cylinders, @) and (@) imply that there
exists N € N such that T;"U ¢ [U ']Z? satisfies either u; > v, or u,. < v; for
1

n > N. It follows that

(T UnV) = p(T"U) (V) = p(U) (V)

for n > N since p is Ty-invariant. This demonstrates the strong mixing

property of invertible linear cellular automata for the case where m = p*. O

Notably, for every n € N and cylinder U, neither Ty "U nor T]?U are
cylinders in general. It is seen in the proof of Lemma that T WUis a
sub-cylinder of cylinder [U ']Z;T with Tyl Tu, being constrained by some
equations came from f for all z e Ty LU (cf. Examples B.1] and B.2)).

Suppose m = sq for some coprime factors s,q € N. Define f;: Zg’l” -7

and f: ZZ’”I - Zq by

fs(xy, o) = f(zg,...,xp) (mod s)
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and

flI(xly--- wrr) = f(xl,...,mr) (mOd Q)a

respectively. Then fs, f, generate invertible cellular automata T : 7t - 7%
and T : ZqZ - ZqZ. Observe that the canonical isomorphism ¢ : Z,,, - Zs x Z,
induces an isomorphism ® : ZZ, — 7ZZ x ZqZ. A straightforward examination

shows that the diagram

(8) 7%

Z Z VA VA
X _— X
Zix B > T < I

commutes.
Furthermore, let 11, and g be the push-forward measures of p on 7% and
ZqZ with respect to canonical projections ®, and ®,, respectively. It follows

that p = pp x pg. For any two measurable sets U,V € ZZ such that
s (@s(U) N @5(V)) = ps(@5(U)) - 1s(25(U))

and

11g(Rq(U) N ®g(V)) = p1g(@g(U)) - g (P (V)),
one can see that
(15 % 1) (B(U N V) = s (2(U 0 V) - 1 (@, (U A V)
= 115 (25 (U) N @5(V)) - g (P (U) 0 2o (V))
= [1s(s(U)) - ps(s(V))] - [11g(@q(U)) - g (2 (V)]
= [1s(@5(U)) - g (2 (U))] - [1( @5 (V) - 11g(24(V))]
= (ps x pg)(2(T)) - (ps x pg)(2(V)) = u(U) - u(V').
In other words,
(9) p(UnV)=pu(U) - (V).

For the general case, factorizing m into the product of its prime factors

m= plfl pgz--'pih. Analogous discussion as above demonstrates that
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1) The diagram

T
(10) VA !

m m

ZZkl N szh - ZZkl N ZZ
Y2 Py, Tp]fl ><--~><Tp:h Pq Py,

is commutative.

2) &:=P 4, x-+x D 4, is an isomorphism, and p 2 gk, X - X [i k).
Py Py Pq Py
3) For any two measurable sets U,V € ZZ such that

ps(s(U) N 2s(V)) = po(B(U)) - p15(25(U)),  s=pf",1<i<h,
then
pUnV)=p@)-pw(V).

In other words, we have demonstrated the following lemma.

Lemma 4.4. Suppose m = plflp';Q---prh for some prime number pi,...,pn
and ki,...,ky, € N. A linear cellular automaton Ty is strong mizing if and

only if szﬁ. is strong mizing for 1 <i < h.

Proof. Obviously, the strong mixing property of T implies Tp?i is strong
mixing for 1 < < h. Suppose Tpfi is strong mixing for 1 <4 < h. Given two
cylinders U and V, let K; be a positive integer, as indicated in the proof of
Lemma [4.2] such that upfi(Tp’?ZU nvV) = '“pfi(U)'“pfi(V) for n > K;, where

1<i<h. Let K =max{K,;}. A straightforward examination infers that
w(T"UnV)=pu(U)u(V) for n>K.
This completes the proof. O

Notably Lemma [£.4] remains true if one replaces strong mixing by either
weak mixing or ergodic. The elucidation can be done via a minor modifica-
tion of the discussion above and is omitted.

As a conclusion of this section, it is seen that Theorem [2.3] follows from

Lemmas and 4
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5. PROOF OF THEOREM

This section focuses on the proof of Theorem 2.5l Similar to the discussion
in Section [4, where the key ideas of the present elucidation are addressed in,
it is not difficult to demonstrate that 7' is not a Bernoulli automorphism
if there exists a prime factor p of m such that j, = 0. Hence it remains
to show that j, # 0 for all prime factors p of m implies Ty is a Bernoulli
automorphism.

Alternatively, an automorphism T is Bernoulli if and only if there is a
generator { which is Bernoulli for T [18]. Let &2 denote the partition con-
sists of all cylinders of the form [U]}? for n1,ng € Z. It follows immediately
from (@), (@), and the proof of Lemma that &2 is a generator provided
no—ny2r—1

Notably, Lemma 4] infers that we may assume m = p* for some prime
number p and k € N without loss of generality. Moreover, we assume that
r > 1> 0 for the clarification of the elucidation.

Set ¢ as the smallest positive integer satisfying 2¢ > r — . Then &° ;s 1s

20+1

a generator. Write &¢ , = {0}, . Claim B3, which demonstrates that

T;"U; is a cylinder for 1 <4 < m2t

(), and (7 shows that

and n € Z, together with equations (Hl),

O gt — ptingy Nt J-Nijp
(11) V TpEs, e, \{V T S & (Nanyjy
A

=-"Nn

if n = ¢p* ! for some ¢ €N, and

(12) .\0/ T}EQ c ng(Cpk—l+1)jp+d(k—1)(r—jp)’
N+n
il < A-Nj
(13) Z}{V Tf&—Z c g_g_(cz;ﬂ#l+1)jp—d(k—1)(r—jp)’

if n = cpF~! +d for some c €N, 1< d < pF~!, herein

20
N:tpk_l and tzmax{l,’rﬁ“}.
Y " Ip
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0 . N+n |
Notably, both \/ T }{fz and \/ T }52 are collection of cylinders of the
i =N

i=—n
n} . T
form [U];? and [V'] 7, respectively, where the indices ny,n2,n1, and nj,
1

depend on the value of n, are addressed in (1), (I2), (I3). Analogous
0 .
discussion as addressed in the proof of Lemma indicates that \/ T}S{g

i=—n
N+n |
and \/ T}ﬁfz are independent. Hence T is an Bernoulli automorphism,
i=N

and this completes the proof of Theorem

6. CONCLUSION AND DISCUSSION

This paper investigates invertible linear cellular automata over Z,Zn with

local rules of the form
flxy,..,xp) =S \zy (mod m), lreZ,m>2.

Without using the natural extension, Theorems 2.3] and reveal that an
invertible linear cellular automaton is strong mixing and is a Bernoulli au-
tomorphism with respect to the uniform Bernoulli measure if and only if the
canonical projection f, of f is not permutative at the index j = 0 for every
prime factor p of m. This gives an affirmative answer for the open problem
proposed by Pivato for reversible linear cellular automata |20]. Furthermore,
the elucidation extends the results in [14, [25] to all linear automorphisms.
Notably, it can be verified without difficulty that an invertible linear cel-
lular automaton is not ergodic if and only if j, = 0 for some prime factor p

of m (cf. Corollary 2.4] and Example 3.3]).

Remark 6.1. Notably, one of the key points in demonstrating Theorem
23 is that the uniform Bernoulli measure y is isomorphic to the product
measure of those push-forward measures Np’fl X oo X Np:h under canonical
projection maps. Hence Theorem 23 (resp. Theorem [21]) remains true for
every T't-invariant measure p which is isomorphic to the product measure
Nplfl X eee X up:h provided Tp?i is strong mixing (resp. Bernoulli) for Tpfi_

invariant measure H i for 1<i<h.
A
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The methodology addressed in this paper can be applied to investigating
multidimensional reversible linear cellular automata over Z,,. Meanwhile,
the elucidation of ergodic properties of nonlinear cases and cellular automata

defined on Cayley graph are in preparation.
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