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Abstract

We consider the binomial decomposition of generalized Gini welfare functions in terms of the binomial
welfare functions and the associated binomial inequality indices. We examine in detail the weights of
the binomial welfare functions and the coefficients of the associated binomial inequality indices which
progressively focus on the poorest sector of the population, and we illustrate the numerical behavior of
the binomial welfare functions and inequality indices in relation with a new parametric family of income
distributions. The main contribution of the paper is to investigate the analogy between the binomial
welfare functions and the S-Gini and Lorenzen parametric families of generalized Gini welfare functions,
particularly in the context of the binomial decomposition. Finally, we examine the orness of the para-
metric S-Gini and Lorenzen families of generalized Gini welfare functions.
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1. Introduction

The generalized Gini welfare functions introduced by Weymark [44] and the associated inequality in-
dices in Atkinson-Kolm-Sen’s (AKS) framework are related by Blackorby and Donaldson’s correspondence
formula [10, 11],

Alz) =7 - G(z) (1)
where A denotes a generalized Gini welfare function, G is the associated absolute inequality index, and Z
is the plain mean of the income distribution & = (z1,...,z,) € D" of a population of n > 2 individuals,

with income domain D = [0, c0).
The generalized Gini welfare functions [44] have the form A(z) = Y"1 jw; 2(;) where z(1) < (o) <
- < x(p) and, as required by the principle of inequality aversion, w1 > wy > -+ > w, > 0 with
Z?zl w; = 1. These welfare functions correspond to the Schur-concave class of the ordered weighted
averaging (OWA) functions introduced by Yager [47], which in turn correspond [24] to the Choquet
integrals associated with symmetric capacities.

In this paper we recall the binomial decomposition of generalized Gini welfare functions due to Calvo
and De Baets [17], and Bortot and Marques Pereira [15]. The binomial decomposition can be formulated
in terms of two equivalent functional bases, the binomial welfare functions and the Atkinson-Kolm-Sen
(AKS) associated binomial inequality indices, according to Blackorby and Donaldson’s correspondence
formula.

The binomial welfare functions, denoted C; with j = 1,...,n, have null weights associated with the
j — 1 richest individuals in the population and therefore they are progressively focused on the poorest
part of the population. Correspondingly, the associated binomial inequality indices, denoted G; with
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j = 1,...,n, have equal weights associated with the 7 — 1 richest individuals in the population and
therefore they are progressively insensitive to income transfers within the richest part of the population.

The main contribution of the paper is to investigate the analogy between the binomial welfare functions
and the S-Gini and Lorenzen parametric families of generalized Gini welfare functions, particularly in
the context of the binomial decomposition. Finally, we examine the orness of the parametric S-Gini and
Lorenzen families of generalized Gini welfare functions.

The paper is organized as follows. In Section 2 we review the fundamental notions of majorization, in-
come transfers, Shur-convexity / concavity, and generalized Gini welfare functions and inequality indices,
for populations of n > 2 individuals.

In Section 3 we consider the binomial decomposition of generalized Gini welfare functions in terms of
the binomial welfare functions C;, with j = 1,...,n, and the associated binomial inequality indices G},
with j = 1,...,n. We examine in detail the weights of the binomial welfare functions C;, with j =1,...,n,
and the coefficients of the associated binomial inequality indices G5, with j = 1, ..., n, which progressively
focus on the poorest part of the population, and we illustrate the numerical behavior of the binomial
welfare functions and inequality indices in relation with a new parametric family of income distributions.

In Sections 4 and 5 we present the main contribution of the paper, which is an investigation on the
analogy between the binomial welfare functions and the S-Gini and Lorenzen families of welfare functions,
particularly in the context of the binomial decomposition. The S-Gini family, with a continuous parameter
d € [1,00), interpolates between the first and the last binomial welfare functions Cy and C,,, and includes
the classical Gini welfare function. On the other hand, the Lorenzen family, with a parameter [ =1,...,n,
interpolates between the last binomial welfare function C), and the classical Gini welfare function, which
combines the first two binomial welfare functions Cy and Cs.

Finally, in Section 6 we examine the orness of the parametric S-Gini and Lorenzen families of gener-
alized Gini welfare functions, and in Section 7 we present some conclusive remarks.

2. Generalized Gini welfare functions and inequality indices

In this section we consider populations of n > 2 individuals with income distributions represented
by points &,y € D™ over the income domain D = [0, 00). We briefly review the fundamental notions of
majorization, income transfers, Shur-convexity / concavity, and generalized Gini welfare functions and
inequality indices.

We begin by presenting notation and basic definitions regarding averaging functions on the domain
D™ with n > 2 throughout the text. Comprehensive reviews of averaging functions can be found in
Fodor and Roubens [25], Marichal [34], Marichal et al. [35], Calvo et al. [18], Beliakov et al. [6], Torra
and Narukawa [43], Mesiar et al. [38], Grabisch et al. [27, 28], and Beliakov et al. [7].

Points in D™ are denoted ¢ = (x1,...,2,), with 1 = (1,...,1), 0 = (0,...,0). For every z € D,
we have z -1 = (z,...,z). Given z,y € D", by * > y we mean xz; > y; for every i = 1,...,n,
and by £ > y we mean ¢ > y and & # y. Given & € D", the increasing and decreasing reorderings
of the coordinates of x are indicated as z(;) < .-+ < () and z;;; > -+ > T, respectively. In
particular, x¢y = min{zy,...,2,} = z},) and z(,) = max{zy,...,2,} = z[3). In general, given a
permutation o on {1,...,n}, we denote €5 = (T (1), --,To(n)). Finally, the arithmetic mean is denoted
T=(x14+ - +x,)/n.

We recall the definition of the majorization relation on D™ and we discuss the central concept of
income transfer following the approach in Marshall and Olkin [36]. We refer the classical results relating
majorization, income transfers, and bistochastic transformations, see Marshall and Olkin [36, Ch. 4,
Prop. A.1].

The majorization relation = on D" is defined as follows: given x,y € D™ with Z = ¢, we say that

k k
ilijy if Zm(l)zzy(l) k:L...,n (2)
i=1 i=1

where the case k = n is an equality due to £ = y. As usual, we write ¢ < y if < y and not y < x, and
we write ¢ ~ y if < y and y < x. We say that y majorizes x if * < y, and we say that z and y are
indifferent if  ~ y.

Another traditional reading, which reverses that of majorization, refers to the concept of Lorenz
dominance: we say that x is Lorenz superior to y if £ < y, and we say that x is Lorenz indifferent to y
ifx~uy.



Given an income distribution € D™, with mean income Z, it holds that z-1 < @ since kx > Zle T(3)
for k = 1,...,n. The majorization is strict, Z-1 < x, when x is not a uniform income distribution.
In such case, T - 1 is Lorenz superior to . Moreover, for any income distribution & € D" it holds that
x = (0,...,0,nZ), which is strict when x # 0.

The majorization relation is a partial preorder since, by definition, x,y € D" are comparable only
when T = ¢, and & ~ y is obtained if and only if  and y differ by a permutation.

In general, given income distributions z,y € D™ with z = ¢, it holds that = < y if and only if there
exists a bistochastic matrix C (non-negative square matrix of order n where each row and column sums
to one) such that £ = Cy. Moreover, & < y if and only if the bistochastic matrix C is not a permutation
matrix.

An income transfer is a particular case of bistochastic transformation. Given x,y € D™ with & = 7,
we say that x is derived from y by means of an income transfer if, for some pair 7,7 = 1,...,n with
yi < y;, we have

z=(1-e)yitey; zj=cyi+(l-e)y; e€[0,1] (3)

and x = yi for k # 4,j. The income transfer, from a richer to a poorer individual, concerns an income
amount of (y; — y;). The income transfer obtains z; < x; if ¢ € [0,1/2] and x; > z; if € € [1/2,1], with
x; = xj for e =1/2.

In relation with the parameter ¢ € [0, 1] the income transfer obtains @ = y if ¢ = 0, and exchanges
the relative positions of donor and recipient in the income distribution if € = 1, in which case £ ~ y. In
the intermediate cases € € (0,1) the income transfer produces an income distribution & which is Lorenz
superior to the original y, that is z < y.

In general, given income distributions x,y € D™ with £ = g, it holds that < y if and only if  can
be derived from y by means of a finite sequence of income transfers. Moreover, < y if and only if at
least one of the income transfers is not a permutation.

Definition 1. Let A : D" — D be a function. We say that

1. A 4s monotonic if x>y = A(x) > A(y), for all x,y € D". Moreover, A is strictly monotonic if
x>y = A(x) > A(y), for all x,y € D™.

2. A is idempotent if A(z-1) = x, for all z € D. On the other hand, A is nilpotent if A(x-1) =0,
for all x € D.

3. A is symmetric if A(x,) = A(x), for any permutation o on {1,...,n} and all x € D™.

4. Ais Schur-convex if ¢ 2 y = A(x) < A(y) for all x, y € D™. Moreover, A is strictly Schur-convex
ife<y = Alz) < A(y) for all z,y € D".

5. A is Schur-concave if ¢ <y = A(x) > A(y) for all z,y € D™. Moreover, A is strictly Schur-
concave if <y = A(x) > A(y) for all z,y € D".

6. A is invariant for translations if A(x+t-1) = A(x), for allt € D and © € D". On the other hand,
A is stable for translations if A(x+t-1) = A(x) + t, for allt € D and x € D".

7. A is invariant for dilations if A(t-x) = A(x), for allt € D and x € D™. On the other hand, A is
stable for dilations if A(t-x) =t A(x), for allt € D and x € D".

Notice that either Schur-convexity or Schur-concavity imply symmetry, since  ~ , = A(z) = A(x,).

Definition 2. A function A : D" — D is an averaging function if it is monotonic and idempotent. An
averaging function is said to be strict if it is strictly monotonic. Note that monotonicity and idempotency
implies that min(x) < A(x) < max(x), for all z € D".

Particular cases of averaging functions are weighted averaging (WA) functions, ordered weighted
averaging (OWA) functions, and Choquet integrals, which contain WA and OWA functions as special
cases.

The Weighted Averaging (WA) function associated with the weighting vector w = (wq,...,w,) €
[0,1]", with "7 | w; = 1, is the averaging function A : D" — D defined as



The Ordered Weighted Averaging (OWA) function associated with the weighting vector w = (wy, ..., w,) €
[0,1]™ with " | w; = 1, is the averaging function A : D" — D defined as

A(z) = Zwix(i). (5)

The traditional form of OWA functions as introduced by Yager [47] is instead A(z) = Y_" | w; x};) where
W; = Wp—it+1- In [48, 49] the theory and applications of OWA functions are discussed in detail.

The following are two classical results particulary relevant in our framework. The first result regards
a form of dominance relation between OWA functions and the associated weighting structures, see for
instance Bortot and Marques Pereira [15] and references therein.

Proposition 1. Consider two OWA functions A, B : D™ — D associated with weighting vectors w =
(u1,...,up) €10,1]™ and v = (v1,...,v,) € [0,1]", respectively. It holds that A(x) < B(x) for all x € D"

if and only if
k k
ZuiEZvi for E=1,...,n (6)
i=1 i=1

where the case k = n is an equality due to weight normalization.

The next result regards the relation between the weighting structure of an OWA function and its
Schur-convexity or Schur-concavity, see for instance Bortot and Marques Pereira [15].

Proposition 2. Consider an OWA function A : D — D associated with a weighting vector w =
(w1,...,wy) €[0,1]™. The OWA function A is Schur-convex if and only if the weights are non decreasing,
wy < -+ < wy, and A is strictly Schur-convez if and only if the weights are increasing, wy < -+ < Wy,
Analogously, the OWA function A is Schur-concave if and only if the weights are non increasing, wi >
<o > wy, and A is strictly Schur-concave if and only if the weights are decreasing, wy > -+ > wy,.

We will now review the basic concepts and definitions regarding generalized Gini welfare functions and
inequality indices. Their fundamental properties, which are generally considered to be inherent to the
concepts of welfare and inequality, are now accepted as basic axioms for welfare and inequality measures,
see Kolm [31, 32]. The crucial axiom in this field is the Pigou-Dalton transfer principle, which states
that welfare (inequality) measures should be non-decreasing (non-increasing) under income transfers.
This axiom translates directly into the properties of Schur-concavity and Schur-convexity in the context
of symmetric functions on D™. In fact, a function is Schur-concave (Schur-convex) if and only if it is
symmetric and non-decreasing (non-increasing) under income transfers, see for instance Marshall and
Olkin [36].

Definition 3. An averaging function A : D" — D is a welfare function if it is continuous and Schur-
concave. The welfare function is said to be strict if it is a strict averaging function which is strictly
Schur-concave.

Due to monotonicity and idempotency, a welfare function is increasing along the diagonal € = z-1 € D",
with © € D and is non decreasing over D”. Moreover, notice that Schur-concavity implies symmetry.
Due to Schur-concavity, a welfare function ranks any Lorenz superior income distribution with the same
mean as € as no worse than x, whereas a strict welfare function ranks it as better.

Given a welfare function A, the uniform equivalent income I associated with an income distribution
x is defined as the income level which, if equally distributed among the population, would generate the
same welfare value, A(Z - 1) = A(x). Due to the idempotency of A, we obtain & = A(x) for any income
distribution = € D".

The uniform equivalent concept has been originally proposed by Chisini [19] in the general context
of averaging functions, see for instance Bennet et al. [9]. In the welfare context the uniform equivalent
income has been considered by Atkinson [5], Kolm [30], and Sen [40] and further elaborated by Blackorby
and Donaldson [10, 11, 12] and Blackorby et al. [14].

Since Z -1 < « for any income distribution & € D", Schur-concavity implies A(Z - 1) > A(x) and
therefore A(x) < Z due to the idempotency of the welfare function. In other words, the mean income &
and the uniform equivalent income  are related by 0 < z < Z.



In the AKS framework introduced by Atkinson [5], Kolm [30], and Sen [40], a welfare function which
is stable for translations induces an associated absolute inequality index by means of the correspondence
formula A(xz) = T — G(z), see Blackorby and Donaldson [11]. The notion of absolute inequality index
has been introduced by Kolm [31, 32] and developed by Blackorby and Donaldson [11], Blackorby et
al. [14], and Weymark [44]. In the AKS framework, the welfare function and the associated absolute
inequality index are said to be ethical, see also Sen [42], Blackorby et al. [14], Weymark [44], Blackorby
and Donaldson [13], and Ebert [22].

Definition 4. Given a welfare function A : D™ — D which is stable for translations, the associated
Atkinson-Kolm-Sen (AKS) absolute inequality index G : D™ — D is defined as

G(x) =7 — A(x) (7)

The welfare function properties of A, plus the fact that it is stable for translations, ensure that the asso-
ciated absolute inequality index G is continuous, nilpotent, Schur-convex, and invariant for translations.
The absolute inequality index is said to be strict if it is strictly Schur-convez.

Given an income distribution € D™ and its uniform equivalent income & with respect to a welfare
function A, the associated absolute inequality index can be written as G(z) = £ — & and represents the
per capita income that could be saved if society distributed incomes equally without any loss of welfare.

In relation with the properties of the majorization relation discussed earlier the following holds: over
all income distributions £ € D™ with the same mean income Z, a welfare function has minimum value
A(0,...,0,n%), and an absolute inequality index has maximum value G(0,...,0,nz).

In the AKS framework, with A(x) = z—G(x), a welfare function A which is stable for both translations
and dilations is associated with both absolute and relative inequality indices G and G g, respectively, with
G(x) = zGgr(x) for all x € D™. For convenience, as the notation suggests, in what follows we will omit
the term “absolute” when referring to an absolute inequality index G.

A class of welfare functions which plays a central role in this paper is that of the generalized Gini
welfare functions introduced by Weymark [44], see also Mehran [37], Donaldson and Weymark [20, 21],
Yaari [45, 46], Ebert [23], Quiggin [39], Ben-Porath and Gilboa [8].

Definition 5. Given a weighting vector w = (wi,...,w,) € [0,1]", with wy > -+ > w, > 0 and

Z?:l w; = 1, the generalized Gini welfare function associated with w is the function A : D* — D
defined as

Az) = Zwix(i) (8)
i=1

and, in the AKS framework, the associated generalized Gini inequality index is defined as

n

Gla)=z - Al@)= - (wi - %) oy (9)

=1

According to Proposition 2, generalized Gini welfare functions are strict if and only if wy; > -+ > w,.
Moreover, generalized Gini welfare functions are clearly stable for both translations and dilations. For this
reason they have a natural role within the AKS framework and Blackorby and Donaldson’s correspondence
formula.

The classical Gini welfare function A¢, (x) and the associated classical Gini inequality index G°(z) =
Z — A% () are important instances of the generalized Gini AKS framework,

. " 2(n—i)+1 . “n—2i+1
AGz) =) “————q Gia) == —5— (10)
i=1 i=1
where the coefficients of A°(z) have unit sum, Y ,(2(n — i) + 1) = n?, and the coefficients of G¢(z)
have zero sum, y . (n—2i+1) =0.
This form of the classical Gini inequality index is obtained from the traditional definition as follows,

n n t—1
. 1 1
G (:c):ﬁ Z |xi—xj|:ﬁ22(x(i)—m(i)) (11)
i,j=1 i=2 j=1



which in fact corresponds to the expression of G¢ in (10),

G(@) =~ (0= Dy + (0= By + -+ (=n+ Vg ) (12)

Given an income distribution € D™, the so-called Lorenz area measures the deviation from the
uniform income distribution and is related with the classical relative Gini inequality index. In a population
of n > 2 individuals, the graphical representation of the classical relative Gini inequality index can be
described as follows (we review the traditional derivation).

Introducing the auxiliary functions

Vi) =) (zay+-+aw) U@ =) (eu+-+2m) (13)
i=1 i=1
we obtain U(z) + V(z) = n(n+1) Z. Moreover, writing the classical Gini inequality index G as in (12),
we obtain n?G¢(z) = U(z) — V(=).
Consider now the area illustrated in Fig. 1, in which the diagonal p; values correspond to the cumula-
tive income distribution, whereas the g; values correspond to the actual cumulative income distribution,
T+ 26

Gi=——""—""—— (14)

1
pi= — 7
n Ty T

assuming ¢ # 0. The Lorenz area L(x) corresponds to the overall area difference between the two series of

1

pi+1///’

/ is1

0 i-1 i i+1 1
— i
Figure 1: Lorenz area.

vertical trapezia associated with each subinterval [%, %] with ¢ = 1,...,n: the higher trapezia bounded
by the diagonal line associated with the uniform cumulative income distribution, and the lower trapezia
bounded by the piecewise linear curve associated with the actual cumulative income distribution,

 Pi + Die i + qi— 1«
L) =3B - L= (pi-a) (15)

i=1

Substituting for p;,¢; with ¢ =1,...,n asin (14),

L(z) = lz":(i_ CRARES0)

n noTa) F o T

i=1

(- ve)
1

= (U(:z:) - V(a:)) = % G%(x) (16)

2n27%

we obtain that the Lorenz area is half the classical relative Gini inequality index G4(x) = G°(x)/z.



3. The binomial decomposition of generalized Gini welfare functions

In this section we review the binomial decomposition of generalized Gini welfare functions due to
Calvo and De Baets [17] and Bortot and Marques Pereira [15]. We examine the weighting structures of
the binomial welfare functions C;, with j = 1,...,n, and the associated binomial inequality indices G},
with j =1,...,n, and we provide numerical and graphical illustrations thereof.

Definition 6. The binomial welfare functions C; : D™ — D, with j = 1,...,n, are defined as
)
()

where the binomial weights wj;, with 4,5 = 1,...,n, are null when i+ j > n + 1, according to the usual
convention that (5) =0 when p < q, with p,q=0,1,...

n
Ci(x) :Z Wy () wj; = i=1...,n (17)
=1

Apart from C (x) = Z, the binomial welfare functions C;, with j = 2,..., n, have an increasing number
of null weights, the j — 1 weights in correspondence with x(,_;2),...,%,). The weight normalization
of the binomial welfare functions, Z?:l wj; = 1 for j =1,...,n, is due to the column-sum property of
binomial coefficients,

S-S () -0) o o
) = . =1 . ji=1...,n.
; J—1 -1 J

The binomial welfare functions C, with j = 1,...,n, are continuous, idempotent, and stable for
translations, where the latter two properties follow immediately from > .  wj;; = 1 for j = 1,...,n.
Moreover, the C; are Schur-concave: given xz,y € D" with z = g, we have that € <y = Cj(x) > C;(y)
for all ,y € D" due to Proposition 2 and the fact that w;1 > wjo > -+ > wjy,, for j =1,...,n.

The following interesting result concerning the cumulative properties of binomial weights is due to
Calvo and De Baets [17], see also Bortot and Marques Pereira [15].

Proposition 3. The binomial weights wj; € [0,1], with i,5 = 1,...,n, have the following cumulative

property,
k k
ij,l,iSiji k=1,...,n (19)
i=1 i=1
for each j=2,... n.

If follows, according to Proposition 1, that the binomial OWA functions Cj, with j = 1,...,n, satisfy
the relations Z = Cy(x) > Ca(z) > -+ > Cp(x) > 0, for any x € D™

Proposition 4. Generalized Gini welfare functions A : D™ — D can be written uniquely as
A(:IZ) = 04101(113) + 04202(17) + -4 oann(a:) (20)

where the coefficients o, with j = 1,...,n, are subject to the following conditions,




The binomial welfare functions constitute therefore a functional basis for the generalized Gini welfare
n

functions, which can be uniquely expressed as A(z) = > i_; a; Cj(z) where the coefficients a;, with
j =1,...,n, satisfy the constraints (21)-(22)-(23) one of which is 3°7_, a; = 1. However, the binomial
decomposition does not express a simple convex combination of the binomial welfare functions, as the
condition oy +- - - +ay, = 1 might suggest. In fact, condition (21) ensures a; > 0 but conditions (22)-(23)
allow for negative aso, ..., a, values.

In the Atkinson-Kolm-Sen (AKS) framework, the binomial welfare functions Cj, with j = 1,...,n,
are associated with the binomial inequality indices G, with j = 1,...,n, by means of Blackorby and

Donaldson’s correspondence formula.

Definition 7. Consider the binomial welfare functions C; : D" — D, with Cj(x) = Y[, wjix ) for
j =1,...,n. The binomial inequality indices G; : D" — D, with j = 1,...,n, are defined as

Gj(x) =z — Cj(x) i=1,...,n (24)
which means that
n n 1
G](:E) = 7Z’Ujift(i) = — Z |:wji - n:| I (4) ] = ].7 sy (25)
i=1 =1
where the coefficients vj;, with 1,5 =1,...,n, are equal to —1/n when i + j > n+ 1, since in such case
the binomial weights wj; are null.
The weight normalization of the binomial welfare functions, Z?zl wj; = 1 for j = 1,...,n, implies
that >0 jv;; =0forj=1,...,n.
The binomial inequality indices G, with j = 1,...,n, are continuous, nilpotent, and invariant for
translations, where the latter two properties follow immediately from >_» jv;; = 0 for j = 1,...,n.

Moreover, the G, are Schur-convex: given x,y € D" with Z = g, we have that ¢ <y = C;(z) > C;(y)
= Gj(z) < G;(y) for all x,y € D", due to the Schur-concavity of the C;, with j =1,...,n.

In correspondence with the analogous but inverse relations satisfied by the binomial welfare functions,
see note after Proposition 3, the binomial inequality indices satisfy the relations 0 = Gy (z) < Ga(z) <
- < Gp(x) <1 for any z € D".

Notice that C1(z) = Z and Gy(x) = 0 for all € D™. On the other hand, Co(z) has n — 1 positive
linearly decreasing weights and one null last weight, and the associated Ga(x) has linearly increasing
coefficients. In terms of the classical Gini welfare function and inequality index, we have that
n—1 n—1

Co(x) G(@) = —— Ga(z). (26)

A%(@) = = Ci(e) +

The only strict binomial welfare function is Ca(z) and the only strict binomial inequality index is Ga(x).
The remaining C; (), with j = 3,...,n, have n — j + 1 positive non-linear decreasing weights and j — 1
null last weights, and the associated G;(x), with j = 3,...,n, have n— j+2 non-linear increasing weights
and j — 1 equal last weights. These binomial welfare functions and inequality indices are therefore non
strict, in the sense that they are insensitive to income transfers involving only the j — 1 richest individuals
of the population.

We now compute the weights of the binomial welfare functions and the coefficients of the associated
binomial inequality indices in dimensions n = 2,3,4,5,6,7,8.

In dimensions n = 2,3,4,5,6,7,8 the weights w;; € [0,1], with 4, j =1, ..., n, of the binomial welfare
functions C;, with j =1,...,n, and the coefficients —v;; € [—(n —1)/n,1/n], with ¢, =1,...,n, of the

binomial inequality indices G;, with j = 1,...,n, are as follows,
n=2
Ci: (3,3) Gi1: (0,0)
Cy (170) G : (_%a %)
n=3 L1111 .
C(1- (37373) Gl- (0,0,0)
CQ : (%7%70) G2 : (_%a()?%)
Cs:  (1,0,0) Gs: (—%2,3.3)



Ci: (%,34,Lh Gi: (0,0,0,0)
Cr: (5850 G2: (—i5 —13 130 12)
Cs: (3,1,0,0) Gs: (3,01 %)
04 : (1,0,0,0) G4 : (7%, %, %, %)
n=>5
Ci: (34110 Gi: (0,0,0,0,0)
C2: (i5: 700 157 107 0) G2 (—15—15:0: 17 16)
Cot (5 ih013:0.0) Gt~y it o )
Cy: (3,%,0,0,0) Gy: (-2,0,4,1 D)
Cs: (1,0,0,0,0) Gs: (-%,t1 11
n==~6
Cl : (%’%’%’%’%’ %) Gl : (070’0705070)
Ca: (%515 %5 157 15°0) G2t (=353~ 30> 30 307 30)
Cs: (3 3535 39:0,0) Gs: (~B oo 300 )
Cu (.45 5.0.0.0) Got (g ddo do )
Cs: (5,4,0,0,0,0) Gs: (—%3.0,4, 4.8, %)
Cs: (1,0,0,0,0,0) Ge: (-3,4,4,5.4. 1)
n==7
Ci: (3,%4,4,1,1,1.1) Gi: (0,0,0,0,0,0,0)
Gt Grdodin ki ® G Ch ARk R
Cs: (32,33 350 35, 35, 0,0) Gs: (—38— 3% 35 % 35 35 55
Cat (3,335 35:0.0,0 G Bk d )
Cs: (3.1 3.0,0,0,0) G: B-&EEE 5D
Ce: (£,4,0,0,0,0,0) Ge: (-2,0,1,1 111
C;: (1,0,0,0,0,0,0) Gr: (-%,1,1,1,3,%,3)
n=2~8
Ci: 338358585838 Gy: (0,0,0,0,0,0,0,0)
Ca: (%535 350 58 35> 35 38+ 0) G2t (g5 —55 — 5 —36 567 567 56
Ci: (3% 70 700 70:0,0,0) Ga: (=385 3867 — 385> 380" 550" 380" 380" 386
Cs: (%358 56 56:0,0,0,0) Gs: (58 —%5 % 55> % 567 55> 6
Co: (35535 350,0,0,0,0) Go: (—%—55 567 55> %6 567 56" 26
Cr: (£,4,0,0,0,0,0,0) Gr: (=504, %, 5.5 5.2
Cs: (1,0,0,0,0,0,0,0) Gs: (—%, 4141141
The binomial welfare functions C;, with j = 1,...,n, have null weights associated with the j — 1

richest individuals in the population and therefore, as j increases from 1 to n, they behave in analogy
with poverty measures which progressively focus on the poorest part of the population. Correspondingly,
the binomial inequality indices G, with j = 1,...,n, have equal coefficients associated with the j — 1
richest individuals in the population and therefore, as j increases from 1 to n, they are progressively

insensitive to income transfers within the richest part of the population.
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In the case n = 8, the weights of the binomial welfare functions C}, with j = 1,...,8, and the
coefficients of the binomial inequality indices G, with j = 1,...,8, are graphically represented in Fig. 2

and Fig. 3.

1.00 -

0.75 -

Cq
0.50 - C,
Cs

Cy
0.25 -

Ao

(a) Weights of C1, Ca, C3, Cyq with n = 8.

1.00 -

0.75 -

Cs
0.50 - Ce
Cr

Cs
0.25-

0.00 -

(b) Weights of Cs, Cs, C7, Cg with n = 8.

Figure 2: Weights of the binomial welfare functions C;, with j =1,...,n, for n = 8.

0.25 -

. .40 ]l [l
L

-0.75-

(a) Coefficients of G1, G2, G3, G4 with n = 8.

0.25 -

0.00- ']‘.....

-0.25- Gs
Ge
G7

-0.50 -
Gs

-0.75-

(b) Coefficients of G5, Gg, G7, Gg with n = 8.

Figure 3: Coefficients of the binomial inequality indices G, with j =1,...,n, for n = 8.

We now examine the binomial welfare functions and inequality indices in relation with a parametric
family of income distributions with n = 4,6, 8. This family of income distributions, each with unit average
income, is defined on the basis of the parametric Lorenz curve associated with the generating function

fs5:00,1] — [0,1] fa(r) =re” P v e0,1] (27)

where the parameter § > 0 is related with inequality. Fig. 4 provides a graphical illustration of the

parametric Lorenz curve for parameter values g =0,1,...,8.
Consider a population with n individuals. The family of income distributions & = (z1,22,...,2,)
with unit average income T = 1 associated with the parametric Lorenz curve above is given by
i i—1
T =N —) - i1=1,...,n. 28
o =nl(3) - (7)) (29

10
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Figure 4: Parametric Lorenz curve for parameter values 5 =0,1,...,8.

We now compute the binomial welfare functions and inequality indices in relation to the family of
income distributions (28), withn =4, n =6 andn=8 for §=0,1,...,8.

The pattern of the numerical data in Fig. 5 reflects the dominance relations z = Cy(x) > Cy(x) >
o> Ch(xz) > 0and 0 = Gi(x) < Ga(x) < -+ < Gp(x) < T for the income distributions considered
here, with € D" and z = 1.

Moreover, considering the parametric Lorenz curve depicted in Fig. 4, the values taken by the binomial
welfare functions and inequality indices with n =4, n =6 and n =8 for 8 =0,1,...,8, illustrate clearly
the effect of the parameter 5 > 0 in relation with inequality.

4. The single paramether family of generalized Gini welfare functions

The binomial welfare functions and inequality indices bear some analogy with the S-Gini family of
welfare functions and inequality indices introduced by Donaldson and Weymark [20], and independently
by Kakwani [29] as an extension of a poverty measure proposed by Sen [41], see also Donaldson e Weymark
[21], Yitzhaki [50], Bossert [16], Aaberge [1, 2, 3]. The welfare functions of the S-Gini family are of the

form
n

=3 (7 (%) g

=1

where § € [1,00) is an inequality aversion parameter. In analogy with the binomial welfare functions,
Af(z) = 7 and A5 (z) = T — G°(x), where G¢ is the classical Gini. As the inequality aversion parameter
increases, A§ tends to the limit case A3 (x) = z(1). In other words, the full range of the inequality
aversion parameter, from 6 = 1 to § = oo, corresponds to a continuous interpolation of the index
j=1,...,n, with A7 = C; and AS = C,,.

In Fig. 6 we depict the parameter value of the S-Gini welfare function whose weight distribution
more closely resembles (mean square differences) the one of each binomial welfare function Cj, with
j=1,...,n. The S-Gini parameter values indicated in the vertical axis are expressed in the normalized
scale A € [1,n) according to the transformation

A= 1(%) n n(%) (30)

so that § = 1 corresponds to A = 1 and § = oo corresponds to A = n.
We can see that the normalized parameter value A increases very rapidly with respect to the first
values of the binomial index j = 1,...,n, a behavior which becomes more pronounced with increasing n.
The S-Gini welfare functions A? can be written as

Af(x) = wa@) z@ 0 €[l,00) (31)

11
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Figure 5: Values of the binomial welfare functions C; and binomial inequality indices G, with j =1,...
for Lorenz curve parameter 8 =0,1,..
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Figure 6: The normalized parameter A of the S-Gini welfare function whose weight distribution is closest to the one of each
binomial welfare function Cj, with j =1,...,n, for n = 8,16, 32, 64.

where w?(§) = ((n —i+1)/n)° — ((n —i)/n)? as in (29).

i
In the context of the binomial decomposition (20), each S-Gini welfare function A5 can be expressed
in terms of the binomial welfare functions C1, Cs,...C,, as follows,

A5 () = a1 (6)C1(x) + aa(6)Co(x) + - - - + an(6)Cr () Je[l,00) (32)

which can be written as
wa(&) .Z‘(Z) = al(é)th .Z‘(Z) —|—042((5)Z’w21 q;(l) + .. +an(6)zwnl Z‘(l) o€ [1,00) (33)
=1 =1 =1 =1

The expression of the binomial decomposition is unique and therefore, for each value of the parameter
d € [1,00), we obtain a unique solution oy (d),...,a,(d) by solving the linear system
U)ls((S) = wual(é) + w21a2(5) +---+ wn,l,lan,l(é) + wnlan(d)
wg(é) = Wi20¢] ((5) =+ w220é2((5) —+ -4 wn_lygan_l(d) + wngan(é)
(34)
w2 (8) = winay (0) + wapan(8) + - + Wh—1,n0n—1(0) + Wppa,(9)

where the binomial weights wj;, with 4,7 = 1,...,n, are as in (17). The linear system reduces to the

13



triangular form
wf@) = w101 () + war 2 (d) + -+ - + Wp—1,100-1(8) + wp100,(9)

wig((s) = w1201 () + wasa(8) + - - + Wp—1,2000-1(9)

(35)
w;y (8) = winay(6)
due to the fact that the binomial weights w;;, with 4,5 =1,...,n, are null when i 4+ j >n + 1.
Example 1. In the case n = 4 the linear system (35) corresponds to
wi (8) = wiraq (0) + waraz(8) + wsaz(8) + waray ()
w5 (8) = wiaay (§) + wazaz(8) + wsaasz(9)
w3 (8) = wizan (8) + wazaz () (36)
wy (8) = wian (9)
and admits the unique solution
01 (5) = 4- [17) /48
as(8) =6-[20 —2.1°] /4°
(37)
az(6) =4-[3° —3.2° +3.19] /4°
ag(0) =[4°—4-3° +6-2° —4-1°] /4°
in which the «; (), with j = 1,...,4, are given explicitly as functions of the parameter § € [1,00), as
illustrated in Fig. 7.
Example 2. In the case n = 6 the linear system (35) corresponds to
wi (8) = wiraq (0) + waraz(8) + ws1az(8) + wayau(8) + wsias(8) + werap(d)
w5 (8) = wiaa (8) + wazaa(8) + wsaaz(8) + wasay(8) + wsaas(8)
w5 (8) = wizan (8) + wazaz(8) + wazas(8) + wazay () "
wy (86) = wiaon (8) + wasa(8) + wasas(6) )
w3 (8) = wisa1(8) + wasaz ()
wg (8) = wigay ()
and admits the unique solution
o1 (6) =6-[1°] /6°
az(8) =15-[2° —2-1°] /69
az(6) =20-[3° —3-29 +3-1%]/6°
ay(6)=15-[4°—4-3° +6-2° —4-1°] /69 (39
as(8) =6-[5°—5-49+10-3° —10-2° +5-1°] /6°
ag(6) = [6°—6-5°+15-4°—20-3° +15-2° —6-1°] /6°
in which the «;(d), with j = 1,...,6, are given explicitly as functions of the parameter ¢ € [1,00), as

illustrated in Fig. 8.

14
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80[L,2) 30[1,4)

(a) a1, ...,q with 6 € [1,2]. (b) a1, ...,as with § € [1,4].

some ‘ ’ ' 30[1,32)

(¢) a1,...,0q4 with § € [1, 8]. (d) a1, ...,q with § € [1,32].

Figure 7: Coefficients of the binomial decomposition for n = 4.

Example 3. In the case n = 8 the linear system (35) admits the unique solution

(9)
az(6) =28-[2° —2-1°] /8°
az(6) =56-[3° —3-29 +3-1%]/8°
ay(6) =70-[4°—4-3° +6-2° —4.1°] /8°
a5(0) =56-[8° —5-4°+10-3% —10-2° +5-1°] /8 (10
ag(0) =28-[6°—6-5°+15-4°—20-3° +15-2° —6-1°] /8°
ar(6) =8-[7°—7-69+21-5°—35-4°4+35.3° —21.20 47.1%]/8°
ag(0) = [8° —8-7°4+28-6° —56-5° +70-4° — 56-3° +28.2° —8-1°] /8°
in which the «;(d), with j = 1,...,8, are given explicitly as functions of the parameter ¢ € [1,00), as

illustrated in Fig. 9.
In Fig. 7-9 we depict the solution a;(d),...,a,(d) as a function of the parameter § € [1,00) in the
cases n = 4,6,8 and for various ranges of the parameter. We observe, as expected, that

e oy =1and ay =--- = a,, = 0 for parameter 6 = 1,

e oy = -=a,_1 =0and o, =1 for parameter § = oo.

15
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30[1,3) ' 30[1,6]

(a) a1, ..., a6 with 6 € [1,3]. (b) a1, ..., with § € [1,6].

301,12 ' ' ' ' ' 0w 3

(¢) a1,...,a6 with § € [1,12]. (d) a1, ...,as with § € [1,32].

Figure 8: Coefficients of the binomial decomposition for n = 6.

Moreover, each coefficient a;(d), with 7 = 2,...,n, is null in correspondence with the integer values
0 =1,...,5 — 1. Finally, each a;(d) shows an oscillating behavior as a function of 6 up to § = j — 1,
assuming positive and negative values in consecutive unit intervals, and ultimately assuming positive
values for 6 > j — 1. The norm of the negative values is larger in the very first unit intervals of the
parameter range.

The welfare functions of the S-Gini family (29) are of the general form

n

ho =3 () () o

i=1

where f is a continuous and increasing function on the unit interval, with f(0) = 0 and f(1) = 1. The
power functions with positive integer exponent f(t) = t*, with k = 1,...,n, can be seen in relation with
the k-additivity of the welfare function, as discussed in Gajdos [26]. In fact we observe in Fig. 7-9 that
for 6 = k we have ay41(0) = -+ = a, () = 0, as required by k-additivity.

5. The Lorenzen family of generalized Gini welfare functions

An alternative generalization of the classical Gini which again has some analogy with the binomial
welfare functions and inequality indices is that proposed by Lorenzen [33], see Weymark [44],

l

l . ! .
l+n—2t+1 1 n—2i+1
i=1

i=1 =1
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(¢) a1,...,a with § € [1,16]. (d) a1, ...,as with § € [1,32].

Figure 9: Coefficients of the binomial decomposition for n = 8.

The extreme cases are Af'(z) = z(1) and AL (z) = z — G°(x) = A°(x), where G¢ is the classical Gini.
As [ increases from 1 to n, the Lorenzen welfare function AF involves only the [ poorest individuals
in the population, to whom it assigns linearly decreasing positive weights. Analogously, the binomial
welfare functions C,— 41, for j = 1,...,n—1, also involve only the j poorest individuals but assign them
non-linear binomial weights, from C,,(z) = (1) to C2(z) = A°(z) — —5 G°(x), where G is the classical
Gini and A€ is the associated welfare function.

In Fig. 10 we depict the index value associate with the Lorenzen welfare function whose weight
distribution more closely resembles (mean square differences) the one of each binomial welfare function
Cj, withj=1,...,n.

We can see that the Lorenzen index [ decreases very rapidly with respect to the first values of the
binomial index [ = 1, ..., n, a behavior which becomes more pronounced with increasing n.

The Lorenzen welfare functions AlL ,with I =1,...,n, can be written as
Af(x) = wfze  1=1,...,n (43)
i=1

where wF(l) = (I +n — 2i + 1)/nl for i <1 as in (42), and wk(l) = 0 otherwise.
In the context of the binomial decomposition (20), each Lorenzen welfare function AlL can be expressed
in terms of the binomial welfare functions Cy, Cs,...C,, as follows,

Al (x) = a1 (1)C1(z) + aa()Co () 4 - - - 4+ an (1) Cr () l=1,....n (44)

17
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Figure 10: The index value I(j) of the Lorenzen welfare function whose weight distribution is closest to the one of each
binomial welfare function Cj;, with j =1,...,n, for n = 8,16, 32, 64.
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which can be written as

Swf) e =)D wize + o) D waizey ++an)Y wpire  I=1,...,n. (45)
=1 =1 1=1 =1

The expression of the binomial decomposition is unique and therefore, for each value of the Lorenzen
index [ = 1,...,n, we obtain a unique solution a4 (d),...,a,(d) by solving the triangular linear system

w{’(l) = wlla(l)l + U)QlOlg(l) —+ -4 wn—l,lan—l(l) —+ wnlan(l)

w¥ (1) = wiza1 (1) + wasaz(l) + -+ + wp—1205—1(1)

(46)
wk(l) = winas ()
where the binomial weights w;;, with ¢, =1,...,n, are as in (17).
Example 4. In the case n=4 the linear system (46) corresponds to
wf’(l) = wllal( ) + ’w21042( ) + w31a3(l) =+ w41a4(l)
wk (1) = wizon (1) + waaz(l) + wsaas(l) )
wi (1) = wizan (1) + wazas(l)
wi () = wisen (1)
and admits the unique solution
a(l=1,...,4) = (0,0,0, %)
ax(l=1,...,4) = (0,0,1,3)
- (48)
()43([ = 17 74) ( % )
ag(l=1,...,4) = (1, Lo O)
in which the o;(l), with j = 1,...,4, are given explicitly as functions of the parameter | = 1,...,4, as
illustrated in Fig. 11 (left).
Example 5. In the case n=6 the linear system (46) corresponds to
wy' (1) = w11 (1) + waras(l) + wsras(l) + waraqa(l) + ws1as (1) + werag(l)
w§ (1) = wizon (1) + waza (1) + wszas(l) + wazvs(l) + wsaors (1)
ng(Z) = W13 (l) + wggaz(l) + U)ggag(l) + IU43044( ) (49)
wj (1) = wisan (1) + wasa (1) + wsaas(l)
’LUé’(l) = w15a1(l) + w25012(l)
wg (1) = wisen (1)
and admits the unique solution
a1(l=1,...,6) = (00000 )
az(l=1,...,6)=(0,0,0,0,1, 3)
0[3(1217.. 76) (O 727 )
(50)
as(l=1,...,6) = (0,0,4,-2,0,0)
as(l=1,...,6) = (0,3,-12,2,0,0)
as(l=1,...,6)=(1,-2,1,—-1,0,0)




in which the o;(l), with j = 1,...,6, are given explicitly as functions of the parameter | = 1,...,6, as
illustrated in Fig. 11 (right).

JlLL-J il

(a) a1 (1), ...,a4(l), withl=1,...,n, for n =4. b) a1 (), ...,a6(l), with I =1,...,n, for n = 6.

Figure 11: Coefficients of the binomial decomposition for n = 4, 6.

Example 6. In the case n=8 the linear system (46) admits the unique solution

ar(l=1,...,8)=(0,0,0,0,0,0,0, )
az(l=1,...,8)=(0,0,0,0,0,0,1, )
az(l=1,...,8) =(0,0,0,0,0, Z,0,0)
as(l=1,...,8) =(0,0,0,0,7,—32,0,0)
as(l=1,...,8) = (0,0,0,32,-14,350,0) oy
ag(l=1,...,8)=(0,0,7,-52 8 _T 0,0)
orll=1.....8) = (0.3.-2%. 2.2, 1.0,0)
as(l=1,...,8)=(1,-2,2,-3,1,-1,0,0)
in which the «;(1), with [ = 1,...,8, are given explicitly as functions of the parameter [ = 1,...,8, as
illustrated in Fig. 12.
In Fig. 11-12 we depict the solution ay(1),...,a,(l) as a function of the Lorenzen index [ = 1,...,n,

in the cases n = 4,6,8. We observe, as expected, that
e oy = --=a,_1 =0and a, =1 for Lorenzen index [ = 1,
e a;=1/n,aa=(n—1)/n,and ag = --- = a, = 0 for Lorenzen index [ = n.

Moreover, we observe that the higher coefficients «;(l) assume significant an alternating positive and
negative values in the upper central range of the Lorenzen index I. The norm of these alternating
positive and negative values increases considerably with the population size n.

6. Orness of generalized Gini welfare functions

Generalized Gini welfare functions have non increasing weights, see Definition 5, and therefore their
orness [47] takes values in the interval [0,1/2]. In this section we write the orness of a generalized Gini
welfare function A in terms of the coefficients o, with j = 1,...,n, of its binomial decomposition, and
we examine the orness of the S-Gini and Lorenzen welfare functions.
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Figure 12: ai1(l),...,as(l), with j = 1,...,n, for n = 8.

Definition 8. Let A be the generalized Gini welfare function associated with the weighting vector w =
(wy,...,wy) € [0,1]™. The orness of A is defined as

Orness (A) = ! Z(z — 1w . (52)
i=1

n—1

The orness of A coincides with the value A(zg), where 29 = (i — 1)/(n — 1),

1-1 2—-1 . +(n—1)—1 +n—1
w w e Wy,
n—1 * " n-1 2 n—1 R

Orness (A) = Wy, - (53)

Proposition 5. In relation with the binomial decomposition, the orness of a generalized Gini welfare
function A : D™ — D is given by

~_ (n—3j)
Orness (A) = — 54
() ;(n—l)(]—i—l) J ( )
Proof: We begin by showing that the orness of the binomial welfare functions C;, with j =1,...,n, is
given by
Orness (C;) = n-j j=1 n (55)
(=1 +1) T
From the definition of C; (17) and the general definition of orness (52), we have
“(50) i1

j=1,....n. (56)

Orness (C}) = Cj(xo) = Z

Jj—1
i=1 (7;) n-1

Using the formula



and substituting in (56), we obtain

1 ( 11) n-—j .
Orness (C;) = T = - ji=1,...,n. (58)
Pon=1 (1) (a-1G+D)
Notice that the orness of the binomial welfare function is strictly decreasing with respect to j =1,...,n,

from Orness (C1) = 1/2 to Orness (Cy,) = 0.
Considering the binomial decomposition of a generalized Gini welfare function,

Orness (4) = A(zg) = Z a; Cj(xo) = Z (n—(nl)(jjl—l) a (59)

<

where we have used that Cj(x¢) = Orness (C;). U
In the following figures we illustrate the orness of the S-Gini and Lorenzen families of welfare functions
in terms of their respective parameters, § € [1,00) and [ = 1,...,n.
—n=4
051 —n==6
n=2_§

0.4r

Orness(A)
o
w

o
N
T
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0

Figure 13: Orness of S-Gini welfare functions for n = 4,6, 8.
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Figure 14: Orness of Lorenzen welfare functions for n = 4,6, 8.

The orness values taken by the S-Gini and Lorenzen welfare functions in terms of their respective
parameters express the nature of these families of welfare functions. The S-Gini family, with its continuous
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parameter 6 € [1,00), interpolates between the first and the last binomial welfare functions C; and
C,,, with orness 1/2 and 0, respectively. On the other hand, the Lorenzen family, with its parameter
l=1,...,n, interpolates between the last binomial welfare function ), with null orness and the classical
Gini welfare function, whose orness is given by 1/3 — 1/6n, see for instance Aristondo et al. [4].

7. Conclusions

We consider the binomial decomposition of generalized Gini welfare functions in terms of the binomial
welfare functions C;, with j = 1, ..., n, and the associated binomial inequality indices G, with j =1, ..., n,
for all income distributions = € D™.

We illustrate the weights of the binomial welfare functions C;, with j = 1,...,n, and the coefficients
of the associated binomial inequality indices G, with j = 1,...,n. The binomial welfare functions Cj,
with j = 1,...,n, have null weights associated with the j — 1 richest individuals in the population and
therefore, as j increases from 1 to n, they behave in analogy with poverty measures which progressively
focus on the poorest part of the population. Correspondingly, the binomial inequality indices G, with
j =1,...,n, have equal coefficients associated with the j — 1 richest individuals in the population and
therefore, as j increases from 1 to n, they are progressively insensitive to income transfers within the
richest part of the population.

We introduce a family of income distributions described by a parameter S > 0 related with inequality
and we examine the binomial welfare functions and inequality indices with n =4,6,8 for 5 =0,1,...,8.
The data obtained reflects the dominance relations regarding binomial welfare functions and inequality
indices and illustrates the effect of the parameter § > 0 in relation with inequality. We illustrate the
numerical behavior of the binomial welfare functions and inequality indices in relation with the parametric
family of income distributions.

The central and main contribution of the paper, in the context of the binomial decomposition, regards
the investigation of the analogy between the binomial welfare functions and two well-known families of
generalized Gini welfare functions: the S-Gini and the Lorenzen welfare functions. In particular, the
coefficients of the binomial decomposition of the S-Gini and Lorenzen welfare functions in terms of the
binomial welfare functions show interesting patterns of behavior. Finally, we have examined the orness
of the parametric S-Gini and Lorenzen families of generalized Gini welfare functions.
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