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Abstract

We show that there are good long binary generalized quasi-cyclic self-dual
(either Type I or Type II) codes.
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1 Introduction

It has been known for more than forty years that good long self-dual codes exist
[7, and for more than thirty years that there are good long quasi-cyclic codes of
rate 1/2 [4]. Only fifteen years ago, it was proved that good long self-dual quasi-
cyclic codes exist [6]. More recently, the class of Generalized Quasi-Cyclic Codes
was introduced in [9], and studied further in [2].

In this note, we show that good long self-dual generalized quasi-cyclic codes
exist. Building on well-known mass formulas for self-dual binary and self-dual codes
over Fi5, we derive a modified Gilbert-Varshamov bound for long binary self-dual
generalized quasi-cyclic codes.

The proof uses the cubic and quintic constructions of [5], [I] and the proof
technique of [6].

2 Known facts and notations

Definition 2.1. Let my, mo, - - - , my be postive integers and set R; = Fy[z]/ (2" —
1). An F,[z] submodule of R’ = R; x --- x Ry is called a generalized quasi-cyclic
code or shortly a GQC code of index (my,ma,---,my). The m;’s are called the
co-indices.

Note that if C'is a GQC code of length (mq,mg, -+ ,my) with m = m; = mgy =
-+~ =my), then C is a quasi-cyclic code with length m¢. Further if £ = 1, then C' is
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a cyclic code of length m.

We assume that all binary codes are equipped with the Euclidean inner product
and all the Fi4-codes are equipped with the Hermitian inner product. The latter
condition is necessary, when using the cubic construction and quintic construction,
to ensure that the resulting binary code is Euclidean self-dual. Self-duality in the
following discussion is with respect to these respective inner products. A binary
self-dual code is said to be of Type II if and only if all its weights are multiples of 4
and of Type I otherwise. We first recall some background material on mass formulas
for self-dual binary and 16-ary codes [8, Chap. 12].

Proposition 2.2. Let ¢ be an even positive integer.
(1) The number of self-dual binary codes of length ¢ is given by

L1
N0 =]]@ +1).
i=1
(2) Let v be a codeword of length ¢ and even Hamming weight, other than 0 and
1. The number of self-dual binary codes of length ¢ containing v is given by

L
572

M(2,0) =] +1).

i=1

(3) The number of self-dual Fy4 codes of length ¢ is given by

~

L _
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N(16,0) = -
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(4) Let v be a codeword of length ¢ and even Hamming weight, other than 0 and

1. The number of self-dual binary codes of length ¢ containing v is given by
-2 _

(24Z+2 + 1)
D12 x5 el
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M(16,¢) =

i

Proposition 2.3. Let ¢ be an positive integer divisible by 8.
(1) The number of Type II binary codes of length /¢ is given by

L_9

T(2,0) =2 21“[(2@' +1).

(2) Let v be a codeword of length ¢ and Hamming weight divisible by 4, other
than 0 and 1. The number of Type II binary codes of length ¢ containing v is given
by

£
5—3

S0 =2][@ +1).
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3 Combinatorial bounds

3.1 Cubic construction

Let ' denote a binary code of length 3m; and Cs a Fig-code of length 5my.
We construct a binary code C' of length 3m; by the cubic construction [3]. Define a
map

(I3101XCQ—>F23m1
by the rule

¢(z,a+bw):=(r+a,z+b,z+a+b)

where a, b are binary vectors of length m;, and we write F,. Then we can define

the code C as Im (P)

C:={P(z,a+bw)lx € C1,a+bw € Cs}.

In [2], the author proved that C' is a m; quasi-cyclic code and C' is self-dual if and
only if both C; and C5 are, and C' is of Type Il if and only if ] is of Type II and
Cy is self-dual.

3.2 Quintic construction

We construct a binary code C' of length 5ms by the quintic construction [3].
Define a map

d:Cy x Cy — FJ™

by the rule

b(z,ap+aja+ara?+azad) := (r+ag, v+ag+ay, r+a;+ay, v+as+ag, r+asz)
where als are vectors of length ms over Fig such that Z?:o a;a' € C are binary
vectors of length ms,

It is easy to check that C'is a quasi-cyclic code and C' is self-dual if and only if
both € and (5 are, and C' is of Type II if and only if ' is of Type Il and C5 is
self-dual.

We assume henceforth that C'is a self-dual code constructed in the above way.
Any codeword ¢ in C' must necessarily have even Hamming weight. Suppose that
¢ corresponds to the pair (¢q,¢y), where ¢; € Cy and ¢ € Cy. Since both € and
co are self-dual, it follows that ¢; and ¢ must both have even Hamming weights.
When ¢ # 0, there are three possibilities for the pair (¢, ¢2):

1. C1 %0,627&0
ii. C1 :O,CQ§£O

1ii. C1 7£ O,CQ =0



We try to enumerate the number of words c in each of these categories for a given
weight d (d even).

Convention: (%) =0 if N is not an integer.
Denote by A;(¢, d) the number of words of type j = 1,2, 3. For type (i) we only give
the upper bound

AL, d) < (5;) — Ay(0,d) — As(¢, d).

For type (ii), if the Hamming weight d is even we use Corollary 3.2 of [6] to show
14
Ay(l,d) < 1592,
)< ()15

For type (iii), similarly, we have

wen< ()

Combining these observations with the counting functions of the preceding sections
we see that the number of self-dual binary 5-quasi-cyclic codes of length 5¢ whose
minimum weight is < d is bounded above by

A (0, d)M(2,0) M (16, 0) + As(€,d)N(2,0)M (16, £) + As(¢,d)M(2,¢)N (16, 7).
We are now in a position to give a sufficient existence condition for self-dual 5-QC
codes of length 5¢, and distance > d.

Theorem 1. If the inequality

2 ()R () () <7 e

e<d e<d

holds then there is a self-dual 5-QC' code of length 5¢, and distance > d.
Proof. Since the total number of self-dual 5—QC code of length 5¢ is N (2, ()N (16, (),
there will be at least on such code of distance > d if
A (0, d)M(2,0)M (16, 0)+As(¢,d)N (2, €)M (16, 0)+As(¢,d)M(2,0)N(16,¢) < N(2,()N(16,¢).
Dividing both sides by M (2, ¢)M (16, ¢) the above condition can be re written as
N(2,0) N(16,¢)  N(2,()N(16,¢)
M(2,0) M(16,¢) ~ M(2,0)M(16,¢)
Combining the above estimates for the A;(¢, d) with the expressions for M (2, ¢), N(2,¢), N(16,¢), M(1

of the previous section, the result follows. O
The analogous result for Type II codes is as follows.

Theorem 2. Let  be a multiple of 8. If the inequality

3 (0) #2557+ K () < 0+ 0

e<d e<d

Ai(C,d)+ As (4, d)

+ A2<€7 d)

holds then there is a doubly even self-dual 5-QC code of length 5¢, and distance > d.
Proof. In the previous argument replace N(2,¢) by T'(2,¢) and M(2,¢) by
S(2,0). O



4 Asymptotic bounds
We will require the g—ary entropy function defined for 0 < x < %.
Hy(z) = rlog, (¢ — 1) — wvlog,» — (1 — z)log,(1 — z).
Note for future use the identity
(1) 4H6(x) = xlogy(15) + Ha(z).

Denote by V,(n,r) =>"_ (¢ —1) (?), the volume of the Hamming ball of radius r.

j=o

By Lemma 2.10.3 of [3] we have

(2) lim 1 log, Vy(n, [zn]) = Hy(z).

n—oo N,

4.1 Cubic codes

We summarize the asymptotic results of [6] in the following theorem
Theorem 3. There exist infinite families of self-dual binary

e Type I codes Ct

e Type II codes C17

3-QC of length 3¢ and of relative asymptotic distance 6 > Hy(1/2) ~ 0.11.

4.2 Quintic codes

We give an analogue of the cubic codes results as follows.
Theorem 4. There exist infinite families of self-dual binary

o Type I codes C?

e Type II codes Ci!

QC codes of length 5¢ and of relative asymptotic distance § > Hy(1/2) ~ 0.11.

Proof. We only sketch the proof for the Type I case, the Type II case being
similar. Assume /¢ large and d ~ 5¢). We compare the RHS of Theorem 1 which is,
up to subexponential factors, of the order of 2°//2 to the three terms of the LHS. The
first and the second term, applying equation 2 for ¢ = 2, yield the classical condition
Hy(6) = 1/2. The second term, after applying equation 2] for ¢ = 16, combined with
identity [ yield the transcendental equation

8 = 561ogy(15) + Ha(50),

whose unique solution can be seen numerically to be < 0.11. U



4.3 GQC codes
We are ready for the main result of this note.

Theorem 5. There exist infinite families of self-dual binary
e Type I codes G*
o Type II codes G'1

GQC codes of length 8¢ and with { co-indices 3 and { co-indices 5 and of relative
asymptotic distance § > % ~ 0.041.

Proof. The family G! is obtain by taking the direct sum of the codes in Cf
and C{ corresponding to the same value of ¢. The family G’/ is obtain by taking the
direct sum of the codes in CI! and C! corresponding to the same value of £. [
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