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Cesaro means of Jacobi expansions on the parabolic
biangle
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Abstract. We study Cesaro (C,d) means for two-variable Jacobi polynomials on the parabolic
biangle B = {(z1,73) € R? : 0 < 23 < 29 < 1}. Using the product formula derived by
Koornwinder & Schwartz for this polynomial system, the Cesaro operator can be interpreted as
a convolution operator. We then show that the Cesaro (C,d) means of the orthogonal expansion
on the biangle are uniformly bounded if 6 > a+ 8+ 1, a — % > B > 0. Furthermore, for
0> a+28+ % the means define positive linear operators.
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1 Introduction

Multivariate analogs of classical orthogonal polynomials are of great interest in many
areas of applied analysis and approximation. Although, there is a beautiful theory of
orthogonal polynomials in one variable (cf. [10]), it is much harder to develop a picture
as comprehensive as in the univariate case for orthogonal polynomials in several variables
(cf. [3]). Among classical orthogonal polynomials in one variable the family of Jacobi
polynomials plays a special role. Their importance is partly due to the fact that there
are connections of these polynomials to group representations and the eigensystem of the
Laplace-Beltrami operator for certain compact symmetric spaces. In the two-dimensional
setting, Koornwinder [5, 6] discusses seven classes of Jacobi polynomials in two variables,
derived by either expressions in terms of univariate Jacobi polynomials, studying spherical
functions on homogeneous spaces of rank 2, or using quadratic transformations of known
examples of Jacobi polynomials, as well as analytic continuation with respect to some
parameters. Among these classes, there are bivariate Jacobi polynomials on the biangle.
The parabolic biangle is the closed subset of R? defined by

B={x=(11,29) ER*: 0 < 2] <y <1}.
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The system of bivariate orthogonal polynomials defined on the set B has first been in-
troduced by Agahanov [1]. The polynomials can be explicitly expressed in terms of the
univariate Jacobi polynomials. In order to provide the explicit formulae let us recall some
basic facts for Jacobi polynomials.

For o, 8 > —1 and n € Ny the Jacobi polynomials are defined as

1
Pff"ﬁ)(az) — (Oé—|— )n

1—
Fl-—nn+a+pf+1a+1,; = ;
n! 2

where F'(a,b; c;z) denotes the Gaussian hypergeometric function. Given the weight func-
tion w(®# defined as

I'a+B+2)

(e.B) —
W) = T e DT T D)

(1—2)*1+2)°, ze[-1,1],

the Jacobi polynomials satisfy the following orthogonality relation.
1
/ PO () PO (1)) (2) da = 6 uh @D,

where
(a+1),(B+1p(a+5+1)

" T pla+ B+ 2n(at B+2n+ 1),

We are now ready to define the orthogonal polynomials system on B. For o, 8 > —1 and
n>k>0Ilet

(1.1)

_1 k _ 1 a1 _1
Polx) = PO ™ 0, — 1) af P (000, %), x = (e,00) € B, (1.2)

Note that the polynomial is of degree k in x; and of degree n — k in x5 and thus, of total
degree n. Furthermore,
1 1
(o + i)n—k (8+ §)k

CEDTT

where e = (1,1) € B. Moreover, for «, 3 fixed these polynomials are orthogonal with
respect to the weight function

Pril(e) =

I'(a+8+3)
PG (a+3)T(B+3)

1

(1—25)* 2(zy—22)%"2, x= (z1,20) € B. (1.3)

Wb (x) =
Thus, for the L?—norm of the polynomials P;j‘, ,f we obtain the expression

(@25 = / P ()] WP () dx

_ h(a_k 35+k) h}(ﬁﬁ—%ﬁ—%).

(1.4)

To keep the notation simple we write LP(B) for the Lebesgue spaces LP(B, W*#) 1 <
p < 0o, where for p = oo the space L*(B) is understood to be the space of continuous
functions on B with the supremum norm.
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We want to study Cesaro means of orthogonal expansions with respect to the system
{P*F:0<k<n}, neNy,onB.

For § > 0, the Cesdaro (C, ) means s° of a sequence (¢, ), are defined as

1 “n—k+0-1 1 " n—k+9
S P QST ERC P (g L
where s, denotes the n-th partial sum ), _,¢;. The sequence (s,)0% is called (C,9)
summable if s? converges for n — co. For simplicity, we set A = (”:5).
The study of Cesaro means for orthogonal expansions has a long history. It is worthwhile
to note that in the multivariate setting, there is a strong influence of the domain of
definition, which is up to now not fully understood. For example, the Cesaro means
for the Chebyshev weight function 1/1/(1 — 22)(1 — y2) converge uniformly on the unit
square for all 6 > 0. On the unit ball, there is in contrast a critical index for the weight
1 — ||lz[]?, which means, uniform convergence does not hold if § < 4=1. The same
is true for the standard simplex (cf. [2, 9] for further details). The parabolic biangle is
in some sense an intermediate region having both, a smooth curved boundary as well as
singularities. As we will show below, for 1/4/(1 — x3)(x2 — 27) on this region uniform

convergence holds if § > 1.

In the following section we will introduce the Cesaro means for the orthogonal expansion
on the biangle. Since one crucial point for our following discussion is the fact that the
Cesaro means can be interpreted as a convolution operator, we recall some facts on the
convolution structure on the parabolic biangle. In Section 3 our main results are stated,
while the proof of Theorem 3.2, our main result, is given in the last section. Throughout
the paper we will use the letter ¢ for a generic constant which does not have to be the
same in every occurrence.

2 Cesaro means on the biangle

The Fourier coefficient of a function f € L'(B) with respect to the orthogonal system
{P;j‘,f :0 <k <n},neNy,is given by
fony = [ 3 P2f ) Wty dy. (21)
B
where 0 < k < n, n € Nj.

The projection of f onto the space of polynomials of degree n is given by

n

~

Puf) = S Fln k) PP (x)gef = / FE)P(x.y) Wi (y) dy,  (2.2)

with kernel
ZPS‘;? VPl () gk
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We want to study approximate expansions of functions using summability methods. Let
us therefore recall the definition of Cesaro means.

The Cesaro (C, ) means of the expansion (2.2) are given by

S _ - Ag—k _ § a,B
SU) = Y TP = [ FK ) W) dy. (23

k=0

where the summability kernel is given by

n A5 i n k A5 i 5 5 5
Ko(x,y) = 5 Lexy) = > 5 e COEL (V)90
k=0 n k=0 [=0 n (2 4)
n A5—1 ’
= ;{gk ]Ck(x, Y>
k=0 n

Here and for the remaining part of the paper we simply write S, for S and K,, for K.
Now, a key observation is that the operators P, and S8’ can be written as convolution
operators. In order to see how this works, we need to outline some facts concerning the
convolution structure on B associated with the polynomial system { P’ ,f :0<k<n}.

Convolution structures are commonly based on product formulas. For the polynomials
Py such a construction was given by Koornwinder and Schwartz [7]. We need some
notation. For x = (x1, x9) with |z;|, |22| € [0,1], 0 <7 <1, and ¢,¢; € [0,7],j =1,2,3,
define

Dxi7 ) = avzs + (1 —22)V2(1 — a3) 2 rcos ),

E(x;r,) = (2222 + (1 —22)(1 — 22)r? + 2zy29(1 — 22)Y2(1 — 22)Y2 1 cos )12,

and, setting y = (y1, y2),

D(x;7,1) 1 Y1, )
maD <_7_ 1#?2) 717¢3:| )

Ty Yo'
where x,y # 0. Moreover, we define the following measures

F(x,y;r, 1, 9,103) = E(x;7,11)D l

2l (a+ 1/2)T(B+1/2)
[(a=p)I(B+1/2)0(B)I(1/2)

dm®P (r,b) = (1 — )P 1p28 in2P =1 o)) dr dy

and

dﬂayﬁ(r’ ¢1’¢27 ’Lpg) e Ca,ﬁ(l _ T2)a—ﬁ—3/2r25
x sin? by sin8 1oy sin? oy drdiy diy dibs,

where ¢, s is a constant so that du®” is a probability measure.

Koornwinder and Schwartz [7] proved the following product formula for the orthogonal
polynomials on the parabolic biangle.
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Theorem 2.1 Leta— S>>0, Assume that 0 < |z1] <29 <1 and 0 < |y1| < yo < 1.
Then if x = (x1,22),y = (yl,y2) € B\ {0}, we have that

Py (w1, 23) Pod (g1, 43) =
sz(e)[ Ix[0.7] P;Lx,f(E2(X;T>w)aF(Xay;ra¢la¢2a¢3)) dﬂa’ﬁ(ra¢1>¢2>¢3)~
0,1]x[0,7m

If 0 < || <29 <1 and y = 0 we have that

P (wy,3) Pl (0) = Pril(e) /[ g Tk (B2 ), DG, ) dm® T2, 1),
0,1]x[0,7

For our aim we do not need the product formula in its explicit form, rather than its
existence, which gives rise to the convolution structure on the parabolic biangle. Thus,
let us restate the product formula in a convenient form:

PH(x) PY(y) = P (e) /B PP(2) duny (2), (2.5)

where dwy y(z) is a probability measure.

Formula (2.5) gives rise to a generalized translation operator on B in the following way.
For f € C(B) we define

:/f(z) dwxy(z), X,y € B.
B

It can be shown that Ty extends to a bounded linear operator on LP(B) with |||, < 1,
x € B, for every 1 < p < oo. The convolution of functions f,g € L'(B) is then defined as

fg(x /f Tyeg(y) WP (y)dy, xe€ B. (2.6)

This convolution product is associative and commutative. Moreover, the following esti-
mate holds true for all f,g € LP(B):

Lf* gl < AN Mgl 1 <p < oo (2.7)

In view of formulae (2.5) and (2.6) it becomes obvious that the operator S can be written
as convolution operator. To be precise, we have the following result.

>(5>0,0>0, and x € B, then for every f € LP(B) we have

Proposition 2.1 [fa—%

that
Snf(x) = Kj * f(x), (2.8)
where K2 (x) = K3 (x,e) and e = (1,1).

Proof. From equations (2.3) and (2.4) we obtain, using the product formula (2.5), that

/f ZZ e JTxFyi, (y) WP (y) dy

k=0 I= "

= K‘;*f(x
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O

Now from inequality (2.7) an estimate for the operator norm of S? follows, i.e., || S]], <
|1K°])1, 1 < p < oco. Notice that K(x) is the kernel K°(x,y) when y = e. The uniform
convergence of the (C, ) means on B is reduced to convergence at a point. We state this
formerly as a corollary.

Corollary 2.2 Ifa— 3> >0, >0, and f € LP(B), the Cesaro (C,§) means S f
converge uniformly on B if S2 f converges at the point e, which holds, in turn, if

1K = /B K ()| WD) (x)dx < e < oo (2.9)

uniformly in n.

3 Summability of Cesaro expansions on the biangle

As shown in Corollary 2.2, it is sufficient to establish (2.9). For this purpose, it is essential
to derive a closed formula for the kernel K2, which we state below.

Theorem 3.1 For o, > —% and x € B we have that

K.(x) = P29 (3.1)

U atpiip, 1 1
x/ P +B+2’B)(§(1+t)2+(1—t2)x1+§(1—t)2:c2—1) w@B+E0) (1) dt.
—1

Proof. We derive this formula from the addition formula for Jacobi polynomials P
established by Koornwinder (cf. [5, (4.14)]).

PP 1+ + 50— O )2 + (1 - €)V2(1L— 12) /27 costp — 1)

n k
«, _ a+k+I1,8+k—I
=D a1 = ER(L 4 kDR pl I ) (32)

k0 =0 (a+k+1,8+k—1) ‘
(1= )2 (1 4 ) =02 P 2P0 )
Pl(a—ﬁ—1ﬁ+k—l)(2r2 _ 1) rh=l Péé?lpﬁ_l/z) (COS w)’

where the coefficients agﬁ) are given by
and = (k+l+a)(k—1+p) (3.3)

y m+a+B+ 128+ 1)kn—1+F+1)(n—k)!
2%k + )3k =0+ B8)B+ Dk +a+1)ppn(B4+1/2)

By definition (2.4) we have that
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From the fact that P*” (1) = (a + 1),/n!, it follows that

(a+5)ea(B+3)
DT

a, (a—5.5+k) (B-5.8-3)
Fefle) = BRI ()R =

In the addition formula (3.2), set £ = n =t, r = \/Z3, rcos¢ = x4, and replace a by
a+ B+ 1/2 to obtain

o 1
pletB+is) (%(1 + 12+ (1= )21+ 5(1 — 1)z, — 1)

(0% (0% 1 - 2
_ Z iljlm B) (1— t)'”’(l +t)’“‘l [Pi_-il;ﬁ+k+l+2,ﬁ+k l)(t)}
k=0 [=0

a1 _
< PO gy )T D (),

The product of the last three terms in the sum is precisely Plff ;f ", Integrating the above

equation with respect to w@2:0 (¢)dt gives
L
/ Pé +B+3.6) (%(1 + t)2 + (1 N t2)ZL'1 + %(1 . t)21’2 _ l)w(a-i-ﬁ-i-%ﬁ)(t)dt
-1

a+ﬁ+ 5
n k l)Pl?kB—l(x>v

|
M»

where
1 1 _ 2
boid = / ) I R (R LI
-1

1
Using (1.1) and the explicit formula of a,, ,: lﬁ+2’6) it can be verified that

(a+6+ B); ( « o (a+B43.8) (1\1—1 4 (@+B+35.8)
Y i (1 R O8] I

This proves the stated formula. O

We will use the abbreviation z(x;t) for the argument of the univariate Jacobi polynomial
in equation (3.1), i.e

2(x;t) = 21+ + (1 — P2y + 5(1 —t)%2s — 1, x = (x1,%2) € B.

Using Theorem 3.1 we obtain the following form of the Cesaro kernel.

Corollary 3.1 Let o —
1 < p < oo, we have that

%2520and5>0. Then for all x € B and f € LP(B),

A6_ (x « 1 1 a 1
Kz(X) _ ;Llék h +5+ ﬁ)Pé +ﬁ+2,ﬁ)(1) / Pk( +5+275)(z(x; t)) w(g-}—ﬁ-}-%,ﬁ)(t) dt
-1

= A [P g a (3.4
n -1
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where k is the univariate Cesaro (C,0) kernel,

- Ai—k (a+B+1.,8) (a+B+3.8) (a+B8+1,8)
KL(0) = D0 it RO RS ) R ),
k=0 n

Equation (3.4) allows us to establish (2.9) by working with the univariate kernel k2. This
leads to our main result in this paper.

Theorem 3.2 Let o — % > B > 0. The (C,0) means of the orthogonal expansions

with respect to Wg’ﬁ converge uniformly to f on B for every continuous function f if
0>a+pF+1.

The proof of Theorem 3.2 will be stated in Section 4. The proof involves sharp estimates
on various pieces, which indicates that the order 6 > o+ [ + 1 is sharp. In other words,
we conjecture that the convergence fails if 6 < o+ (6 + 1.

The compact formula (3.4) also allows us to deduce positivity of the (C,d) means on B
from its counterpart of univariate Jacobi expansions.

Theorem 3.3 Let « — & > 8 > 0. The (C,a + 28 + 3/2) means of the orthogonal

expansions with respect to WE’B define positive linear operators.

Proof. In [4] it is proved that the (C, u+ v + 2) means of the univariate Jacobi expansion

[e.e]

> T P (1) P (x)

n=0

are nonnegative for —1 <z <1, u > v > —1/2. By Corollary 3.1, the (C, ) means of
K,(x) are the integrals of the (C,§ — 1) means of the Jacobi expansions for w©@+5+3:8),
which shows that K?(x) is nonnegative for § = o + 23 + 3/2. By the product formula,
K(x,y) = TxK,(e,y), and Ty is an integral against a nonnegative measure, it follows
that K8 (x,y) > 0 for § = a + 28 + 3/2. O

We note that if the (C, Jy) means are nonnegative, then the (C,J) means are nonnegative
for all § > &. The positivity implies ||KJ|l; = 1, hence, convergence of the means.
However, since convergence of the (C,¢d) means implies the convergence of the (C,¢’)
means for 0’ > 4, the convergence also follows form Theorem 3.2.

4 Proof of Theorem 3.2

We start with a result in [10, p. 261, (9.4.13)] and its extension in [8] given in the following
lemma.
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Lemma 4.1 Let kS(w$™;u), u € [~1,1], denote the kernel for the univariate Cesaro
(C,8) means of the Jacobi expansion with respect to the weight function w&m on [—1,1].
Then for any £,m > —1 such that & +n+ 6+ 3 > 0 we have that

J
kO (w5 8) =Y "b;(&,n, 6, n) PEPHTID (1) 4 GO (1),
5=0
where J is a fized integer and
J=J+1
Moreover, the coefficients satisfy the inequalities
[6;(&m,0,m)| < en*t0Tand (d;(€,m,6,n)| < ¢jm 0

Furthermore, we will need an estimate for the univariate kernel which was proved in [9,
Lemma 5.2].

Lemma 4.2 Let k3 (w&";u), u € [~1,1], denote the kernel for the univariate Cesaro
(C,8) means of the Jacobi expansion with respect to the weight function w&m on [—1,1].
Let further £,n > —1 and § > £+ n+ 2. Then

K (w0 < en™H (1 —t —n~%)TEH),

It is well known that the Jacobi polynomials satisfy the following estimate ([10, (7.32.5)
and (4.1.3)]).

Lemma 4.3 For «a, > —1 and t € [0,1],
|P@A (1) < en V(1 —t 4+ n~2)~leF /272, (4.5)

The estimate on [—1,0] follows from the fact that P\ (t) = (=1)"P"*)(=t). In partic-
ular, for allt € [—1,1], we have the estimate

1P <en V2 [(1—t+n72) T2 4 (1 — ¢ 4 72)" /2] - (4.6)
The central part of the proof is the following proposition.
Proposition 4.4 If§ > o+ 8+ 1 then

1 1
/ |P1§a+6+6+275)(z(x; t))|w(a+6+%,ﬁ) (t) dt WQ’B(X) dx < Cné—a—6—3/2‘
BJ-1
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Proof.  Using the inequality (4.6), we see that it is sufficient to show that

a+ﬁ+ 5)(t)
Jr = / / P dt WP (x) dx < en®~ 7P~ (4.7)
-1 (1—2(x;t)+n72)" 2z
and
wlt P30t 5 !
Jo —/ / i dt WP (x) dx < en®~@7F71, (4.8)
-1 (14 2(x;t) +n=2) "2

We start with J;. Its estimate is divided into several cases, according to the decomposi-
tions [—1,1] = [—1,0] U [0, 1] and

B=B,UB_, B;:={x=(r1,22) € B:x1 >0}, B_:={x=(x1,29) € B:z; <0}.
To simplify notation, we further denote
yi=(a+pB+6+1)/2

throughout this proof. The following basic identity can be easily verified,

1—4xo:cp¢%u—xg+%u—w%1—@y (4.9)

Case 1. The integral over x € B and ¢ € [0, 1].
Since t > 0, by (4.9), 1 — z(x;t) > (1 — t)(1 — xy), and w@HBA+38) (1) < ¢(1 — £)*HF+1 50

that
1 w(a+ﬁ+%ﬁ)(t) 1 (1— t)awﬂ B
| mmo e < [ proiu ey = )

Since f depends on x; only, it readily follows that

[ seowrtax= [ g [ weranin =c [ sy -,

2
1 1

where we used the fact that

! I(a+ I8+ 3
/ﬂ(l — )" (wy — 2})TV day = (?(a i)ﬁ?i 1) d (1—af)**?.

1

Thus, it follows that this part of the integral in J; is bounded by

1 _ a+6+% S .
e <ec dtl—x Pdxy =17 4+ 17,

where we split of the mtegral over [—1, 1] as two integrals over [0, 1] and [—1, 0], respec-
tively, and define I;" and I; accordingly. For I, we have

1 a—i—B-i— 1 _ a—l—ﬁ a+B+ 2 a+B
I = / / - v dsd:)s—/ / (24 2) duz~?dx
s(1—x)+ n‘z (u+n=2)7

1 a+6+2 1
< /7/ 2dxdu<c/ 7du
o (u+n=2)7J, o (utn=2)

2 a+B

n
v
e Cn27_2a_2ﬁ_2/ 72600 S Cné_a_ﬁ_:L,
o (1+n2v)
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as the last integral is bounded if v > o+  + 1. For I;, we have 1 — x; > 1, so that

1 (1_t)a+ﬁ+2 J 0 ) +Bd 1 ua+5+1 J
I < t « < -
1 —C/o =0+ 7 /_1( — ) —/ TRt

which has the same bound as I if we use u®F+1 < yo+5,

Case 2. The integral over x € B, and t € [—1,0].

For t <0, by (4.9), 1 —2(x;t) > (1+t)(1 — 21) + 3(1 — 22) and wPHA (1) < (14 1)°.
Hence, this portion of the integral in J; is bounded by

— ’ (1+1)° .
= C/B+ /_1 [(14+8)(1 —21) + (1 —a9) +n2]7 dt WP (x) dx.

Changing variables © = (1 4 ¢)(1 — z;) shows that

1—x1 B a,f
I:c// - a0
B+ 0 [u _'_ (1 - .:CQ) + n_2] (1 - xl)ﬁ

1 V2 a1 uB (1,2 _$2)g_% )
N d Vo day (1 — 22)* 2 ds.
c/o /0 /0 [u+ (1—22) + 02 u 1 —z,) x1(1 — 29)* " 2dxy

Let us first consider the two inner integrals. Changing the order of integration shows that

VT2 l-x 1—33 /T2 1 1-u
/ / dudz, :/ / dxldu—l—/ / dxydu.
0 0 0 0 1—yzz Jo

Now, using xy + /1 ~ /T2 and [ + % > 0, integration by parts once gives,

1

[
———— 5, ——ax CT
o (I—m) > Jo (1—a)ft
B+ 1 [V 1 /—5 3
:C\/flfzﬁ_% T2 1 + /B_l_l / 7361{1:1 <C -
B+ 5 B+ 5 (1 —xq1)2 (1—a9)2

Analogously, using /x5 < /s + 7 < 2 and integration by parts once, we have the
estimate

A

T (3 — a?)P —1)°73
= d 1 -3 d
/0 1=z r1 < cmax{l,/z2 }/ 1 e T
S cmaX{l, \/E _§}ﬁ'
Adding the two parts together, we obtain that for a generic function f(u),

B— 1

932 — x2)P~2
/ / (1 —ap)f*? T
1

< cmax{1, \/:)3_25_2}/0 f(u) max{(1 — z9)"2,u" 2 }du.

[
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Consequently, we conclude that

m// wmax(l, /&3 r

[u+ (1 —x9) +n2]"

1

+ u? (1—I2) _%dl’g.

D=

We note that the term max{1, VT _%}, which matters only if § < %, is integrable as

f > —1/2 and it plays a minor role. In fact, if we split the integral of z5 as an integral
over [0,1] and [§,1], then the part over a3 € [0, 3] is bounded as u + (1 — 22) +n~2 > 1.
Hence, we only need to estimate the sum

uﬁ 2% E
// dudx+// dudx := I + 1.
(u+z+n-2 (u+z+n-2)

For I; we change variables v = u + x and then exchange the order of the integrals,

o v ! 1 ! B .a—1
_[1 / / ’U—'—n_2 dUd.fC = /(; m/o‘ (’U—SL’) €T dxdv

2 1 1 .
/1 m/ l(v—x)ﬁxo‘_ dl’dv

The second term is bounded by a constant as v > 1, whereas the inner integral of the
first term is a Beta integral and equals v°T*B(8 + 1, a), so that

1 v th
I <c 1+/ 72dv < cn5_°‘_ﬁ_1,
0 (U +n- )7

where the second inequality follows from the last step in the estimate for I;" of Case 1.
Notice that Iy becomes I if we replace («, ) by (a — %,B + %), so that I has the same
upper bound.

Case 3. The integral over x € B_ and t € [—1,0].

Just like in Case 2, this portion of the integral in .J; is bounded by

=c ' (1+t)6 B (x) dx
= /B/_1[(1+t)(1—x1)—|—(1—:cz)—i—n—?]'ydtw () dx.

For x € B_, we have that 1 — z; > 1 so that we can drop the factor 1 — z; in the
denominator. Changing variables u = 1 + ¢ then shows that

0 UB 1 1
I < du(l — a—3 _ 2\B—3 d
< C/B /_1 [u+ (1 _x2> —|—n—2]7 u( xz) 2(:62 351) 2 dx
bt u? du 0 )
= 1 — 9)% 2y
N C/ / (u+ (1 —z9) +n2) (1 —a2)" / (3 — 27)""2 day day

)a—1/2 o~ 1/2
< dudxy < dudzx.
= / / (u—+ 1—x2)+n‘2) @ du daz C/ / (wtaztn2py

d—a—p—1

[NIES

Comparing to I, in Case 2 and using u” < uP~z, we see that I is bounded by cn
as before.
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Putting these cases together completes the proof of (4.7).
We now prove (4.8). A straightforward computation shows that
1 1
L+ 2(xit) =5 [(L+t+ (1 —t)2)* + (1 — ) (22 — 22)] > 51— )2 (xy — 22).

Using this inequality in J2, we obtain that

— £)otBrE(1 4 ¢)8 .
Jo < / / i) dt(1 — 172)0‘_%(932 —2?)P 72 dx
-1 1—t Ty — a2 + 1T

(1= t)\/ 22 — 22)7*2
= / / Vo )T ety a
(1—1) xg—x1+n 1)6+3

(1 —22)* 2 (g — 22) 7 dx
1
)

< //_ll—t S04 4% dt(1 — 22)°

Hence, for 6 > o+ 4+ 1, J5 is bounded and this completes the proof. O

D=

Proof of Theorem 3.2. By Corollary 2.2, it is sufficient to show that
K2 = [ Gt dx < c
B

under the condition that 6 > a+3+1. Weset J =a+25+ % in Lemma 4.1 and obtain
that
d (a+B+6+5+2.,8)
ko] < Y lbjla+ B+ 5. 8.5m) BT )

J=0

+ > di(a+ B+ L, 8,0m)K ().
j=J+1
Using Corollary 3.1 together with Proposition 4.4, and taking into account the estimate
for the coefficients given in Lemma 4.1, we obtain that

6—1

ATL
I < S

|:CTL + Z |d](0é+5+ %75)5777'”

j=J+1
1
X / / K279 (2(x: 1)) w @+ 29 (4) dt WP (x) dx |
BJ-1

To estimate the second sum, we use Lemma 4.2. Thus, we have to derive an upper bound

for the integral
(oz-i-ﬁ-i- B) (t)
w o8
// 1= 2(x0) +n_2)a+6+2dtW (x) dx.

Setting v = a + 8 + 2, we already proved (cf. (4.7)) that

a+ﬁ+ B) t
/ / (®) dt WP (x)dx < en®2072072 — cp?
z2(x;t) +n=2)7

provided that v > a+ 5+ 1. Hence, we obtain the bound I < cn. From ("+2_1) / (”:5)
—0 it follows that || K3||; is bounded uniformly in n.

oo
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