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RECURRENCE RELATIONS AND VECTOR EQUILIBRIUM
PROBLEMS ARISING FROM A MODEL OF
NON-INTERSECTING SQUARED BESSEL PATHS

A.B.J. KULJLAARS AND P. ROMAN

ABSTRACT. In this paper we consider the model of n non-intersecting squared
Bessel processes with parameter «, in the confluent case where all particles
start, at time ¢ = 0, at the same positive value £ = a, remain positive, and
end, at time T = ¢, at the position x = 0. The positions of the paths have a
limiting mean density as n — oo which is characterized by a vector equilib-
rium problem. We show how to obtain this equilibrium problem from different
considerations involving the recurrence relations for multiple orthogonal poly-
nomials associated with the modified Bessel functions.

We also extend the situation by rescaling the parameter «, letting it increase
proportionally to n as n increases. In this case we also analyze the recurrence
relation and obtain a vector equilibrium problem for it.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Introduction. This paper deals with the model, studied in [12], of n non-
intersecting squared Bessel paths in the confluent limit where all paths start, at
time ¢ = 0, at the same positive value = a, remain positive, and end at a later
time ¢t = T', at the position z = 0.
The squared Bessel process is a diffusion process on [0,00), depending on a
parameter o > —1, whose transition probability density is given by
re =g (4) e # L (GE). moso

Y —u
P*0,y) = ———————€" 2, > 0.
+(0,9) (Qt)o‘+1f(a+1)e 2 Y
Here, I, denotes the modified Bessel function of the first kind of order «,

2/2 2k+ao
k'I‘ ET(k+a+1)

If we let n — oo, and perform an approprlate time scaling t — t/(2n), T —
1/(2n), the paths fill out a region in the tz-plane as shown in the left figure in
Figure [l The figure shows a numerical simulation of 50 non-intersecting squared
Bessel paths and the boundary of the region filled by the paths. The right part
of Figure [1l shows a similar picture where in addition « increases proportionally
with n. Since « is a measure for the repulsion from 0 all paths in the right part of
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FIGURE 1. Numerical simulation of n = 50 non-intersecting
squared Bessel paths. The left figure shows n paths with fixed
«, and the right figure shows n paths with « increasing propor-
tionally with n.

Figure [ stay at a positive distance from 0 until the final time ¢ = 1. In contrast,
in the left part of Figure [, where o remains fixed, the smallest paths arrive at the
hard edge (the wall) at « = 0 already at a critical time ¢t = t* = a/(1 + a) < 1, see
[12].

The model with fixed a was studied in [I2]. One of the results was that for
every t € (0,1), the positions of the paths at time ¢ have a limiting mean density
as n — oo, that is characterized by the following vector equilibrium problem (see
Theorem 2.4 and the appendix of [I2]). The vector equilibrium problem asks to
minimize the functional

(1.1) //log w—imdul(:c)dul(y)+//1Ogﬁdyz($)dy2(y)
—//log ﬁdul(x)duz(yﬂ-/ (t(lx—t) - 2@) dvy (z),

over all vectors of measures (v, 12) such that

(1.2) supp(v1) C [0, 00), /dl/1 =1, supp(v2) C (—o0,0], /dV2 =1/2,

and

(1.3) vp < 0,

where o is the measure on (—o0, 0] with density

da(ac) — ﬁlxl—lﬂ
dx mt ’

There is a unique minimizer (vq,v2), and the part v has a density which is the

limiting mean density of the positions of the paths at time ¢. The equilibrium

problem depends on the parameters a > 0 and 0 < ¢t < 1 that appear in the energy

functional ([II)) as well as in the upper constraint (LA4)).

The above equilibrium problem is somewhat unusual since it involves a second
measure v, with a constraint . It turns out (see [12]) that the constraint is not

(1.4)

x € (—00,0].
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active if ¢ < t* = a/(a+1), that is before the critical time where the smallest paths
come to the hard edge. The constraint is active for £ > t*.

It is the aim of this paper to give more insight into the nature of the vector
equilibrium problem with constraint. We show how it arises from different con-
siderations involving the recurrence relations for multiple orthogonal polynomials
associated with modified Bessel functions, see the next section.

We note that a similar vector equilibrium problem with constraint and external
field was also found in the context of the Hermitian two-matrix model

1
Z_ exp (—n Tl”(V(Ml) + W(Mg) - TMlMg)) dMldMg

n

where W (M) = $M*, see [7]. The vector equilibrium problem now involves three
measures, which are located on R, iR and R, respectively, with a constraint acting
on the second measure. The energy functional is similar to (IIJ). The polynomials
that are connected to this model satisfy a five term recurrence relation. The ideas
that are developed in this paper can be extended to analyze this recurrence relation
and it is possible to obtain the vector equilibrium problem from it. This will be

reported elsewhere.

1.2. Multiple orthogonal polynomials. In [I2] it was shown that the positions
of the paths at any time ¢ € (0,7 constitute a multiple orthogonal polynomial
(MOP) ensemble associated with the two weight functions

(1.5) wl(ﬂf)—fge_2t$mt)l°‘( ;w> W2(x)—xa7“e_”az”°‘“< aw),

t

defined for z € (0,+00). It implies in particular that the ‘average characteristic
polynomial’

n

(1.6) Bu(@) =E |[[ (e - 2;(0))]| .

j=1

where 21 (t) < z2(t) < -+ < x,(t) are the positions of the n paths at time ¢, satisfies
the orthogonality relations (assume n is even)

(1.7) /O Bn(z)a*wj(x)der =0,  fork=0,1,...,n/2—1, j=1,2.

The polynomial (L) is characterized by a 3 x 3 matrix valued Riemann-Hilbert
problem and the correlation kernel for the MOP ensemble can be written directly in
terms of the solution of the Riemann-Hilbert problem. See also [11] for the general
notion of a MOP ensemble.

The multiple orthogonal polynomials B,, for the weights () were studied in
detail by Coussement and Van Assche [4], [5]. They obtained a third order differ-
ential equation, which was used in [12]. In addition they also gave an explicit four
term recurrence relation

(18) By, (I) = Bk+1(17) + bi By, (I) + Ckkal(x) + dkBk,Q(I)
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with recurrence coeflicients

a(T —t)?  2¢(T —t)

==+ —F7—(k+a+l)
dat(T —t)3  4t2(T —t)?
(1.9) ek = gk + ———k(k + ),
4at®(T —t)*
diy = ——p——k(k — 1).

After the rescaling ¢t — t/(2n), T — 1/(2n), we obtain a doubly indexed sequence
By, », of polynomials satisfying for each n, the recurrence

(110) ka,n (:E) = Bk—i—l,n(x) + bk,an,n(:E) + Ck,an—l,n(x) + dk,an—Zn(x)

with recurrence coeflicients

2k 1
ben = a(l =) +t(1—1t) +1? . '
k k(K
(1.11) Chon = 2at(1 — )= +3(1 — f)Qi( Jga)=
n n

k(k—1
i = at*(1 — t)47( — ).
It is the aim of this paper to obtain the vector equilibrium problem from this recur-
rence relation. We will show that the measure v4 is the limiting zero distribution
of the diagonal polynomial B,, ,, as n — oc.

We also consider the following extension of the situation studied in [I2]. We
rescale the parameter o by letting it increase proportionally to n as n increases.
The right figure in Figure [l shows a numerical simulation of 50 non-intersecting
paths for this case. We observe that now the paths stay away from the hard edge
x = 0. In this case we are also able to analyze the recurrence relation and obtain
a vector equilibrium problem from it.

1.3. Polynomials satisfying an m-term recurrence relation. The recurrence
coefficients (LI1) are such that whenever n — co, k — oo so that k/n — s exists,
there is a limit

bi,n — b(s), Chn — ¢(8), dig,n — d(s)

for certain functions b(s), ¢(s) and d(s).

We will study this situation in the general context of polynomials P, ,, depending
on two parameters, satisfying for each n, an m-term recurrence relation with varying
coefficients
(1.12)

TPy n(x) = Pyy1n(z) + bg? Py n(x) + b;ﬂl)ZIPkflyn(x) N b](:,:l_2)Pk+27m,n(I>;

with Py = 1, P.1 = 0,...,P_u4+2 = 0, where the recurrence coefficients have
scaling limits

)

lim bY) =pU)(s),  j=0,..

k/n—s ™

.,m— 2.

for certain functions b(¥, ... b("=2). The notation limy,/,,_, s that we use here and
also later in the paper, means that both k,n — oo with k/n — s.
We associate with the functions b, j = 0,...,m — 2, a family of functions

(1.13) Ag(2) = 24+ 0D (s) + bW ()27t 4 - 4 (M (5) 7 H2
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and the sequence of Toeplitz matrices (T}, ), where T,, = T,,(As) is the nxn Toeplitz
matrix with symbol Ay, defined by

1, if k=j+1,
(1.14) (T(As))ji = { B (s), if k=7 —1, i=0,...,m—1,
0, otherwise.

The limiting behavior of the spectrum of T, (As) as n — oo is characterized
in terms of the solutions of the algebraic equation A4(z) = z, see [2]. For every
x € C there exist exactly m — 1 solutions of the equation As(z) = x (assume that
b("m=2)(s) # 0) which we denote by z;(x,s), j = 1,...,m—1. We label the solutions
by their absolute value so that

(1.15) |z1(z, 8)| > |2z2(x, )| > -+ > |zm—1(x,s)| > 0.
We put
(1.16) I'i(s) ={z € C|[a(,5)] = |2a(x, 5|},

which is a finite union of analytic arcs.
We will use the following classical theorem on the behavior of the eigenvalues of
Th(As) as n — oo.

Theorem 1.1. Asn — oo the eigenvalues of T,,(As) accumulate on the contour

(L.16).
The sequence of normalized counting measures of the eigenvalues of T, (As) con-
verges weakly as n — oo to the Borel probability measure p§ on I'1(s), given by

(1.17) dus (z) 1 (21—(9578) _ Z{+(x,s)> iz,

" 2mi z1-(z,8) z14(x,8)

where ' denotes the derivative with respect to x. In ([([LI7), we have that dz is
the complex line element on T'1(s) and z14(x,s) is the limiting value of z1(Z, s)
as & — x from the £ side on each of the arcs in T'1(s) (the complex line element
induces an orientation on I'1(s) and the + side (— side) is on the left (right) as
one traverses I'1(s) according to the orientaton).

Proof. The fact that the eigenvalues accumulate on I'1 (s) was shown by Schmidt
and Spitzer [16]. The result about the limit of the normalized eigenvalue counting
measures is due to Hirschman [10], see also [2, Chapter 11]. The precise form (17
for the limiting measure was given in [6]. O

For later use we also note that by [6, Proposition 4.2],

S !
(1.18) / i () = zl(x,s)7 for x € C\ T'y(s),
T—y z1(x, 8)
which also characterizes the measure pj.

Our first result states that, under certain conditions, the polynomials P, sat-
isfying the recurrence (LI2) have a limiting zero distribution, which is an average
of the measures (ILIT). The average is with respect to the parameter s.

Theorem is an extension of Theorem 3.1 of [3] to polynomials satisfying an
m-term recurrence relation instead of a specific four-term recurrence relation as
in [3]. The analogous result for orthogonal polynomials satisfying a three-term
recurrence is from [14]. See also [13] and [I7] for related results.
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Theorem 1.2. Let for each n € N, m — 1 sequences {b;ﬂjzl},;“;o, j=0,...,m—2,
of real coefficients be given and assume that there exist continuous functions b9 :
[0,00) 2> R, j=0,...,m — 2, such that for each s > 0,

. im ) = ‘s, 7=0,...,m—2.
1.19 lim by, = b0 0 2

k/n—s

Let Py, be the monic polynomials generated by the recurrence (LI12) and suppose
that
k,n

(a) the polynomials Py, have real and simple zeros :E]f" <<y
for each k and n the interlacing property

k+1,n k,n k+1,n I
J <w; <@y, forj=1,...k,

(b) T'1(s) C R for every s > 0, where I'1(s) is given by (LI0).

. , k
Then the normalized zero counting measures v(Py ) = %Z 0_rn have a weak

satisfying

xT

7j=1 z;
limit as k,n — oo with k/n — & > 0 given by
1 r¢
1.20 lim v(Pgn, :—/ Sds
(1.20) i v(r) = ¢ [ u

where 3 is the measure (LIT).
The proof of Theorem is given in Section

1.4. Multiple orthogonal polynomials associated with modified Bessel
functions. We want to apply Theorem to the multiple orthogonal polynomials
By, associated with the modified Bessel function.

1.4.1. Interlacing. The assumption (a) of Theorem will be satisfied since we
have the following.

Proposition 1.3. Let a > 0, a > —1, 0 < t < T. Then the polynomials By,
generated by the recurrence (I8) with recurrence coefficients (L9) have real and
simple zeros in (0,00) with the interlacing property.

The proof of Proposition [[.3]is given in Section
1.4.2. First rescaling. In the first rescaling we let ¢t and 7" depend on n, while «
and a remains fixed. We replace

test/(2n), T 1/(2n)

and we obtain the recurrence coefficients as in ([LII)). The scaling limits of the
recurrence coefficients indeed exist:

lim by, = b(s) = a(l —t)? + 2st(1 — t),

k/n—s
(121 i e = efs) = 2ast(1 ~ ) + L0 1),
lim dy,, = d(s) = as®t*(1 —t)*.
k/n—s

Then as in ([LI3]) we have the associated family of symbols
(1.22) Ag(2) = 2+ b(s) +c(s)z™t +d(s)z~2
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v(s) (s)
2 2 4
_B(s)
o) e
4 FRRREE . S Feeeald 08 12 s
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—24 —2 4 )
a=1,1t=0.2,p=0. a=1,t=03,p=5

FIGURE 2. Graph of the curves 5(s), v(s) and n(s) for the first
and second rescaling.

and the solutions z;(z, s), z2(x, s) and z3(z, s) of the algebraic equation As(z) = x.
We define T’y (s) as in (ILI0) and similarly
(1.23) Ia(s) = {z € C| |22(z, 3)| = |2z3(x, s)|}

The symbol ([22) with the functions b(s), ¢(s) and d(s) from (C21)) allows for

a factorization
(z4+a(l —t)?)(z + st(1 —t))?
22 '
From ([24)) we see that A, has three negative zeros, namely a double zero at
—st(1 —t) and a simple zero at —a(1 — ¢)?. For the special value
N t))
=8 ==

(1.24) A(z) =

the three zeros of the symbol coincide.
These facts are used to prove the following.

Proposition 1.4. For each s > 0, we have that T'1(s) C [0,00) and Ty(s) C
(—00,0]. More precisely, there exist n(s) < 0 < B(s) < y(s) so that

(1.25) [i(s) = [B(s),v(s)l,  Tals) = (—o0,m(s)).
In addition we have
(a) s+ 7(s) is strictly increasing for s > 0, lim,_,o+ v(s) = a(l — t)?, and
lim s 7(5) = 400,
(b) s — B(s) is positive and strictly decreasing for 0 < s < s* = @ and
B(s) =0 for s > s*. Furthermore, lim,_,+ 8(s) = a(l —t)?,
¢ s) = or 0 < s < s* and s — n(s) is negative, strict ecreasing for
i 0 0 * and i g ly d g
s> 8" and limg_, o 1(s) = —00.

From the proposition it follows that the sets I'1(s) and T's(s) are intervals, and
that T'y(s) is increasing as s increases, while I's(s) decreases. See the left part of
Figure 2l for an illustrative plot of v(s), 8(s) and 7n(s), as a function of s.
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As a result of Propositions and [[4] we see that the assumptions (a) and (b)
of Theorem [[.2 are satisfied, and so for each £ > 0, the weak limit of the normalized
zero counting measures of the polynomials By, ,, as k,n — 0o, k/n — &, exists and

is given by (20)).
1.4.3. Second rescaling. In the second rescaling we let the parameter « increase as
n increases. For this we change the variables ¢, T' and « by

t—t/(2n), T— 1/(2n), a—pn

with p > 0.
The recurrence coefficients ([L9) now have scaling limits that also depend on p.
Indeed,

b(s) = a(l —t)* + 2st(1 —t) + t(1 — t)p,
(1.26) c(s) = 2ast(1 —t)® + s%t2(1 — ) + st*(1 — t)*p,
d(s) = as*t*(1 — t)*.
Now the symbol ([L24]) depends on p and we can again explicitly factorize

(z+st(1—1)(22+ (1 —t)(a(l —t) + (s + p)t)z + ast(1 — t)?)

(1.27) Ay(z) =

z
There are again three negative zeros of the symbol, but now all three zeros are
simple.

We again have I'1 (s) and 'z (s) as in (ILT6) and (I.23]), and we prove the following.

Proposition 1.5. Let p > 0. Then for each s > 0, we have that T'1(s) C (0,00)

and Ty(s) C (—oo,—%]. More precisely, there exist n(s) < 0 < B(s) < v(s) so
that

(1.28) [i(s) = [B(s),v(s)l,  Tals) = (—o0,m(s)).
In addition we have
(a) s y(s) is strictly increasing for s > 0, lims_,04 v(s) = (1—t)(a(1—t)+pt)
and limgs_, o Y(8) = 00,
(b) s — B(s) is positive and strictly decreasing for s > 0 with lims_o4 B(s) =
(1 =t)(a(l —t) + pt) and lim,_, B(s) =0,
(¢) s+ n(s) is negative and strictly decreasing for s > 0 with lims_o4 (s) =
p2t2

—E— and limg_, n(s) = —oc.

See the right part of Figure 2] for a plot of the functions 3(s), v(s) and 7(s) in
the case p = 5.

Also in the second scaling the assumptions of Theorem are satisfied, and
again it follows that for each £ > 0, the weak limit of the normalized zero counting
measures of the polynomials By, as k,n — oo, k/n — &, exists and is given by
@C20).

The proof of Propositions [[.4] and are given in Section [

1.5. Equilibrium problem. In both scalings we find for each £ > 0 a probability
measure of the form

1 r¢
(1.29) V5= —/ ui ds
€ Jo
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as the weak limit of the normalized zero counting measures. The main result of the
paper is that this measure can also be obtained as the first component of a vector
of measures (ul5 , ug ) that satisfies a vector equilibrium problem. For the case p =0
and £ = 1, it reduces to the vector equilibrium problem ([CI)-(T4) stated in the
introduction.

We will use a recent result of Duits and Kuijlaars [6] which in the present context
says that the measure pf that gives the limiting eigenvalue distribution of the
Toeplitz matrices with symbol (L.24)) is part of a vector (uf, p5) that is characterized
by a vector equilibrium problem.

The second measure p5 is supported on I'y(s) (see (L23) and is given by

hw e (ST - L)

for x € T'2(s). Then p is indeed a positive measure on I'z(s) with total mass 1/2.
The result of [6] in this special case is the following.

Theorem 1.6. For each s > 0 we have that the vector (u$,us) is the unique
minimizer for the energy functional

(1.31) // log —— dMl )dp (y //log duz( )dpz(y)
//log dul( )dpa(y)

amonyg all vectors (p1, p2) satisfying supp(p;) C T'j(s) for j =1, 2 and

)
duy =1 d L
M1 = 1, M2 = 2

The measures (i and 3 satisfy for some constant £°,
(1.32) 2/10g |z — yldui(y) — /10g [z —yldus(y) = €5, @ €T(s),

(133) 2 [logle ~yldus(w) — [logle —sldit() =0, @€ Ta(s)

The conditions ([32)—-(L33) are the Euler-Lagrange variational conditions for
the vector equilibrium problem.
Recall that we have (L.29) and similarly we put for £ > 0,

1 r¢
(1.34) s = —/ 15 ds.

€ Jo
Then v5 is a measure on Us<e T2(s) = (—oo, —p?t? /4a] with total mass 1/2. We
obtain the vector equilibrium problem for (Vf, ug ) by integrating the vector equilib-
rium problem for (u§, u§) with respect to s, in particular the variational conditions
([C32)-(T33). A complication is that the intervals I'1(s) and I'y(s) are varying with
s. The fact that I'y(s) is increasing with s induces, after integration, an external
field on uf . The fact that I'y(s) is decreasing as s increases leads to the upper

constraint on Vg .

Theorem 1.7. Define

e z1(z, 8)
1.35 Viz) =
( ) ( ) ~/0 ZQ(ZE,S)
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T T 7 T T T T
,

a=1,t=02,p=0,({=1

FIGURE 3. Graphs of the densities of ¢ (dashed) and v5 on the
negative half line and the density of 1/15 on the positive half line,
for the case p =0 and ¢t < t*.

and

(1.36) U:/ 5 ds.
0

Then for every & > 0, the vector of measures (Vf, VS) is the unique minimizer

for the energy functional

(1.37) // log —— dl/1 Y (y // log —— dz/g( )dva(y)

//log dyl( )dva(y) + %/V(I)dul(x),

over all vectors of measures (v1,v2) such that supp(v1) C [0,00), [din = 1,
supp(rz) C (—00,0], [dve =1/2, and

vy <

m|,_.

The measures Vf and I/g are characterized by the following variational conditions

(1.38)

=, for z € supp(i}),
V(@)

1
2/1og|x—y|duf(y) - /10g|x—y|du§(y) + Vi <, forz € |0,00)

for some ¢, and

(1.39)

=0, forz e supp(o — &),
2 [ log|z — y|dvs _/1 — yldvt 3
/Oglx yldvs (y) og |z — yldvi(y) >0, forz € C\ supp(o — £5).

The proof of Theorem [[.7]is given in Section
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a=1,t=09,p=0,({=1

FIGURE 4. Graphs of the densities of o (dashed) and 15 on the
negative half line and the density of Vf on the positive half line,
for the case p =0 and t > t*.

1.6. Evaluation of V and o. In a final result we are able to evaluate the integrals
(C38) and (L30) that define V and o.

Theorem 1.8. For every p > 0, we have

/22
(1.40) V(x) < Pttt daz plog (\/p2t2 +dax — pt)

RN t
+ @ + plog (2a(1 — 1)),
and o is the measure on (—oo, 0] with density
(1.41) d(;(x) _ S Jorae _Of’;p:ﬂ ’
z 0 forx € —%,0} .
Note that for p = 0, the external field (T4Q) is
L2) V)= g - 2 S B - va - )2

and the constraint (41 is the measure with density

dO’(:Z?) _ ﬁ|x|fl/2

dzr 7t

Remark 1.9. Figure [3 shows the graph of the densities of o, ulf and V§ in the case
p = 0 and t below the critical time ¢*. This corresponds to the case where the
non-intersecting paths did not come to the hard edge. The constraint ¢ is not
active and uf is supported on a interval which is at a positive distance from zero.
Figure [ illustrates the case p = 0 for ¢ > t*. Here the constraint ¢ is active in an
interval.

Figure [0l shows the densities of o, 1/15 and v5 for p > 0. For all values of ¢, the
constraint ¢ is active in some interval and Vf is supported on an interval which is

at a positive distance from zero.

x € (—00,0].
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a=1,t=09,p=1, (=1

FIGURE 5. Graphs of the densities of o (dashed) and 15 on the
negative real line and the density of 1/15 on the positive real line for
p>0.

Remark 1.10. It was pointed out that if we let n — oo, the paths fill out a region
in the tz-plane. This can be observed in the left figure of Figure [ for the case
p = 0 and in the right figure of Figure [Il for the case p > 0. The region filled by
the paths, for a fixed time ¢ € [0, 1], is exactly the interval [5(1),v(1)]. We can
obtain (1) and v(1) by computing the zeros of the discriminant of the polynomial
22 A1 (2) — 222 with respect to z, which is the following algebraic equation of degree
three in z:

daz® — [8a*(1 —t)* + dat(1 — t)(2p + 5) — t*(p + 1)*]2”
+(1-1) [4a®(1—t)3+4a’t(1—1)*(2p—3) +2at* (1 - 1) (p* +p+6) — 23 (p+2) (p+1)?] =
+ptP(1—t)*[a*(1—t)* +2at(1 —t)(p— 1) + *(p+ 1)*] = 0.

If p = 0 then the algebraic equation reduces to
(1.43) z(4az?® — x(8a*(1 — t)* + 20at(1 — t) — t*) + 4(1 — t)(a(l —t) — t)*) = 0.
We can compute explicit expressions for the solutions in this case

z1(t) =0,

xo(t) 81 (8a®(1 — t)? — t(t — 20a(1 — t)) — \/t(t + 8a(1 — t))3),

a

x3(t) = 8—1a(8a?(1 —t)® —t(t +20a(1 —t)) + V/t(t + 8a(l — 1))3).

Remark 1.11. If we let a — 0 and s = 1, then the symbol ([.27)) becomes

(1+2t(1—1)2  pt(1 —t)(1+ 2t(1 —1t))
22 + z
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FIGURE 6. Numerical simulation of 50 non-intersecting paths for
a=0and p=0 (left), p > 0 (right).

The solution z3(x,1) tends to zero as a — 0. On the other hand, the solutions
z1(z,1) and z3(z, 1) have limits (with appropriate choice of +-sign)

a() = 510~ D +2) + 5 + 5 (@~ ) — ),

2 2
5 (= ()& — o)

z9(x) = —%t(l —t)(p+2)+

|8

as a — 0, where

pit) =t(1=t)(p+2-2Vp+1),  pa(t) =t(1 =)(p+2+2/p+1).

One can show that v; is the Marchenko-Pastur distribution, see e.g. [9], with density

) ST, st

Figure [l shows simulations of 50 non-intersecting squared Bessel paths for the case
a = 0 and the boundaries p1(t) and p2(¢) of the region filled by the paths as n — oo.

The rest of the paper is devoted to the proofs of the theorems and propositions
stated above. Theorem is proved in Section 2 Proposition in Section B]
Propositions [[.4] and in Section ] Theorem [[.7 in Section Bl and finally Theo-
rem [[.§] is proved in Section

2. PROOF oF THEOREM

Before proving Theorem we will state a result concerning ratio asymptotics
of polynomials satisfying a recurrence relation (LIZ2) with varying recurrence coef-
ficients.

The following lemma will be used in the proofs of Theorem and Lemma

Lemma 2.1. Suppose that the zeros of the monic polynomials Py and Pgy1, with
degrees k and k + 1, respectively, are simple and real, lie in an interval [— R, R] for
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some R > 0, and are interlacing. Then we have

Pk(z) 1
(2.1) P (5)| = dst e R for z € C\ [-R, R],
Pk(z) 1
(22) Pk+1 (2) = m fOT |Z| > R,
Pk (Z) ! 1
(2.3) (Pk+1(2)> < Tste LR R for z € C\ [-R,R].

Proof. Inequalities (Z1) and (Z2]) can be found in [I4, Lemma 2.2]. The proof of
[23) is similar to that of 2.1I). O

We consider the doubly indexed sequences of polynomials { Py ,,} generated by
the m-term recurrence relation (LI2]) and we assume that the recurrence coefficients
have scaling limits

lim b = b0 (s).
k/n—s
Lemma 2.2. Under the assumptions of Theorem [[.4 we have that for each s > 0,
there exists R > 0 so that all zeros of Py, ,, belong to [— R, R| whenever k < (s+1)n.
Moreover,

(2.4) im  Dettn(®)

k/n—s Pk)n(x) :2’1(33,5),

uniformly on compact subsets of C\ [-R, R].

Proof. Fix s > 0. The convergence (L.T9) imply that the recurrence coefficients
are uniformly bounded if k/n is restricted to compact subsets of [0,00). So, the
number R defined by

(2.5) R i= sup{1+ b0 + [0 + -+ [ 2] [k < (s 4+ 1)n}

is finite.
By the recurrence (I.I2) we have Py, (z) = det(zI; — My,,) where My, is the

matrix

by 0
| 0
1
(2.6) My = | 00"
. ST
. . 1
R PO L

The zeros of Py ,, are equal to the eigenvalues of My, ,,, and their absolute values are
bounded by the maximum absolute row sum of My, ,,. Therefore, by the definition
23), if k < (s+ 1)n then the zeros of Py, lie in the interval [—R, R].

We consider the family of functions

Pyy1n
(2.7) ”H_{ ;jl’ |k,n€N,k+1§(s+1)n}.
k,n
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Because of the assumption (a) in Theorem .2 we can apply Lemma 21lto Py, and
Piy1p. It follows from 210, (22) and 27) that the family A is a normal family
(in the sense of Montel) on C\ [—R, R].

Using induction on I, we will show the following.

Claim: For each [ > 0, the following holds. If {k;};, {n;}; are sequences of
non-negative integers with k;,n; — oo, k;/n; — s as i — oo, so that

T Pki+1,ni($)
(2.8) @)= lm =y

exists for |z| > R, then
(2.9) fa) = z1(2,8) + O™
as x — 00.

We have z1(x,8) = 2+ O(1), as * — oo, and so it is clear that (29) holds for
[ =0.

Now assume that the claim holds for I > 0. Let {k;} and {n;} be as in the claim.
Since k;/n; — s as i — oo, we may assume that k; < (s 4+ 1)n; for every . For
7 =0,...,m — 2, we then have that

PkiJrl*j,’n,i
Pr,—jn;

belongs to the family . Since it is a normal family, we may assume, by passing to
a subsequence if necessary, that

; . Pk--l—l—‘n'(x)
2.10 U)(g) = ljm —tlzpnils/
exists for # € C\ [-R,R] and j = 0,...,m — 2.
Now we divide the recurrence (LI2) by Py, and replace k and n by k; and n,,
to obtain for each 7,

m—2

o= Borrn@) o) N~y Projnd (@)

Pk}iﬂli (‘T) Fioms j=1 b Pki;’ﬂi (JJ) '
We let i — oo, where we note that by (CI9)

b b9 (s)

Rz

and by (2.10)
Pki*jqni (‘T)

-1
D(z)... @
py V@ r0w)

forx € C\[-R,R] and j =1,...,m — 2. Thus

m—2 ) ) 1
2= f(@) +50(s) + 360 () [fV (@) fO (@)

j=1

for all z € C\ [-R, R].

Now by the induction hypothesis we have for j =0,...,m — 2,

f(j)(x) = z1(z, s) + O(x_l) = z1(x, 8) (1 + O(x_l_l)) as T — oo.



16 A.B.J. KUIJLAARS AND P. ROMAN

and so

S
w

F@) =2 =60 () — 3 b0 [f0@) 1O @)]

<.
—

=z —bO(s)— ja b9 (8)z1 (,8) 77 (1+ O(xflfl))
o
=z —bO(s)— b9 ()21 (x,8) 7 + O(z2).

Since z1(z, s) is a solution of As(z) = x, we have

—2
z—bO(s Zb s)z1(z,8) 77 = 21 (x, 5)

and so we obtain
f(x) =21(z,8) + O(x™'7?)

as ¢ — 0o, which proves (29) for [ 4 2.

The claim now proved, we finally show how the lemma follows from the claim.
First note that f is analytic in C\ [-R, R] and = — z1(z, s) is defined, analytic and
non-zero in C\ I'y(s). Thus, if (Z9) holds for every [, then clearly f(z) = z1(x,s)
for x in a neighborhood of co in the z-plane, and by analyticity the equality extends
to C\ ([~ R, RJUT1(s)). Next, recall the assumption (b) in Theorem [[.2] which says
that I'; (s) C R. Then it easily follows by its definition that z;1(z, s) cannot possibly
have an analytic continuation from C\ I';(s) to a larger set. Thus I';1(s) C [—R, R]
and it follows that

Po i1
(2.11) i Dhittn (2)

A = z(x, ), xe€C\[-R,R],

for all sequences {k;}, {n;} as in the statement of ([2.7]).
Then by a standard normal families argument (recall that the family H is a
normal family) (Z4]) follows.
O

Proof of Theorem Let £ > 0, and take 0 < s < 1. From Lemma 2.2] there
exists R > 0 such that all zeros of Py, belong to [-R, R]. For k € N, we use |sk]
to denote the greatest integer less than or equal to sk. We observe that

lpé,n(x) 71 <Pl+1 n( ) P]/,n(x)>
k Py (x) k P (x)  Pjn(z)

/ !
(2.12) :/ PLskJH,n(fE) _ PLskJ,n(x) ds
o \ Plskj41n(®)  Plsk)n(T)
By taking the logarithmic derivative of (Z4]) and using (LIR) we obtain

1y (Henal Flan®) s faio)
k/n—€ \ Plskj+1,0(2)  Plok)n(®) z1(z, s€) T—y

Jj+1,n\T
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uniformly on compact subsets of C\ [-R, R]. From ([22)) and (23] in Lemma 21

we obtain
_ ( Pk n () )/
PLsijrl,n (:E)
2|2|
<
~ dist(z, [ R, R])?

for |z| > R. Therefore we may apply Lebesgue’s dominated convergence theorem
and it follows by (ZI2)) and (m)
1h lé / / dMl
T €
Therefore we have that
k/n—>5 k Pk n

k/ilnig k Py (
for all z € C\ [-R,R]. This gives, by a standard argument, see [15], that the

polynomials P ,, have
1 [¢€
=g [ s
€Jo

as limiting zero distribution as k/n — &. (I

Plokj+1,0(@) _ Plog)n (@)
Plskj+1n(x)  Plog)n(r)

(214) ‘Pl_skj-i-l,n(x)

PLskJ n (:E)

3. PROOF OF PROPOSITION

In [4] it is proved that the weights (w1, w2) from ([3]) are such that there exist
discrete measures o1 and oo on (—oo, 0] such that

w9 (ac) /0 dO’l (t) w1 (JJ) /0 d0'2 (t)
2N g 2

wy (z) oo T—t7 wa(x) r—t’

From this it is shown in [4] Theorem 4] that the weights (w1, w2) form an AT-system
on [0, 00), which means that for any nq,ne € N, the set of real valued functions

Frame = {wi(x), zwi(z),. .., 2" wi(x), wa(x), zwe (), ..., 2 2w ()},

is a Chebyshev system on (0,00) i.e., every linear combination Z"1+"2+2 arPk,

with vr € Foynes ¢k # ok if k # K, and (a1, ..., angmt2) # (0,...,0), has at
most n1 + ng + 1 zeros in (0, 00).

A consequence of this result is that for every ni,no € N there is a unique monic
polynomial B,,, , of degree n; + ny satisfying the orthogonality conditions

xz > 0.

— 00

(3.1) /0 By, (2) 2w (z)dz = 0, for k=0,1,...,n; — 1, j=12.

The polynomial B,, », has exactly ny + ng simple zeros in (0,0), see e.g. [19].
Comparing B1)) with (LH) we see that B, = By, n, with n1 = n2 = n/2 if n is
even, and ny = (n+1)/2, ng = (n —1)/2 if n is odd.

The interlacing of zeros now follows from Lemma 2.3 and Remark 2.1 of [I].
Indeed there it is shown that for any n;,n2 the zeros of By, ,, are interlaced with
those of By, 41,1, and with those of By, n,41-

For convenience of the reader, we give the proof of interlacing following [I] (see
also [8, Lemma 5 and Corollary 1] for a different approach). We show that the zeros
of B, n, interlace with those of By, +1,n,, the proof for By, »,+1 being similar.
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FIGURE 7. The graph of A,(z) (L27), z € R, for p > 0.

Let us consider a polynomial P = aB,, n, + bBn,+1,n, with (a,b) # (0,0). Let
us assume that P has a double real zero at ( € R. Then

(3.2) P(2) = aBpy ny (%) + 5By, +1.m,(2) = (x — ¢)*R(x), deg R < mni+mng—1.
From the orthogonality conditions (B]) it follows that R satisfies

/ R(x)2* (z — ¢)%w;(2)dz = / (aBay () + DBy 11y (1)) w; ()l
0 0
=0 fork=0,...,n; —1, j=1,2.

(3.3)

Thus R has multiple orthogonality conditions with respect to the weights (w1, w2)
where

w1 (z) = (x—Q)*wi(z), and  Wa(z) = (x — () wa(x).

By the same reasoning as in [4] it follows that (wy,ws) is also an AT system on
[0,00). It follows that any monic polynomial R that satisfies (83) should have
degree > ny + no, and this is a contradiction.

Therefore the polynomial P has only simple zeros in R. This means that for
every fixed x € R, the linear system

(G s ()= 0)

has only the trivial solution a = b = 0. Then the determinant is non-zero

Bn11n2 (:E)Bf/zhtlﬂm (:E) - Bn1+17n2 (I)Bél,ng (I) 7£ 07 S R,

which readily implies that By, », has opposite signs at consecutive zeros of By, 41 n,-
It follows that between two consecutive zeros of By, 11, there is at least one zero
of By, n,, and this proves the interlacing of zeros. g
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4. PROOF OF PROPOSITIONS [I.4] AND

Propositions [[.4] and will be proved simultaneously. First of all we observe
that the symbol allows for a factorization

(4.1) As(z) = (z =)z =ra)(z = 75) with 71, 79,73 <0,

2 )
z
see (L24) for the case p = 0, and (I.2Z7). We order the roots so that
ry <1y <rg<0.

If p > 0, then it is elementary to check from (L27) that all zeros are distinct.
Figure [T shows the plot of A,(z) for the case p > 0. If p = 0, then it follows from

(C24) that

ri =1y <13z <0, if st < a(l —1),
r1 =12 =13 <0, if st = a(l —t),
e <rg=13<0, if st > a(1 —1).

These three cases are illustrated in Figures 8 [ and [I0] respectively.
The derivative of A4(z),
Al(z)=1—c(s)z7? —2d(s)z 3,
has three roots in the complex plane. From Figures[7 Bl [ and [I0] we see that all
zeros are of Al are real. We denote the zeros of A’(z) by y1, y2 and ys so that
Y1 <y2 <0 <uys,

as indicated in the figures. The equality y; = y2 only holds if p = 0 and s = s* as
in Figure[@ To indicate the dependence on s we also write y1(s), y2(s) and y3(s).

Before proving Propositions [[L4] and we first need two lemmas. The proofs
of these lemmas only use the fact that the zeros r; of the symbol A, are strictly
negative.

Lemma 4.1. Assume that z1,z2 € C are such that z1 # 29, |21| = |22| and
Ag(z1) = As(22) = . Then z1 = Zo and x € R.

Proof. The complex numbers z; and zy lie in a circle of radius p = |z1] = |22
centered at the origin in the complex plane. Then from ([@I]) we have
 dist(z, 1) dist(z, o) dist(z, r3)
- 2

p

A (2)] L il =p.

Since all r; < 0, it follows that
[—m, 7] = R: 0 |As(pe?)]

is an even function which is strictly decreasing as 6 increases from 0 to 7.
Thus equality
[ As (pe')] = |As(pe'®),
with 01 2 € [, 7] and 6y # 02 can only occur if 3 = —6;. Then it follows from
the assumptions of the lemma, that z; = Z3, and

x=As(z1) = As(z1) = As(22) =T
so that x € R. H
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FIGURE 8. Graph of A,(z) (L24), z € R, in the case p =0, s < s*.

Lemma 4.2. For each s > 0 we have I'1(s) UT'2(s) C R. Moreover, if p > 0 or if
p=0 and s # s* =a(l —t)/t, then T1(s) NT3(s) = 0. On the other hand, if p =10
and s = s*, then T'1(s) NTa(s) = {0}.

Proof. If x € T'1(s)UT'2(s) and A(z)—x has a double root, then there exists z; € C
such that As(z1) = 2 and A/(21) = 0. Since all zeros of A’(z) are real, it follows
that z; € R.

If 2 € T'1(s) UT'z(s) and A4(z) — x does not have a double root, then there exist
21,22 € C such that z1 # 29, |21] = |22| and x = As(21) = As(22). Lemma [£1] says
that = € R. This proves that I'y(s) UT2(s) C R.

If z € T'y(s) NTy(s), and s # s* if p = 0, then there exist three solutions of
As(z) = . One negative solution z; < 0 and two complex conjugated solutions
z9 and Zy (see Figures[d B [I0). Moreover z1 # z2 and z; # Za2. Now |z1]| = |22
(x € T1(s)) and As(z1) = As(z2). Therefore we can apply Lemma A1] and we
obtain z; = Zz which is a contradiction. Then I'y(s) NT'2(s) = 0.

The fact that I'1 (s*) NT2(s*) = {0}, if p = 0, follows directly from Figure[@ by
observing that z = —a(1 — t)? is a triple root of A,(z). O

Proof of Propositions [[.4] and If p > 0 then there are three local extrema of
As(z), namely B(s),7(s),n(s), such that

n(s) <0< B(s) <v(s).
If © € (n(s),B(s)) U (v(s),00), then there exist three different real solutions of
As(z) = x. Tt is easily seen that these solutions also differ in absolute value (Fig-
ure [7] and Lemma A1if = € (y(s),00)). On the other hand, there is one real and
two complex conjugated solutions whenever z € (—oo,n(s)]U[B(s),v(s)]. Therefore

I'1(s) UTa(s) C (=00,m(s)] U [B(s),v(s)].
We have that A;(z) = ~v(s) has a double root y3 = y3(s) > 0 and one negative
root whose absolute value is less than ys(s). Thus v(s) € I'1(s). Also B(s) € T'1(s).
Now the fact that I'; (s) is connected (see [I8],[2, Theorem 11.19]) says that I'1(s) =
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As(2)

Y1 = Y2 \ 93 <

FIGURE 9. Graph of As(z) (I24), z € R, in the case p =0, s = s*.

[B(s),7v(s)]. On the other hand A4(z) = n(s) has a double root at y2(s) < 0 and a
negative root whose absolute value is larger than |y2(s)|. Therefore n2(s) € I'a(s)
and Iy (s) = (—oo,n(s)].

The case p = 0 follows analogously by studying Figures B [0 and [I0] whenever
st <a(l—t), st =a(l —1t) or st > a(l —t), respectively. We deduce from Figure [§
that n(s) = 0 for st < a(l —t). On the other hand, Figure [[0] shows that 5(s) =0
if st > a(l —1t).

We shall prove that (s) is an increasing function. The monotonicity of 5(s) and
n(s) is proved with similar considerations. Observe that the function

Bls,s) = Ay(s2) = 2ol = D)+t —1) | pt1 =t +t0-1)

22 z

as a function of z, has a local minimum at y3(s)/s and

v(s) = As(ya(s)) = Blya(s)/s, 5).
If we take the partial derivative of B(z, s) with respect to s we obtain

0B(z, s) _ (z+t(1—1))? '

0s z

which is positive for all z > 0. Then the fact that z — B(z, s) has a minimum at
y3(s)/s implies that

() = 3B(y3(§z)/8,8) (yé(S)Ssg ys(s)) 33(1/3(52)/575) _ 3B(y3(gz)/s,8) >0,

and therefore «(s) is increasing for all s > 0.
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As(2)

FIGureE 10. Plots of As(z) (L24), z € R, in the case p = 0,
s>a(l—1t)/t.

If p > 0, it is a straightforward computation that y1(s), y2(s) and ys(s) have the
following behavior as s — oo

y1(s) = st(1 —t) + O(1),
ya(s) = —2a(1 —1)* + O(s71),

ys(s) = —st(1 —t) — %t(l —p+O(s ).

Then we obtain
1(s) = Aulys(s) = 4st(1 — 1) + O(1),
Bls) = Aluals) = 77(1— s~ + O(s72),

S
n(s) = As(y1(s)) = e T O(s),
as § — oo. This proves the limits
lim S(s) =0, lim y(s) = o0,  lim 7(s) = —o0,
and completes the proof of the propositions. O

5. PROOF OoF THEOREM [1.7]

From the definitions of v and v5 in (I29) and (I34), it is immediate that
supp(v$) C [0,00), [dvt =1, supp(v§) C (—00,0] and [dvs = 1/2. In fact, from
(C29) and the fact that the sets I'1(s) = supp(u$) are increasing as s increases (see
Propositions [ and [[3)) it follows that

(5.1) supp(vi) = | Ti(s) = T1(8).

s<¢
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From (I34) and the definition of ¢ in (3], it is then also clear that

1 /¢ 1 [>™ 1
Vg:g/o ugdsgg/o ugds:go,

and
(5.2) o — & :/ usds
3
so that
(5.3) supp(o — &v5) = U Ty(s &)

s>€

where the last equality holds since the sets I'z(s) are decreasing as s increases, see
also Propositions [[.4] and

Thus in order to establish that (uf, 1/5) is the minimizer of the energy functional
(C37) under the conditions stated in Theorem [[7] it suffices to prove that the
variational conditions (IL38) and (I39) are satisfied.

The proof of (L38)) and (L39)) will be carried out by integrating the variational
conditions ([L32) and (L33) with respect to s from 0 to £. The proof of Theorem
2.3 of [6] contains a more general expression for the variational conditions ([32])
and ([33]), which is valid for any complex number z, namely

s _ B s s 21(.%',8)

(5.4) 2 / log & — yldyi (=) / log [z = yldpz(w) — £ =log| ZE=
e B sin zo(x, 8)

(5.5) 2/10g|w—y|du2(w) /10g|$ yldpi(x) = log z(z,8) |

These conditions reduce to (L32)) and (L33) whenever z € I'1(s) and x € T'y(s),
respectively.
Proof of (I38). If we multiply both sides of (B4l by 1/¢&, integrate with respect to

s from 0 to £, and interchange the order of integration, then we obtain
(5.6)

2 / log |z — yldvf () — / log o — ylduf(a) ~ £ = ¢ /

for some constant £ € R, where v and 15 are the measures defined in (L29) and

([34), respectively.
Let z > 0. Since |z1(z, s)| > |22(x, s)| for every s it follows from (5.6]) that

(5.7)
2/10g|x — y|dvt (z) — /10g|x —yldv5(x) — £ < %/0 1 ds = ZV(x)

If 2 € supp(+%) then x € I'1(€) by (B.I) and therefore x € I'y(s) for every s > &,
since the sets are increasing. Thus |zl (x,8)] = |22(z,s)| for every s > &, and
equality holds in (5.7) for « € supp(v/%). This completes the proof of (L38).

Proof of of (I.39). If we multiply both sides of equation (G.5]) by 1/¢, integrate with
respect to s from 0 to £, and we interchange the order of integration we obtain

2/1og|x—y|du§< ) /1og|x—y|dul 5/

ds, zeC,

z1(z, 8) 1

z9(x, 8)

223:5
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Since |za2(z, 8)| > |z3(x, s)| for every s > 0 it follows that

(5.8) 2/10g|x — yldv§(z) — /10g|x — yldvt(z) > 0, xzeC.

Equality holds in (5.8) if and only if |22(z, s)| = |23(z, s)| for every s € (0,¢&], that
is, if and only if

z € [ Dals) = [a(€) = supp(o — €1),
s<¢

where the first equality holds since the sets I'y(s) are decreasing as s increases, and

the last equality holds because of ([E3]). This completes the proof of (L39]). O
6. PROOF OF THEOREM [[§

Before starting with the proof of Theorem [[.8 we establish the following lemma.

Lemma 6.1. Let A (z) be given by (L21), and let z1(x, s), z2(x, s) and z3(x, s) be
the solutions of As(z) = x, ordered as in (LI5). Then

lim z;(2,8) =2 — pt(1 —t) —a(l —t)?,
s—0+
lim s~'20(z, 5) 2at(1 —t)?
im s” za(x,s) = — )
(6.1) 50+ g 2a(1 —t) + pt — \/p?t? + dax

2at(1 —t)?
lim s 'zz(z,8) = at( )

50+ " 2a(1—t) + pt — /PP + daz

Proof. The lemma follows by a straightforward computation. O

For the proof of Theorem we need to establish the two identities (I40) and

(L.4T)

Proof of (L40). Let > 0. From Propositions[[4land [CHlit follows that there exist
a unique s*(z) > 0 so that for all s > 0

xel(s) = s2>s%(x).
Then log |z (x, s)/z2(x, s)| = 0 for all s > s*(x), and so by (L30)

s™(x)
(6.2) V() :/ log
0
There is a special value

ro = (1= t)(a(1 — 1) +pt) = lim f(s) = lim +(s)

z1(z, 8)
zo(x, 8)

ds.

that belongs to every I'1(s) for all s > 0. Then s*(z¢) = 0 and
(6.3) V(zg) = 0.
The derivative of ([62) is

(6.4) V,(x):/05*<w>(21(1 Omlws) 1 622(””"9))@.

z,s) Oz zo(x,s) Ox

In order to handle this integral we introduce new variables

(65) 21(;575) — @, 22(I,S) _ Z2(§,5)7 zg(.fE,S) _ Zg(j,s)'
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Since z;(x,s) for j = 1,2,3 is a solution of As(z) = z, it follows that Z;(z, s) for

j=1,2,3is a solution of the equation B(z,s) = x where

(sz2+a(l —1)?)(z+t(1 —1t))? N pt(l—t)(z+t(1—1t)
22 z

(6.6) B(z,s) =

Taking partial derivatives with respect to s and x on both sides of B(Z;(z, s), s) =
x, and applying the chain rule, we obtain

0B 0zj(x,s) 0B B
61 <E(2’g($75)75)) —5s g(%(%s)vs) =0,
: 8_B(~( ). 8) 0zZ;(z, s) _
5, Cile,8),8) | — 5=
for j =1,2,3. From (64), it is elementary to deduce that
OB ~ Gi(z,s)+t(1—1))?
g(zj (z,5),5) = Zj(z,s) '
Combining this with (67]) we obtain
1 0zj(z,s) 1 0z (x, s) _
(6:8) Zj(z,s) Ox (Zj(x,8) +t(1—1)2 9s J=123

Using ([@.8) in (64) we get

o s*(x) 1 8’51(3;75)_ 1 0%y (x, s)
Ve = /o <<51(x,s>+t<1—t>>2 95 G@e)+1-DF 05 )ds’

which can be written as

o (@)
(6.9) V'(z) = /0 % (F(zi(w,s)) — F(22(w,s)))ds
with

From (69) and the fundamental theorem of calculus, we have
(6.11) V'(z) = F(21(,5™(2)) = F(Z2(w,s"(2)) = lim (F(Zi(2,5)) = F(Z(, 5)))-
By definition s*(z) is the smallest value of s > 0 for which « € I';(s). Then

x = (s*(x)) if zp < z and z = B(s*(z)) if 0 < z < xo. We can observe from
Figures [[HIQ that 21 (y(s), s) = z2(y(s), s) and 2z1(8(s), s) = 22(8(s), s). Therefore

21z, 5" (x)) = Za(x, 5" (2))

and (E.IT) reduces because of ([610) to

1 1
6.12 V'(z) = — li — .
(6.12) (@) == Mim, (51(:17, S+ t(l—1) Za(z,s) +t(1— t))
From (G5) and Lemma [6.1] we find that

lim % (2, 5) d lim S, 5) 2at(1 —t)?

im zi(z,s) =00 an im z(z,s) = — .
s—0+ ! s—0+ 2 2&(1 _ t) +pt _ /p2t2 + dqx
Then ([G.I2) leads by straightforward computation to

(6.13) Via) = —— _ 20

(-t t(\/ P22 + dax — pt)




26 A.B.J. KUIJLAARS AND P. ROMAN
We obtain V(x) by integrating (G.I3]) with respect to z. Thus

VP22 +4
V(x) a Pt cax plog(+/pt? + dax — pt) + C.

R t -

The constant of integration C should be such that V(z¢) = 0, see ([G.3]). This leads
to

C = “(lt_ D 4 plog(2a(1 — )

and (L40) is proved.
Proof of (L4I)). The measure o, introduced in ([36]), has the density

do(x) ° dus(z)
14 7 — i
(6.14) dx /0 dx ds, z<0,

where dus(z)/dx =0 for = ¢ I'2(s) and by (L30)
B3) 1 (B9 s\ 1 [(Aans) )
dr 2w \z2_(2,8) 294(w,8)/) 2mi \z34(w,8) 224(x,8))’
for € T'y(s). The last equality comes from the fact that zo_(x,s) = z34+(z, s) for
x € Ta(s).
From Proposition [LH it follows that duj(z)/dz = 0 for every x € (—p?t?/4a,0]
and every s > 0 so that
do(x)
dz

Let 2 < p*t?/4a. Again from Proposition (or from Proposition [[4] in case
p = 0) it follows that there is a unique s*(z) > 0 so that

=0 for z € (—p?t?/4a,0].

x € T'a(s) = s < s*(x).
Then dus(z)/dz = 0 for s > s*(x) so that (GI4) is in fact a finite integral
5 (@)
(6.15) do(x) _ i/ 1 Oz(w,s) 1 Ozai(x,s) ds.
dz 27t Jo 2z (x, ) Ox zoy(x,8)  Ox

The computation of (GIH) is similar to the computation of ([@4]) given above.
We use the functions Z;(z, s) as in ([G.5) and the function F' as defined in (G.10).

From (G.8) and (G.I5) we then get
do(z) (7@ 1 O%ay 1 %oy
2 __z; Q%++m1—wﬁ 9s  (Goy +t(1—1))2 Os >dS
= F(Z34 (2, 5" (2))) — F(Z21 (2, 5" (2)))
— lim (F(Z34(z,s)) — F(zZ24(x,9)))

s—0+

616) == lim (FE(r.s) - FE(.9)

since zZa4 (2, s*(x)) = Z54(z, s*(x)).
Since x < —p?t?/4a, we obtain from (6.5) and Lemma [G.1]

= 2at(1 —t)?
lim Z(z,s) = lim s 'za(z,8) = — at(l —1)

s—0+ s—0+ 2a(1 — t) + pt — i/dalz| — p2t2’

2at(1 —t)?
lim Z3(z,s) = lim s ! at( )

z3(x,8) = — ' .
s—0+ s—0+ 2a(1 —t) + pt + i/4al|x| — p3t?
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Using this and (GI0) in (@I0) we easily get

DL G Y ! - !
0 T S0t \ Bz s) +H(1— 1) Za(w,s) + (1 — 1)
dalx| — p?t?
=l
t||
which completes the proof of identity (LAI). O
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