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Moduli of smoothness and growth properties of Fourier transforms:
two-sided estimates

D. Gorbachev and S. Tikhonov

ABSTRACT. We prove two-sided inequalities between the integral moduli of smoothness of a function
on R?/T? and the weighted tail-type integrals of its Fourier transform /series. Sharpness of obtained
results in particular is given by the equivalence results for functions satisfying certain regular condi-
tions. Applications include a quantitative form of the Riemann-Lebesgue lemma as well as several
other questions in approximation theory and the theory of function spaces.

1. Introduction

This paper studies the interrelation between the smoothness of a function and growth properties
of Fourier transforms/coefficients. Let us first recall the classical Riemann—Lebesgue lemma: |fn| —0
as |n| — oo, where f € L'(T%). Its quantitative version, the Lebesgue type estimate for the Fourier
coeflicients, is well known Vol. I, Ch. 4, § 4] and given by

~ 1
Flsa(fio) . serim) (1)
1
where the modulus of smoothness w;(f,d), of a function f € LP(X) is defined by
_ !
Wi (f75)p = \il|1§p5HAhf($)HLP(X), 1<p<oo, (12)

and
AL f(@) = A (Arf(2),  Anf(x) = f(z+h) — f(a).
For the Fourier transform, the estimate similar to (LI can be found in, e.g.,

Feon s (fg) - Fer@) (1.3

where the Fourier transform is given by
GE 5 f(@)e’™® de, ¢eR™ (1.4)
However, unlike (I the inequality ([3]) cannot be extended for the range p > 1 (see section

below).

Very recently, Bray and Pinsky [BP1, BP2] and Ditzian [Di] (see also Gioev’s paper [Gi])
extended Lebesgue type estimate for the Fourier transform/coefficients. We will need the following
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avarage function. For a locally integrable function f the average on a sphere in R? of radius ¢ > 0 is
given by

Vif(z) :——/_ _ fly)dy with Vi1=1, d>2.

For [ € N we define
l
Viad) = o 317 (2 )vsa)

—J

THEOREM A. Let f € LP(RY), d>2, and 1 <p <2, 1/p+1/p' =1. Then fort >0,1 €N,

~ p’ /v
([, [min s 171" ) £f = Viesl 1<p2, (1.5
and
sup [min(L, ) |F©)I] < I1F = VieS - (1.6)
£eRE

Similar results were also proved for moduli of smoothness of functions on R and T¢ (see [Di]). In
the rest of the paper we will assume that ¢ > 0, [ € N, and

U(ft)p =I1f =Viefllp, 0=2, (1.7)
if d > 2 and
Q(f,t)p =wi(fit)p, 0=1 (1.8)
ifd=1.
The main goal of this paper is to extend inequalities (3] and (LG) in the follgwing sense. First,
we prove sharper estimates by considering the weighted L? norm of min(1,¢¢])?|f(¢)], that is,

| minLen ]|, S0 p<a (1.9)

with the certain weight function w. Then varying the parameter ¢ gives us the better bound from
below of ;(f,t),. In particular, if ¢ = p’ we arrive at (L.H) and (6.

Second, we prove the reverse inequalities showing how smoothness of a function depends on the
average decay of its Fourier transform:

Q(f,1)y S ||min(L, )| FE)| <, (1.10)

La(u)

Third, we define the class of general monotone functions and prove that for this class the equivalence
result holds:

(1) = || min(L,de)™ F| . (1.11)
Lr(u)

Note that for p = 2, this follows from (L9) and (II0) in the general case (see also [BP1), [Gi]).

The paper is organized as follows. In Section 2, we prove inequalities (LI) and (LI0) when
1 < p <2and p > 2 respectively. In Section 3 we study inequalities (L9) and (CI0) in the case of
radial functions and we show that, with a fixed p, the range of the parameter ¢ is extended. In Section
4 we deal with the general monotone functions. Again, we prove inequalities (L.9) and (LI0) under
wider range of the parameter ¢ than in the case of radial functions. Moreover, we show equivalence
(CII) in this case. Section 5 studies inequalities (L9) and (CI0) for functions on T¢, d > 1. In
Section 6 we obtain the equivalence result of type (LII) for periodic functions whose sequence of
Fourier coefficients is general monotone. Section 7 considers several application of obtained results in
approximation theory (sharp relations between best approximations and moduli of smoothness) and
functional analysis (embedding theorems, characterization of the Lipschitz/Besov spaces in terms of
the Fourier transforms).

Finally, we remark that inequalities between moduli of smoothness and the Fourier transform in
the Lebesgue and Lorentz spaces were studied earlier in [Cl] and [GK].
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2. Growth of Fourier transforms via moduli of smoothness. The general case
The following theorem is the main result of this section.

THEOREM 2.1. Let f € LP(RY), d > 1.
(A) Let 1 <p <2. Then for p < q < p we have |¢|*=1/P=1/D f(¢&) € LYRY), and

1/q
([, [mincr.cigpeee=-imiey] " ag) - < u(ro (2.1)
Rd

(B) Let 2 < p < oo, |€|40-1/P=1/D) f(¢) € LIRY), ¢ > 1, and max {q,q'} < p. Then

N 1/q
([, [mincr.eigp oo ey " ag) 2 u(ro (2.2

REMARK. Theorem A follows from Theorem 211 (A) (take ¢ = p’). In part (B) we assume that
for f € LP(R?) the Fourier transform f is well defined and such that [¢|?(—1/P=1/a) f(¢) € L9(R?) for
a certain ¢ > 1 satisfying max {q, ¢’} < p.

PROOF OF THEOREM [2.11 We will use the following Pitt’s inequality [BH] (see also [GLT]):

([t dxs)l/q < ([ (laty d:v>1/p, (23)

1 1 1 1 d
ﬂ—v-d(l————), max{(),d(—+——1>}§”y<—, 1<p<g<oo. (2.4)
P q p q q

where

Here the Fourier transform ¢ is understood in the usual sense of weighted Fourier inequality (2.3));
see, e.g., [BL, Sect. 1, 2].
Let us write inequality (Z3]) with change of parameters g <> f, p +> q, 8 < —v. Let [|77f(§) €

L9(R%), then
=17 ©)l)" de qu (1271 f (@)])" da l/p, (2.5)
([ (ersen”ae) "= (/. )
where

1 1 1 1 d
ﬁ—vzd(l————), max{O,d(—+——1)}§—B<—, 1<qg<p<oo. (2.6)
p q p q p

The case of d > 2. Then by (7)), 4 (f,t)p = |f — Vi.efllp, @ = 2. Let us write the left-hand side
in 1) and (22 as

= ||min(1, ) R@)],, &) = [¢[*C/PYD|Fg).
In [DD], Cor. 2.3, Th. 3.1], it is shown that for f € LP(R?), 1 < p < oo, t > 0, and integer I,
1 = Viufly = Kalf, A, £2), = Ri(f, A, 12, (2.7)

where

Ki(f, A, 8%, == inf {||f — g, + | Algll,: Alg € LP(RT)},
the Laplacian is given by A = 68—:2 4+t 88—;2,
Ri(f, 0,82 == If = R ()llp + A Ra16(f)ps
A=1/t, b>d+2.
Here (see [DD] Sec. 2])
Raan(f)@) = (Grip* @), Gaipl@) = NGrp(Aa),  Giu(6) =mu(l€]),

where
nl,b(s) = (1 - S2l)ljka s = |€| > 07 (29)
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and
(B (N]7(E) = maptEN &), [f = Rapp(N](E) = [1 — mp(tIEN]f(E), (2.10)
[A"Ra10(H)] (€ ) (D' [Raso(NIE) = (=11 ma(tIED F(€)-
Also,
IGx (@)L = Grplly < oo. (2.11)
Taking into account that, for b > 0,
ma(s) ~1—bs?, s—0, mu(s) =0, s>1,
we obtain
1 —mp(s) < min(1,8)%, s>0. (2.12)
Changing variables b <> b+ 1 gives
min(1,8)% <1 —mpe1(s) =1 — (1= ) mp(s) =1 —mp(s) + s2mp(s).
Therefore,
1 = [min(1, 66D A(©)]|, = [I[1 = ms(tlél) + () mattich] hE)], (213)
Define
hi(€) = [1 = map (N R(E),  h2(€) = (tE])* mb(tIE[)A(E). (2.14)
Note that both h; and hy are non-negative. For non-negative functions we have
171+ hallg < [|Pallq + [[h2llg, 1< g < oo (2.15)
This, 213), and (ZI4) yield
1= gl =0 [ D) F©) |+ 17O mateiehl |
or, by 2.10),
1= |l |1 = By (DD @+ el At @l - 216)

Now to prove (A), we assume that p < ¢ and we use (ZI0) and Pitt’s inequality (23] with
B = 0. In this case vy = d (% + % - 1) and v > 0 (see (Z4). The latter is ensured by ¢ < p’. Then
€401 /PmH 0 f(€) € L7(RY) and

IS = Raan(D, + 8% HAZRA,l,b(f)Hp-

Combining this with 2.7, and (2.8) we get (A).

In part (B) we assume that ¢ < p. Inequality ([2.2) follows from (ZI6) and inequality (23] for
B = 0. In this case, by [Z4), v =d (% + % — 1) and max{0,v} <0, i.e., ¥ < 0. The latter is ¢ > p’
or, equivalently, ¢’ < p.

The case of d = 1. According to (L), we have Q;(f,t), = wi(f,t), and 8 = 1. The proof of key
steps is similar to the proof in the case of d > 2. The only difference is the realization result ([DHI])
given by

w(ft)p = inf (If = gllp + gl ¥ € EANEPR)) <11 = gallp + 9 A= 1/
where E is the collection of all entire functions of exponential type A and gy € E, is such that
1F = axllp = Ex(f)p := inf (I = gllp-

Since ||g ||p = ||Hg)\)||p, 1 < p < o0, where H is the Hilbert transform [Titl, Ch. 5], then w;(f,t), =
Ilf = gxllp + t 1| Digallp, where D; = (id/dx)! for even | and D; = —iH (id/dx)! for odd .
Let xa := X[o,n]- As Hille and Tamarkin [HT] showed, if Sx(f) is the partial Fourier integral
of f,ie.,
(SN E) = xallED f(€), (2.17)
we have
ISx(Dllp S [ fllpy 1 <p < oo
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Then (see also [Timl|) gx can be taken as S\(f), that is, || f — Sx(f)ll, S Ex(f)p. Therefore, for
1<p<oo,

w0 = 1F =Sl + SO, = 1F = Ss(Pl, + L IDSaDl, . (@18)
where
[SV (DT = (X (EDF©),  [DiSAAI(E) = 6% 1EDFE). (2.19)
For s > 0 we have min(1,s)! = 1 — x1(s) + s'x1(s) and x1(ts) = xx(s), which gives
min(1,2s)" =1 — xa(s) + (t5)'xa(s). (2.20)

This, €I5), 2I7), and (ZI9) imply

1= [|min(1, 1l e~ FQ| = || (1= xaleh + (el xa (€] el e |
= ller /e e —xa QeI+ [l elehxa(eniFee |

= ler= ey —sanr@|| + el sl

. (2.21)

which is an analogue of (ZI0]). Then as in the case of d > 2 we continue by using Pitt’s inequality
23) and its corollary ([2.5]) with 8 = 0 and d = 1. This concludes the proof of the case d = 1. O

3. Growth of Fourier transforms via moduli of smoothness. The case of radial functions

Theorem [2.1] was proved under the condition 1 < p < ¢ <p’ < oo (A) and 1 < max{q,¢'} <p<
oo (B). When d > 2 these conditions can be extended if we restrict ourselves to radial functions

f(@) = fo(lz)).

The Fourier transform of a radial function is also radial f(&) = Fy(|¢]) (see [SW], Ch. 4]) and it
can be written as the Fourier-Hankel transform

Fo(s) = 5% / Jo)jaja_s (st dt,

where jo(t) = T'(a + 1)(t/2)~*J,(t) is the normalized Bessel function (j,(0) = 1), @ > —1/2. Useful
properties of J, can be found in, e.g., [AS] Ch. 9]; see also [GLT] for some properties of j,.

THEOREM 3.1. Let f € LP(RY) be a radial function and d > 2.

-1
(A) Let 1 <p<gq<oo. Then,forpﬁ%,q<oo0T%<p§2,p§q§(%—g) ,

~ 14 Va
([, [mincu. g a-ve=roifien] " ag) < s = Vil

N -1
(B) Let 2 < p < oo, |¢[20-V/P=V D f(¢) € LI(RY), ¢ > 1 and max {q,d (% - %) } <p. Then

R 1/q
([, [minca,sigpPeeeoimiey] " ag) 2 15 = Vies

REMARK. 1. Formally, when d = 1 conditions in Theorems [3.1] and 1] coincide. However, note
that no regularity condition was assumed in Theorem 211
2. The range of conditions on p and ¢ in Theorem Bl is wider than the corresponding range in
Theorem 2.1 for d > 2.
Indeed, in Theorem 2] (A) we assume the following conditions: 1 < p < 2and p < ¢ <p'. If
)
p < dz—fl, in Theorem B.] (A) conditions are p < g < oo. If d2—fl < p < 2, then (% - g) > p.

-1
Thus, the conditions p < ¢ < (% - %) are less restrictive than p < g < p'.
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In its turn, in Theorem 211 (B) we assume that 2 <p<ooand max{q,q¢'} <p. If g <2, thenp >
-1 - -1
q' and max{q,d(d"’l—%) }—d(d"’l—%) < ¢q'. If 2 < g, then max{q,d(d“—%) }:q.

Hence, we get max {q,d (d“ — %)7 } <max{q,q¢'}.

PRrROOF OF THEOREM [3.Jl The proof is similar to the proof of Theorem 2] but we use Pitt’s
inequality for radial functions. We also remark that for a radial function f, functions f — Rx;(f)
and A'Ry ;,(f) are radial as well.

De Carli [DC] proved Pitt’s inequality for the Hankel transform. In particular, this gives inequality
[23) for radial functions. As it was shown in [DC], in this case the condition on + is as follows

d d+1 11 d
——L—i-max{— —}<7<— 1<p<qg<oo. (3.1)
q pq q
Therefore, ([2.3) for radial functions holds under the condition
d d+1 11
——i—l—max{— —} —B<— 1<g<p<oo. (3.2)
p 2 qp

i : _ _ (1,1
Wewﬂluse(Bj])and(BZI)Wlthﬁ—Oandw—d(E—i———l),

q
To show (A), we assume ([B.1), that is, the following two conditions hold simultaneously

d-1 1 d d—1 1 d
< <

— )

2 PP 2 g " p

If d > 2, the first condition is equivalent to p < 2. If p < then the second condition is ¢ < co. If

d+1’
d+1 _ d)
< p < 2, then respectively g < (T - ¢

d+1 P
Let us verify all conditions in (B). We assume (B.2]), or, equivalently,
d d+1 1 d d+1 1
- )
p 2 q p 2 p

If d > 2, the second inequality is equivalent to the condition p > 2. The first inequality can be rewritten
-1 -1
asp>d (% — %) . Since also p > ¢, we finally arrive at condition max {q, d (d+1 — %) } <p,
under which needed Pitt’s inequality holds. 0
4. Growth of Fourier transforms via moduli of smoothness.
The case of general monotone functions

The following equivalence holds for p = 2 (see [BP1], [Di], [Gi] and Theorem 211 (A, B)):

([ [mincr.eicriiion]” o) = ouir.), (@)

where Q;(f,t), and 6 are given by (L7) and (LJ).
In this section we show that similar two sided inequalities also hold for 2% < p < oo provided f

d+1
is radial, nonnegative and regular in a certain sense.

4.1. General monotone functions and the GM¢ class. A function ©(z), z > 0, is called
general monotone (¢ € GM), if it is locally of bounded variation on (0, 00), vanishes at infinity, and
for some constant ¢ > 1 depending on ¢, the following is true

/Oo|d<p(u)|§// %)'d <00, 23>0 (4.2)

(see [GLT]). Any monotone function vanishing at infinity satisfies GM-condition. Note also that (€.2])

implies
IsD(Z)IS/ letw)l g, (4.3)

z/c u
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In particular, the latter gives, for any b > 1,

B T " J(v)] o\ du
lo( )IS/Z/(bC) (/u/b . d)d. (4.4)

We will also use the following result on multipliers of general monotone functions.

LEMMA 4.1. Let ¢ € GM and a function a(z) be locally of bounded variation on (0,00) such that
lim, 0 a(z) =0 and

/ |[da(v)] < Ja(u)|, u>0.
0
Then 1 = ap € GM.

PROOF. By definition of GM, it is sufficient to verify

1= [Cawis [ el g, 2 >0 (45)

u

First,
15 [ lewllda@l+ [ lalldp@] = h + I,
and, by ([@3), we get

n= [Tlewl ol £ [ (/TMQ |da<u>|—/;: ([ taator) 2 g

To estimate I», using

()] =
and condition (£2]), we have

A [Clagtl+ [ ([ et ) ot
< Ja2) |/°°'¢ / (Am|d¢<u>|)|da<v>|

< a(z) |/°°|<pv /:"(/J:@du»da(vn

“lage) [ ) dv+/:o ([ﬁm@n) el 4,

al(z) + /u da(v)

< Ja(z)| + / dav)], u> 2,

Therefore, since

we arrive at

rsn+ns [ jo (la@1+ [ tdaton) E2a < | j° ([ e} E g

Finally, the integral condition on « concludes the proof of (4.3H). O

Let GM<, d > 1, be the collection of all radial functions f(z) = fo(|z]), * € R?, which are defined
in terms of the inverse Fourier-Hankel transform
gd—1 ) B
fo(z) = % Fo(8)jaja—1(zs)s* ! ds, (4.6)
(2m)¢ Jo

where the function Fy € GM and satisfies the following condition

1 oo
/sd_1|F0(s)|ds+/ $@=D/2| 4Ry (s)] < oo, (4.7)
0 1
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Applying Lemma 1 from the paper [GLT] to Fy, we obtain that the integral in (£.6]) converges in the
improper sense and therefore fy(z) is continuous for z > 0. In addition, Fp is a radial component of
the Fourier transform of the function f, that is, f(§) = F0(|§|) ¢ e R

Let us give some examples of functions from the class GMH.

EXAMPLE 1. Let f € C(R?) N LP(RY), where 1 < p < 2d/(d+ 1) ford >2and p=1ford =1,
be a radial positive-definite function such that Fy € GM. Then f € GMe. Indeed, fis continuous
function vanishing at infinity and fz 0 [SW., Ch. 1]. From continuity of f at zero we get fe L'(R%)
[SW] Cor. 1.26], i.e., [~ s |Fy(s)|ds < co. Since any GM-function Fy satisfies ([GLT p. 111])

/ s"|dF0(s)|§/ U Fy(s)|ds, o >0,
1 1

/e

then, using (d —1)/2 -1 < d — 1, we get

1 0 o'}
/ 11| B (s)] ds +/ 59172 |qFy (s)] < / S Fy(s)] ds < oo.
0 1 0

Therefore, condition ([£71) holds, that is, f € GM?. As an example of such function we can take
f(z) = (14 |z>)~(@+1)/2 and the corresponding Fy(s) = cqe™*.

EXAMPLE 2. Take f(z) = jq/2(|z|) (for d = 1, f(z) = #22). Then Fy(s) = cxi(s) € GM and
condition(@1) holds, i.e., f € GM¢<. Moreover, we have (see, e.g., [GLTY)

jd/2(z) = 17 0<z2z< 15 |.]d/2(z)| Sz d+l)/2 z 2 17

and

ljaje(2)| 2 2~ D2 5 € U [paj2.k + €5 Paj2 1 — €] s
k=1
where pq i positive zeros of the Bessel function J,, infy>; (pd/g)k_;’_l - pd/27k) > 3¢ > 0. This implies
ferLrRY)ifp> d+1

EXAMPLE 3. Let Fy(s) € GM and [¢[40-1/r= VDR (¢]) € LIYR?), 1 < ¢ < p < 00, 24 < p.

Then, using statement (A.1) below, condition (1) for Fy holds, f is defined by (L), and f €
GM? N LP(RY). The fact that f € LP(R?) follows from Pitt’s inequality (&3J) (take 8 = 0).

4.2. Two-sided inequalities.

THEOREM 4.1. Let f € GMn LP(RY), d > 1.
(A) IffZO and 1 <p < q< oo, then

R 1/q
( / [min (1, )" 10=1/r=1/) g d&) S uf, 0y
Rd

(B) If |¢|10-1r=1/0) f(¢) € LURY), 1 < g < p < 00, 24 <p, then

1/q
(/Rd {mln(l t|§|)01|§|d(1 1/p—1/q) |f } ) > Ql(ﬁ )

REMARK. Conditions on p and ¢ in Theorem Iﬂl ( B) are less restr1ct1ve than corresponding

conditions in Theorem [l It is clear for (A). Since d +1 < ( - —) , conditions ¢ < p and % <
p in Theorem 1] (B) are weaker than max {2, q, ( — %) } < p, which is the corresponding

condition in Theorem BI (B).
In case of p = q¢ Theorem [£.]] gives the following equivalence result.

COROLLARY 4.1. If f € GMINLP(RY), d>1, f >0 < p < oo, then

’ d+1

N 1/p
( / [min(r, Hen™igl a2 frey)” dg) = (/1)
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EXAMPLE. Take f(z) = jas2(|7|) (see Example 2). By Corollary [A1l for 0 < ¢ < 1 and
p < o0, we have

2d
a1 <

(f.8)y = [[min1, )12 xa(feD]| =1

4.3. Weighted Fourier inequalities. To prove Theorem [l we will use several auxiliary re-
sults from the paper [GLT].

Let d>1,1<pg<o0, f—y=d(1-1—1) gx) = golle), and §(&) = Go(l€]).
(A1) If go e GM, p < ¢, and
g_d—i-l d

<<=,
q 2 q
then the following Pitt’s inequality holds [GLT) Th. 2 (A)]

€173, < IllzPg(@)]|

.
Then changing variables g <> f, p 4> q, and B < —v, we get
a7 d d+1 d
[l s@)l, < [le=F@)| . -5 <-8<7, a<wp (4.8)

Here f(¢) = Fy(|¢]) and Fy € GM. Note [GLT), Sect. 5.1] that the condition €]~ f(€) € L(R¢)
implies condition [{7]).

(A.2) Let go € GM, go > 0 and go satisfy condition (7). Then if ¢ < p and
d d+1

.2 <7
then [GLT) Th. 2(B)]

€179, 2 ll=l”g(@)]], -

Again, changing variables g +> f, p < q, and 8 < —, we arrive at
llal? s@)|l, 2 |16~ 7©)]
Here f(£) = Fo(|¢]) > 0 and Fy € GM.

From (A.1) and (A.2) (see also [GLT| Th. 1]), for a non-negative GM-function Fy satisfying
condition [@7), we have

d d+1
) __—<_/65 pgq
q p 2

(4.9)

d
—— <p<oo.

d(1-2/p) ¥ -
[le =P Fe) =@, 7y (4.10)
(A.3) Let go > 0. For z > 0 we get (see [GLT], formula (53)])

0o bu 2bc/z u
/ - (/ go(v) dv) du 5/ L d-1)/2-1 (/ v(d—l)/2|G0(v)|dv> du,
2/(be) u/b Y 0 0

where 1 <b < pg/2,1-

(4.11)

(A.4) The following inequality was shown in [GLT] pp. 115-116]

fe’e] u v p 1/1’
[/ u~YPtdp/a—dp—1 (/ pld=1)/2-1 (/ z(d_l)/2|G0(2)| dz) dv) du}
0 0 0

Yiod o d+1
s(/ [|w|7|g<x>uqu) |
Rd q

Noting u~Ptdp/a—dp—1 — 4=PB—d=1 3 changing variables § <> f, p <+ ¢, 3 + —v, we obtain

o] u v q 1/q
[/ pdv—d=1 (/ pld=1/2-1 (/ z(d_l)/2|f0(z)| dz) dv) du]
0 0 0

SURCUCI N

S-S <A pEa (1)
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4.4. Proof of Theorem [4.7] in the case d > 2. Let t > 0, f € G NLP(RY), f(x) = fo(|z|),

-~

and f(§) = Fo(|¢]). Note that Fy € GM. We use notations from the proof of Theorem 211
First, we prove (B). Let [¢|?0—1/P=1/a) f(¢) € L9(R?). We have

1= min(, e} €0/~ Fo)l |
= [flep0 o= el T+ |l el ma eI FON| = 1+

Then inequalities

cu cu min(cu,1/t)
/ |[d(1 —mp(tv))| < tQI/ vy (to) dv < £ / vt do
0 0 0

= min(1, ctu)? < 1 —np(tu), b>1,

o~

and Lemma 1] imply that the function [1 —nu(ts)] Fo(s) = [1 —mp(t|ED]f(€) is a GM-function.

Using Pitt’s inequality [@8) for S =0 and v =d (1—17 + % — 1) yields
b= [l [ = Raga (D@ 2 1 = Raaal), (4.13)
for 0
p>—d+1, qg<p. (4.14)

Since m4(s) = 0 when s > 1, then (ts)'n;,,(ts) = min(1, ts)?n4(ts). This and @I0) give
(=D [A'Rx16(f)] () = mp(ts) min(L,ts)* Fo(s), s = [¢].
Also, since n;,(t[€]) = G/LA\J,(f), then
(—1)' ARy 15(f) = Gago xhy h(€) = min(1,E])* Fo([€])-
Using Young’s convolution inequality, we obtain
[ ARy (N, < G pllilplly = [GrallilIRlly S 1Al

We remark that
min(1,ts)* Fy(s) € GM. (4.15)

This follows from the estimate
/Cu |dmin(1, tv)*| < t* /mm(cu’l/t) 0?71 dy =< min|(ctw)?, 1] < min(1, tu)?,
and Lemmalﬁl i
Using again Pitt’s inequality (£8]), we have
1= |l R 2l 2 17 A Ry as (O], - (4.16)

Adding estimates ([LI3) and ([@I0), we get
1f = Viaflly = If = Baga (DI, + ¢ [[A Ry (D], SH+T ST

This and ([@I4]) give the part (B) of the theorem.
Let us now prove the part (A). If p < %, the proof follows from Theorem Bl Suppose f(£) =
Fy(|¢]) > 0. By [DD] Lemma 3.4],

[f = Vi f17(€) = [1 = mu(ED]F(S),
where the function m,(s) satisfies for d > 2 the following conditions
0< s <1—my(s) <Cys?, 0<s<m, 0<my(s) <wgy <1, s>m.

This gives
1 —my(s) < min(1,s)%, s>0. (4.17)
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Define h(xz) = f(z) — Vi f(z) and its radial component by hy := Go. Using (@II) for the
non-negative function go(s) = [1 — my(ts)] Fo(s), we obtain

S bu gO(U) 2bc/z u
J(2) :z/ ut / —dv | du S/ u(d=D/2=1 (/ o @=D/2|pg (v)| dv) du.  (4.18)
z/(bc) u/b U 0 0

Using (@I1), we get
oo bu - 21
1,tv)* Fi
J(2) x/ ut ( min(l, t0)” Fo(v) dv) du, z>0.
z/(bc) u/b v
where, by ([@I5), min(1,tv)* Fy(v) € GM. Therefore, [@4) for 2z > 0 yields
min(1,t2)* Fy(z) < J(2).

Further, the latter and ([@I8) imply

~

e} 1/q
1 = [[min(1, e jg 2011 fe) | =< ( / [0 min(l,tZ)mFo(z)]qzdldz)
q

0

0 q 1/q
< </ [Zd(lfl/pfl/q)‘](z)} Ld—1 dz)
0
00 2bc/z u q a
< </ [Zd(l—l/p—l/q) </ pld—1/2-1 (/ v(d_l)/2|h0(v)|dv) du)} Ld-1 dz) .
0 0 0

Changing variables 2bc/z — z, we obtain

0 z u q 1/q
I< (/ z9d(1=1/p=1/g)—d-1 [/ u(d=1/2-1 (/ v(d_l)/2|h0(v)|dv) du} dz) . (4.19)
0 0 0

Let us now use [@I2) for =0 and v =d (1—17 +1- 1). Since, in this case

q

,—9d(1-1/p=1/q)—d=1 _ ,qy—d—1

inequalities (£19) and [@I2)) give

1/p
1 ([ nras) =1 v, (4:20
R4
when % — % < 0 and p < q. The latter is % < p < q. The proof of (A) is now complete. O

4.5. Proof of Theorem [4.7] in the case d = 1. We follow the proof of Theorem 2.I1 We have
aaft)y =< inf (I = gllp + g0l 6@ € ExNLFR)), A= 1/t
To show the estimate of w;(f,t), from above, that is, to prove (B), we take gx(x) such that
3 = [1- ()], Flo), b=s.

Note that the function g is analogues to the Riesz-type means Ry ;(f) and satisfies all required
properties (2.9)-(2.I12) with [ in place of 2. In particular, 1 — [1 — (ts)l}l_)Ir = min(1,ts)!. Proceeding
similarly to the proof of (B) in the case d > 2, we arrive at the statement (B) in the case d = 1.

Let us now show (A). Let f—ﬂ <p<g<ooand f>0. Equivalence 2I8) gives

wi(f,00p = |f = Sa(H)ll, + " I1DSA(H)l, > IRl

where h = f = S,(f) + DiS\(f). Moreover, h(¢) = 1= xa(lg]) + (t1E)xa((€])] F(©). Because of
220) and (@I5) with s > 0, we have h(¢) = min(1,ts)' Fy(s) € GM. Using then ([£3) with 3 = 0,
we obtain

walf0)p Z Ikl 2 (7 he)| = min, del) el =7~ fe)| O

p
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5. Growth of Fourier coefficients via moduli of smoothness. The case of functions on T¢
Let f € LP(T9), 1 < p < oo, and

N ) N N 1/q
fom [ s s, nezts Rl = (IR

nezl

In the paper [Dil Th. 4.1] the following was proved
[min (1, tln))™| 7.

SQ(fit)y, 1<p<2,
W gy ~ l(f )p p=

where € (f,t), is given by (L1) and (L8) with || - ||, = || - [| L (74)-
The goal of the section is to obtain the generalization of this result which is a periodic analogue

of inequalities ([Z.1)-(22).
THEOREM 5.1. Let f € LP(T?), d>1,1< g < o0 and’y:d(% + % — 1),
(A) Let 1 <p <2. Then for p < q < p’ we have {(1 + |n|)_7fn} €19z%), and

in(1, ¢|n|)?(1 s < (f, 1), 5.1
[min1, (1 41 Bl ) S 200 (5.1)
(B) Let2<p < oo, {(1+ |n|)_7ﬁl} € 1924, and max {q,q'} < p. Then

[minL, tln) (@4 )l o 2 0 (5.2)

The proof of this theorem is similar to the proof of estimates (21)-(2.2) from Theorem 211 The
key points are Pitt’s inequalities of form

| £+ m) |

(Rl R ) PSR (5.4)

under the corresponding conditions on g, as well as the realization results for the K-functionals in the
periodic case (see [Di] and [DHI]).

Sflleeerey, 1<p<2 (5.3)

19(Z4)
and

ProOF OF (53). Let us show that the proof of (53)) follows from Pitt’s inequality for functions
on R Note that v > 0. Let f. be the function on R? such that f. = f on (—m,7|¢ and f. = 0
outside (—,n]%. Then

[ fellLe@ay = I f1lLo(re), fule) = /Td f(x)e ™" dx, € eRY, fu(n) = fu, nezd.

Further, we use the results from [Ni, Ch. 3]. For an entire function g of exponential type oe,
o > 0, we have

lglliezey < (1 +0)lgllLaey, > 1. (5.5)

Note that the function ﬁ is an entire function of exponential type 7€, where € = (1,...,1) € R9.
We cannot use (5.3 since the weight function |£]~7, v > 0, is not an entire function. However, it
is possible to construct a positive radial entire function of exponential (spherical) type such that for
|€] > 1 this function is equivalent to |£]77.

We consider

0o =3 (G0 (N7), weC, wa1=520

where j, is the normalized Bessel function. The function ), is an even positive entire function of
type 1. Positivity of 1., follows from the fact that all its zeros lie on lines t £, t € R. The asymptotic
expansion of Bessel functions [AS| formula 9.2.1] yields, for |z| — oo,
| C, i _
jy(z)zm(cos(z—cy)—i—O(M )5 Rez >0, |[Imz|<1.

This and 1.,(0) > 0 give ¢, (u) < (1 + |u])™7, u € R.



MODULI OF SMOOTHNESS AND FOURIER TRANSFORMS 13

Let us now consider the radial function - (|¢[), £ € R?, which is an entire function of (spherical)
type 1, and therefore, of type €. Also,

Uy (€)= A+ 1E), €eR™ (5.6)
Define g(&) = ﬁ(§)¢v(|§|), which is an entire function of type (7 + 1)e. Using (E.6]), we get

R 1/q
oz = (X [ u]") = (3
nezd nezd

19l agsey = (/R G ds)l/q < (/R

Then by (5.5) and Pitt’s inequality for function on R¢, we have

R 1/q
R )

~ q 1
F©le| d&) .

d
[P =], L = Mol < (2 glaen < || Rl
S W fellpe@ay = 11£llLocre)-
Thus we have proved the Pitt inequality (5.3)) for function on T¢. O

ProOOF OF ([&4]). The following inequality is a consequence of [Nul, Th. 7] and Hardy’s inequality
for rearrangements:

d o\ V/a
11, S (X TL0s1+ 0% RR) ) max{a) <p 6.7
kezd j=1
The latter immediately gives (54). We would like to thank Erlan Nursultanov for drawing our
attention to his result (5.7)), which simplifies the proof. O

6. An equivalence result for periodic functions

A complex null-sequence a = {ay, }nen is said to be general monotone, written a € GM, if (see
IDT]) there exists ¢ > 1 such that (Aar = ar — ag+1)

Z |Aak| S Z T, n € N.
k=n k=[n/c]
THEOREM 6.1. Let f € LP(T), 1 < p < oo, and
f(z) ~ Z(an cosnx + by, sinnx),
n=1

where nonnegative {an }nen, {bn}nen are general monotone sequences. Then

1/p
wi (f,1),, (Z min(1, vt)PrP=2 (aP + bp)) . (6.1)

v=1

We will use the following lemma (see [AW]).

LEMMA 6.1. Let 1 < p < oo and let > - | a, cosvx be the Fourier series of f € L'(T).
(A) If the sequences {an} and {B,} are such that

o0

> |Aak| S B, vEN, (6.2)
k=v
then

I£11% Zup 2pe. (6.3)

(B) If a = {an} is a nonnegative sequence, then
o0 n

S(%

n=1 k=[n/2]

P
) n? < /I (6.4)
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PROOF OF THEOREM [6.1] First, we remark that since 1 < p < oo it is sufficient to prove that

1
wlp(f, ﬁ)p = Il + IQ,

where

n o0
Ilzn_lpg al’iu(l"’l)p_Q, I = E alyP=2,

v=1 v=n-+1
(x) ~ Z ancosnz, {an}tneny € GM.
We will also use the realization result for the modulus of smoothness (see [DHI]), that is,

A (£.7) =@ - T+ 077 |70 @]

; (6.5)

where T},(f) is the n-th almost best approximant, i.e., |[f(z) — Tn(2)|, < En(f)p. In particular we
can take T, as S, = S, (f), i.e., the n-th partial sum of E,;“;l ap cos kx.
Let us prove estimate of I; and I> from above. Since {a,} € GM, we have

a, < Z |Aa;| < Z %, (6.6)
l=v I=[v/c]

then Holder’s inequality yields

n P
L < nlpz< ﬂ) H(+1)p—2
v=1 N2/ 7
< n*lp i< ﬂ)py(H»l)pQ + nP*l (i ﬂ)p
~ - J — j
v= J—[ /el Jj=n
M
J
v= j=n+1

To estimate Iy and I3, we are going to use the following inequalities

Z%SZ Z a,, and ZGSSZ Z G, (6.7)

s=n  m=[s/2] =[s/2]
Then by Hardy’s inequality [HLP], we have

n

I < n—lpZ(Z Z ) (141)p—2

v=1 Yj=v =[3/2]

2n 7 p
Sn_lpz< Z am> jlp—2'

J=1 " m=[j/2]

Then Lemma [6.1] (B) and (6.5]) yield
2n

E V a,, COSVT

<SRN S e (1) Sed(n)
v=1

Further, using (6.8), (6.7), and Hardy’ inequality, we have

sy (X 2 e (Z Zam)

Ig<7’L tp

p

j=n+1 s=l[j/c] j=n+1 g/c] m=[s/2]
< i 52( i am>p < i 52( i am> +nlP ZSIPQ( i am>p.
s=nfd  Sm=[s/2] =2 Sm[s/2) =1 m=[s/2]
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The last sum was estimated above. Again, by Lemma [6.1] (B) and (G.3]),

o0 3 S 1
Zs 2( Z am> ;a,,cosua: pﬁwlp <f,ﬁ>p.

s=2n Nm=[s/2]

So, we showed that
1
Il —|—IQ S wlp(f, —) .
n’p

To prove the reverse, we use Lemma 6.1 (A), the definition of the GM class, Holder’s and Hardy’s
inequalities:

£ =Sl £ 382 <o (S isa) + S (X 1aad )
j=1 s=n Jj=n s=l
< pp-1 AR, ip—2 S O p< 3 Pip=2 < I 4+ T
st X T) r X ) s X ATt shit ks
j=n

s=[n/c] s=[j/c] j=[n/d
where 8; = > 00 ) |Aag|. Similarly,

S=max J n
n
”_l”HSff’(f)llﬁ <Sn?|y va, cosvr
v=1

P n n P
<plr Z P2 <Z |A(slas)|) .
p v=1 s=v

Further,

n n n n n S
SUAG) S Y 8 e+ S s Aa £ 3 s e + Y |Aas|<z i1 4 Vl>,
S=v S=v S=v S=v S=v m=v

and after routine calculations, we arrive at
n oo a
E |A(stas)| < E st~ a5+nlg .
m
s=[v/c] m=n

Using this and Hardy’s inequality, we get n_lpHS}(Ll (f)Hi < I + 5. Finally, by (©3),
1
H(f=) Sh+b O
n’p

7. Discussion and applications
7.1. Riemann—-Lebesgue-type results. From Theorem A and [Dil Th. 2.2], one has the fol-
lowing estimate of the Fourier transform

1/p’

1/p
19 / o | Fer de)  + / Fora) <, 1<p<2 (T1)
l€l<1/t 1/t<|€]

On the other hand, Theorem 2Tl gives (p < ¢ <p', 1 <p < 2)
1/q

1/q
19! / e[ daC-1p=1/0) Feyjage |+ / -1 Fe) e de | < u(f )
lEl<1/t 1/t<[€|

(7.2)
If ¢ = p' (T2) reduces to (I). The following example shows that (T2)), in general, provides better
estimates than (T.1]).

EXAMPLE. Let f({) = Fy([€]),
S—d/p/ 2d
11(12/7”(24-8)7 d+1

Note that Fj is decreasing to zero and therefore Fy € GM. Also, it is easy to see that |¢|4(1=2/P) f({) €
LP(R4). Hence, as in Example 3] (for ¢ = p) we get f € GM? N LP(RY).

Fy(s) =

<p < oo
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‘We have

1/q 1/q
! < / |§|9lq+dq<1—1/P—1/q>|f<£>|qd&) + < / |§|dq<1—1“’—1/q>|f<£>|qd§>
[€l<1/t [g]>1/t

= [In(2+ 1/1)] /P,
Then (1)) gives
@+ 1/0)" " Sty P2
and (T.2) implies (with ¢ = p)
@+ 1/0] 7 S0, ps2

The latter estimate is stronger. Moreover, it is sharp since by Corollary .1l we in fact have
—-1/p
[ln(2+1/t)} = Q(f,t)p, —— < p < oo O

7.2. Pointwise Riemann—Lebesgue-type results. For f € L}(R%) N LP?(R?), 1 < p < 2, the
Riemann—Lebesgue inequality

~

IFOIS s, 1/1€D, (7.3)

does not hold in general.
Let us consider the case of d =1 and [ > 2. Define

f(:E) = Z anwn(x)a 1/)n(l’) = 5n¢(5n$)eiinmv

nez

. 2
o) = 2n) () a0 = - le,

an=1+n)32 e =01+n)"", l<a<3/2

Changing variables, we have

le(enz)lly = 5;1/(1”90”11 = 5;1/(1-
Hence
1fllq < Zan5n||90(5nx)||q = Zana}/q < Z(l + |n|)_3/2 < 00, q=1 (7.4)

nez neL nez
This implies f € L'(R) N LP(R). The Fourier transform of f is written as

FO =3 anbal®),  Gul6) =3 (f - ”) |

3
neZ n

Let us estimate w;(f,1/t), from above. We will use the realization result (see (2.18)) given by
Wi £ 1/ < 1f = SHl, + SO A, >0, 1<p<oo. (7.5)
Since supp 12)\71 C [n—en,n+ &y,], then
SiH)@) = Y antpule),  f@) = Si()@) = Y antpule).
Il <[ Il >

The function ¢ and its derivatives are given by

1
Q@) = 3= [ A-lehigte i, ez

Then |p(®)(z)| <1, z € R. For |z| > 1 we get
!

5 () w2 o)) 5

o0 0)] = |i2m) N
=0



MODULI OF SMOOTHNESS AND FOURIER TRANSFORMS 17

-1

()] £ (14 2%) " and then

> (5) 1" toteaan®

j=0 Jj=0
l
l—j ] _ En(|n| + En)

< 53:22()'”' En 1+ (en2)2

Then we arrive at

[P ()] = en

[9Plla < (Il +en)'er/T < (L In]) a7
Using these relations and proceeding similarly to (4], we get

If =SSP, < D an el/P' = 3 (Ut fnf) e e

Inl>[t) Inl>[t)
=S| LS DT an(l+ In))ey VPt YT (L fn)) 32,
n1<[1] In<[t

For I > 2, a < 3/2 we get | —3/2—a > —1. Then t"!||S{"(f)|| < ¢~/2~°. Finally, (Z3) implies

wi(f,1/t), St

For any large enough ¢t € N

~

f(t) = atg/ﬁ(()) = a¢ X t73/2'
Since ¢ = a — 1 > 0, we finally get
Ft) Z twn(f,1/8)p. .

However, let us remark that for functions from the class GM? class, it is possible to obtain the
pointwise bound of the Fourier transform.

~

COROLLARY 7.1. Let f € GM*NLP(RY), d > 1, f(€) = Fo([€]) > 0, and 24 < p < 0o. Then

Fo(t) St=Y7'Qu(f,1/1),. (7.6)

PROOF. Since f € GM 4 using ([@E3) and Holder’s inequality, we get

~

FO(S) < /Oo M du = /Oo FO(u)udid/pf1/pu7d+(d+17p)/p du
/c

u s/e
IS 1/p
< gd/pd <// FP (u)udp=d4=1 du) . (7.7)
Then using Corollary [T, we have
1/t 0o
QP(f, 1), <t / Optdp—d=1pb () 4s 4 / / sPId=1EP () ds (7.8)
0 1/t

and by (1), we finally get

o 1/p
Fy(t) < ¢d/v—d < / FP (u)u®=d4-1 du> S (f, 1)), 0
t/c



18 D. GORBACHEV AND S. TIKHONOV

3. Moduli of smoothness and best approximations: sharp relations. The following
direct and inverse theorems of trigonometric approximation are well known (see e.g. [DLL p. 210],
[IDDT], Intr.]):

n

1T n 1/q
% <Z(y + 1)”—1E5(f)p> Sef, %)p < % (Z(u + 1)ql_1EZ(f)p> . (7.9)

v=0 v=0
where f € LP(T), 1 < p < o0, I,n € N, ¢ = min(2,p), 7 = max(2,p), E,(f), denotes the n-th best
trigonometric approximation of f in L?, and w;(f, §), is the LP-modulus of smoothness, see (I.2)) with
X =T.
We remark that (Z9) is the sharp version of classical Jackson and weak-type inequalities ([DL
p. 205, 208]) and it can be written equivalently as follows ([DDT]):

1 1/ 1 1/q
o ([ sato,se ([t gaa) @)
t t

Constructing individual functions shows ([DDT]) that the parameters ¢ = min(2, p) and 7 = max(2, p)
are optimal in (T9) and (CI0). For functions on [—1, 1] inequalities of type (9) and (TI0) were
obtained in [Tol, [DDT].

For functions on LP(R?), similar results were also proved for Qi (f,t), and E,(f),, i.e., the best
LP-approximation by functions of exponential type n (see [DDT]). For example, an analogue of ([.9])
is given by

1/q

n 1/7
1 TV T 1 v
i (Z 2" Ezv<f>p) S(f50), S o (Z 2 ) el =
v=0
Below we show that for functions from the class GM? we can completely solve the problem of de-

scription of relationships between Q;(f,t), and E,(f), as well as Q;(f,t), and Qi1(f,t),.

THEOREM 7.1. If f € él\\idﬁLp(Rd) d>1,f>0, and < p < oo, then

d+1

L du 1/p 1
Qz(ﬁt)pX(t‘”p [, ) g, <<l

where A(f), := ||[€[7H4=2/P)x 1 (€]) f 16 )Hp S Q(f,1)p. In particular, we have

op 1 ol du\'"” op 1 i du"” ol
& / (L) S, 5 (e [ o, ),

and
1/p

n 1/p n
1 ) 1 1 ) 1
S0 (Z 20 Egv(f)p) S (f, 2_n)p N (Z 20 Egu(f)p) + g 1f 1o (7.12)
v=0 v=0

REMARK 1. In (ZII)) one cannot drop t*’ A(f),. Indeed, consider

FP(s) = 5_(dp_d_1)X1/n(S)-
Then
1/n 1/n
QY (f,t), < tell’/ s tdp—d=1pp () gg = t9lp/ SO gg = 10Ip,,—0lp—1
0 0

Using this,

1 1
£Olp —engylo (f, u)pd_u - uepn—e(z+1)p—1d_u — 0lp,,—0(+1)p—1
" +1 m " U

Hence, writing

1 1/p
du
= S (1), S 1 ( R A ) SOy
t

we arrive at a contradiction as n — oo.



MODULI OF SMOOTHNESS AND FOURIER TRANSFORMS 19

ProoF oF THEOREM [.1l Using Corollary A1} we get

o0

1/t
QV(f,t)p < telp/ O dp=d=1pP(5) ds + / sPTITIEP (s) ds =: Jy(t) + Jao(t)
0 1/t

and

1 1/t u
telp/ 7911)9;11(]07 ) tglp/ w1 [/ 89(l+1)10+dp7d71F37(8) ds] du
t 1 0

1/t 00
+ tGl;D/ w1 [/ Sdpleé)(S)dS:| du =: I (t) + I2(t).
1 u

Then
1/t
tGlp/ —Gp 1 |:(/ / ) O0(l+1)p+dp—d— lFP( )d8:| du
1
1 1/t 1/t
Vt@lp/ s 0(l+1)p+dp—d— lF;D( )ds—l—t(”p/ SG(l—i—l)p—i—dp—d—lFOp(S)/ u—Gp—l du ds
0 1 s
< 7(1)
and

1/t 1/t
telp/ u0—1 / / sP=A-1EP(5) ds| du
1 1/t

1/t 0o
p/ sP—I=1EP (s )/ ufP=1 duds—|—/ sP=I7IEP (s) ds
1 1 1/t

)(

2/\

1(8) + Jo(t
Using again Corollary [4.1]
1 1/p o0
A(f)p = (/0 VP rdp=d=1pb () ds) < </0 s~ min(1, 5)"PFY (s) ds>
< [ min(L. [e)" "0 T | = (s 1y

Moreover, AP(f), < Ji(t). Thus,
Li(t) + L(t) + t" AP (), < Ji(t) + Ja(t).

1/p

To prove the inverse inequality, we first remark that s~ < fsl/ Cumfldu, 1< s < 1 /(2t) and
therefore using (L.I10),

1 1/2t 1/t
J1(2t) < tel”/ s/ Fdp=d=1pb gy ds + t‘glp/ U Dptdp—d=1pb ) (/ T du) ds
1 s

0
St AP(f), + ().
Also,

J2(2t) < / sPI=1EP(s) ds
1/(2t)

1/t 1/t S
< / sdp_d_lFé’(s) ds + tel”/ w1 / sdp_d_lFé”(s) dsdu
1/(2t) /(2t) u

S L) + La(1).
Finally, to verify (TI2]), we apply [DDT] (5.7) and (5.8)]. O

Using (6.I)), we state the analogous result for periodic functions; compare with (T.9) and (Z.I0).
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THEOREM 7.2. Let f € LP(T), 1 < p < 00, and

oo

fz) ~ Z(an cosnx + by, sinnx),

n=1

where non-negative {an tnen, {bntnen are general monotone sequences. Then

! du\? 1
wi(fit)p =< <th/ ulpwﬁrl(f,u)p;) ) 0<t< 7
t

In particular,

n 1/p
wi(f,1/n)p < (nlp Z(V + 1)lp1E5(f)p> )

v=0
where E, (f), is the best LP-approzimation of f by trigonometric polynomials of degree v.

Note that similar equivalence results for continuous functions were obtained in [Tikl Ths. 5.1,
5.2].

7.4. A characterization of the Besov spaces. For 1 < p < oo and 7,7 > 0, define the Besov
space B _(R?) as the collection of functions f € LP(R?) such that

1 1/7
Y(f,t)p\7dt
I lagqa) = ey + ([ (P22 ) <o
0
where 0 < r < 0l. Similarly we define the Lipschitz space Lip;(Rd) = B;)OO(Rd), ie.,

Ql fut
T P

It turns out that it is possible to characterize functions from the Besov space B;)T(Rd) in terms
of growth properties of their Fourier transforms.

THEOREM 7.3. Letd >1,1 <7 < o0, and 2% < p <. If f € GM* N LP(R?) and f > 0, then

a necessary and sufficient condition for f € By . (RY) is
/ STTHITAT/PIET (Y ds < 00 if 1< T < o0 (7.13)
0

and
sup " TITYPFy(s) < 00 if T = o0. (7.14)

PROOF. The case of 1 < T < oo. Let first (ZI3) hold. By (.8]), we get

1 1 T/p
|flBy, = K1+ Ko+ Ky := / 0Ll (/ stPrdp=d=l R (s) ds) dt
' 0 0

o t T/p 1 S m/p
o[ ([ averegaw) s [ ([ a)
1 1 0 1/t

Then by Holder’s inequality with parameters o = 7/p and o/, we get
K < /1 SrTHdT=dr /=1 (o) o
0
By Hardy’s inequalities (see e.g. [BShl p. 124]), we have
Ko+ K3z S /OO §TTHAT=AT/P=l () ds.

1
Hence, if (ZI3) holds, f € By (RY).
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Let f € B;,(R%). By (D),
T/p

Fo(s)” < gd/p—dr / Fg(u)ud”_d_l du
s/c

Therefore, making use of this, we have

S T/p
/ STT+dT7dT/p71FOT(S) ds 5/ (/ F;D dp d—1 du) ds
0
1 o) N - 1
_|_/0 STl (/ FP(u)u dp—d— 1du> ds < |f|BT + H|€|d(12/p)f(€)Hp/0 s T 1ds.

Finally, since H|g|d (1-2/p) f H < 1f]lp (see @IT)), @IF) holds.
The case of T = co. Let first (T.14)) hold. Then by (Z8), (C.14) yields

oo

1/t
Q(f,t)p S t"lp/ sOtp=rr=1 g +/ sTPTlds < TP,

0 1/t
ie., f € Lip,(R%).
On the other hand, if f € Lip,(R?), we use (Z7) and (Z8)

Fi(s) < st / BRI du S SO 8), S

which is (Z14). O
7.5. Embedding theorems. The following Sobolev-type embedding result for the Besov space
with the limiting smoothness parameter is well known: By = — L%, r = d(% - %) (see, e.g., [Pel

(8.2)]). Theorem [7.3] gives the sharpness of this result in the following sense.

COROLLARY 7.2. Letd > 1 and d+1 <p<q<oo. IffEGMdﬂLP(Rd) andf>0 then

1
eB” (RY), r=d(--=) = e LY(RY). 7.15
] € B}, (RY) (G-7) f € LR (7.15)
PRrROOF. To show (T.I5), we combine Theorem [7.3] and H|§|d(1_2/p)f(§)||p = || fllps 2 d+1 <p< oo
(see (@I0)). O

Note that the embedding B}, , < L? is equivalent to the sharp (Ul'yanov) inequalities for moduli
of smoothness in different metrics, as recently shown in [Tr2] Th. 2.4].

References

[AS] M. Abramowitz, I. A. Stegun, eds., Handbook of Mathematical Functions with Formulas, Graphs, and Mathe-
matical Tables, New York: Dover Publications, 1972.

[AW]  R. Askey, S. Wainger, Integrability theorems for Fourier series, Duke Math. J., 33 (1966), 223-228.

[BH] J. J. Benedetto, H. P. Heinig, Weighted Fourier Inequalities: New Proofs and Generalizations, J. Fourier Anal.
Appl., 9 (2003), 1-37.

[BL] J. J. Benedetto, J. D. Lakey, The Definition of the Fourier Transform for Weighted Inequalities, J. Funct.
Anal., 120, no. 2 (1994), 403-439.

[BSh] C. Bennett, R. Sharpley, Interpolation of operators, Academic Press, 1988.

[BP1] W. Bray, M. Pinsky, Growth properties of Fourier transforms via moduli of continuity, J. Funct. Anal., 255,
no. 9 (2008), 2265-2285.

[BP2] W. Bray, M. Pinsky, Growth properties of Fourier transforms, arXiv:0910.1115

[y D. B. H. Cline, Regularly varying rates of decrease for moduli of continuity and Fourier transforms of functions
on R%, J. Math. Anal. Appl. 159 (1991), 507-519.

[DD] F. Dai, Z. Ditzian, Combinations of multivariate averages, J. Approx. Theory, 131, no. 2 (2004), 268-283.

[DDT] F. Dai, Z. Ditzian, S. Tikhonov, Sharp Jackson inequality, J. Approx. Theory, 151, no. 1 (2008), 86-112.

[DC] L. De Carli, On the LP-L? norm of the Hankel transform and related operators, J. Math. Anal. Appl., 348,
no. 1 (2008), 366-382.

[DL] R. A. DeVore, G. G. Lorentz, Constructive approzimation, Berlin: Springer-Verlag, 1993.


http://arxiv.org/abs/0910.1115

22
[Di]
[DHI]
[DT]
[GK]

(G]

[GLT]
[HLP)]
[HT]
[Ni]
[Nu]
[Pe]
[SW]
[TikK]
[Tim]
[Tit]

[To]
[Tr1]

[Tr2]

(Zy]

D. GORBACHEV AND S. TIKHONOV

Z. Ditzian, Smoothness of a function and the growth of its Fourier transform or its Fourier coefficients,
J. Approx. Theory, 162, no. 5 (2010), 980-986.

Z. Ditzian, V. H. Hristov, K. G. Ivanov, Moduli of smoothness and K-functionals in Lp, 0 < p < 1, Constr.
Approx., 11, no. 1 (1995), 67-83.

M. I. Dyachenko, S. Tikhonov, Convergence of trigonometric series with general monotone coefficients, C.R.
Acad. Sci. Paris, Ser. I, 345 (2007), 123-126.

J. Garcia-Cuerva, V. Kolyada, Rearrangement estimates for Fourier transforms in LP and HP in terms of
moduli of continuity, Math. Nachr., 228 (2001), 123-144.

D. Gioev, Moduli of continuity and average decay of Fourier transforms: Two-sided estimates, in: J. Baik,
T. Kriecherbauer, L. Li, K. D. McLaughlin, C. Tomei (Eds.), Integrable Systems and Random Matrices: In
Honor of Percy Deift, in: Contemp. Math., vol. 458, 377—392, Amer. Math. Soc., 2008.

D. Gorbachev, E. Liflyand, S. Tikhonov, Weighted Fourier inequalities: Boas’ conjecture in R™, J. d’Analyse
Math., 114 (2011), 99-120.

G. H. Hardy, J. E. Littlewood, G. Pdlya, Inequalities, 2nd ed. Cambridge University Press, 1952.

E. Hille, J. D. Tamarkin, On the theory of Fourier transforms, Bull. Amer. Math. Soc, 39 (1933), 768-774.

S. M. Nikolskii, Approzimation of functions of several variables and imbedding theorems, Berlin; Heidelberg;
New York: Springer, 1975.

E. D. Nursultanov, On the coefficients of multiple Fourier series in Lp-spaces, Izv. RAN Ser. Mat., 64, (1)
(2000), 95-122.

J. Peetre, Espaces d’interpolation et théeoréme de Soboleff, Ann. Inst. Fourier (Grenoble), 16 (1966), 279-317.
E. M. Stein, G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton, N. J., 1971.

S. Tikhonov, Best approzimation and moduli of smoothness: computation and equivalence theorems, J. Approx.
Th., 153 (2008), 19-39.

M. F. Timan, Best approzimation and modulus of smoothness of functions prescribed on the entire real axis,
Izv. Vyssh. Uchebn. Zaved. Mat., no. 6 (1961), 108-120 (in Russian).

E. Titchmarsh, Introduction to the theory of Fourier integrals, 2nd ed., Clarendon Press, Oxford University,
1948.

V. Totik, Sharp converse theorem of LP polynomial approximation, Constr. Approx., 4 (1988), 419-433.

W. Trebels, Estimates for moduli of continuity of functions given by their Fourier transform, Lecture Notes in
Math., vol. 571, 277-288, Springer, Berlin, 1977.

W. Trebels, Inequalities for moduli of smoothness versus embeddings of function spaces, Arch. Math. 94 (2010),
155-164.

A. Zygmund, Trigonometric series, vol. I, II, 3th ed., Cambridge, 2002.

D. GORBACHEV, TULA STATE UNIVERSITY, DEPARTMENT OF MECHANICS AND MATHEMATICS, 300600 TuLA, RuUssiA
E-mail address: dvgmail@mail.ru

S. TikHoNov, ICREA AND CENTRE DE RECERCA MATEMATICA, APARTAT 50 08193 BELLATERRA, BARCELONA,

SPAIN

E-mail address: stikhonov@crm.cat



	1. Introduction
	2. Growth of Fourier transforms via moduli of smoothness. The general case
	3. Growth of Fourier transforms via moduli of smoothness. The case of radial functions
	4. Growth of Fourier transforms via moduli of smoothness. The case of general monotone functions
	5. Growth of Fourier coefficients via moduli of smoothness. The case of functions on Td
	6. An equivalence result for periodic functions
	7. Discussion and applications
	References

