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THE BOCHNER-RIESZ MEANS FOR FOURIER-BESSEL
EXPANSIONS: NORM INEQUALITIES FOR THE MAXIMAL
OPERATOR AND ALMOST EVERYWHERE CONVERGENCE

OSCAR CIAURRI AND LUZ RONCAL

ABSTRACT. In this paper, we develop a thorough analysis of the boundedness
properties of the maximal operator for the Bochner-Riesz means related to
the Fourier-Bessel expansions. For this operator, we study weighted and un-
weighted inequalities in the spaces LP((0, 1),z dz). Moreover, weak and
restricted weak type inequalities are obtained for the critical values of p. As a
consequence, we deduce the almost everywhere pointwise convergence of these
means.

1. INTRODUCTION AND MAIN RESULTS

Let J,, be the Bessel function of order v. For v > —1 we have that
1

1

/ Ju(sj)Jy (spx)z de = B
0

where {s;};>1 denotes the sequence of successive positive zeros of J,. From the
previous identity we can check that the system of functions

V2
(1) (1) = m———
! | Jv1(s)]
is orthonormal and complete in L2((0,1),du, ), with du,(z) = 21 dx (for the

completeness, see [I12]). Given a function f on (0, 1), its Fourier series associated
with this system, named as Fourier-Bessel series, is defined by

@ R o= [0n0 0

(Jy+1($j))25j)k7 j,k = 1,2,...

z ", (s5x), j=1,2,...

provided the integral exists. When v =n/2 —1, for n € N and n > 2, the functions
1); are the eigenfunctions of the radial Laplacian in the multidimensional ball B".
The eigenvalues are the elements of the sequence {s? }j>1. The Fourier-Bessel series
corresponds with the radial case of the multidimensional Fourier-Bessel expansions
analyzed in [IJ.

For each 6 > 0, we define the Bochner-Riesz means for Fourier-Bessel series as

2 é
By(f,x) = (1 - %) a;(f)v;(@),

j>1 +
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where R > 0 and (1 — s?); = max{1 — s%,0}. Bochner-Riesz means are a regular
summation method used oftenly in harmonic analysis. It is very common to analyze
regular summation methods for Fourier series when the convergence of the partial
sum fails. Cesaro means are other of the most usual summation methods. B.
Muckenhoupt and D. W. Webb [14] give inequalities for Cesaro means of Laguerre
polynomial series and for the supremum of these means with certain parameters
and 1 < p < oo. For p = 1, they prove a weak type result. They also obtain similar
estimates for Cesaro means of Hermite polynomial series and for the supremum
of those means in [I5]. An almost everywhere convergence result is obtained as a
corollary in [14] and [15]. The result about Laguerre polynomials is an extension of a
previous result in [I8]. This kind of matters has been also studied by the first author
and J. L. Varona in [7] for the Cesaro means of generalized Hermite expansions.
The Cesaro means for Jacobi polynomials were analyzed by S. Chanillo and B.
Muckenhoupt in [3]. The Bochner-Riesz means themselves have been analyzed for
the Fourier transform and their boundedness properties in LP(R™) is an important
unsolved problem for n > 2 (the case n = 2 is well understood, see [2]).

The target of this paper is twofold. First we will analyze the almost everywhere
(a. e.) convergence, for functions in LP((0, 1), dpu, ), of the Bochner-Riesz means for
Fourier-Bessel expansions. By the general theory [8, Ch. 2], to obtain this result
we need to estimate the maximal operator

B’(f,z) = sup |By(f, )|,
R>0

in the LP((0,1),dpu, ) spaces. A deep analysis of the boundedness properties of this
operator will be the second goal of our paper. This part of our work is strongly

inspired by the results given in [3] for the Fourier-Jacobi expansions.
4(v+1)

513125 and

Before giving our results we introduce some notation. Being py =

4(r41)

pP1 = F1—25° we define

_ < _
) po(a)_{l’ §>v+1/20r —1<v<—1/2,

po, 0<v+1/2andv>-1/2,

() = oo, 0>v+1/20r —1<v<—1/2,
pror= p1, 6<v+1/2andv>—1/2.

Concerning to the a. e. convergence of the Bochner-Riesz means, our result
reads as follows

Theorem 1. Letv > —1,6 >0, and 1 < p < co. Then,
By(f.x) = f(x) a e for f € LP((0,1),dp)
if and only if po(0) < p, where po(0) is as in (B]).

Proof of Theorem [ is contained in Section 2] and is based on the following
arguments. On one hand, to prove the necessity part, we will show the existence of
functions in LP((0,1),dp,) for p < po(d) such that B diverges for them. In order
to do this, we will use a reasoning similar to the one given by C. Meaney in [13] that
we describe in Section Pl On the other hand, for the sufficiency, observe that the
convergence result follows from the study of the maximal operator B?f. Indeed, it
is sufficient to get (po(9), po(d))-weak type estimates for this operator and this will
be the content of Theorem [3
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Regarding the boundedness properties of B° f we have the following facts. First,
a result containing the (p, p)-strong type inequality.
Theorem 2. Letv > —1,6 >0, and 1 < p < co. Then,
5
HB f”LP((O,l),dul,) < Cllfllzr0.1).dm)
if and only if
l<p<oo, for—-1<v<-=1/20rd>v+1/2,
po<p<pi, ford<v+4+1/2andv>-1/2.

In the lower critical value of py(d) we can prove a (po(d),po(d))-weak type esti-
mate.

Theorem 3. Let v > —1, 6 > 0, and po(d) be the number in [B). Then,
HBéf"LPO(‘s)vOO((O_,l)yd#V) < C”f”LPU(‘S)((O,l),d,uV)a
with C' independent of f.

Finally, for the upper critical value, when 0 < § < v +1/2 and v > —1/2, it is
possible to obtain a (p1, p1)-restricted weak type estimate.

Theorem 4. Let v > —1/2 and 0 <6 < v+ 1/2. Then,
HB(;XEHLplvOO((O,l),d,u,/) < C”XE”L’”((f)yl)-,fl#u)7
for all measurable subsets E of (0,1) and C independent of E.

The previous results about norm inequalities are summarized in Figure 1 (case
—1 < v < —1/2) and Figure 2 (case v > —1/2).
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Figure 1: case -1 <v < —%. Figure 2: case v > —%.

At this point, a comment is in order. Note that J. E. Gilbert [9] also proves
weak type norm inequalities for maximal operators associated with orthogonal ex-
pansions. The method used cannot be applied in our case, and the reason is the
same as can be read in [3], at the end of Sections 15 and 16 therein. Following the
technique in [9] we have to analyze some weak type inequalities for Hardy opera-
tor and its adjoint with weights and these inequalities do not hold for p = pg and

p=Dp1
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The proof of the sufficiency in Theorem [2 will be deduced from a more general
result in which we analyze the boundedness of the operator B’f with potential
weights. Before stating it, we need a previous definition. We say that the parame-
ters (b, B, v,0) satisfy the Cp conditions if

—2(1/—|- 1)

(4) b> (= if p=o0),

5) B<2(w+1) (1——) < ifp=1),

(6) b> 2w +1) (% _>_5_%(2 if p = o00),
1) B<2w+1) (% >+5+%,

(8) B<b,

and in at least one of each of the following pairs the inequality is strict: (@) and (&),
(@) and &), and ([0 and (8) except for p = co. The result concerning inequalities
with potential weights is the following.

Theorem 5. Let v > —1, 6 > 0, and 1 < p < oo. If (b, B,v,0) satisfy the C,
conditions, then

b1é
B fHLp((oJ Yodp) = < Ol fllLe(0,1).dun)»
with C' independent of f.

A result similar to Theorem [ for the partial sum operator was proved in [10,
Theorem 1]. It followed from a weighted version of a general Gilbert’s maximal
transference theorem, see [9) Theorem 1]. The weighted extension of Gilbert’s
result given in [I0] depended heavily on the A, theory and it can not be used
in our case because it did not capture all the information relative to the weights.
On the other hand, it is also remarkable the paper by K. Stempak [19] in which
maximal inequalities for the partial sum operator of Fourier-Bessel expansions and
divergence and convergence results are discussed.

The necessity in Theorem [ will follow by showing that the operator B°f is
neither (p1, p1)-weak nor (pg, po)-strong for v > —1/2 and 0 < 6 < v+ 1/2. This is
the content of the next theorems.

Theorem 6. Let v > —1/2. Then
sup ||86Rf||[‘p1,oo((0)1)7d#u) 2 C(lOgR)l/pD,

I lLet c0,1),dpp) =1
if0 <8 <v+1/2; and

sup IBR || L (0.1).du,) > Clog R,
1fllzoo(0,1),dp,)=1

if6=v+1/2.
Theorem 7. Let v > —1/2. Then

1BEXE Lro((0,1),dp)
EC(0,1) HXEHLPO((O,l),d;LV)

> C(log R)'/™,
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f0<d<v+1/2; and

sup ||35Rf||1:1((o,1),d#y) > ClogR,
121 0,1y, dpuy =1

if 6 =v+1/2.

The paper is organized as follows. In the next section, we give the proof of
Theorem[Il In Section [ we first relate the Bochner-Riesz means B to the Bochner-
Riesz means operator associated with the Fourier-Bessel system in the Lebesgue
measure setting. Then, we prove weighted inequalities for the supremum of this
new operator. With the connection between these means and the operator B%, we
obtain Theorem [f] and, as a consequence, the sufficiency of Theorem 2l Sections @l
and [{] will be devoted to the proofs of Theorems Bl and Ml respectively. The proofs
of Theorems [6l and [ are contained in Section[Bl One of the main ingredients in the
proofs of Theorems [6] and [ will be Lemma [T5] this lemma is rather technical and
it will be proved in the Section [

Throughout the paper, we will use the following notation: for each p € [1, 0],
we will denote by p’ the conjugate of p, that is, % + % = 1. We shall write X ~ Y
when simultaneously X < CY and Y < CX.

2. PROOF OF THEOREM [I]

The proof of the sufficiency follows from Theorem [3] and standard arguments.

In order to prove the necessity, let us see that, for 0 < § < v+1/2and v > —1/2,
there exists a function f € LP((0,1),du,), p € [1,po), for which B(f,z) diverges.
We follow some ideas contained in [I3] and [19].

First, we need a few more ingredients. Recall the well-known asymptotics for
the Bessel functions (see [20, Chapter 7])

v

©) e = o + O, <1 Jarg(o)] <
and
(10)

2
Ju(z) == [eos (s = = D)+ 0] |21, Jarg(e) <7 -0,
Tz 2 4
where D, = —(vw/2 + 7/4). Tt will also be useful the fact that (cf. [6, (2.6)])
(11) sj = 0(J)-
For our purposes, we need estimates for the L” norms of the functions ;. These

estimates are contained in the following lemma, whose proof can be read in [5,
Lemma 2.1].

Lemma 1. Let 1 <p < oo and v > —1. Then, forv > —1/2,

ooyt
1951l Lo (0,1),dp) = § (log 7)1/7, ifp= i(ﬁ/lz),
L, ifp < i(jrlf/lz) ;
and, for -1 <v < —1/2,
1, if p < o0,
1051l Lo ((0,1),dpn) = {juﬂ/z7 if p = oo.
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We will also use a slight modification of a result by G. H. Hardy and M. Riesz
for the Riesz means of order ¢, that is contained in [I1, Theorem 21]. We present
here this result, adapted to the Bochner-Riesz means. We denote by Sg(f,z) the
partial sum associated to the Fourier-Bessel expansion, namely

Se(f,x) = Y a;(f)vs(@).
0<s;<R
The result reads as follows.

Lemma 2. Suppose that f can be expressed as a Fourier-Bessel erpansion and
for some § > 0 and = € (0,1) its Bochner-Riesz means B%(f,x) converges to c as
R — oo. Then, for s, < R < Spy1,

ISr(f,z) —c| < Asn®  sup |BX(f,z)|.

0<t<sp41

By using this lemma, we can write
(12) laj(f)v;(2)] = [(Ss; (f,2) =€) = (Ss,, (fr2) = )| < Asj®  sup  |BY(f, ).

0<t<s;ji1

Let us proceed with the proof of the necessity. Let 1 < p < py. Note that pj = p;.
Therefore, p' > p{ > i(jr'—blg, and § < v+1/2— % := . By Lemma [I]
|\¢j|\Lp/((071))duu) > Cj*. Then, we have that the mapping f ~ a;(f), where
a;(f) was given in (2)), is a bounded linear functional on L”((0,1), du, ) with norm
bounded below by a constant multiple of j*. By uniform boundedness principle,
for p conjugate to p’ and each 0 < e < A, there is a function fy € LP((0,1),du,) so
that a;(fo)j ¢ — oo as j — oo. By taking ¢ = §, we have that

(13) aj(fo)j_5—>oo as  j — oo.

Suppose now that B%( fo,x) converges. Then, by Egoroff’s theorem, it converges
on a subset E of positive measure in (0, 1) and, clearly, we can think that E C (n,1)
for some fixed n > 0. For each x € E, we can consider j such that s;z > 1 and, by

(),
Ja; (fo)t; ()] = |a; (fo)
V2

- |JV+1(Sj

V2
| Ju+1(55)]
2 \1/2
)|x7V(7TSj$) cos(sjz + DV))
V2 x,,,( 2
|u+1(55)] TSj
= CS?I/QLMJ‘UO)UC_V_W (O((sj2)™") + cos(sja + Dy))]
T g (sy)]
= Jaj(fo)a ™"~/ (cos(sjx + Dy) + O((s52)~1))l.
By ([I2)) on this set F,

la;(fo)a ™" (cos(sjz + D) + O((5) ™) < Asj®  sup  |B(fo,2)| < Kpj°,

0<t<s;i1

x VT, (sx)

1/2
+a;(fo) x) cos(sja:+Dl,)|

uniformly on z € E. We also used () in the latter. The inequality above is
equivalent to

|a;(fo)(cos(s;z + Dy) + O )| < Kpa"t1/2j° < Kgj®.
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Therefore,
(14) laj (fo)i~* (cos(sja + D) + O(() 1)) < K.
Now, taking the functions

Fj(x) = a;j(fo)j*(cos(sjz + D,) + O(j 1)),  w€E,

and using an argument based on the Cantor-Lebesgue and Riemann-Lebesgue the-
orems, see [13] Section 1.5] and [2I] Section IX.1], we obtain that

1B @ do > Clay ()il
where, as usual, |F'| denotes the Lebesgue measure of the set E. On the other hand,
by ([I4),
1B @ i < KB

Then, from the previous estimates, it follows that |a;(fs)7~°| < C, which contra-

dicts ([I3).

3. BOCHNER-RIESZ MEANS FOR FOURIER-BESSEL EXPANSIONS IN THE
LEBESGUE MEASURE SETTING. PROOF OF THEOREM

For our convenience, we are going to introduce a new orthonormal system. We
will take the functions

\% 2 Ju j .
oi(z) = VLI A5T) (SJ;E), i=12,....
| Ju41(s5)]
These functions are a slight modification of the functions (I); in fact,
(15) () = & 2y;(x).

The system {¢;(x)};>1 is a complete orthonormal basis of L2((0,1), dx).
In this case, the corresponding Fourier-Bessel expansion of a function f is

00 1
P ne. it u0)=( [ fwema)

provided the integral exists, and for § > 0 the Bochner-Riesz means of this expan-
sion are

5
52
Bi(f.r) =Y (1 - R—) by ()6, (o).
i>1 +
where R > 0 and (1 — s?); = max{1 — s%,0}. It follows that

By(f, %) /f VK (2, y) d

where

2\°
(16) Kp(a,y) =) (1 - R—g) 6j(2)0; ().

j>1 +
Our next target is the proof of Theorem Bl Taking into account that

B.f(x /f (W)Kh(, 9) dpa (),
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where
5 2\
Kyp(z,y)=>_ (1- oz | L@ (y),
i>1 +
it is clear, from (IH), that K% (z,y) = (zy)~ @/ K% (z,y). Then, it is verified
that the inequality
12°B°(f, )| Lo ((0,1).dm,) < Cla® £ (@)l Lo (0,1 )

is equivalent to
[+ ARV B (F )| Lo ((0,1),a) < ClaPTEHYREED F (@) 1o (0,1) )

that is, we can focus on the study of a weighted inequality for the operator B};( fyx).
The first results about convergence of this operator can be found in [4].
We are going to prove an inequality of the form

12 B° (£, 2)l| o ((0.1).d0) < Clla F(@)l] o ((0,1).0)

for § > 0, 1 < p < oo, under certain conditions for a, A,v and d. Besides, a
weighted weak type result for supp., |B%(f, )| will be proved for p = 1. The
abovementioned conditions are the following. Let v > —1,d > 0 and 1 < p < o0;
parameters (a, A, v, §) will be said to satisfy the ¢, conditions provided

(17) a>-1/p—(v+1/2) (> if p=00),
(18) A<l-1/p+(v+1/2) (£ ifp=1),
(19) a>—0—1/p (> if p = 0),

(20) A<1+4+6-1/p,

(21) A<a

and in at least one of each of the following pairs the inequality is strict: ([I8) and

€I, @) and 1)), and 20) and @I)) except for p = oo.

The main results in this section are the following:

Theorem 8. Let v > —1, § > 0 and 1 < p < oo. If (a,A,v,0) satisfy the ¢,
conditions, then

129 B (f, )| Lr((0,1).d0) < Clle? (@) Lo ((0,1).d2)»
with C independent of f.

Theorem 9. Let v > —1 and 6 > 0. If (a, A,v,0) satisfy the ¢1 conditions and

E, = {x € (0,1): % sup (|B§;(f, z)|) > /\} ,

R>0
then

22 f (@) L1 ((0,1),d0)
A 9

|E)\| <C
with C' independent of f and \.

Note that, taking a = b+ (v +1/2)(2/p—1) and A = B+ (v +1/2)(2/p — 1),
Theorem [ follows from Theorem [8
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The proofs of Theorem B and Theorem [0 will be achieved by decomposing the
square (0,1) x (0,1) into five regions and obtaining the estimates therein. The
regions will be:

Ay ={(z,y): 0 < z,y <4/R},

Ay ={(z,y) : 4/R < max{z,y} < 1, |z —y| < 2/R},
(22) As ={(z,y) :4/R<z < 1,0 <y < z/2},

Ay ={(z,y): 0 <z <y/2,4/R<y <1},

As ={(z,y) :4/R<z<l,z/2<y<z—2/R}

U{(z,y):y/2<x<y—2/R,4/R<y<1}.
Theorem [§l and Theorem @ will follow by showing that, if 1 < p < oo, then

1
(23)  ||sup / y 20| K3 2, ) 1 ()], dy

R>0

< C”f(x)HLP((O,l),dx)
L?((0,1),dx)

holds for j =1, 3,4 and that

1
(24) / y 20| K (2, y) || () xa, dy < OM(f, ),

for j = 2,5, where M is the Hardy-Littlewood maximal function of f, and C is
independent of R,z and f. These results and the fact that M is (1,1)-weak and
(p, p)-strong if 1 < p < co complete the proofs.

To get [23) and ([24]) we will use a very precise pointwise estimate for the kernel
K% (z,y), obtained in [4]; there, it was shown that

(zy) VPR (2,y) € Ay,

(25) |K§(z,y)] < CQ R, (z,y) € A2
%, (z,y) € A3 U Ay U A5,
with
2 o<t <2
(26) B, (t) = polNslss
1, ift > 2.

The proof of (24) follows from the given estimate for the kernel K% (z,y) and
y~ 2% ~ C in Ay U A5 because A < a. In the case of Ay, from |K&(x,y)| <
CR we deduce easily the required inequality. For As the result is a consequence
of ®,(Rx)®,(Ry) < C and of a decomposition of the region in strips such that
R|z —y| ~ 2, with k =0, ..., [log, R] — 1; this can be seen in [4, p. 109]

In this manner, to complete the proofs of Theorem [8 and Theorem [ we only
have to show (23) for j = 1, 3,4 in the conditions ¢, for 1 < p < oo, and this is
the content of Corollary [ in Subsection In its turn, Corollary [ follows from
Lemmas[@ and [0l in the same subsection. Previously, Subsection [3.I] contains some
technical lemmas that will be used in the proofs of Lemmas [9 and [I0l

3.1. Technical Lemmas. To prove (23) for j = 1,3, 4 we will use an interpolation
argument based on six lemmas. These are stated below. They are small modifica-
tions of the six lemmas contained in Section 3 of [I4] where a sketch of their proofs
can be found.
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Lemma 3. Let 4 >0, ifr< =1, r+t< -1 andr+s+t < —1, then forp=1

< O f @) Lr((0,00),dx)
L7 ((0,00),dx)

2" X[1,00) () sUp 65/5 Y| f(y)] dy

§o<é<x

with C independent of f. If r <0, r+t < -1 andr+ s+t < —1 with equality
holding in at most one of the first two inequalities, then this holds for p = co.

Lemma 4. Let &y >0, ift <0, r+t < —1 and r+s+t < —1, with strict inequality
in the last two in case of equality in the first, then for p =1

< O f (@) zr((0,00),dx)
LP((0,00),dx)

" X[1,00)(x) sup & [ y'|f(y)dy
§o<&<x z

with C' independent of f. Ift < =1, r+t < —1 andr+ s+t < —1, then this holds
forp = oc.

Lemma 5. If s <0, s+t <0 and r+ s+t < —1,with equality holding in at most
one of the last two inequalities, then for p =1

< Clf (@) Lr((0,00),dz)

¢
2" X[1,00) () sUP £° / y'1f(y) dy
t2z Ja LP((0,00),da)

with C independent of f. If s <0, s+t < —1 and r+ s+t < —1 this holds for
p=00.

Lemma 6. Ift <0, s+t <0 and r+ s+t < —1,with strict inequality holding in
the first two in case the third is an equality, then for p =1

< Cf (@) Lr((0,00),de)
Lr((0,00),dx)

I’”xu,o@(a?)sup&s/ y'|f(y) dy
e Je

with C independent of f. Ift < =1, s+t < —1 andr+ s+t < —1 then this holds
for p = 0.

Lemma 7. If s <0, r+s<—-1landr+s+t<—1, then forp=1

<Ol f(@)llzr(0,00),da)
Lr((0,00),dx)

I’”xu,o@(a?)sup&s/ Y| f(y) dy
ez N1

with C' independent of f. If s <0, r+s <0 andr+ s+t < —1, with equality
holding in at most one of the last two inequalities, this holds for p = co.

Lemma 8. Ifr< -1, r+s<—-1andr+s+1t < —1, then forp=1

< Cf (@) Lr((0,00),de)
Lr((0,00),dx)

¢
2" X[1,00) () sUp 55/ Y| f(y) dy

1<€<z 1

with C independent of f. If r <0, r+s <0 andr+ s+t < —1, with equality in
at most one of the last two inequalities, this holds for p = co.
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3.2. Proofs of Theorem [§ and Theorem [9] for regions A;, A3 and A4. This
section contains the proofs of the inequality (23] for regions A;, A3 and A4. The
results we will prove are included in the following

Lemma 9. Ifv > -1, >0, R > 0, j = 1,3,4 and (a,A,v,d) satisfy the ¢1
conditions, then ([23)) holds for p = 1 with C independent of f.

Lemma 10. Ifv > -1, >0, R > 0, j = 1,3,4 and (a, A,v,0) satisfy the cx
conditions, then 23)) holds for p = oo with C independent of f.

Corollary 1. If 1 < p < oo, v > -1, > 0, R > 0, (a,A,v,0) satisfy the c,
conditions and j = 1,3,4, then (23)) holds with C' independent of f.

Proof of Corollary [Il Tt is enough to observe that if 1 < p < oo and (a, A, v, d)
satisfy the ¢, conditions, then (a—1+1/p, A—1+1/p, v, §) satisty the ¢; conditions.
So, by Lemma

1
IS%I;%/ y AT pga TP K (2, y) [ xa, (2, )| £ (y) ] dy
=z 0

L1((0,1),dx)
<Ol f@)llLr((0,1),da)s
and this is equivalent to
1 1 1
dx dx
[ (s [ bl alslan) 2 < o [ et )2
0 R>0Jo x 0 4

where j = 1, 3,4. Similarly, if (a, A, v, §) verify the ¢, conditions, then (a+1/p, A+
1/p,v,0) satisfy the co conditions. Hence, by Lemma [0

1
w o sup [ |G, (2010 dy
R>0J0

L0 ((0,1),da)
< Cllz P f (@) e (0,1,

Now, we can use the Marcinkiewicz interpolation theorem to obtain the inequality

/1< ati/p <S /1| RJ( )| (I )|f( )| >)p
0 &€ L1>I()) 0 K z,y XAj Y Yy dy T
L A pde
= C/O ( ' p| ( >|) x’

for 1 < p < oo and the proof is finished.
Finally, we will prove Lemmas [0 and [[0 for A;, j = 1,3 and 4, separately.
Proof of Lemma O and Lemma [10] for A;. First of all, we have to note that
B%(f, xz) = 0 when 0 < R < s1, being s; the first positive zero of J,. Using the
estimate (20)), the left side of [23)) in this case is bounded by

4/R
C |zt 2x 1y (x)  sup RQ(VH)/ y R f(y)] dy
0

s1<R<4/x

Lr((0,1),dx)

Making the change of variables x = 4/u and y = 4/v, we have

C

)

Lr((0,00),du)

oo
u” T3 X0y (1) sup RQ(VH)/ AT () do
s1<R<u R
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where || - || Lr((0,00),du) denotes the LP norm in the variable u, and

g(v) =v2/?|f(407)].

Note that function g(v) is supported in (1,00) and ||g{| £r((0,00),du) = IlflLr((0,1),d2)-
The function g will be used through the subsection, but the value 4 may be changed
by another one, at some points, without comment. Now, splitting the inner integral
at u, we obtain the sum of

(27)
O llu™" "2 o X ooy () sup RQ(”“)/ v "2 g (v) dv
s1<R<u R LP((0,00),du)
and
(28)

oo
u” T3 X0y (u)  sup Rz(yﬂ)/ AT g () do
s1<R<u u

Lr((0,00),du)

From Lemma [B] we get the required estimate for (27)), using conditions ([I7) and
1); Lemmalis applied to inequality (28], there we need conditions (8] and (2I))
and the restriction on them. This completes the proof of Lemmas [ and for
j=1

Proof of Lemma [@ and Lemma [0 for As. Clearly, the left side of (23] is
bounded by

z/2
C ey (@) sup / YA K (o)l F )| dy
0

4/z<R

Lr((0,1),dx)

Splitting the inner integral at 2/ R, using the bound for the kernel given in (25]) and
the definition of ®,,, we have this expression majorized by the sum of

2/R (R v+1/2, —A
. y)'" Ry
(29) %X[0,1)(x) sup / |f(y)|wdy
4/2<RrJo Yy LP((0,1),dx)
and
)y
(30) z“X[0,1)(%) sup Wdy
4/z<RJ2/R rT—Y L?((0,1),dz)

For (29), taking into account that |z — y| ~ x in As, the changes of variables
x=4/u, y=2/v give us

“U_a+(6+1)_%X[4,oo) (U) sup R—§+(V+1/2) /OO v_(y+1/2)+A+%—2g(,U) dv
u<R R

LP((0,00),du)

Lemma [f] can be used here. The required conditions for p = 1 are ([I8), (20) and
1)) with the restriction in the pairs therein. For p = co the same inequalities are
needed.
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On the other hand, in 30]), using again that |x —y| ~ x, by changing of variables
x=4/u and y = 2/v we have

R
Cllu~ +(6+1)_5X[4 o) (1) sup R_‘s/ vA+%_2g(v)dv
usk 2u LP((0,00),du)
R
<C a+(5+1)—5x[4 )( )SE%szi/ UA+%_2Q(’U) dv

Lr((0,00),du)

Lemma [B] can then be applied. For p = 1, we need d > 0, which is an hypothesis,
and (20) and (2I) with its corresponding restriction. For p = oo the inequalities
are the same, with the requirement that (20)) is strict. This completes the proof of
Lemmas [0 and [I0] for j = 3.

Proof of Lemma [9] and Lemma for A,. In this case, the left hand side
of ([23) is estimated by

1
C |+ xjo.1/21 () sup / YA K (o)l F )| dy

R>4 Jmax(4/R,2x)

L»((0,1),dz)
To majorize this, we decompose the R-range in two regions: 4 < R < 2/z and

R > 2/x. In this manner, with the bound for the kernel given in (28] and the
definition of ®,,, the previous norm is controlled by the sum of

1 -
Rz u+1/2y A
C ||*"X[0,1/2(z) sup /4 |f(y)|()wdy

s
4<R<2/x J4/R ROz —

Lr((0,1),dz)

and

! —A
Cllz“x[0,1/21(z) sup / Mdy
2

R>2/z J2x R6|$ - ?J|5+1

Lr((0,1),dz)
Next, using that |z — y| ~ y in A4, with the changes of variables z = 2/u and
y = 1/v the previous norms are controlled by

(31)

—a—2—(v+3) —5+(v+3) e A+Z-2+4(6+1)
Cllu™"r 2 X[4,00)(u) sup R 2 v g(v) dv

A<Rsu ! LP((0,00),du)
and
) w/4 A2 s
62 Ol @ s R [ oA g0 o
Zu 1 LP((0,00),du)

In [BI), we use Lemma 8 for p = 1, conditions (7)), (I3) and [ZI) are needed; we
need the same for p = oco. For (B2)), Lemma [7] requires the hypothesis § > 0 and
conditions (I9) and (ZI)) for p = 1 and the same for p = oo with the restrictions in
the pairs therein. This proves Lemmas [ and [0 for j = 4.

4. PROOF OF THEOREM [3]

Now we shall prove Theorem Bl First note that, by (I5]), we can write

1/+1/2 5
B(f. ) / 1y K(2,y) dy,
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where K9 is the kernel in (I6). By taking g(y) = f(y)y**'/?, to prove the result it
is enough to check that

1
dnn(@) < < [ g patvriDe ag,
E AP 0

where E = {;v € (0,1) : supgrsq x~W+1/2) fol |g(y)||Kj‘%(x,y)| dy > )\} and p = po(9).
We decompose F into four regions, such that E = U?:l J;, where

1
Ji = {w €(0,1): sup :f(”“/z)/ lg(w) X, (z,y) | Kg(z,y)| dy > A}
0

for 1 = 1,.. .,4, with Bl = Al, BQ = AQ U1457 B3 = Ag, and B4 = A4 where the
sets A; were defined in (22). Note also that [, dy, (z) < 37, [;, dpu (), then we
need to prove that

1
(33) / dpy () < g/ |g(x)|P3;(V+1/2)(2*p) d,
Ji AP 0

k3

for i = 1,...,4 and p = po(d). At some points along the proof we will use the
notation

1
(39 L= [ oy e gy
0

In J1, by applying (28) and Holder inequality with p = pg, we have

1
rH1/2) / 9(0)IxE () K (2, )] dy
0

4/R
< C$_(U+1/2)/ |g(y)|(xy)”+1/2R2(”+l) dy
0

4/R 1/200 4/R 1/;0()
< CR2+D ( / () [Poy v +1/D2=r0) dy> ( / v D dy>
0 0

2(v11) 4/R H/po 2(v11)
—CR™% /0 gy /D gy ) < CRME [/,

Therefore,

2(v+1)

1
supx*(”“/r")/ 19y X8, (2, y)|K&(2,y)| dy < C sup xjo.a/m ()R 70 L'/P0
R>0 0 R>0

_ 2w+l
PO

< Cx I;O/po.

In the case p = 1, it is clear that

1
w2 [ gty e (o) e )l dy < CRAHV,
0
and )
oup =12 [ g(0) i, (I )| dy < Co2e
0

Hence, for p = p(0),

2(v

J1 C{z e (0,1): Cx™ PH)I;/p > A},
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and this gives B3) for i = 1.
In J3, note first that

1
sup 2~ +1/2) / 190) s (@ 9| K (2, )] dy
R>0 0

2/R xz/2
= supa~ 2y g (2) </ 9K R (2, )| dy + //R 91K k(2. y)| dy)
0 2

R>0
= Ry + Ro.

For Ry, using ([28), the inequality /2 < z — y, which holds in Bs, and Holder
inequality with p = po,

2/R
Ry < ;1;1[3)96*”*3/2”))([4/3,1](év)/ RVF2=0y w1219y dy
0

2(v+1)
< sup =Wy (@) RVFY2ORT Sy Il/po < Cz 1)1%1707

R>0

where I, is the same as in ([34)). In the case p = 1, the estimate R; < Cx—2("+1) [,
can be obtamed easily.

On the other hand, for Ry, by using ([28) and Holder inequality with p = pg
again,

T[T ey mp0ph 1/po
Ry < supa™F320 gy (2) /P R / y DT ay
R>0 2R

/ 7p 1/200
< sup =Ty gy () L RO </ o dy) '
R>0 2/R

Using that (v + 1/2)2 Lo < —1and 4/R <z <1, we have that

/2 l/p(, 2_p 1/p;
R’ (/ YYD dy> < O( (/2= 1) “RO—C
2/R

and the last inequality is true because the exponent of R is zero. Then

—2(v+1)

Ry <Cx™ v LMW

In the case p = 1 applying Holder inequality, then

Ry < sup I_(U+3/2+5)X[4/R,1] () R™°  sup y T,

R>0 yE([2/R,z/2]
Now, if v+1/2>0and v+ 1/2 <4,

SUp X[4/R,1] (x)R™°  sup y~ @ 1/2)
fiz0 y€[2/R,x/2]

= C'sup X[4/R,1 (x)RV+1/2_5 < Cgv1/2He,
R>0
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and if v +1/2 <0,

SUp X[4/R,1] (x)R™°  sup y~ v F1/2)
fiz0 yel2/Ry/2]

=C sup X[4/R,1] (I)R_[sI_(U+1/2) S O$_V_1/2+5.
R>0
In this manner
R2 S C$_2(V+1)11.

Therefore, collecting the estimates for Ry and Ry for p = pg and p = 1, we have
shown that

—2(v+1)
P

Js C{z e (0,1): Cx ()P > A},

hence we can deduce [B3)) for ¢ = 3.
For the region Jy, we proceed as follows

1
sup 2~ (+1/2) / 19 x5 (@ 9| K (@, )] dy
R>0 0

1
< sup x‘(”+1/2)><[o,2/m(x)/ 9K} (2,y)| dy
R>0 4/R

1
+supa Ty p () / @)1 K (2, v)| dy
2x

R>0
< Csupa™ YD x g oy (2) (Ra) +1/2 /1 i
~ R>0 ’ 4 r ROl — y|oF

1
o (v +1/2) / Md = 5] + So.
TORR X ma®) [y~ g W= S+ S

We first deal with S, we use that y — 2 > y/2, then

1
v+1/2-6 lg(y)|
Si SCIS%l;% X0,2/R) (®) R A/R yo+1 dy

1 1
lg()l —wry [ 19)]
< Csupy )RV / dy < Cz=W+h L dy.
P Xioz2/ (%) yr VU e VU

Now for p = pg or p = 1, we have that 2v+1—p(r+1) > —1 and Hardy’s inequality
[17, Lemma 3.14, p. 196] is applied in the following estimate

1 P
/ |51 (x |p;v2”+1dx<C/ (/ lg)| y) L2V H1I=p+1) gy

’ 2v+1—pv dy _ C/ |g |P (v+1/2)(2—p) dy

Concerning S, observe that supr-q X[2/R,1] (x)R™ < Cxf, thus

1
—v—1/2+6 l9(y)|

x
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Since for p = pp or p = 1 we have that 2v +1 —p(v 4+ 1/2 - §) > —1, we can use
again Hardy’s inequality to complete the required estimate. Indeed,

' p,2v+1 ! ' l9(y)l 3 204+1—p(v+1/2-6)
| |Sa(x)|Px de < C ; s dy| =z dx

1
SC/
0

1
= [ Ity gy
0
With the inequalities for S; and S, we can conclude @B3]) for i = 4.
To prove [B3]) for ¢ = 2 we define, for k a nonnegative integer, the intervals
Ik = [27}671727]6]7 Nk = [27k73727k+2]

and the function gx(y) = |g(y)|x1,(y). By using @5) for /2 < y < 2z, with
x € (0,1), we have the bound

g |

2u+1—p(v+1/2—8)+
yotl y=r "y

C
K? < :
| R(Iay” = ng(lx . yl + 2/R)5+1
Then
0 min {2z,1}
gr(t) v+1/2
JoCsxe(0,1): su / dy > C\x .
: { ODiwed. ), Byl
Since at most three of these integrals are not zero for each x € (0, 1)
o0 min {2z,1}
g (t) v+1/2
Jo C x € 0,1:3su/ dy > C)Ax
2 kL_JO{ (0,1) R>1% o/ Ro(jz — y| + 2/R)7+1 Yy

cU {x € Ni: M(gr,x) > C)\:c’”fl/?}
k=0
where in the las step we have used that
min {2z,1}
gx(t)
e dy < CM(gy, 7).
R>0 /x/2 Ro(|z — y| + 2/R)%+1 Y (g, )

By using the estimate 2 ~ 2% for x € N}, we can check easily that

Jo C G {x € Ni, : M (g, x) > O)\T’“(”“/Q)}.
k=1

Finally by using again that  ~ 27% for € I, N, and the weak type norm
inequality for the Hardy-Littlewood maximal function we have

/ 22 gy < Czrk(zyﬂ)/ e
J2

k=0 {mGNk:M(gk,m)>C)\2*k(V+1/2)}
> 9pk(v+1/2)—k(2v+1)

<Cy "I /1 l9(w)I” dy

k=0

c [t . _
< ﬁ/ lg(y) [Py /D E=P) gy
0

and the proof is complete.
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5. PROOF OF THEOREM []

To conclude the result we have to prove B3) with g(z) = xg(z) and p = p;.
For J; and J5 the result follows by using the steps given in the proof of Theorem
for the same intervals. To analyze J3 we proceed as we did for Jy in the proof of
Theorem Bl In this case we obtain that

1
sup 2~ +1/2) / 19(9) 8, (2 9)| K2 (2, )
0

R>0
<C <$(y+1)/ l9(y)| dy+$f(y+3/2+a)/ |g(y)|y5 dy) '
0 \/37 0

Now taking into account that for p = p; we have 2v + 1 — p(v + 1) < —1 and
2v+1—pr+3/246) < —1 we can apply Hardy’s inequalities to obtain that

' “lg)l , \” !
/ (I(qul)/ 19\I)1 dy> :Z?2V+1 dr < C/ |g(y)|py(v+1/2)(27p) dy
0 0 \/y 0

and

1 x p 1
/ (x—(u+3/2+6)/ lg(y)|y® dy) 22y < C/ lg(y) Py /2P gy
0 0 0

with these two inequalities we can deduce that (33]) holds for J; with p = p; in this
case.

The main difference with the previous proof appears in the analysis of Jy. To
deal with this case, we have to use the following lemma [3| Lemma 16.5]

Lemma 11. If1<p<oo,a>—1, and E C [0,00), then

P
</ z® daz) < 2P(a + 1)17”/ g@tP=1 g
E E

In this case, it is enough to prove that

1
/7 dpy (z) < /\—C; /0 XE(Y) dpn (y),

where

1
J = { € 0.1): s [ () )y ) dy > A} ’
> 0

and this can be deduced immediately by using the inclusion
(35) J C [0,min{1, H}]

with

C

1
H2(V+1) = V/ XE(y) duy(y)
0



THE BOCHNER-RIESZ MEANS FOR FOURIER-BESSEL EXPANSIONS 19

Let’s prove (B5). By using (I8) and the estimate y — x > y/2, we have

1
i e / XEW)XB, (2, y)y" 2K (2, y)| dy
> 0

1
< Csup R 2v0 51y (:v)/ xe(y)y T2 dy
R>0 4/R

1
+Csup R~ F 2y g 1y (2) / xe(y)y T2 ay.
R>0 2x

In the first summand we can use that R~9T¥*+1/2 < Cz0~v=1/2 and in the second
one that R~° < z°. Moreover observing that with p = p; it holds —§ +v +1/2 =
2(v +1)/p we obtain that

1
sup w_(VH/Q)/ xeW)xBy TR K (2, y)| dy < C””—2(U+1)/p/ y~ 1 HRA/e gy
0 E

R>0
SOw’Q(”H)/”/ dpi (y),
E

where in the last step we have used Lemma [TI] and this is enough to deduce the
inclusion in (35).

6. PROOFS OF THEOREM [6l AND THEOREM [7]

This section will be devoted to the proofs of Theorem [l and Theorem[7l To this
end we need a suitable identity for the kernel and in order to do that we have to
introduce some notation. H,Sl) will denote the Hankel function of the first kind,
and it is defined as follows

Hl(ll)(z) = Ju(2) + Y, (2),

where Y, denotes the Weber’s function, given by

Jy(z) cosvm — J_,(z) v &7, and Yy(2) = lim Jy(z) cosvm — J_,,(z)-

sinvm v—n sinvm

Y, (2) =
From these definitions, we have

Joul(z) — e Jl,(z)7 v Z, and HVY(z) = lim Joul(z) — e J,,(z)'

i sinvm v—n i sin v

() =
For the function H,El), the asymptotic

(36) HV(z) = ,/ieﬂﬂﬂ/%ﬂ‘” [A+0(z"Y)], |2l >1, —=n<arg(z) < 2m,
Tz

holds for some constant A.
In [4l Lemma 1] the following lemma was proved

Lemma 12. For R > 0 the following holds:

K%(‘/L‘7y) = I%,l(xuy) + I%,2(:E7y)

with
2

13 (2,y) = ()2 / " (1 - %)5 Ty (22)J, (2y) d
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and

g (1)
5 o (ay)'? / 22\ 2H (2)J, (22) J, (2y)
Traley) =l == ) !~ 72 T (2)

where, for each € > 0, S. is the path of integration given by the interval R+ ile, o0)
in the direction of increasing imaginary part and the interval —R + i[e, 00) in the
opposite direction.

dz,

Then, by Lemma 2] we have
Iclls%(xa y) = I?%,l(xa y) + I?%Q(xv y)

where Ij%j(:t, y) = (;vy)_(”+1/2)1%7j (x,y) for j = 1,2. The main tool to deduce our
negative results will be the following lemma

Lemma 13. Forv > —1/2,6 > 0, and R > 0 it is verified that
_ 2T+ 1)R2(u+1) Jvro+1(yR)

K%(0,y) = 7%, (0
R( 7y) F(V+1) (yR)”'HH'l + R,Q( 7y)a
where
R2V—6+1 yR <1
37 7% ,(0,y)| < C ’ =7
(37) ‘ R2( y)| = {Ru—5+1/2y—(u+1/2), yR > 1.

Proof. From (@), it is clear that
5

5 y f +1 2
7% (0,y) = —2——— v 1-= ] J dz.
R0 = g |, ( 32) o)z

Now, by using Sonine’s identity [20, Ch. 12, 12.11, p. 373]

1
v 4 Juts Yy
/0 sv+l (1—52) J,/(Sy)ds_25I‘(5—|—1)Z%ll()7 V6> —1,

we deduce the leading term of the expression for K% (0, y).
To control the term

(v 5 v
Y +1/2>/ AN 2 15D (2) (2y) 2, (2y)
s R2 J,/(Z)

I?%,2 (07 y) = lim

e—0

dz,

we start by using the asymptotic expansions given in [B6) and (I0) for H,El)(z)
and J,(z). We see that on S., the path of integration described in Lemma [[2] for
t = Im(z) the estimate

H,(z)

Ju(2)

holds for ¢t > 0. Now, from (@) and ({0, it is clear that for z = +R + it
[VZyJu(2y)| < Ce’' @, (R +t)y)

where @, is the function in (26). Then

< 61672157

| Z52(0,9)] < Oy~ /AR ; (R + )20, (R + ty)e ¥ dt.



THE BOCHNER-RIESZ MEANS FOR FOURIER-BESSEL EXPANSIONS 21
If y > 1/R we have the inequality ®,((R + t)y) < C, then

|I?%)2(0, y)| < Cy—(V+l/2)R—26 i té(R + t)V+5+1/2€—(2—y)t dt

< Cy—(u+l/2)R—6(RV+l/2 _|_R—6) < CRV—6+1/2y—(V+1/2)
and @10 follows in this case. If y < 1/R we obtain the bound in &) with the
estimate @, ((R +t)y) < C(®,(yR) + (yt)"T1/?). Indeed,
|I%12(0, y)| < Cy—(u+1/2)R—26q)V(yR)/ té(R + t)l/+6+1/2€—(2—y)t dt
0

+ C’R_% /OO tu+6+1/2 (R + t)u+6+1/2e—(2—y)t dt
0

< C(R2Y—0+1 4 Rv=20+1/2 4 Ru=o+1/2 | [-26y < pv—d+1,
O
Lemma 14. Forv > —1/2 and 0 < § < v+ 1/2, the estimate
IO, )70 ((0.0).dp) = CRO 1 (log )70
holds.

Proof. We will use the decomposition in Lemma [[3] By using (@) and ([I0) as was
done in [5, Lemma 2.1] we obtain that

> CRY™F1/2(log R)'/Po.

R2v1) Juto+1(YR)
(yR)V"rts"rl

LPo((0,1),dp)

With the bound [B7) it can be deduced that
S v—>94
||IR,2(0)y)HLPO((OJ),dﬂy) < CRVOTY2,

With the previous estimates the proof is completed. (Il

Finally, the last element that we need to prove Theorems 6] and [7 is the norm
inequality for finite linear combinations of the functions {;},;>1 contained in the
next lemma. Its proof is long and technical and it will be done in the last section.

Lemma 15. Forv > —1/2, R > 0, 1 < p < oo and f a linear combination of
the functions {1;}1<j<n(r) with N(R) a positive integer such that N(R) ~ R, the
inequality

11l ((0,1),dp1) < OBV | 1o (0,1) 1)
holds.

Proof of Theorem[@. With the bound in Lemma [[4] we have

(log R)I/Po < CR2(w+1)/p ||IC63(0’y)HLPO((O,l),duu)

1

—or e s | R 0.0f) du
L lLet 0,1),dp,)=11/0

= CR2v+V/m sup ‘BéRf(O)| .

1F I LP1 (0,1),dp ) =1
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From the previous estimate the result for 6 = v+1/2 follows. In the case é < v+1/2
it is obtained by using Lemma [I5] because

R2(+1)/m sup |B%f(0)]
17 1P1 (0,1),ap,)=1

<C sup HB‘ng(x)

<C B Hmeoo((o,l),du,,)
1F I LP1 (0,1),dp ) =1

since B3, f(z) is a linear combination of the functions {¥ih<j<n(r) with N(R)
R.

O R

Proof of Theorem[7 In the case § < v+ 1/2, the result follows from Theorem [ by
using a duality argument. Indeed, it is clear that

)
||B§53XE||LP0((0,1),d#V) fo Y)BrxEe(y) diw
= sup sup
Bc)  IXElLro(0).du)  ECOD Iflmo o1yamy=1  IXELro((0,1),d.)

Jo Xxe@W)BEI (y) s,
(38) = sup sup

1Fl2rs (o, =1 EC01)  IXENLPo((0,1),dp)

By Theorem [@l it is possible to choose a function g such that ||g|| e ((0,1),du,) = 1
and

1B%9() || o1 ((0,1),dp,) = C(log R)'/Po.
Then, with the notation

o (E) = / i,
E
we have
(39) Nt (A) > C(log R)PH/Po,

for some positive A and A = {z € (0,1) : |[Bg(z)| > A}. Now, we consider the
subsets of A

Ay ={x € (0,1): Bgg(x) > \} and Ay = {z € (0,1) : Bog(z) < —A}

and we define D = Ay if pu, (A1) > p,(A)/2 and D = As otherwise. Then, by (B9),
we deduce that
(log R)'/Po

>(C——.
(40) r=c i (D)/P1

Taking f = g and E = D in (B8) and using (@0), we see that

ec1) IXElLro(o,1)apy —  IxDllzro(0,1),du)

1B x 2l Lro((0,1),dun)

> C(log R)/Po

and the proof is complete in this case. For § = v + 1/2 the result follows from
Theorem [6] with a standard duality argument. (I
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7. PROOF OF LEMMA

To proceed with the proof of Lemma [15] we need some auxiliary results that are
included in this section.
We start by defining a new operator. For each non-negative integer r, we consider
the vector of coefficients o = (a1, ..., a,41) and we define
r+1

Ty rof(z) =) aBipf(x).
/=1

This new operator is an analogous of the generalized delayed means considered in
[16). In [16] the operator is defined in terms of the Cesaro means instead of the
Bochner-Riesz means. The properties of 7. g o that we need are summarized in the
next lemma

Lemma 16. For each non-negative integer r and v > —1/2, the following state-
ments hold
a) Ty r.of is a linear combination of the functions {1} 1<j<n((r+1)R), where
N((r + 1)R) is a non-negative integer such that N((r + 1)R) ~ (r + 1)R;
b) there exists a vector of coefficients «, verifying that |ag| < A, for £ =
1,...,7+ 1, with A independent of R and such that T, rof(z) = f(z) for
each linear combination of the functions {1;}1<;<n(r) where N(R) is a
positive integer. Moreover, in this case, for r > v +1/2,

1T fr,r,allL1(0,1).d0) < ClfIlLr(0,1). )
and
| T, roaf | Lo (0,1),dp) < CllfllLoo((0,1),dpu)
with C independent of R and f.

Proof. Part a) is a consequence of the definition of T} g and the fact that the
m-th zero of the Bessel function J,, with v > —1/2, is contained in the interval
(mm4+vr/2 4+ 7/2, mr +vr/2 4 3w /4).

To prove b) we consider f(z) = Z;V:(f) a;1j(x). In order to obtain the vector of
coefficients such that T, g o f(2) = f(z) the equations

r+1 52 r
— k =
>a(1- ) =1

=1

for all k =1,..., N(R), should be verified. After some elementary manipulations
each one of the previous equations can be written as

i 2 (1) (=1 = ap _
w\j) R L T
=1

Jj=0

and this can be considered as a polynomial in s7 which must be equal 1, therefore
we have the system of equations

r+1 a
1 .
Zﬁ:dj’o’ ]:0,...,T.
=1
This system has an unique solution because the determinant of the matrix of coef-
ficients is a Vandermonde’s one. Of course for each ¢ = 1,...,r + 1, it is verified

that |ay| < A, with A a constant depending on 7 but not on N(R).
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The norm estimates are consequence of the uniform boundedness
1B £l Lo ((0,1),dp) < ClLFILo((0,1),dp)s
for p=1and p =00 when § > v+ 1/2 (see []). O

In the next lemma we will control the L°°-norm of a finite linear combination of
the functions {1;};>1 by its L'-norm.

Lemma 17. If v > —1/2 and f(z) is a linear combination of the functions

{iti<i<n(r) with N(R) a positive integer such that N(R) ~ R, the inequality
1£1 Lo (0.1).dsar) < CRPTINFl L ((0,1).d0)

holds.

Proof. Tt is clear that
N(R)

fla) = 3 @) [ £ ) ),

Now, using Holder inequality and Lemma [Tl we have
N(R)
||f||L°°((0,1),du,,) <C Z ||7/}j||%°°((0,1),du,,)”f”Ll((O,l),duu)

j=1
N(R)
<Clflleroayan Y 32 < CRPYIfll L (0,1).du,)-

j=1
[l

The following lemma is a version in the space ((0,1), du, ) of Lemma 19.1 in [3].
The proof can be done in the same way, with the appropriate changes, so we omit
it.

Lemma 18. Let v > —1, 1 < p < oo and T be a linear operator defined for
functions in L'((0,1),du,) and such that

1T fllLoeo,1).dm) < Allfllr0.1).dm) @nd T flle(0,1).dp) < BllfllLe(0.1).dp)>
then
IT £l oo ((0,1),dp) < CAYPBYP| fll Lo (0,1, 1) -

Now, we are prepared to conclude the proof of Lemma

Proof of Lemma[Il We consider the operator T} g of given in Lemma [I6b) with
r > v+ 1/2. By Lemma [If] and Lemma [l we have

1T R | oo (0,1),am) < C(r+ DR*CINT g f | L1¢(0,1),dp0)
< CR| Fllpa0.1),dm)-
From b) in Lemma [I6] we obtain the estimate

1T, rafllze=((0,1),dm) < CllfllLoe((0,1),dp.)-
So, by using Lemma [I8 we obtain the inequality

1T R | Lo (0,1),d0) < CRETVPY £l Loioe (0,1),dpun)
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for any f € L'((0,1),du,). Now, since T} g.of(x) = f(x) for a linear combination
of the functions {vj}1<j<n(r), the proof is complete. O
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