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ON THE OPTIMAL CONSTANTS IN THE TWO-SIDED
STECHKIN INEQUALITIES

THOMAS JAHN AND TINO ULLRICH

ABsTrRACT. We address the optimal constants in the strong and the weak
Stechkin inequalities, both in their discrete and continuous variants. These
inequalities appear in the characterization of approximation spaces which arise
from sparse approximation or have applications to interpolation theory. An
elementary proof of a constant in the strong discrete Stechkin inequality given
by Bennett is provided, and we improve the constants given by Levin and
Stechkin and by Copson. Finally, the minimal constants in the weak discrete
Stechkin inequalities and both continuous Stechkin inequalities are presented.

1. INTRODUCTION

In the present paper, we address the minimal constants ci(q), C1(q), c1,00(q),
C1,50(9), €1(q), C1(q), €1,00(q), and C1 0(¢) > 0 in the inequalities

(1.1) . lZaZ <Y an<Cig) Y lZaZ :
c1(q) n —_ —\ni=

Q=

(1.2)

Cl,oo (Q) neN

1 I e 4
N - < ’IL<C OO ’
supn(n Z ak> sup na 1, supn( Z ak>

k=n neN neN
(1. 3)
/ ( / f(s qu) dt < f(t)dt < Ci(q / ( / f(s qu) dt,

Cl 0

and

(1.4)

1 : _
supt( / f(s qu) <suptf(t) < (00 supt< / f(s qu) ,
C1, oo t>0 t>0 t>0
for sequences (an)neny With a1 > ag > ... > 0, monotonically decreasing functions

f:(0,00) = [0,00), and 1 < ¢ < oo. These inequalities are henceforth referred
to as the strong discrete, the weak discrete, the strong continuous, and the weak
continuous Stechkin inequality, respectively.

The right-hand side inequalities of (1.1), (1.2), and (1.4) also allow for ¢ = 1.

1 o 1
Note that in case ¢ = oo, the expressions (£ Y77 af)? and (1 [° f(s)9ds)? a
replaced by sup {ax | k > n} = a, and sup{f(s)|s >t} = f(¥).
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Copson [3, Theorem 2.3 proves that Cy(q) < q%, cf. also Hardy, Littlewood,
and Polya [12, Theorem 345]. Levin and Stechkin [13, J1.61] improve Copson’s
result [3, Theorem 2.3] when 1 < ¢ < oo, showing that C1(q) = (¢ — 1)% when
3 < ¢ < oo and giving upper bounds in the remaining cases. Stechkin revisits
(1.1) for ¢ = 2 in [17, Jlemma 3| and [18, Jlemma 1] where it is proved that C1(2) <
2. Gao [9, Theorem 1] provides further improvement by showing that C;(q) =

4

(¢ — 1)5 even for ¢ < ¢ < oo, where gy ~ 2.8855 is a solution of the equation
q -

97T ((q A (g 1)) — (14 259)77T = 0. De Bruijn [4, p. 174] reports that
C1(2) = 1.1064957714 “with an error of at most 9 units at the last decimal place.”
Stechkin [18, Jlemma 1] is first to address the constant ¢1(2); he asserts ¢;1(2) < 2
and conjectures an improvement to ¢1(2) < 7 but proves neither claim; see also [6,
Section 7.4] for a historical discussion. The existence of constants validating the
inequalities (1.1) and (1.2) is due to Pietsch [15, Example 1 on p. 123], see also |5,
Theorem 4]. Bennett [1, Theorem 3] shows that

T

gsin(Z)

ci(q) =

n (1.1), thus confirming Stechkin’s conjecture for ¢ = 2, see Figure 1 for an illus-
tration. Hardy, Littlewood, and Polya [12, Theorem 337] prove

Ci(q) = (¢ —1)7

n (1.3), depicted in Figure 7.
The contribution of the present paper is as follows. First, we give an alternative
proof for the optimality of ¢;(2) = § in (1.1) which uses an elementary insight from

convex optimization.
q—1

Second, we extend the upper bound for C;(q) < 2 (2— — 1) * proved by Levin

and Stechkin for % < g <3tol < g < oo via Proposition 2.3. A more detailed
analysis of the same argument leads to C1(2) < 1.1086983 in Corollary 2.6.
Third, we improve the upper bounds for C;(g) from the literature when 1 < ¢ <

;f}ﬁg; and ¢ # 2. Summarizing, the currently best known bounds for the constant

C4(q) are

eln(2) 5 2+1n(2)
< ( o) ) ) 1<¢< 2-m(2)’
11064957714, g =2,
1
< 2( ) A << g,
=(q¢— % go < g <0

with go ~ 2.8855, see Proposition 2.3 and Theorem 2.7 and Figure 4 for an illus-
tration.
Fourth, we determine the optimal constants in (1.2) as

Q=

1

nlt) = 6@} and Crnlo) = (1)

-
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where () denotes the Riemann zeta-function, see Theorems 3.2 and 3.3 and Fig-

ures 5 and 6. Next, we show that
T
c(q) = cilq) = qu(%)

n (1.3), see Theorem 4.1 and Figure 7, as well as

Q=

) _ 1\~ 1\ (-4)

) = (=07 and Gl =il (1) T(1-2) T
see Theorems 4.3 and 4.4 and Figure 8.
The inequalities discussed in this paper have applications in interpolation theory
and nonlinear approximation. On the one hand, (1.3) can be used in the proof
of the Marcinkiewicz interpolation theorem, see [2, Theorem 1.3.1]. On the other
hand (1.1) and (1.2) play a role in the characterization of the approximation spaces
A%(H), i.e., the set of elements f of the infinite-dimensional separable Hilbert space
‘H for which the quasi-norm

1
_ JO L Ea(f)w) )T 0<r < oo,

11l ae 30y = "

supnGNn En(f)Ha r=00

is finite. Here, o > 0 and E,(f) denote the infimal distance of f to elements of
the form , _\ Axex, where A C N is a set of cardinality n — 1 and (ex);2, is
an orthonormal basis of H. The consequences for the optimal constants in the
inequalities stated by DeVore in [5, Theorem 4] on sparse approximation in infinite-
dimensional separable real Hilbert spaces are outlined in Section 5.

A recurring technique in this paper is that we prove the inequalities under con-
sideration for finite sequences first, which then yields the general claim through
a limiting process. These finite-dimensional versions will be used to gain some
geometric insight to (1.1).

2. THE STRONG DISCRETE STECHKIN INEQUALITY

In this section, we are concerned with the minimal constants ¢1(g) and C1(g) > 0
in the inequality

(2.1) cltq) (%Z%)q <Y <G < Z%)

for sequences (an)neny With a1 > as > ... > 0 and for 1 < ¢ < oo with the
appropriate modification for ¢ = oo, as indicated in Section 1. The monotonicity
assumption on (an)nen gives sup {ax | k > n} = ayp, so ¢1(o00) = C1(c0) = 1. For
g =1, we have C1(1) =1 because

PSR Sk it

k=1 n=1 k=n

which holds as an equality when a,, = 0 for all n > 2.
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2.1. On the optimal lower constant. We give a rather elementary proof of the
optimality of ¢;(2) = 7 in (2.1), which is due to Bennett [1, Theorem 3]. Our proof
uses an elementary insight from convex optimization.

Theorem 2.1. The minimal constant c¢1(2) > 0 for which

1
[e’e] [e’e] 2 [e%e}
z(;zai) <a®Ya
n=1 k=n n=1

holds for all sequences (an)nen with a1 > az > ... > 0ds c1(2) = F.

Proof. Step 1. We prove the claim for finite sequences. Consider

1
ZZO:I (% Z;O:n ai) i
D omet @n

1
N 1 N 2\ 2
anl(g > k=n ak)
= sup ap>az>...20,any1 =0

N iy
ZnZI an

o0
alzagz...ZO,aN+1:O,Zan<oo

n=1

sup

NN 3
= sup Z (5 Z ai) (@n)nen € ANn
n=1 k=n
The set Ay = {(an)neN ’ a1 >as>...>0,any11 = O,Zf:’:l an = 1} is deter-
mined by a single linear equality and n linear inequalities in a, ..., a, and thus is

a (n — 1)-dimensional simplex in its N-dimensional linear span V. Therefore, the
restriction of the convex function

VN—>R,

N 1 N 3
(an)nGN — Z <E Z az)
n=1 k=n

to A attains its supremum at one of the vertices of Ay. Similarly to the discussion
in [8, Section 2.1], the vertices of Ay are precisely those points for which all but
one of the defining inequalities are actually equalities. This means that for each
of the N vertices of Ay, there is a number kg € {1,..., N} such that a1 = ... =

Ak, > Oko+1 = ... = ay = 0. Taking 27]:,:1 a, = 1 into account, we obtain
a1=...:ak0=k—10 and

i(lia2>2_ko (1% 1)2 i _%(ko—n-i-l)z

n=1 k=n * n=1 n k=n kg n kg
Therefore

1
sup EZO:I(% ZO:n ai) ’

o0
alzagz...ZO,aN+1:O,Zan<oo

n=1

N N 3
1
S DS ESF) NI
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ko 1
ko — 1\2
_sup{zn%< 0 kZ—F )
0

Clearly, this quantity is monotonically increasing in N because not only the set
{(an)nen| a1 > a2 > ... > 0,any4+1 = 0} is, but also Ay and its vertex set are. We

1
will show that the sequence (Eﬁo_l n-z (%) 2) is bounded above and
0
koeN
the supremum is 7. Then we automatically know that

ko 1
T _1fko—mn+1\2
27 e Zln (T)

koE{l,...,N}}.

I
wn
s
ie)
w0
e
T

Nl=

The function g : (0,ky + 1) — [0,00), g(t) := t_%(%) is monotonically
0

decreasing, so
ko+1 ko

@2 g [ a0 Y g <o)+ [ o=,
1 1

For the computation of the antiderivative f t=2 (kg — t + 1)2dt, the change of vari-
ables u = /¢ ort= u];[:{l) yields 4L = 2(12(21@3312) and
L L
/t 2(ko —t+1)2dt
2(ko + 1) / ! d
= —du
0 (u2 +1)2
u

=2(ko+ 1) <2(T+1) + % arctan(u))

=13 (ko — t+1)% + (k0+1)arcwn<(¥)

[SE

o —t+1

ko+1 . 1 T 1 _1
/1 73 (ko — t+ 1)2dt = (ko+1)§—k02—(k0+1)arctan(k02),

ko
/t
1

It follows that limg, oo fr, = limg, o0 Ak, = 5. Now, if we can show that the
sequences (fk, )koen and (hg, )k,en are monotonically increasing, then (2.2) implies

ko 1
s 1 (ko—n+1)\2
— = 1 = < 2 _
5 1rn fro = sup Sfro < ksoue% g n- ( k% )

Plugging in the integration bounds, we arrive at

MI»—A

(ko —t+1)2dt = (arctan(ko%) — arctan(ka%)) (ko + 1).

m
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< sup hg, = lim hg, = n
koEN ko—o00 2
and we are done. Indeed, one has
0 [t/ —_t+1\? 9 (x—i—l)%—x% —(:v—l—l)arctan(af%)
9 / TN = O
oz Jy ta? ox x

x% — arctan(x%)
= >0
72

R S )
= (% (x% —i—(arctan(:v%) - arctan(gg*%)) L 1’ 1)

3 — 4arctan(:1:%) + 7
- 212

for all x > 1. For the latter claim, note that the function (0,00) > x — /z —
s

4arctan(y/z) + 7 has a global minimizer at = 3 with minimum v3 — Z > 0,
which can be read off the signs of its derivative = — #ﬁl)

and

>0

Step 2. We prove the claim for all sequences. It remains to show that
1
Yo (5 22, a7)

D one1Gn

for all sequences (an)nen With a1 > az > ... > 0 and Y. a, < co. Let £ > 0.
Then there exists N1, N3, N3 € N such that

<

oA

1
o 1 00 ) 2 c
_ < =

for all N > Ny, and

i a <E
k=% |
for all N > Ny, and
1
N |~z
WM <2

for all N > Nj. Also, for fixed N € Nand M > N + 1, apply [8, Proposition 2.3]
withp=1,¢=2,and s = % to the sequence (an)n>\_ﬂj to obtain
Z12

(5 5

k=N+1 J
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c1(q)

5

3 /
e

0.5 1 1/q

FIGURE 1. The function 1/q — qb?”(ﬂ)
q

For N > max {Nj, N2, N3}, we conclude

N 1 o) 3 N . N—% oo N . N—% o)
S5 BB 5 e[l
n=1

n=1 E=N+1 k= ¥ | k=X |

and
L 2
>(13a)
n=1 k=n
(A3a) > (Exa)
n=1 k=n n=N+1 k=n
1 1 1
N 1 N 2 N 1 e’} 2 o e’} 2
2 2 2
> (1ya) o222 @)+ > (2xa)
n=1 k=n n=1 k=N+1 n=N+1 k=n
B ST
247" 20 2
7_[ o0
:E ap + €
n=1
Taking the limit € | 0 proves the assertion. ([l

The precise values for ¢1(g) from [1, Theorem 3| are illustrated in Figure 1.

Remark 2.2. Our proof of Theorem 2.1 already emphasizes the importance of
finite sequences for our considerations which will be encountered again in the proof
of Theorem 3.3. Let us draw a geometric picture. Fix N € N and ¢g € (1,00). The
quantities

N

lall, = > lax|

n=1
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and

N 1 N %
yw(a) = (ﬁ > |ak|q>
n=1 k

=n

define norms on RY, whose closed unit balls shall be denoted by B and B{Yq,

respectively. Figure 2 illustrates B{Yq for several values of q.

FIGURE 2. The unit balls of the norms vy for N =2 and ¢ € {1,1.4,2, 3,6, 00}.

The inequality

1 N 1 N q N N 1 N q
(2.3) D > (5 > aZ) <> an < Cilq) (5 > ag>

n=1 k=n n=1 n=1 k=n
for all @ = (a1,...,an) € RY with a; > ...ayx > 0 then translates to the following
chain of set inclusions of convex bodies:

1
(2.4) (B NKy) C BY,N Ky C Ci(q)(B NKy).

c1(q)

Here Ky := {(a1,...,an) | a1 > ...an > 0}. For understanding the shape of the
convex bodies B{Yq, we note that norm ~y is the pointwise sum of the functions

1

Y. N ¢ R™ — R given by v, n(a) = (% Efgv:n QZ) " forn € {1,...,N}. With °
denoting the polar set with respect to the standard inner product, it follows that
B{\fq = (Bf_’N +...+ B?VVN)O, which is similar to the construction of the harmonic
mean of convex bodies introduced by Firey in [7]. For N = ¢ = 2, the chain of set
inclusions stated in (2.4) with the optimal constants is illustrated in Figure 3. This
figure may also be used to convince oneself that for the left-hand side inequality in
(2.3), it is relevant to have a € Ky, and thus monotonicity is also relevant for the
left-hand side inequality in (1.1).

2.2. On the optimal upper constant. In this section, we improve the known
upper bounds on C(g) for 1 < ¢ < gf}ﬁg; The following result adapts Stechkin’s
proof technique in [17, Jlemma 3] and produces upper bounds for C(q) from auxiliary

sequences whose entrywise inverses in ¢, where ¢’ is the Holder conjugate of g.

Proposition 2.3. Let 1 < ¢ < oo, set ¢/ = q%, and assume that b = (by)nen, 1
a strictly monotonically increasing sequence with by =0 and > o, é < 0o. Then
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FIGURE 3. The unit balls of the norms vy and [-||; for N =¢ =2
(left) and an optimally scaled version of their intersections with
the cone Ky (right).

for all (an)nen € £q, we have

-

o0

1 L\
n=1 E;ak

TLEN}.

Z (07 S Cb(Q)
n=1

a1
with Cy(q) := sup {<n2(bn —bn1)? S0, b%) q
k

Proof. Consider

Z Zb—n Za—"Z(bk —br—1)
n=1 n=1 n=1 " k=1
1 L
%) %) ax %) 1 0o a o’ %) 1 Py
1 1

00 0o a 0o 0o q

= Z( Zak> < (b, — bp—1)1 ;é) < C’b(q)n:1 <%]§az>
where Cj(q) is chosen as stated in the assertion. O

We investigate the choice by, = (k(k + 1)) for p € (2%,, 1]. If we set

4 P Pya i
Api=na ((n(n+1))F — (n(n —1))P) ;l (k(k+ 1)o7

1
for n € N, then C(p, q) := sup{A; |n € N} the constant defined in Proposition 2.3
for our particular choice of the sequence (b, )nen-
Lemma 2.4. Let p > 5. For alln € N, we have

(2.5) Ang((”H)p—(n—l)P)"' 1

np—1 2¢'p—1°
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Proof. The assertion follows from

0o o Bt , q'p
;bq z k+1 Z(/k :rd:r)

k=n k=n
— / _ )
= Jk 2q'p—1
for which p > 2%/ is crucial. (I

We can say even more about the right-hand side of (2.5).
Lemma 2.5. Let 0 < p < 1. The sequence (A} )nen defined by
(n+ 1P —(n—-1)"

np—1

Al =

is monotonically decreasing.

Proof. For p = 1 the claim is trivial. Otherwise, consider the functions fi,g; :
(0,00) — R defined by gi1(z) = 2P and

zp—1
Note that fi(n) = A/,. We will show that f; is monotonically decreasing on [2, c0)
and that A7 > A}. The Taylor expansion of g1 at x > 2 is given by

n h,k ~ k—1
g(w+h) = =" [[ (0= m) + R, h.n),
k=0 m=0

and the corresponding approximation error is

z+h h— )" n
R(z,h,n) := / %tp_"_l H (p — m)dt.
b ’ m=0

Next, note that

x+1 n n
1—1¢
R(z,1,n)| < / %t [T 1o —mlat
: |

m=0

x+1 1 1
< / Pt = ——((x+ )P —aP™") <

x p—n n—p

and
* — 1
Rt < [ =D 1H p—m)

rx—1

* n—1 n n 1
< tP dt (aP (x—1)P"™M <

z—1 p—n n—p

This follows from L [[" _ lp—m| = p[[h_; =L < 1and [z +h+t" <1 for

m

h € {—1,1} and ¢ between z and x + h. As lim, ;;—171 = 0, we know that
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lim,, o0 R(z, h,n) =0 for h € {—1,1}, and we may write

1z +1) Zk'xpknp m)

and

k+1

00 k—1
—gi(z—1) = Z kaH(p—m)-
=0 m=0

Setting h,, (2n ) H2n 2( —m) for n € N and noticing h,, > 0, this gives

[e%s} 2n—2
1 -1) 2P~ (2n—1) _
g +1) - gi( z:: Cr— ngo(p m)
1 2n—2
— 9pgP~1 1 9 p—(2n—1) _
prm ot ;(211—1)!‘77 Eo(p m)

= 2pxP 1 42 Z P~ (=1

n=2
As a function of x, the expression

gz +1)—gi(x—1)

fi(x) =

xP—

is thus monotonically decreasing on [2,00). In order to show that
3P — 1

— 9P - = !
(2.6) Al =27 > T = A}
for all p € (0,1], consider the functions fa,g2 : R — R defined by fo(z) = 3* — 1
and go(z) = 2271, Then fj(x) = 3%In(3), gh(z) = 4*In(2), f(1) = g(1), and
f2,92, f4, and g} are monotonically increasing. Therefore f{(1) > g4(1) shows that
f(z) < g(z) for all <1 (with equality only for = 1). This implies (2.6). O

In Theorem 2.7, we will show how Lemmas 2.4 and 2.5 and an in some sense
optimal choice of p in b, = (n(n + 1))? yield C1(2) < % which is already an
improvement to Stechkin’s C(2) < % More detailed analysis for a specific choice

of p in this construction yields further improvement when ¢ = 2, coinciding with
de Bruijn’s result [4, p. 174] in the first two decimal places.

Corollary 2.6. The minimal constant C1(2) > 0 for which

Sucamy (3]
holds for all (ap)nen € f2 is at most 1.1086983.
Proof. For N € N with NV > 2, Lemmas 2.4 and 2.5 give

C(p,2) < max {n-i?‘f‘,%_l VAo =T e
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B 1 (N+1)»—(N-1)
(2.7) = max {n_ﬁéicv_l v An, T = .

The last expression evaluated at N = 100 and p = 0.88 can be bounded above by
1.1086983. For the computation of Ai,..., Ajgg, the series Y oo W have

been truncated to ZQ/I:n m with M = 2-10°. The proof of Lemma 2.4 then
shows Y72 (k(kil))% < 4p1_1M*4p+1_ For n € N, we also have

n((n(n + 1));0 _ (TL(TL _ 1));0)2 — pir—1 <(TL + 1)1) - (n - 1)?) < Ap-1

np—1

Q

by Lemma 2.5. The truncation error is therefore at most LN dp—1 py—ap+1

~—

1.9055-10~?, which can be neglected in the computation of the maximum in (2.7).

IZI

—

< 2(2¢’ —1)” 7, and Proposition 2.3 yields

3&\‘,_‘

For p =1, Lemma 2.4 gives A

o) L 1 o) E
(2.8) D an<2(2¢ 1) Z <E > ag>
n=1 n=1 k=n
This extends the bound obtained by Levin and Stechkin [13, ]1.61] for 3 < ¢ < 3

to arbitrary 1 < g < co. The ¢ = 2 case C1(2) < % has been addressed again in

[17, Jiemma 3. For 1 < g < gﬂﬁgg,

parameter p optimally in by = (k(k + 1))P.

we can achieve better bounds by choosing the

Theorem 2.7. Let1 < g < ;f}ﬁgg The minimal constant Cy(q) > 0 for which

S, < cl<q>z(g Zaz>
n=1 k=n

Q=

1

holds for all (an)nen € €q is at most (eln@))

V2
Proof. Choose p € (2%1,,1] and set by = (k(k + 1))P in Proposition 2.3. Then

Lemmas 2.4 and 2.5 show that

2o

Z(%iaz)%

- 1
(2¢'p—1)7 ;5 —
for all (an)nen € 44. For fixed ¢ € (1, ;f}ﬁgg], we find a minimizer of p — —2"—.
(2¢'p—1) 9

q’

. L . . o q
Through the change of variables A := ¢'p, this expression becomes (m) . The

2;;11&()2)7 SO 2%/ <p= % < 1, and the minimum is

eln(2)

75 O
The conclude this section by comparing the bounds from (2.8) and Theorem 2.7 to
those from the literature. .

Copson [3, Theorem 2.3] shows that C1(q) < g«. This result is also reported by
Hardy, Littlewood, and Polya [12, Theorem 345]. The bound from (2.8) improves

latter is minimized at A =
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the one from [3, Theorem 2.3] when 2(2¢' — 1) @ v <qi. As
1 1
lim gs = lim ¢« =1,
qg—1 q—o0
lim 2(2¢' —1) 3 7 = lim 2(2¢' —1)"7 =2,
q—o0

and 2(2q’—1)7ql*’ < q% at ¢ = 2, there are real numbers ¢; and ¢ such that 1 < ¢; <
1
g2 and 2(2¢' — 1) 7 < qé for all ¢ € (¢1,¢2). Furthermore, the function ¢ — q%
is monotonically increasing on (1,e) and monotonically decreasing on (e, 00). Also,
1
for g3 ~ 1.7718, the function ¢ — 2(2¢' — 1)« is monotonically decreasing on
(1,¢3) and monotonically increasing on (gs,00). Thus for ¢ sufficiently close to
1 or oo, the bound from [3, Theorem 2.3] is smaller than the one from (2.8). It
1
turns out that ¢; and ¢o can be chosen such that 2(2¢' — 1)” 7 < q% if and only
if ¢ € (¢1,492). Analytical expressions for ¢; and g2 are not available through the
1

inequality 2(2¢' — 1) ¢ < q%. However, we have g1 ~ 1.3229 and ¢, ~ 4.4124.

An improvement to [3, Theorem 2.3] is reported by Levin and Stechkin in their
appendix to the Russian 1948 edition [13] of Hardy, Littlewood, and Polya’s mono-
graph. Levin and Stechkin’s bound [13, 1.61] translates to our notation as

< 2%*2(3— l) q(2— il 1<g<3

(2.9) < (__1) o f<q<s,
3<g¢q

-o\»—A

Note that at first glance, (2.9) is not what is stated in [13, 1.61] or its Eng-
lish translation [14, D.61]. The mismatch is 272 (3— %) q(2 — %)%_1 Versus

wl

q
improvement over [12, Theorem 345], and it would not fit in as a special case of the
two-parameter inequality [13, 1.62] or [14, D.62(v)], regardless of the discrepancies
between the formulas in the different versions and regardless of the fact that it is
not the r = —p special case as claimed by Levin and Stechkin but actually the
r = -+p one.

The bound from (2.8) is larger than the one from [13, 1.61] when 3 < ¢ < co. (In
this case the latter result provides the optimal constant.) The bounds coincide for
% < ¢ < 3. In the remaining case 1 < ¢ < g, our bound from (2.8) is monotonically
decreasing in ¢ while the Levin and Stechkin’s bound [13, 1.61] is monotonically
increasing, reversing orders at the boundaries. Thus the bounds coincide at most
once for 1 < g < %, and they do for g4 ~ 1.3725, which means that the bound from
(2.8) is smaller for ¢4 < ¢ < % and larger for 1 < ¢ < g4 than the one from [13,
J1.61].

By construction, the bound from Theorem 2.7 outperforms the one from (2.8).

2+4In(2)
2—In(2) ~

-2 1 1y+—1 s 5
24 (3 - —) q(1 — a)q in the 1 < ¢ < 3 case but the latter would not be an

Moreover, Theorem 2.7 is an improvement over [13, 1.61] for 1 < ¢ <
2.0608.

Gao [9, Theorem 1] provides further improvement by showing that C1(q) = (¢— 1)%
not only for 3 < ¢ < oo as stated in [13, J.61], but even for ¢o < ¢ < oo, where
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qo ~ 2.8855 is a solution of the equation

27 (g — )7 — (- 1)) - <1+3%q) - 0.

De Bruijn [4, p. 174] reports that C1(2) = 1.1064957714 “with an error of at most 9
units at the last decimal place.” This is an improvement over Levin and Stechkin’s

bound C4(2) < \/lg ~ 1.1547 established in [13, 7.61], and over our bound C;(2) <
&\/(52) ~ 1.1542 from Theorem 2.7. A visualization of the various upper bounds

on C4(q) is given in Figure 4.

upper bounds
for C1(q)

2

—————

0.5 1 1/q

FIGURE 4. The upper bounds on Ci(gq) given by Copson [3, The-
orem 2.3] (dashed line), Levin and Stechkin [13, 1.61] and Gao |9,
Theorem 1] (solid line), and (2.8) and Theorem 2.7 from the paper
at hand (dotted line).

3. THE WEAK DISCRETE STECHKIN INEQUALITY

Here we compute the optimal constants ¢ o(q) and C1,0(q) > 0, for which the
inequality

1
3.1 sup n a < supnay, < Ch,00(q) supn a
( ) CLOO nGN ( Z k) neN " OO neN Z k

holds true for all sequences (ap)neny with a3 > a2 > ... > 0, when 1 < ¢ < oc.
With the modification indicated in Section 1, inequality (3.1) holds true also for
g = 0o. The monotonicity assumption on (ay)nen gives sup{ag |k > n} = an, so
€1,00(00) = (4, 00(00) = 1. For ¢ = 1, we have C (1) = 1 because

sup na, = supZan < Zak = sup Zak,

neN nEN

which holds as an equality when a,, = 0 for all n > 2.
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Notable results in the direction of (3.1) are the inequalities

0o 1/q 00
w(Yat) <3
k=n n=1

and

[e'e) 1/q
nl_l/q< Z aZ) <(qg- 1)_1/‘1 Sup nan,

k=n+1 n€N

proved in [19, Jemma IV.2.1] and [8, Proposition 2.11], respectively.
The following estimate on the Riemann zeta-function is required in our calculation

of ¢1,00(q)-
Lemma 3.1. Let 1 < ¢ < co. Then {(q) > qul + 3.

Proof. Consider

1 < n 9?4 (n+1)79
() -5 = ¢l - [ e s g - Y D
a- 1 n=1
_ 20(qg) -1 1
O
The estimate in Lemma 3.1 is not best possible. In fact, the constant % can be

replaced by the Euler-Mascheroni constant, see [20, (2.1.16)]. Nonetheless this
estimate enables the computation of the precise constant on the left-hand side of
(3.1).

Theorem 3.2. Let 1 < q < co. The minimal constant ¢1,00(q) > 0 for which

1 — :
supn <E kz aZ) < ¢1,00(q) sup nay,
=n

neN neN

Q=

holds for all (an)nen with a1 > az > ... >0 is ¢1,00(q) = €(q)

Proof. The supremum

Q=

oo
(3.2) sup supnl_% Z aj a1 >as>...>0,supna, =1
neN k—n neN

is attained at the sequence (ap)nen defined by a, = % for all n € N. Indeed,
for any sequence (an)neny With a; > az > ... > 0 and SUp, ey 4, = 1, we have
1 1
0 < ap, < for all n € N. Therefore, (37 af)® < (3pe, =) foralln € N
with equality if and only if a,, = % for all n € N. Also, we have sup,,cy n% =1,
1
and (3.2) evaluates to sup,,cy n'"a e, &)= C(q)%. Note that the supremum
SUpP,eN n'"e (Zzozn kiq)a is attained at n = 1 because

e’} e’} n—p—i—l

Zk_p:n_p+ Z k‘l’gn‘M—/ T Pde =n"P+ P

k=n k=n+1 n
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and Lemma 3.1 give
nt~e <Z kq>
k=n

The result of Theorem 3.2 is depicted in Figure 5.

Q=

Q=

1 1
—q+1\ ¢ 1 q
§n1‘3<nq+2_1> —<n1+—> <¢(g)e.

Cl,OO(Q)

S

0.5 1 ]_/q

FIGURE 5. The function 1/q — C(q)%.

The optimal constant C1 «(¢) in (3.1) turns out to be invariant under taking Holder
conjugates.

Theorem 3.3. Let 1 < ¢ < co. The minimal constant Cy o(q) > 0 for which

1 & i
s <C s — q
up na, < C (q)supn - ;ak

neN neN
by
holds for all (an)nen with a1 > az > ... > 01is C1 o(q) = (%) (1 — %) .

Proof. Step 1. We prove the claim for finite sequences. The infimum

1 :
inf ¢ supn —Z(LZ a1 >az>...>20,any+1 =0,supna, =1
neN n P neN

is attained at the sequence (ay)nen given by a, = % forn € {1,...,N}. Its value
is thus equal to

1 XN: 1)’ LoA-t(§ _ 1)}
sup nf| — — | = sup —=n"I(N-n 7.
n=1,..N \ 1= N1 n=1,..N IV

One can readily check that the derivative of the function f : (0,N + 1) — R,
flz) = %xlf%(N —x+ 1)% is given by f'(x) = Niqxfé(N —x+ 1)%71((N +
1)(¢—1) — gx). Therefore, f is maximized at z = (N +1) (1 - %), the maximum is
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1 1-1
N (%) ! (1 - %) ‘., and f is monotonically increasing for < (N + 1)(1 - %)

1

and monotonically decreasing for > (N + 1) (1 — E)' Hence we have shown that

Q=

1 oo
inf supn(—ZaZ) ap >ag>...>20,ayy1 =0,supna, =1
nk*n

neN neN
sup n'"e (L—n—i—l)é
= q
n=1,..,N N4
1
< sup w1§<7N_I+1>q
2€(0,N+1) N1

1 1—1
O NEH
N \q q '

Taking the infimum over N € N, we see that

1 1—1
N — 1\« 1 1 q
inf  sup n'=s (7714—) < (—) <1 - —>
NeNp—1,. N N4 q q

for finite sequences (an)neny With a; > a2 > ... > 0, which also shows that
1

C1,00(q) < (%)il (1 - 1)7(17%). Next we show that also

q
1 1-1

inf  sup n'=7 (7N—n+ 1) ’ > (1) (1 — 1) !

NeNj—1,...N N4 q q
for finite sequences (an)neny With a3 > az > ... > 0 and we do it for ¢ > 2 first.
In this case, we have zny (=1 — % — ﬁ € (0,1) for all N € N. The monotonicity
properties of the function gy : (0,1) = R, gy (2) = f(N+1)z) = LHz'~
yield

sup {gm)

Q=

Q=

1

i (1—z)7

x_Nirl""’N]le}ng<NL+1 {(N+1)<1_%>J>

> gn(oN).

If we can show that (gn(xn))nN>3 is monotonically decreasing, then we know that

- . N7/ 1\'"%
ptovton) = Jim anto) = (0" (1)

and, in turn,

. 1 (N—n+1>3
inf sup n i —mm
NeNp=1,....N N4

1
. 1 21 4.1 . 11 (N—-—n+1\¢
‘mf{l’sup{‘ g, e o (B }
1

[\)
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1 1
1\ @ 1\'"q
>(2) (1-= :
q q

Indeed, let a := % € (0, 3], and consider the function h : (0,1 —a) — R, h(t) =

l—a a
(%) (‘f—ff) . Then gy (zy) = h(ﬁ), and it is sufficient to show that h is

monotonically increasing on (0, %) when a < % The derivative

o =0-0( ) (1)
ot l-a
wa($5) o ()

-5 _1t)2 (1 f;“ft)al<(1 - a)%(—a) +al —I—a))

is > 0if and only if (1—a) 7%= (—a)+a(1+a) > 0 if and only if a(a+t—1)(a+2t—
1) > 0. Fort € (0,1 —a), we have a(a+t—1) <0, so h'(t) > 0 when a+2t—1 < 0.
The latter is fulfilled when ¢ < %.

For ¢ < 2, we consider the function (0,1) > # — gn(1 — z) instead of gn. This
is the same as g for the Holder conjugate ¢’ > 2, and this is covered by the first
case.

Step 2. We prove the claim for all sequences. It remains to show that

1—1 o) 1 1 1—1
SUPpen” 1 (Zk:n az)q > (l) ! (1 — l) !

SUPpeN Nan \4q q

for all sequences (ap,)neny With ag > ag > ... > 0. Let € > 0. Then, for all sequences
(an)neny With a3 > ag > ... > 0 and sup {na, | n € N} = 1, there exists a number

N € N such that ay > 1—;[5 It follows that

neN
N-n+1\t 1\ 1\
1-1 —-n
= su n a —_—— 1_5 > - 1__ 1_5.
n:l,.P.,N ( N1 ) ( ) n (q) ( q> ( )

Taking the limit € | 0 yields the desired inequality. (Il

Ql
—
] =
2| -
~
Q\)—‘

—_

|

N

1
oo
-5 ] > ~q
supn al] > sup n
b N
=n

The result of Theorem 3.3 is depicted in Figure 6.
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Cl,oo(Q)
2

0.5 1 ]_/q

_1 —(1-1
FIGURE 6. The function 1/q»—>(%) ’ (1 - %) =)

4. THE CONTINUOUS STECHKIN INEQUALITIES

In this section, we are concerned with the optimal constants ¢1(q), C1(q), ¢1.00(9),
and C1 o(q) > 0 in the inequalities

(/f qu) dt</ F)dt < Ci(q /</f qu) at
and
il ié”é’t( [ rorw) <o <Guntorgp(§ o)’

for monotonically decreasing functions f : (0,00) — [0,00). In both cases, precise
values for the optimal constants are available, either through the literature or shown
here. The proofs in this section are independent of their discrete counterparts, yet
there is a strong resemblance in the case of the weak Stechkin inequalities. (The
arguments turn out to be less tedious in the continuous inequality, though.)

4.1. The strong continuous Stechkin inequality. Hardy, Littlewood, and P6l-
ya [12, Theorem 337| show that for 1 < ¢ < oo, the minimal constant C(q) > 0 for
which

(4.1)

i [ o) s [ [ (3o

holds true for all monotonically decreasing functions f : (0, 00) — [0,00) is C1(q) =

(¢— 1)% when 1 < ¢ < oco. With the modification indicated in Section 1, inequality
(4.1) holds true also for ¢ = oo. The monotonicity assumption on f : (0,00) —
[0,00) gives sup{f(s)|s >t} = f(t), so ¢1(c0) = Ci(o0) = 1. For g = 1, the

right-hand side of (4.1) holds in the sense that [;(3 [~ f qu) dt diverges
when fo t)dt is finite. Therefore limg—q Ci(q) = 0. For this, choose a function
f (0, oo) — [0,00) with [;° f(t)dt # 0. Then F(t) := [ f(s)?ds defines a

monotonically decreasing function F : (0,00) — |0, oo) for which there exist € > 0
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and & > 0 such that F(t) > § for all ¢t € (0,¢). It follows that foo 1p@)dt >
Jo TF(@)dt >[5 1odt =

We complement these results by computing the minimal constant ¢;(q) > 0 appear-
ing in (4.1).

Theorem 4.1. Let 1 < g < co. The minimal constant ¢1(q) > 0 for which

/OOOG /too f(s)qu)%dtg & (q) /Ooo Fde

holds for all monotonically decreasing functions f : (0,00) — [0,00) is ¢1(q) =
7T
gsin(g)”

Proof. Lower bounds on the constant ¢1(g) are given by the quotients

fo( ft qu) dt
(4.2) = P

with f : (0,00) = [0, 00) a monotonically decreasing function. For T' € (0, 00), take
f = Fx0,r) : (0,00) = [0,00) in (4.2), where X(o,7) denotes the function which is
lo

n (0, T) and 0 on [T, 00). Then [;° f(t)dt =1 and

oG e qu) at = /(%/w (0T)()<118>;dt
_%/0 (;/t <oT>()s> dt = _/( )Edt

_B<1—l 1+1> T
¢ q) gsin(f)

independently of T'. (Here B(x,y) := fol t*=1(1—t)¥~1dt denotes the beta function.)
This shows ¢1(q) > qb%(ﬂ)

q
Now fix a function f : [0,00) — [0,00) with [;° f(z)dz = 1. For e > 0, let

N := E SUDye[0,00) f(t)J € NU{o0}. Forn e N W1th n < N, let

T, = sup{T >0 | f(t) >enVite (O,T)},
An = €T, and g, = LEX[OT] Then 0 < he(t) = EN )\ngn() f(t) for

n=1

all ¢ E [0,00) and [ gn(t)dt = 1 for all n, so >V = [0 Angn(t)dt <
fo t)dt = 1. From the trlangle inequality for 1ntegrals it follows that

/Oooe/tooh( st) dt<Z)\/ (l/tmgn(s)qu)édt

N Tt Tt
=) An— < — -
; nqsm(%) gsin(Z)

1
With the abbreviations H, ( o he( ds) 7 and (ft qu) , we
have limg_y 0o Ho—x (1) = () d0< 9 k(t)SF )for alltE(O oo) and k € N.
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The dominated convergence theorem then yields

o0 oo T
/0 F(t)dt—/o klirrgoHQ k dt—klirrgo/ Hy—x( qsm(%)'

This shows ¢;(q) <

T
= 1 s
g sin( q)

and completes the proof. ([

The precise values for ¢;(q) and C1(q) given in Theorem 4.1 and [12, Theorem 337]
are illustrated in Figure 7.

ci(q) Ci(g)

| y 1
e \

0.5 1 1/q 0.5 1 1/q

F1GURE 7. The function 1/q — (left) and 1/q +— (q — 1)% (right).

Theorem 4.1 and [12, Theorem 337| can be transformed into a result on functions
f: Q — R defined on a measure space (2, ). For such a function f, the assignment
@) == inf{s>0|u({x € Q||f(x)] > s}) <t} defines a function f* : (0,00) —

[0, 00), called the non-increasing rearrangement of f.

Corollary 4.2. Let (Q,pu) be a measure space and 1 < q¢ < oo. The minimal
constants c(q),C(q) > 0 for which

(L/ < / £( qu) dt</ |f ()] du(x)
< Clq /(/f qd8>df

holds for all functions f:Q — R are c(q) = 51( ) and C(q) = C1(q).

Proof. Note that [, |f(z)|du(z) = [;° f*(t)dt and apply Theorem 4.1 and [12,
Theorem 337] to f*. O

4.2. The weak continuous Stechkin inequality. Here we compute the optimal
constants €1,00(¢q) and C «(g) > 0, for which the inequality
(4. 3)

supt( / f(s qu)q <suptf(t) < Cr.00(q supt( / f(s qu)

Ci, oo t>0 t>0 t>0

holds true for all monotonically decreasing functions f : (0,00) — [0,00), when
1 < ¢ < 0o. With the modification indicated in Section 1, inequality (4.3) holds true



22 THOMAS JAHN AND TINO ULLRICH

also for ¢ = co. The monotonicity assumption on f gwes sup{f(s)|s >t} = f(t),
S0 €1,00(00) = C1 0o(00) = 1. For ¢ = 1, we have C (1) = 1 because

suptf(t —sup/f ds</ f(s s—sup/ f(s
t>0 t>0 t>0

Theorem 4.3. Let 1 < q < co. The minimal constant ¢1,0(q) > 0 for which
o 1
su]pt(l / f<s>qu)" < &1,00(a) SUDEF (1)
>0 \tJ¢ >0
holds for all monotonically decreasing functions f : (0,00) — [0,00) is €1,00(q) =
(¢-1)7%

Proof. The supremum of the expression

1—-1 > q é
(4.4) iggt a (/t f(s) ds)

over the monotonically decreasing functions f : (0,00) — [0, 00) with sup,- o tf(t) =
1 is attained at the function f : (0,00) — [0,00) defined by f(t) = 1. Indeed, for

any monotonically decreasing function f : (0,00) — [O 00) with sup,~qtf (t) =1
we have 0 < f(t) < 1 for all ¢t > 0. Therefore, ([ f qu)" <(f= 1ds) for all
t > 0 with equality 1f and only if f( ) = 1 for allt > 0. Also, we have sup, o t+ =1,
and (4.4) evaluates to sup,.qt'~ (];OO Slq ds)® T =(¢qg— 1)7%. O

The optimal constant C; o (q) in (4.3) coincides with its discrete counterpart.

Theorem 4.4. Let 1 < ¢ < co. The minimal constant C1 o (q) > 0 for which

suptf(t) < C1.00 supt< / f(s qu)E

t>0 t>0

holds for all monotonically decreasing functions f : (0,00) — [0,00) is C1,00(q) =

Nt D)
() (1) :

Proof. Step 1. We prove the claim for functions supported by an interval (0,T)
with T > 0. The infimum of the expression

o)

over the monotonically decreasing functions f : (0,00) — [0, 00) with f(T') = 0 and
sup;stf(t) = 1 is attained at the function f = Fx,7) : (0,00) — [0,00). Its
value is thus equal to

sup ¢ 1/T L R Lot -

up tf = —ds| = sup =t (T —1t)a.

teo,ry \tJy T1 teo,m) T

One can readily check that the derivative of the function F : (0,7) — R, F(t) =

1
%tlf% (T - t)% is given by F'(t) = % (L) 7. Therefore, F is maximized at

1 1—1
= T(l — %), and the maximum is (%) ! (1 — %) * independently of T.
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Step 2. We prove the claim for all functions. It remains to show that

upyo 174 (7 (3)7ds) " (3) (- 1>1%
sup,~.o tf(t) ~\4¢ q

for all monotonically decreasing functions f : (0, 00) — [0,00). Let € > 0. Then, for
all monotonically decreasing functions f : (0,00) — [0, c0) with sup {tf(¢) |t > 0} =
1, there exists a number T" € N such that f ( ) > It follows that

> l-e
T
supt' </ f(s qu> > sup t'7a < —ds) (1—¢)
t>0 te(0,T)
1 1,_
1 (T —t q
= wwp tl_q<—> e <_) <1__) 19
te(0,7) T ) (1792 q q (1=¢)

Taking the limit € | 0 yields the desired inequality. (Il

Q=

The precise values for 1 (q) and C1 o (q) are illustrated in Figure 8.

C1,00(4) C1.0(q)
2
| /
3 1
1
0.5 1 1/q 0.5 1 1/q

FIGURE 8. The function 1/q — (¢ — 1)7% (left) and 1/q —
() (1=2) " (righe
q q shL)-

5. APPLICATIONS TO SPARSE APPROXIMATION

As mentioned in Section 1, the inequalities (1.1) and (1.2) play an important
role in nonlinear approximation. More precisely, we will outline the connection
of [5, Theorem 4] and our results. Let H be an infinite-dimensional separable real
Hilbert space with inner product (- |-),, and norm ||-||,,. The choice of an orthonor-
mal basis (ex)ren and Parseval’s identity give an isometric isomorphism H — (o,

— ((f|er)y)ren. Sparse approximation in # is implemented by defining the
approximation error for f € H as

En(f)n =L =gl 9 € Ena(F)}

where ¥,,_1(H) = {ZkeA L€k | M €ER,ACN,#A < n} Then, for o > 0, the
approximation space A%(H) is defined as the set of elements f € H for which the
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quantity
1
11l 4 20y = (Enma (0 En(a)"5) ", 0 < <o,
T up,en " En(f)u, r =00
is finite. Approximation spaces are then subject to characterizations in terms of
Lorentz sequence spaces ¢, ,, i.e., the sets of bounded sequences for which the
quantity

1
1 -
ne fy Tl) 0<r<oo
1wl , = (Shen TE) ,
Sup’ﬂENnEf;:7 r=0o00

is finite. Here 0 < p < o0, and (f})ken is the non-increasing rearrangement of the
sequence (|fx|)ren. Now, given f € H and f := (f|ex)y for k € N, DeVore |5,
Theorem 4] shows that

(5.1) 11 az oy = N CFedresile,
meaning that there exist constants ¢, C > 0 such that

1

Wl ag e < I idrenlle,, <l Lagn -

Here 7 = (a + 3)~'. Notable special cases of (5.1) are re-parameterized by the
results from Sections 2 and 3.

Theorem 5.1. With the definitions above, the following statements are true for
the minimal constants c¢,C > 0 in the inequality

1
(5.2) M Laz ey < NCfwdrentle,, < Cllfllagen -
where 7 = (o + )71

(i) Ifr=r, then c=c;(2a+ 1) 2 and C = C1(2a 4 1)**z,
(ii) Ifr = oo, then ¢ = ¢1.00(2a +1)**2 and C = C} oo (200 + 1)*F 2.

Proof. For r = 7, inequality (5.1) becomes

Cil 3 na<z<f:>2> . s(Z( zr)
n=1 k=n k=1
<G na<2< :>2> .
n=1 k=n

Setting a = (f{)” and ¢ = 2 = 2a + 1 gives

T

Ll fe N\ e\ o s \B\T
C_l Z n-a (Z aZ) < <Z ak> < (Cy Z na (Z aZ) .
n=1 k=n k=1 n=1 k=n

Raising everything to the Tth power shows (i). Similarly, for » = oo, inequality
(5.1) becomes

L supne (Z(f;?)Q) < ?eer)k%fE < Cysupn® (Z(f;?)Q)

Cinen  \/= neN  \f—
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Raising everything to the 7th power gives

T T

oo

)

o0

)

1 2 2
— supn®” E - <supk(f;)” < Cysupn®” E .
C nerl\)l k:n(fk) - keg (o) < 2nEII\)I k:n( &)
Setting a, = (f{)” and ¢ = 2 = 2a + 1 shows (ii). O

Stechkin [17] considers the Hilbert space H = Lo(T¢) of square-integrable func-
tions on T¢ = [0,27]. An orthonormal basis in Ly(T¢) is given by ey(z) :=

ﬁexp(ikw) for k € Z and z € T¢. Then (5.1) for » = 7 = 1 shows that the

approximation space AV *(L(T%)) coincides with the Wiener algebra A(T?) :=
{ feC(T) ‘ > kezdl f(k)| < oo} and, moreover, their quasi-norms are equivalent in
the sense of (5.2). Theorem 5.1 yields

2
7T[ HfH.Ai/2(L2(Td)) < Hf”_A(Td) < 1.1064957714 ||f||A}/2(L2(Td))

for f € Ly(T?), the constants being independent of d.

Following DeVore [5, Remark 7.4], if the Hilbert space #H is chosen to be La(R)
with a wavelet orthonormal basis (¢1);ep, then the approximation space can be
characterized in terms of Besov smoothness. A multivariate version of this result
using a tensorized wavelet basis is derived by Sickel and Ullrich in [16, Theorem 2.7].
For further results in this direction, see the papers of Hansen and Sickel [10, 11].
Acknowledgements. The authors would like to acknowledge support by the
DFG Ul-403/2-1. They would further like to thank Kai Liittgen, Winfried Sickel,
Vladimir Temlyakov, and Gerd Wachsmuth for insightful discussions.

REFERENCES

[1] G. Bennett, Some elementary inequalities. II, Quart. J. Math. Oxford Ser. (2) 39 (1988),
no. 156, pp. 385-400, doi: 10.1093/qmath/39.4.385.

[2] J. Bergh and J. Lofstrém, Interpolation Spaces. An Introduction, Grundlehren der Mathe-
matischen Wissenschaften, Springer, Berlin/New York, 1976.

[3] E.T. Copson, Note on series of positive terms, J. London Math. Soc. 3 (1928), no. 1, pp. 49—
51, doi: 10.1112/jlms/s1-3.1.49.

[4] N.G. de Bruijn, Asymptotic Methods in Analysis, North-Holland Publishing Co., Amsterdam,
1958.

[5] R.A. DeVore, Nonlinear approzimation, Acta Numer. 7 (1998), pp. 51-150,
doi: 10.1017/50962492900002816.

[6] D. Ding, V. Temlyakov, and T. Ullrich, Hyperbolic Cross Approximation,
Birkh&user/Springer, Cham, 2018, doi: 10.1007/978-3-319-92240-9.

[7] W.J. Firey, Polar means of convex bodies and a dual to the Brunn-Minkowski theorem,
Canadian J. Math. 13 (1961), pp. 444-453, doi: 10.4153/CJM-1961-037-0.

[8] S. Foucart and H. Rauhut, A Mathematical Introduction to Compressive Sensing,
Birkh&duser/Springer, New York, NY, 2013, doi: 10.1007/978-0-8176-4948-7.

[9] P. Gao, On a result of Levin and Stec¢kin, Int. J. Math. Math. Sci. 2011 (2011), pp. 1-15,
doi: 10.1155/2011/534391.

[10] M. Hansen and W. Sickel, Best m-term approzimation and tensor product of Sobolev and
Besov spaces—the case of non-compact embeddings, East J. Approx. 16 (2010), no. 4,
pp. 345-388.

, Best m-term approximation and Sobolev—Besov spaces of dominating mized
smoothness—the case of compact embeddings, Constr. Approx. 36 (2012), no. 1, pp. 1-51,
doi: 10.1007/s00365-012-9161-3.

[12] G.H. Hardy, J.E. Littlewood, and G. Polya, Inequalities, Cambridge University Press, Cam-
bridge, 1934.

[11]



http://dx.doi.org/10.1093/qmath/39.4.385
http://dx.doi.org/10.1112/jlms/s1-3.1.49
http://dx.doi.org/10.1017/S0962492900002816
http://dx.doi.org/10.1007/978-3-319-92240-9
http://dx.doi.org/10.4153/CJM-1961-037-0
http://dx.doi.org/10.1007/978-0-8176-4948-7
http://dx.doi.org/10.1155/2011/534391
http://dx.doi.org/10.1007/s00365-012-9161-3

26

[13]

[14]
[15]

[16]

[17]

(18]

[19]

[20]

THOMAS JAHN AND TINO ULLRICH

G.H. Hardy, J.E. Littlewood, and G. Pdlya, Hepasencmea, Gosudarstv. Izdat. Inostr. Lit.,
Moscow, 1948, appendix by V.I. Levin and S.B. Stechkin.

V.I. Levin and S.B. Stechkin, Inequalities, Amer. Math. Soc. Transl. (2) 14 (1960), pp. 1-29.
A. Pietsch, Approzimation spaces, J. Approx. Theory 32 (1981), no. 2, pp. 115-134,
doi: 10.1016/0021-9045(81)90109-X.

W. Sickel and T. Ullrich, Tensor products of Sobolev—Besov spaces and applications to ap-
prozimation from the hyperbolic cross, J. Approx. Theory 161 (2009), no. 2, pp. 748-786,
doi: 10.1016/j.jat.2009.01.001.

S.B. Stechkin, 06 abcontomuoii cxodumocmu opmozoHanrvHuix pados. I, Mat. Sbornik N.S.
29(71) (1951), pp. 225-232.

, 06 abcontomuoii cxodumocmu opmozonanvHuix psdos, Dokl. Akad. Nauk SSSR (N.S.)
102 (1955), pp. 3740, reprinted in: S.B. Stechkin, M36panHbie Tpyabl: Maremaruka, Fizmatlit,
Moscow, 1998, pp. 180-185.

V.N. Temlyakov, IIpubausicerue pyHKYULL C 02paHUYeHHOT CMeUWaHHOL npouseodHroti, Trudy Mat.
Inst. Steklov. 178 (1986), pp. 3-113, English translation in Proc. Steklov Inst. Math. (1989).
E.C Titchmarsh, The Theory of the Riemann Zeta-Function, 2nd ed., Clarendon Press,
Oxford, 1986, rev. by D.R. Heath-Brown.

(T. Jahn) FacuLry oF MATHEMATICS, TECHNISCHE UNIVERSITAT CHEMNITZ, 09107 CHEMNITZ
Email address: thomas.jahn@mathematik.tu-chemnitz.de

(T. Ullrich) FacuLry oF MATHEMATICS, TECHNISCHE UNIVERSITAT CHEMNITZ, 09107 CHEMNITZ
Email address: tino.ullrich@mathematik.tu-chemnitz.de


http://dx.doi.org/10.1016/0021-9045(81)90109-X
http://dx.doi.org/10.1016/j.jat.2009.01.001

	1. Introduction
	2. The strong discrete Stechkin inequality
	2.1. On the optimal lower constant
	2.2. On the optimal upper constant

	3. The weak discrete Stechkin inequality
	4. The continuous Stechkin inequalities
	4.1. The strong continuous Stechkin inequality
	4.2. The weak continuous Stechkin inequality

	5. Applications to sparse approximation
	References

